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Abstract
For a complex compact manifold X, denote by T the category
Dth(OX ).
This category is aC-triangulated category,

this category is Ext- nite, that is,

M
Hom (F; G [n])

n2z
is nite dimensional forany F;G 2T,
this category admits a Serre functorS( ) (see [1]), that is,

(Hom;(F;G)) ' Homy(G;S(F))
where is the duality functor for C-vector spaces, andS(F) =
F o x[dx]

By analogy with this situation, for a eld k, a k-triangulated category
T is said to be a Calabi-Yau category of dimensiord if T is Ext- nite,
admits a Serre functor and this Serre functor is a shift byd.



Here, we shall consider a complex symplectic manifoldX. The
natural base eld is now R = C[[ % ]orasubeld k of R. (Note
that R and k may be considered as deformation-quantizations o€.)

The manifold X is endowed with the k-algebroid stack Wx of de-
formation quantization, a variant of the sheaf of microdi e rential op-
erators on a cotangent bundle.

We shall consider the triangulated category Egd(Wx) consisting of
objects whit good cohomology (roughly speaking, coherent mdules
endowed with a good ltration on compact subsets) and its sulrate-
gory ng;c(wx) of objects with compact support.

We shall show that, under a natural properness condition, tre
compositionK, K 1 of two good kernelsK; 2 ng(wxm xa) (i =1;2)
is a good kernel and that this composition commutes with duaity.

As a particular case, we obtain that the triangulated categay
Dgg.c(Wx) is Calabi-Yau of dimension [ix] over the eld k, where
dyx is the complex dimension ofX.

Finally, we shall discuss a kind of Riemann-Roch theorem in his
framework.

This paper summarizes various joint works with A. D'Agnolo§], M. Kashi-
wara [13], P. Polesello [15] and J-P. Schneiders [19].



1 Review on deformation-quantization

The eld k.
Let R := C[[ %; ]be the eld of formal Laurent sergies in 1. We consider
the ltered subeld k of R consisting of series = 14 m& I (a 2 C,

m 2 Z) satisfying:
(1.2) there existC > 0 with jajj C J( j)!forallj O.

We denote byk, the subring ofk consisting of elements of order O.

A ne case

When X is a ne, one de nes the ltered sheaf ofk-algebrasW+ x as follows,
a variant of the sheaf of microdi erential operators of Satd<ashiwara-Kawai
[16] (see also [10, 17] for an exposition).

A sectionP 2W+ x oforderm2 ZonU T X is given by its total

symbol
X

(1.2) ot (P)(X;u; ) = p(x;u) 1 p 207 x(U);
1 < m
whith tPe condition:

for any compact subseK of U there exists a positive con-
(1.3)  stant Cx such that supjpjj C,'( j)!forallj O.
K

The total symbol of the product is given by the Leibniz rule:

w® Q= @ uP)@l wor
2Nn
Note that
K= Wpy,
There is an embedding Dyx! W 1 x given by x; 7! x; and @ 7!
uj.
There is anC-linear isomorphism of rings: Wt x !' (W7 x)° which

satis es: 'x; = x;;tu; = uj;t =

Note that many authors use the parameter instead of 1.
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The ring W+ x

Let X be a complex symplectic manifold. We denote b}? the manifold X
endowed with the opposite symplectic form.

De nition 1.1. A W-ringon X is a Itered sheaf ofk-algebraswy such that
for any x 2 X there exists an open neighborhoot) of x and a symplectic
isomorphism' : U! V with V openinT C" and anisomorphism of ltered
sheaves ok-algebras' Wy !'W 1 cn.

Note that for a W-ring Wy:

the sheaf of ringsWy is right and left coherent and Noetherian,
grWyx 'O x[ 1 ], in particular Wx(0)=Wx( 1)'O ,

denoting by o: Wx(0)! O x the natural map, we have forP;Q 2
Wx(0), of [P;QD) =1 o(P); o(Q)g,

for any k-algebra automorphism of Wy, there locally exists an in-
vertible section P of Wy (0) such that = Ad( P). Moreover, P is
unique up to a unique scalar multiple. Hence (denoting as usiby A
the subgroup of invertible elements of a rind\):

W, (0)=ko ““HAut( W (0))

W, =k 2 Jaut(Wy);

(Wx)°P is aW-ring on X2,

On a cotangent bundleT X one can construct aV-ring Wt x endowed
with an anti-k-linear anti-automorphismP 7! 'P. The section'P is called
the adjoint of P.

However, on a complex symplectic manifold there do not existW-rings
in general.



2 The algebroid Wy

Stacks and algebroids

See Giraud [7], Breen [2], Kashiwara [9], Kontsevitch [14);Agnolo-Polesello
[5]. See also [12] for an exposition on stacks.
Consider

a commutative unital ring K,
a topological spaceX,
an open coveringd = fU;gj;, of X,
fori 2 |, a sheaf ofK-algebrasA; on U;,
fori;j 21, anisomorphismf; @ Ajju; 'A  iju; -
The existence of a sheaf df-algebrasA locally isomorphic to A; requires
the condition f; fj, = fy on triple intersections.
Let us weaken this last condition by assuming that there exisnvertible
sectionsay, 2 A; (Ujk ) satisfying
fi fik = Ad( ax )fi on Ui,
Ak A = i (g )ay on Uy -
We call
ffA G2 F 1 O 215 F ik Gijik 210
a K-algebroid descent data orJ.

In this case, there exists & -algebroid stackA locally equivalent to the
algebroids associated with thé\;'s. More precisely, ifA is an algebra, denote
by A* the category with one object and havingd as morphisms of this object.
Consider the prestack onX given by U; U 7! (A;(U))*. Then the the
algebroid A is the stack associated with this prestack.

Although A is not a sheaf of algebras, modules ovér are well-de ned:
they are described by pairsM = (fM gi2i;f ij 0ij21), where M ; are A;-
modules and jj : ¢; M jjy,! M iju; are isomorphisms ofA;-modules satis-
fying

i kT ok B
Here, ¢, M ; is the Aj-module deduced from theA;-module M jjy, by the
isomorphismf;; .



Twisted modules on complex manifolds

Let X be a topological space and let 2 H?(X;Cy ). By choosing an open
coveringU = fUg», of X and a 2-cocyclef ik gk 21 representingc, one
gets a descent data, hence an algebroid stack:

Cx.c :=(fCxju i ffj =10;;fa = Gjk Gijk ):

A twisted sheaf with twist ¢ is an object of ModCx. ¢).
Assume now thatX is a complex manifold. Consider the short exact
sequence

1 cJo 1" doy o
which gives rise to the long exact sequence
HY(X;Cx) HYX;04) HYX;dOx) H3X;Cy)
If L is a line bundle, it de nes a classlf] 2 H'(X;Oy). For 2 C, one sets
ce= ( (L) 2 HA(X;Cy):
We shall apply this construction whenL = x and = % and set for short:

Mod(Cy, 1) = Mod( CX;C%X )



Quantization of symplectic manifolds

In 2000, M. Kontsevich [14] has proved the existence ofRaalgebroid stack
Wy on any complex Poisson manifolX in the formal case. The analytic
case for symplectic manifolds has been treated with a di ené proof in [15].
Indeed, the story began in 1996 when M. Kashiwara [9] provetd existence
of a canonicalC-algebroid stackE, over any complex contact manifoldY
locally equivalent to the stack associated with the sheaf oficrodi erential
operators of Sato-Kashiwara-Kawai [16] on the projectiveotangent bundle
P X to a complex manifoldX .

In particular, for a complex symplectic manifoldX, there is a canonical
k-algebroid stack Wy locally equivalent to the algebroid stack associated
with the sheaf of algebradV+ x. (The same result holds withWy replaced
with Wy (0) and k with kq.)

Notation 2.1. For short, as far as there is no risk of confusion, we shall
write Wy instead of Wy .

Let X be a complex symplectic manifold. Then Mod{/x) is a well-
de ned Grothendieck abelian category and admits a boundededved cate-
gory DP(Wy).

One proves as usual that the sheaf of algebr&$r x is coherent and the
support of a coherentWt x -module is a closed complex analytic subvariety
of T X. This support is involutive in view of Gabber's theorem. Hece, the
(local) notions of a coherent or a holonomidVy-module make sense. We
denote by I, (W) the full triangulated subcategory of I’(Wy) consisting
of objects with coherent cohomologies, and byfR(Wx) the full triangulated
subcategory of ¥,,(Wx) consisting of objects with Lagrangian supports in
X,



Simple holonomic Wyx-modules

De nition 2.2. Let L be a coherentWyx-module supported by a closed
analytic Lagrangian variety of X.

(a) Assume is smooth. One says thatL is simple along if there exists
locally a coherentWy (0)-submoduleL (0) of L such that L (0) generates
L over Wx and L(0)=L( 1) is an invertible O -module.

(b) A coherent Wy-module supported by is regular if it is locally a nite
direct sum of simple modules at generic points of .

It follows from Gabber's theorem (see [10, Th. 7.34]) that wvén is
smooth, a regulatWx-module is locally a nite direct sum of simple modules.

Example 2.3. Let X be a complex manifold. We denote b, the W -
module supported by the zero-sectiomy, X de ned by O, = Wy x =l , where
| is the left ideal generated by the vector elds which annihdte the section
12 Ox. A sectionf (x; ) of this module may be written as a series:

X :
(2.1) f(x )= fi(x) ' m2z;

1 < m

the f;'s satisfying Condition (1.3). ThenOy is a simpleWr x -module along
T X.

One proves easily that any twoWy-modules simple along are locally
isomorphic. Moreover, a smooth Lagrangian submanifold isdally isomor-
phic to the zero sectionX of T X. Hence, any simpléNy-module is locally
isomorphic to Oy, .



Theorem 2.4. [6] Let be a smooth Lagrangian submanifold of. There
is a k-equivalence of stacks

(2-2) MOd(WXj )reg- I MOd(k CC ;1=2)Ioc-sys:

Here, the left-hand side is the subcategory of MoW(xj ) consisting of
regular holonomic modules along and the right-hand side ithe subcategory
of the category of twisted sheaves & -modules with twist C .;-, consisting
of objects locally isomorphic to local systems oved. The proof uses the
corresponding theorem for contact manifolds due to Kashiwa

Theorem 2.5. [13]Let ; (i =0; 1) be two smooth Lagrangian submanifolds
of X and letL; be a regular holonomic module along. ThenRHom,, (Lo;L1)
is k-perverse.

We conjecture that the hypothesis that the ; are smooth can be deleted.



Operations on  Wy-modules

There is a natural equivalence of algebroid stack&/;" ' W xa.

Let X and Y be two complex symplectic manifolds and leM 2
DP(Wx), N 2 DP(Wy). Their exterior product

M_N ::ny Wy Wy (M N)
is well de ned in D°(Wx v).

Denote by x the diagonal of X X2. There is a canonical simple
Wy xa-moduleC , along .

Let M2 DP(Wy). One sets
1
DM := RHom,, (M ;C )); DuM =DM [de]:

(dx is the complex dimension oK.)

Let M ;N 2 D2, (Wx). There is a natural isomorphism

RHom,, (M;N) ' RHom, (M _D{N;C,):
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3 Finiteness

Good W-modules

The following de nition adapt to W-modules a de nition of Kashiwara [10]
for D-modules.

De nition 3.1. (i) A coherent Wy-module M is good if, for any open
relatively compact subsetU of X, there exists a coherentWy (0)jy-
module M ¢ contained in Mj y which generatesVj .

(i) One denotes by Modqq(Wx) the full subcategory of Modn(Wx) con-
sisting of good modules.

(i) One denotes by O, (Wx) the full subcategory of Of,,(Wx) consisting
of objectsM such that H! (M ) is good for allj 2 Z.

(iv) One denotes by O;.(Wx) the full subcategory of B,(Wx) consisting
of objects with compact supports.

One proves that the category Mogh(Wx) is thick in Mod¢,n(Wx) and
one deduces that the full subcategory f(Wx) of Dg,,(Wx) is triangulated.
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Main theorem

Consider three complex symplectic manifoldX; (i = 1;2;3) and denote as
usual by p; and p;i the projections de ned onX; X, Xj.
For ; aclosed subset oK;.; X (i =1;2), we set

2 1= p31(p321 2\ F321l 1)

For Ki 2 Djy(Wx,.,, xa) (1 i 2), we set

L
Kz K 1:= Rpay(Ps; K2 D, 1WX2p211K1)2

Theorem 3.2. [19]Assume thatps; is proper onp,,- supp(K2)\ p,; supp(K4).
Then

(i) the objectk, K ; belongs toD},(Wx, xa),
(i) there is a natural isomorphism iand(Wxg X1 )"

(31) DyK, DyKj! DW(K2 K 1):
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Application: Calabi-Yau category

ChoosingX3; = X; = fptg in the main theorem, and using

L
RHom,, (M ;N)' DgM , N
we get:

Theorem 3.3. Let X be a complex symplectic manifold and I and N be
two objects oﬂng(Wx). Assume thatsupp(M )\ supp(N ) is compact. Then

(i) the objectRHom,, (M ;N) belongs toD?(k), (i.e., has nite dimen-
sional cohomology,

(i) there is a natural isomorphism, functorial with respect ttM and N :

RHom,, (M ;N)' RHom,, (N;M [dk]) "

Corollary 3.4. Let X be a complex symplectic manifold. Theﬁgd;c(wx) is
a Calabi-Yau category of dimensiomly.
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Sketch of proof

(i) FINITENESS:
For simplicity, we treat the absolute case and assuméis compact. Using the
hypothesis thatM and N are good, we work with coherentWy (0)-modules
M o and No. We rst represent M o and Ny by complexes whose components
are nite direct sums of sheaves of the formiWy(0),, (U an open Stein
subset ofX) and morphisms aréWy (0)-linear. Then RHom,, (M o; No) is
represented by a complex

M o g M

L (U):= ! Wy (0),, ! !
Un2Up Uo2Vo

Wx(0)ys 0

with ko-linear di erential and the U, are nite open coverings ofX. Moreover,
we may construct a similar complexL (V) such that, for eachn, V, is a
re nement of U,, eachV 2 V, is relatively compact in someU 2 U,, and

L (U} L (V)is aqgis. Then the niteness overk, of the cohomology
follows from the fact that the inclusion morphismsWy (0)(U, Y W x(0)(V,)

are ko-nuclear, using a theorem of [8].

(i) DUALITY:

To construct the duality morphism, one rst constructs an i@morphism

kx[dx]lc Xa Wy xa 5 -

REMARK: one has to work with kg, not k, becausek is a \multiplicatively
convex" algebra [8], that is, for each bounded se® ko there exists a
constantc > 0 and a convex circled bounded s&°such thatB ¢ B%and
B° B® BO
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Application: tensor category of kernels
Let Y be a complex symplectic manifold and let
(3.2) X=Y Y%

Consider a family S of closed subsets oK = Y Y with the following
properties:

8

<(@)if A;;A22S thenA [ A, 2S,

_ (i) the diagonal v belongs toS,

" (i) if Ap; A 2S then pis: (Pss A2\ PfAL) X is proper.

Denote by ng;s(Wx) the full triangulated subcategory of [gd(Wx) consisting
of objects with support inS. By the main theorem, forK ;; K, 2 ng;s(wx),
K, K;iswell dened in ng;S(WX).

Theorem 3.5. The category ng;S(WX) endowed with the product is a
tensor category and the objedC , is a unit.

The preceding construction may be generalized as follows.oSider a
Lagrangian subvariety C-D-W

X% X* X
satisfying
(3.3) The projection ps is proper on

Note that such Lagrangian varieties appear naturally in thestudy of sym-
plectic groupoids (see for example [4]).

De nition 3.6. Let K 2 D} (Wx xa xa) supported by . For M ;N 2
Dg4(Wx) we set:

L
M 7 N = Rp3|(K p121Wx < plzl(M N ))
= K (M_N):
Applying the main theorem, we obtain:
Proposition 3.7. The product? de nes a functor

?: ng(Wx) ng(WX) ng(WX):
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4  Symplectic Riemann-Roch

Euler class of W-modules

Let X be complex symplectic manifold and leM 2 DB, (W). We have the
chain of morphisms

RHom,, (M ;M) RHomWX(M;CX)LWXM
© (RHom,, (M:C,) M), .C,
1 C ew, WCx Kxld:
Let V :=supp(M ). We get a map
Hom,, (M ;M)  H{(X;kx):
The image of id, gives an element

(4.1) Eu(M ) 2 H¥ (X; kx):

We call the class Eul/l ) in (4.1) the Euler class ofM .
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Index theorem

We consider the situation of the main theorem. Hence, we hatlgee complex
symplectic manifoldsX; (i = 1;2; 3) and we have closed subsets of Xj.; X;
(i =1;2). We set for shortd; := dy, (i =1;2;3). Let ;2 Hd‘i+l+di (Xis1
Xi:Kx.,, x;). Assuming that ps; is proper onps;( 2)\ py( 1), we set

Q?-l(pszl( 2)\ P 1);

2 1 = (P2 2 Port 1) 2 HE (X5 Xiikx, x,):
X2

2 1

Here,[ is the cup product and
Z
P H &2 1(Xe. X2 XiiKxs xp x,) Hd‘?di(xs X17Kxs x1)

1
Xo Pz 2\ Py

is the Poincae integration morphism.

Conjecture 4.1. [19] LetK; 2 Dtg’o,(WXi+1 x2) (1 1 2)and assume that
pa1 is proper onp,; supp(Kz) \ p;, supp(Ki). Then

Eu(X;K, Ki)=Eu(K;) Eu(K,):

As a particular case, one nds that for two objectsL and M in ng(Wx)
such that suppL\ suppM is compact, we have
Z
L
(R(X;L w,M ) = Eu(L)[ Eu(M ):
X
A natural question would be to compute Eul) in terms of the Chern
character of gr(), a coherent module oveOx[ *1; 1.
In case of coherenDy -modules on a complex manifolX , the formula

Eu(L) = [Ch(gr L) [ Td(TX)]% x

had been conjectured in [18] and proved by [3]. A natural quisn would be
to nd a similar formula in the framework of symplectic maniblds.
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