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I- Introduction - Motivations

Let G be a Lie group (connec.), g his

Lie algebra, g∗ the dual space. Let’s

consider H a Lie subgroup (connec.).

Consider the homogeneous space G/H.

Let’s denote by D(G/H) the algebra

of invariant differential operators.

Let U(g) the enveloping algebra of g

and S(g) the symmetric algebra. Then

you have the following description :



D(G/H) =
(
U(g)/U(g) · h

)h

(H-invariant elements in U(g)/U(g) · h).

Remarks :

1- In general U(g)/U(g)·h is not an al-

gebra. The associated graded space is

gr
(
U(g)/U(g) · h

)
= S(g)/S(g) · h

In general it’s not a Poisson algebra.



2- The algebra

(
S(g)/S(g) · h

)h

is a Poisson algebra (H-invariant po-

lynomial functions on h⊥).

You have got the symbol map

D(G/H)︸ ︷︷ ︸
Asso.

algebra

≈
V ector
spaces

gr
(
D(G/H)

)

︸ ︷︷ ︸
Poisson
algebra

↪→
(
S(g)/S(g) · h

)h

︸ ︷︷ ︸
Poisson
algebra



3- Example of the group case :

G1 = G×G and H = diagonal, then

D(G1/H) ≈ U(g)g center of U(g)

and
(
S(g1)/S(g1) · h

)h ≈ S(g)g

Poisson center of S(g).

In that case, it’s well known that both

algebras are isomorphic (Duflo’s Iso-

morphism).

Hope : there is a similar connection

between centers of

D(G/H) and
(
S(g)/S(g) · h

)h



Question of Duflo 86’ :

Is the center of D(G/H) isomorphic

(as algebra) to the Poisson center of
(
S(g)/S(g) · h

)h
?

In particular, both algebras should be

simultaneously commutative.

This is the case if G/H is a nilpotent

homogeneous spaces.

Corwin-Greenleaf (88’-92’), Baklouti, Fujiwara,

Ludwig, Lion, Magneron, Mehdi (01’-04’)



Theorem : G nilpotent (simp. conn.)

D(G/H) is commutative

⇔ L2(G/H) is finite multiplicity

⇔ generic f ∈ h⊥ H · f lagrangian in G · f

⇔
(
Frac(S(g)/S(g) · h)

)h
Poisson com.

⇔
(
S(g)/S(g) · h

)h
Poisson com.

Moreover if D(G/H) is commutative

D(G/H) ↪→
algebras

(
Frac(S(g)/S(g)·h)

)h
.



Remarks :

1- In general there are no obvious map

(of vectors spaces) from

(
S(g)/S(g) · h

)h → D(G/H).

If g = h⊕q with a H-invariant comple-

ment q then the symmetrization β do

the job. It’s the case for symmetric

spaces.

2- If G/K is a general symmetric space,

id. K is the fixed points of a group in-

volution

g = k⊕ p, [k, p] ⊂ p [p, p] ⊂ k



then D(G/K) and
(
S(g)/S(g) · k

)k
are

commutative algebras and I proved

D(G/K) ↪→
algebras

(
Frac(S(g)/S(g) · k)

)k
.

3- All these problems are connected

with the orbit’s method in Lie theory

and the works of Harish-Chandra, Hel-

gason, Dixmier, Kirillov, Duflo etc...



II- Kontsevich’s construction

In 97’ M. Kontsevich proved that every

Poisson variety admits a formal quan-

tization.

The proof uses a explicit construction

for a (associative) star-product in Rd

in terms of diagrams, configuration’s

spaces and bi-differential operators.

Key argument for the associativity is

the Stokes formula.



Theorem (Kontsevich ’97) :

There exists a L∞-quasi-isomorphism

(Un)n≥1 between the dg-Lie algebras

g1 = Tpoly(Rd) et g2 = Dpoly(Rd).

In particular it induces a bijection bet-

ween (formal) solutions of Maurer-

Cartan equations (modulo gauge).

If α is a Poisson bi-vector [α, α] = 0

then

?
t
:= m +

∑

n≥1

tn

n!
Un(α, . . . , α︸ ︷︷ ︸

n times

)

is a star-product on C∞(Rd)[[t]].



For g∗ consider α = 1
2

∑
i,j[ei, ej]∂e∗i ∧ ∂e∗j

Then the Kontsevich’s formula

f ?
Kont

g = fg+
∞∑

n=1

tn

n!

∑

Γ∈Gn,2

wΓBΓ(f, g).

defines a star product on Cpoly(g
∗)[t].

Take now X, Y ∈ g and apply this for-

mula for f = eX and g = eY . The

Kontsevich’s formula gives a new ex-

pression for the BCH’s formula writ-

ten with all brackets (not only itera-

ted brackets as is Dynkin formula !).



New BCH formula (Khatotia 99’) :

Z(X, Y ) = X+Y +
∑

n≥1

∑

Γ simple
geometric

Lie type (n,2)

wΓΓ(X, Y ).

Definition of each terms in the formula.

Γ := simple graph with 2n arrows.

Γ(X, Y ) := is the Lie word associated

to the graph Γ

n=2

(X, Y)=[[X, Y],Y]Γ

= 1/12
Γ

w
 



Z(X, Y ) = X+Y +
∑

n≥1

∑

Γ simple
geometric

Lie type (n,2)

wΓΓ(X, Y ).

To each arrow e ∈ Γ you associate a

1-form dφe by using the Kontsevich’s

angle map on the upper half plane

φ(p, q) = arg(p− q) + arg(p− q).

Define the 2n-form on Cn,2

ΩΓ :=
∧

e∈arrows

dφe

2π



Coefficients wΓ are the real numbers

defined by

wΓ :=
∫

Cn,2
ΩΓ.

Cn,2 := compactification of the space

of configurations of n points in the

Poincaré half plane and 2 points on

the real line (modulo the group az + b).

Application of the BCH formula : Proof

of the Kashiwara-Vergne conjecture

(00’-06’ Alekseev-Meinrenken, To.,

Alek.-To., Dvorsky-Andler-Sahi, An.-Sa.-To.).



III- Cattaeno-Felder’s construction

for co-isotropic subspaces

Let’s consider G/H a homogeneous.

Fix a decomposition g = h ⊕ q. Then

h⊥ is a coisotropic subspace of g∗.
Consider the super space

M := h⊥ ⊕Πh,

avec Π the parity functor. Take π the

Poisson bi-vector sur g∗ and apply a

odd Fourier transform in the normal

direction q⊥. You get π̂ a polyvector

on M solution of MC’s equation

[π̂, π̂]S = 0.



Explicitly in coordinates for symme-

tric pair g = k⊕ p :

π = [Ki, Kj]∂K∗
i
∧ ∂K∗

j
+ [Pi, Pj]∂P ∗i ∧ ∂P ∗j +

2[Ki, Pj]∂K∗
i
∧ ∂P ∗j

and you get (θi := ΠK∗
i function on Πk)

∧
π = θiθj∂Π[Ki,Kj]

+ 2[Ki, Pj]θi∂P ∗j +

∂P ∗i ∧ ∂P ∗j ∧ ∂Π[Pi,Pj]
.

Apply the super-formality theorem

π̂
SuperFormality−→ ?



You have [?, ?]GH = 0 but ? is not

homogeneous for the Hochschild gra-

duation on C∞(M) (because of the

odd degree).

Indeed you get (mn)n≥1 a flat A∞-

structure on

(
S(g)/S(g) · h

)
⊗∧

h∗

m1 is a differential and m2 is a asso-

ciative structure up to m1.

Expansion in terms of Kontsevich’s

graphs :



Change of parity corresponds to re-

verse the direction of arrows in the

graph expansion or equivalently to co-

lor the arrows.

Some explanations : Take the same

kind of ingredients as in Kontsevich’s

formula, but put 2 colors on the ar-

rows of the graph Γ.

That means that derivation the ∂e∗i in

BΓ and the angle map dφe depend of

the color.



If the color is + then the angle map is

φ+(p, q) = arg(p− q) + arg(p− q)

and deriv. ∂e∗i is horizontal : e∗i ∈ h⊥.

If the color is − then the angle map is

φ−(p, q) = arg(p− q)− arg(p− q)

and deriv. ∂e∗i is transversal : e∗i ∈ q⊥.

Those A∞-structure depend of the choice

of the complement q. However they

are A∞-quasi-isomorphe.



1- The first term m1 is a explicit diffe-

rential (contributions of all diagrams

with 1 outside arrow colored by −)

dh := m1 = t dCE + o(t),

id. a deformation of the Cartan-Eilenberg

differential for the adjoint action of h

on S(g)/S(g) · h.



2- m2 defines a star-product on the

cohomology space H(dh) .

(
H(dh), m2

)
is called the reduced al-

gebra. If you change the complement q,

you get isomorphic algebras. So the

algebra H0(dh) is a serious candidate

for a deformation of
(
S(g)/S(g) · h

)h
.

Applications to symmetric pairs :

There are two natural decompositions

for symmetric pairs

- Cartan decomposition g = k⊕ p

- Iwasawa type decompositions

g = k + go + n+



with go = ko ⊕ po the little symmetric

pair (a kind of MA space) and n+ is

a nilpotent sub-algebra.

Prop (Ca.-To. 06’, Ca.-Felder 04’) :

1 - Suppose g = h ⊕ q with q a H-

invariant complement. Then

dh = tdCE.

and H0(dh) =
(
S(g)/S(g) · h

)h
.

2 - Moreover you get a explicit iso-

morphism ( wheel’s contributions )

(
H0(dh) , ?

CF

)
∼

algebras

((
U(g)/U(g) · h

)h
, ·

)



3 - If g = k ⊕ p is a symmetric pair,

then the product ?
CF

coincide with the

Rouviere’s product defined on S(p)k :

β
(
J1/2(∂)(P ?

CF
Q)

)
= β

(
J1/2(∂)P

)
·β

(
J1/2(∂)Q

)

with J(X) = detp
(
sinh adX

adX

)
.

4 - For X, Y ∈ p we have

m2(e
X, eY ) = E(X, Y )eX+Y .

This E(X, Y ) function is symmetric

and corresponds to the contributions

of wheel type diagrams.



For solvable symmetric pairs this func-

tion is equal identically to 1. Same

thing for quadratic Lie algebras (view

as symmetric pairs).

5 - New formula for the Harish-Chandra

homomorphism.

Consider the two standard decompo-

sitions (Iwasawa and Cartan). The re-

duced algebras are isomorphic. You

get a explicit expression for the iso-

morphism by solving a gauge differen-

tial equation.



IV - Bi-quantization

Let’s consider now h and b to subal-

gebras. You have 2 coisotropic sub-

spaces C1 = h⊥ and C2 = b⊥ or more

generally if λ is a character for h and b

(id. λ[h, h] = λ[b, b] = 0)

C1 = λ + h⊥ and C2 = λ + b⊥.

Instead of considering configurations

in the half plane, consider now confi-

gurations in the first quadrant mo-

dulo the dilation group and graphs

with 4 colors on the arrows.



Let ε1, ε2 ∈ {−1,1}.These are the four

colors.

Cattaneo-Felder defined a 4 colors angle

map :

φε1 , ε2(p, q) = arg(p−q)+ε1 arg(p−q)

+ ε2 arg(p + q) + ε1ε2 arg(p + q)

C C2

C2

1
C

1C2

 
− +

+ +

+ + − −− +

+ −

− −

− −+ −+ +

C
1

C
1

C2

As previously, in the operator BΓ the

variable ∂e∗i depends of the color.



Color (+,+) means e∗i tangent to h⊥

and tangent to b⊥.

Colors (+,−) means e∗i tangent to h⊥

and transversal to b⊥.

Color (−,+) means e∗i transversal to

h⊥ and tangent to b⊥.

Colors (−,−) means e∗i transversal to

h⊥ and transversal to b⊥.

As previously contributions of all graphs

with one point at the corner and one

outside arrow ((−,−) color ) define



a differential db,h on polynomial func-

tions on

λ + h⊥ ∩ b⊥ = λ + (h + b)⊥.

C_1

C_2

C_1 C_2

− −

Proposition (C-F 04’) Stokes formula

proves that there is a two side action

(
H(db), m2,b

)
−→

?
2

H(db,h) ←−?
1

(
H(dh), m2,h

)



Applications to symmetric spaces and

homogeneous spaces (Ca.- To.’06) :

1 - Explicit formula for invariant dif-

ferential operators.

Consider the co-isotropic subspace C1 =

k⊥ et C2 = 0⊥ = g∗. Take X ∈ p and

R ∈ S(p)k. The formula

eX ?
1

R

give, in terms of diagrams, the inva-

riant differential operator D
β(J1/2(∂)R)

on G/K in exponentiate coordinates

(up J1/2-conjugacy).



2 - Characters for D(G/H)

Suppose now f ∈ h⊥ and b a subalge-

bra such that

f [b, b] = 0.

Suppose the following geometric condi-

tion satisfied

(h ∩ b) ·
coadjoint

action

f = (h + b)⊥

This condition is satisfied for example

if b is a polarization and H · f is la-

grangian in G · f .



(Remember there are similar condi-

tions for G/H nilpotent).

Then H0(db,h) = C and you get a

character of the reduced algebra

(H0(dh), m2,h).

That means you are able to construct

many characters for the reduced alge-

bra in terms of diagrams under some

expected hypothesis.



3 - Dependance of b.

Suppose b1, b2 are two polarizations

for f ∈ k⊥. If b1, b2, k are in normal

crossing then by using a homotopic

argument and a 8-colors angle map

on a strip, we can show that the cha-

racter is the same.

P
11

k

2f+ b

1f + b


