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Abstract

For a complex compact manifold X, denote by 7 the category
D(t:)oh(OX)‘

e This category is a C-triangulated category,
e this category is Ext-finite, that is,
@ Hom (F, G [n])
neL
is finite dimensional for any F,G € 7T,
e this category admits a Serre functor S(«) (see [1]), that is,
(Hom +(F,GQ))* ~ Hom (G, S(F))
where * is the duality functor for C-vector spaces, and S(F) =
F®Qx|dx].

By analogy with this situation, for a field k, a k-triangulated category
T is said to be a Calabi-Yau category of dimension d if 7 is Ext-finite,
admits a Serre functor and this Serre functor is a shift by d.



Here, we shall consider a complex symplectic manifold X. The
natural base field is now k = C[[~,7] or a subfield k of k. (Note
that k and k may be considered as deformation-quantizations of C.)

The manifold X is endowed with the k-algebroid stack Wy of de-
formation quantization, a variant of the sheaf of microdifferential op-
erators on a cotangent bundle.

We shall consider the triangulated category ng (Wx) consisting of
objects whit good cohomology (roughly speaking, coherent modules
endowed with a good filtration on compact subsets) and its subcate-
gory ng’C (Wx) of objects with compact support.

We shall show that, under a natural properness condition, the
composition K20/ of two good kernels IC; € ng(ngHngg«;) (1=1,2)
is a good kernel and that this composition commutes with duality.

As a particular case, we obtain that the triangulated category
ng’C(Wx) is Calabi-Yau of dimension [dx| over the field k, where
dx is the complex dimension of X.

Finally, we shall discuss a kind of Riemann-Roch theorem in this
framework.

This paper summarizes various joint works with A. D’Agnolo [6], M. Kashi-
wara [13], P. Polesello [15] and J-P. Schneiders [19].



1 Review on deformation-quantization

The field k.

Let k := C[[r~, 7] be the field of formal Laurent series in 7~!. We consider
the filtered subfield k of k consisting of series a = ) a;7 (a; € C,
m € 7Z) satisfying:

(1.1) there exist C' > 0 with |a;| < C77(—j)! for all j <0.

—oco<j<m

We denote by kg the subring of k consisting of elements of order < 0.

Affine case

When X is affine, one defines the filtered sheaf of k-algebras Wr« x as follows,
a variant of the sheaf of microdifferential operators of Sato-Kashiwara-Kawai
[16] (see also [10, 17] for an exposition).

e A section P € Wyp«x of order m € Z on U C T*X is given by its total
symbol
(1.2) oot (P)(z;u, ) = Z pij(z;u)m?,  p; € Opx(U),
—oco<j<m
whith the condition:

for any compact subset K of U there exists a positive con-
(1.3) < stant Ck such that sup [p;| < Ci (—j)! for all j < 0.
K

e The total symbol of the product is given by the Leibniz rule:
—la]
-
Utot(P o Q) = Z o aﬁ(atotp)aﬁ(amt@-

aeN"

Note that

L k_::}%%b

e There is an embedding 7~ 'Dx — Wr«x given by z; — x; and Oy, —
TU;.

e There is an C-linear isomorphism of rings *: Wr«x =5 (Wp«x ) which
satisfies: ‘z; = @y, tu; = u;, tr = —7.

Note that many authors use the parameter A instead of 771.



The ring Wr«x

Let X be a complex symplectic manifold. We denote by X* the manifold X
endowed with the opposite symplectic form.

Definition 1.1. A W-ring on X is a filtered sheaf of k-algebras Wy such that
for any x € X there exists an open neighborhood U of x and a symplectic
isomorphism : U =5 V with V open in T*C™ and an isomorphism of filtered
sheaves of k-algebras o, Wx =5 Wrscn.

Note that for a W-ring Wy:

the sheaf of rings Wy is right and left coherent and Noetherian,
gr Wy =~ Ox[r71, 7], in particular Wx(0)/Wx(—1) ~ Ox,

denoting by og: Wx(0) — Ogx the natural map, we have for P,Q €
Wx(0), oo(7[P, Q]) = {00(P), 00(Q)},

for any k-algebra automorphism ® of Wk, there locally exists an in-
vertible section P of Wx(0) such that & = Ad(P). Moreover, P is
unique up to a unique scalar multiple. Hence (denoting as usual by A*
the subgroup of invertible elements of a ring A):

WE(0) /K “=L Aut(Wx(0))

W k< 90 Aut(We),

(Wx)P is a W-ring on X“.

On a cotangent bundle 7" X one can construct a W-ring Wr«x endowed
with an anti-k-linear anti-automorphism P +— ‘P. The section ‘P is called
the adjoint of P.

However, on a complex symplectic manifold X there do not exist W-rings
in general.



2 The algebroid Wk

Stacks and algebroids

See Giraud [7], Breen [2], Kashiwara [9], Kontsevitch [14], D’Agnolo-Polesello
[5]. See also [12] for an exposition on stacks.
Consider

e a commutative unital ring K,

e a topological space X,

e an open covering U = {U,; }ier of X,

e for i € I, a sheaf of K-algebras A; on U;,

for 4, j € I, an isomorphism f;;: A;|v,, == Ailu,;
The existence of a sheaf of K-algebras A locally isomorphic to A; requires
the condition f;; f;x = fir on triple intersections.

Let us weaken this last condition by assuming that there exist invertible

sections a;;, € A;(Uyji) satisfying

fijfjk = Ad(&ijk)fik on Uijka
Qi ke Qifel = fij(&jkz)&ijl on Uz’jkz-

We call

HAbier, {fisYiger @i ijrer
a K-algebroid descent data on U.

In this case, there exists a K-algebroid stack A locally equivalent to the
algebroids associated with the A;’s. More precisely, if A is an algebra, denote
by A* the category with one object and having A as morphisms of this object.
Consider the prestack on X given by U; D U +— (A;(U))*. Then the the
algebroid A is the stack associated with this prestack.

Although A is not a sheaf of algebras, modules over A are well-defined:
they are described by pairs M = ({M,}ier, {&ij}ijer), where M, are A;-
modules and &;;: 5, M;|u,, — M|y, are isomorphisms of A;-modules satis-
fying

&ij 0 &k = ik © a];j];'
Here, ;,M; is the Ai-module deduced from the A;-module M;|y,; by the
isomorphism fj;.



Twisted modules on complex manifolds

Let X be a topological space and let ¢ € H*(X;C%). By choosing an open
covering U = {U;};er of X and a 2-cocycle {c;jr}ijrer representing c, one
gets a descent data, hence an algebroid stack:

(CX,C = ({CX Ui}ia {fij = 1}ij> {aijk = Cijk}ijk)-

A twisted sheaf with twist c is an object of Mod(Cx ).
Assume now that X is a complex manifold. Consider the short exact
sequence

1—>C§(—>O§dlﬁ>d(’)x—>0

which gives rise to the long exact sequence
HY(X:CL) S HY(X; 0% 5 HY(X;dOx) L HX(X;CX)
If £ is a line bundle, it defines a class [£] € H'(X; O%). For A € C, one sets

cz =9(\- (L)) € H*(X;C5).

We shall apply this construction when £ = Qx and A = % and set for short:

Mod(Cy 1) = Mod(C

1
2 X,c



Quantization of symplectic manifolds

In 2000, M. Kontsevich [14] has proved the existence of a k-algebroid stack
Wy on any complex Poisson manifold X in the formal case. The analytic
case for symplectic manifolds has been treated with a different proof in [15].
Indeed, the story began in 1996 when M. Kashiwara [9] proved the existence
of a canonical C-algebroid stack £y over any complex contact manifold Q)
locally equivalent to the stack associated with the sheaf of microdifferential
operators of Sato-Kashiwara-Kawai [16] on the projective cotangent bundle
P*X to a complex manifold X.

In particular, for a complex symplectic manifold X, there is a canonical
k-algebroid stack Wi locally equivalent to the algebroid stack associated
with the sheaf of algebras Wy« x. (The same result holds with Wy replaced
with Wx(0) and k with k.)

Notation 2.1. For short, as far as there is no risk of confusion, we shall
write W instead of W; )

Let X be a complex symplectic manifold. Then Mod(Wk) is a well-
defined Grothendieck abelian category and admits a bounded derived cate-
gory DP(Wy).

One proves as usual that the sheaf of algebras Wy x is coherent and the
support of a coherent Wy« x-module is a closed complex analytic subvariety
of T*X. This support is involutive in view of Gabber’s theorem. Hence, the
(local) notions of a coherent or a holonomic Wy-module make sense. We
denote by D (W) the full triangulated subcategory of D”(Wx) consisting
of objects with coherent cohomologies, and by DP (Wx) the full triangulated
subcategory of D2 (W) consisting of objects with Lagrangian supports in
X,



Simple holonomic Wx-modules

Definition 2.2. Let £ be a coherent Wx-module supported by a closed
analytic Lagrangian variety A of X.

(a) Assume A is smooth. One says that £ is simple along A if there exists
locally a coherent Wx(0)-submodule £(0) of £ such that £(0) generates
L over Wy and £(0)/L(—1) is an invertible Oy-module.

(b) A coherent Wx-module supported by A is regular if it is locally a finite
direct sum of simple modules at generic points of A.

It follows from Gabber’s theorem (see [10, Th. 7.34]) that when A is
smooth, a regular WWx-module is locally a finite direct sum of simple modules.

Example 2.3. Let X be a complex manifold. We denote by O% the Wy+x-
module supported by the zero-section T% X defined by O% = Wp«x/Z, where
7 is the left ideal generated by the vector fields which annihilate the section
1 € Ox. A section f(x,7) of this module may be written as a series:

(2.1) fla,r) = > filo)r), mek,

—oo<j<m

the f;’s satisfying Condition (1.3). Then O% is a simple Wy« x-module along
T X.

One proves easily that any two Wxy-modules simple along A are locally
isomorphic. Moreover, a smooth Lagrangian submanifold is locally isomor-
phic to the zero section X of T*X. Hence, any simple Wx-module is locally
isomorphic to O%.



Theorem 2.4. [6] Let A be a smooth Lagrangian submanifold of X. There
15 a k-equivalence of stacks

(2.2) MOd(Wx‘A)reg-A ~ MOd(kA ®(C CA71/2)[05_8yS.

Here, the left-hand side is the subcategory of Mod(Wx|a) consisting of
regular holonomic modules along A and the right-hand side is the subcategory
of the category of twisted sheaves of k-modules with twist Cy ;/o consisting
of objects locally isomorphic to local systems over k. The proof uses the
corresponding theorem for contact manifolds due to Kashiwara.

Theorem 2.5. [13] Let A; (i =0,1) be two smooth Lagrangian submanifolds
of X and let L; be a regular holonomic module along A;. Then RHom,,, (Lo, L1)
18 k-perverse.

We conjecture that the hypothesis that the A; are smooth can be deleted.



Operations on Wx-modules

There is a natural equivalence of algebroid stacks W ~ Wsa.

Let X and ) be two complex symplectic manifolds and let M &
D"(Wx), N € D*(Wy). Their exterior product

M@N = W3€><Q_) XWMW@ (M X N)
is well defined in D®*(Wxxy).

Denote by Ax the diagonal of X x X®. There is a canonical simple
Waxxxa-module Ca, along Ax.

Let M € DP(Wx). One sets
1
DM = RHom,,, (M,Ca,), DyM =D M [idx]
(dx is the complex dimension of X.)

Let M, N € D2, (Wx). There is a natural isomorphism

coh

RHom,, (M,N) =~ RHom,,  (MEDN, Ca,)

10



3 Finiteness

Good W-modules

The following definition adapt to WW-modules a definition of Kashiwara [10]
for D-modules.

Definition 3.1. (i) A coherent Wxy-module M is good if, for any open
relatively compact subset U of X, there exists a coherent Wx(0)|y-
module M, contained in M|y which generates M|y .

(ii) One denotes by Modgq(Wx) the full subcategory of Modc,,(Wx) con-
sisting of good modules.

(iii) One denotes by Dy,(Wx) the full subcategory of DY, (Ws) consisting

coh

of objects M such that H’(M) is good for all j € Z.

(iv) One denotes by Dy, .(Wx) the full subcategory of Dy,(Wx) consisting

of objects with compact supports.

One proves that the category Modgq(Wx) is thick in Moden(Wx) and
one deduces that the full subcategory ng(Wx) of DP, (Wy) is triangulated.

coh

11



Main theorem

Consider three complex symplectic manifolds X; (i = 1,2,3) and denote as
usual by p; and pj; the projections defined on X3 x Xo x X;.
For A; a closed subset of X;11 x X; (i = 1,2), we set

Ay o Ay :=p3; (p§21A2 N P§11A1)-

For K; € DRy(Wa,xxe) (1 <0 < 2), we set

L
Koo Ky:= Rpgl,(pgglng@p;lW%p;lllCl).

Theorem 3.2. [19] Assume that ps; is proper on pzy supp(Ko)Npry supp(Ky).
Then

(i) the object Ky 0 Ky belongs to Dyy(Wayxxa),
(ii) there is a natural isomorphism in ng(Wngxl):

(31) DWICQ e} DWICl = DW(ICQ O ICl)

12



Application: Calabi-Yau category

Choosing X3 = X; = {pt} in the main theorem, and using

L
RHom,, (M,N) =D M®, N
we get:

Theorem 3.3. Let X be a complex symplectic manifold and let M and N be
two objects of ng(Wx). Assume that supp(M) Nsupp(N) is compact. Then

(i) the object RHom,,, (M, N) belongs to D?(k), (i.e., has finite dimen-
sional cohomology),

(i) there is a natural isomorphism, functorial with respect to M and N :

RHom,,, (M, N) ~ (RHom,, (N, M [dx]))".

Corollary 3.4. Let X be a complex symplectic manifold. Then Dy .(Ws) is
a Calabi-Yau category of dimension dx.

13



Sketch of proof

(i) FINITENESS:

For simplicity, we treat the absolute case and assume X is compact. Using the
hypothesis that M and N are good, we work with coherent W(0)-modules
M and N. We first represent M, and N, by complexes whose components
are finite direct sums of sheaves of the form Wx(0),, (U an open Stein
subset of X) and morphisms are Wx(0)-linear. Then RHom,,, (Mo, No) is
represented by a complex

LU= = D Wal0)y, == P Wal0)y, — 0

UneUn UoEVo

with ko-linear differential and the U4, are finite open coverings of X. Moreover,
we may construct a similar complex L (V) such that, for each n, V), is a
refinement of U,,, each V € V), is relatively compact in some U € U,,, and
L*(U) — L*(V) is a gis. Then the finiteness over ko of the cohomology
follows from the fact that the inclusion morphisms Wx(0)(U,,) — Wx(0)(V;,)
are ko-nuclear, using a theorem of [8].

(ii)) DUALITY:

To construct the duality morphism, one first constructs an isomorphism

L
kx[dx]ﬁiCAxaQQ CA%‘

Wxxxa

REMARK: one has to work with kg, not k, because kg is a “multiplicatively
convex” algebra [8], that is, for each bounded set B C kg there exists a
constant ¢ > 0 and a convex circled bounded set B’ such that B C ¢- B’ and
B'-B C B

14



Application: tensor category of kernels
Let 2 be a complex symplectic manifold and let
(3.2) X:=9 x99

Consider a family S of closed subsets of X = 2 x ) with the following
properties:

(1) if Al,AQ € S then Al U A2 S S,
(ii) the diagonal Ag belongs to S,
(iii) if A;, Ao € S then pi3: (p3s AxNpy Ay) — X is proper.

Denote by ng’ s(Wx) the full triangulated subcategory of ng(Wx) consisting
of objects with support in §. By the main theorem, for K, K5 € ng,g(Wx),
K30 K, is well defined in Dy, s(Wx).

Theorem 3.5. The category Dy s(Wx) endowed with the product o is a
tensor category and the object Ca,, 1s a unit.

The preceding construction may be generalized as follows. Consider a
Lagrangian subvariety C-D-W

ACX*xX*xX.
satisfying
(3.3) The projection p3 is proper on A.

Note that such Lagrangian varieties appear naturally in the study of sym-
plectic groupoids (see for example [4]).

Definition 3.6. Let K € ng(Wxanan) supported by A. For M. N €
Dypy(Wx) we set:

L
M*N = Rpg,(lC@pl_;wapf;(M XIN))
= Ko (MXN).
Applying the main theorem, we obtain:

Proposition 3.7. The product x defines a functor
*: Dpy(Wa) x D2g(Wx) — Dpy(Wa).

15



4 Symplectic Riemann-Roch

Euler class of YW-modules

Let X be complex symplectic manifold and let M € D2, (Wx). We have the
chain of morphisms

RHom,, (M, M) < RHom,, (M, CAX)éJQWxM
L
M)®

Wax xxa CA%

~ (RHom,, (M,Cay) &,
— Cau@yy, . Cax = ke [dx.
Let V :=supp(M). We get a map
Hom,y, (M, M) — H{ (% k).
The image of id gives an element
(4.1) Eu(M) € H¥ (% k).

We call the class Eu(M) in (4.1) the Euler class of M.

16



Index theorem

We consider the situation of the main theorem. Hence, we have three complex

symplectic manifolds X; (i = 1, 2, 3) and we have closed subsets A; of X; 11 xX;

(i =1,2). We set for short d; :=dyx, (i = 1,2,3). Let \; € HXZ“HZ'(%Z-H X

Xi;kx,.,xx;). Assuming that ps; is proper on psy (As) N piy (A1), we set
Npo Ay = p31(p§21(/\2) ﬂpﬁl (A1),

Ao\ = / (P32 A2 Upy A1) € HETH (X5 x X15kayxy)-
X2

Here, U is the cup product and

—1 -1
D3z A2Mpay Ay

. r7da+2da+d . d3+d .
/ . H 3 2 1 (%3 X %2 X x17k}:3><}:2><}:1) — HA?;OAi (%3 X x17k}:3><}:1)
X

is the Poincaré integration morphism.

Conjecture 4.1. [19] Let K; € DY;(Wx,,,xxe) (1 < i < 2) and assume that
P31 is proper on pa; supp(Ka) N pry supp(Ky). Then

Eu(X; Ky 0 K;) = Eu(Ky) o Eu(Ky).

As a particular case, one finds that for two objects £ and M in ng(Wx)
such that supp £ N'supp M is compact, we have

V(RD(X; £y, M) = / Fu(L) U Bu(M).

A natural question would be to compute Eu(L) in terms of the Chern
character of gr(£), a coherent module over Ox[r71, 7].
In case of coherent Dyx-modules on a complex manifold X, the formula

Eu(£) = [Ch(gr £) U Td(T X)]%rx

had been conjectured in [18] and proved by [3]. A natural question would be
to find a similar formula in the framework of symplectic manifolds.

17
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