Chapter 6

Tangent space

6.1 Tangent and ultratangent space

In this section we compare to notions of tangent space for spaces with curvature
bounded below

(i) the tangent space, T}, = Cone X, defined in section ZZH
(ii) maybe add T,L®77?
(iii) ultratangent space for an ultrafilter o, T)) which is defined in section

Both of these notions are analogous to tangent space of Riemannian manifold.
If the dimension is finite, then these two notions coinside, see In infinite-
dimensional case, they are different and both useful; often lack of a property in
one is compensated by the other.

It is clear from the definition that tangent space has cone structure. On the
other hand, in general, ultratangent space does not have a cone structure; a
Hilbert’s cube @ = [,2,]0,27"] € Alex[0,=] gives an example.

In general, the metric on T), might be not intrinsic (see Halbeisen’s example,
section B.2). In this case, by definition T, ¢ Alex[0,e]; for T} the situation is
better:

6.1.1. Theorem. If L € Alex[k,»]| and p € L then T} € Alex[0,e].

Proof. Since L € Alex[k,»], then for its blowup nL, we have nL € Alex[k/n?,o].
Thus, from BTA (nL,p) > (T}, 0p) implies T}, € Alex[0,]. O

The next theorem shows that T, = can be (and often will be) considered as
a subset of T. That also implies that 3-angles comparison ([EI)) as well as
n-point comparison (XTI holds in T).

6.1.2. Theorem. Let L € Alex|k,»] and p € L, then there is an isometric
embedding v : T, — T} such that (nL,p;qn) 2 (T, 0p;2(v)) iff Tp(L®) >

nlog, qn Swve T,.

Proof. Let us first define 2 : T, — T}, where T, = Cone ¥}, C T, the subcone of
geodesic vectors (see section EZ). Given v € T}, the exponent v, = exp,(+ - v)
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is defined for all large n. Pass to the o-limits (nL,p;v,) > (T}, 0p;ve). Set
(V) = V.

Since angles between geodesics in L are well defined (see 777?), for any v, w €
T, we have n|v,wy,| — [vw|. Thus |[vewe| = [vw], i.e. 2 is a global isometry of
T, Since T}, is dense in T), we can extend 1 to a global isometry T, — T. O

6.1.3. Theorem. Let L € Alex[k,»] and p € L. Given two tangent vectors
u,v € T, consider model triangle [6,u0] = Ao(opuv) and denote by Sect(uv)
the region in E? bounded by rays 6, and 0,0.

Then for any geodesic [uv] in T} there is a global isometric embedding 1 :
Sect(uv) — T} such that 1(6p) = op, 1([ad]) = [uv].

Proof. Follows directly from the lemma on flat triangle [[BZ3). O

6.2 Linear subspace of tangent space

Let L € Alex[k,»] and p € L. A vector v € T, is called invertable if there is
w € T, such that £(v,w) = m.

Given a point p, the subcone of all invertable vectors of T, will be called
linear subspace of T, and denoted by Lin,. The reason for such a name is
coming from the following theorem.

For tangent vectors v,v’ € T)p, we will write v/ = —v if £L(v,v") = 7 and
|v] = |v|. Clearly —v is well defined if and only if v € Lin,,.

6.2.1. Theorem. Let L € Alex[k,»] and p € L then Lin, forms a subcone of
T, isometric to a Hilbert space.

6.2.2. Corollary. Let L € Alex|k,o] and p € L*(x1,x2,...,x,) then there is
a subcone £ C T}, which isometric to a Euclidean space such that log,xz; € E
for every i € [1..n].

Proof. By the definition of L* ([EI3H), log,z; € Lin, for each i € [1.n]. It
remains to apply theorem G211 O

The main difficulty in the proof of theorem EZTkomes from the fact that
in general T), & Alex[0,~] (see Habeisen’s example, section B2). Otherwise the
statement would follow directly from the Splitting theorem (IGII). Infact the
proof of this theorem is a far walk around, in the proof we use construction of
gradient, as well as Splitting theorem, proof of which use gradient flow. Thus
in order to understand our proof completely one needs to read most of chapter
77

First we give a construction of a tangent vector w for given two vectors u, v.
If the tangent space is Euclidean, then w = —u — v.

6.2.3. Anti-sum lemma. Let L € Alex[k,o] and p € L.
Assume two vectors u,v € Tp. Then there is unique element w € T, such
that
(u,z) + (v, z) + (w,z) 20 and (u,w) + (v,w) + (w,w) =0

for any x € T,
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Proof. Choose two sequences of points a,,b, € L*(p) such that 7;" — u/|ul

and Tf)" — v/|v|]. Consider sequence of functions f, = |u|dist,, +|v|dists, .
Note that dp fu(x) = —[ul[(T,", =) — |v|<T2"’,z>, thus d, fn(z) converges to

—(u,z) — (v,z) uniformly for x € ¥,. Therefore, according to ??7?, sequence
Vp fn converges; set w = lim,, V fn.
From definition of gradient

(w,w) = nlim (Vpfn, Vpfn) = nlirréo dp fn(Vpfn) = —(u,w) — (v, w),

— 00

(w,z) = lm (Vpfn,x) > nlin;o dp fn(z) = —(u,x) — (v, ).

n—oo

Proof of [EZl Let us first show that Lin, € Alex[0,«].

Note that T} € Alex[0,=] (see [T and Lin,, is a closed subset of T}). Thus.
to show that Lin, € Alex[0,«] it is sufficient to show that the metric on Lin,
induced from T} is intrinsic.

Indeed, given two vectors x,y € Lin,, let us apply lemma for two
vectors u = 3+(—x) and v = 3-(—y) and show that w € T, is a midpoint of [zy].

2
First note that

|’LU|2 = _<wau> - (’LU,’U> = %(’LU,.’L'> + %<way>
Therefore,

jzw|® + Jwy[? = 20w + [ + [y* — 2(w, 2) — 2(w,y) =
= |2* + [y* — (w,z) — (w,y) <

<2+ [yl + (u,z) + (v, @) + (u,y) + (v,y) =
= glz]* + 3ly1* — (2,y) =
= glzyl*.
Thus |zw| = |wy| = |2y, i.e. w is a midpoint for z and y.
Note that for any v € Lin, there is a line ¢ passing trough v and o,, thus
applying M6 we get that Lin, is isometric to a Hilbert space. O

6.2.4. Open question. Let L € Alex[k,~] and p € L.
Is it true that T, spits isometrically

T, = Lin, & Lin,

where Linj; ={veT,| (v,z) =0 for any x € Lin, } ¢
Compare to theorem

6.3 Finite dimensional case.

For finite dimensional case, the above constructions can be essentially simplified
by using the following theorem. One should note however, our way to define
dimension of Alexandrov space depends on the theorems on tangent cone of
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general case. Thus, even if you are interested only in finite dimensional case the
previous sections of this chapter can not be avoided.

6.3.1. Theorem. Let L € Alex™[k,»|. Then for any point p € L, T, €
Alex™[0,e] and moreover T, = T}.

According to 777, this theorem impyes that if m > 2 then for any p € L,
¥, € Alex™![1,»]. That gives a possibility of making definitions and proving
theorems by induction on the dimension of the space.

6.3.2. Lemma. Let L € AleX™[K,], m < oo then for anyp € L, ¥, is compact
and T, is proper.

The prof is very similar to the proof of

Proof. Assume ¥, is not compact. Then for some fixed ¢ > 0 and any N € Z-
one could find N directions &; € 3, i € [1..N] such that for any i # j we have
£(&;,&;) > €. For each &;, choose z; € L so that Tzfi ~ &;, one can do this so
that in addition £, (p 1) > ¢ for all 4, j.

For any point ¢ sufficiently close to p we also have £(q 2:) > ¢ for all
i,j € [1..N]. According to BZZZ([ ), one can choose ¢ &~ p so that 3, is isometric
to Sm—1.

Thus, one arrives to a contradiction for N > pack, S™1.

Finally, since T,, = Cone ¥,,, we get that T, is a proper space. O

Proof of 311 According to theorem BTl there is a natural isometric em-
bedding 2 : T;, < T}. Thus it is enough to show that +(T,) = T}. Le., given
v, € T} we have to construct v € T, such that 1(v) = v,.

Fix v, € T}, and choose a sequence vy, € L*(p), such that n|pv,| is bounded

and (nL,p;v,) > (T®, 0p; V). Set

v = %;hgoln -log,, vp,.

Since T), is proper E32) and n|pv,| is bounded, this limit is well defined.
From the construction of 2, we get??? that 1(v) = v, O

6.3.3. Theorem. Let L, € Alex™[k,o] and (Lyn,pn) = (L, p).
Assume ¥y, Ly, < X then X > 3.

m GH
6.3.4. Corollary. Let L € Alex™[k,], then for any p € L,

m—1
SIS i

6.3.5. Corollary. Let L € Alex™[k,»], then for any converging sequence of
points p, — p in L, if ¥, = X then
x>,
Moreover, if 17" — & € X, then ¥ > g T,,.

Proof of [ZA777 O
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Proof of 23 Given a finite e-net {&;} in X,, we will show that there is a
collection of points {¢;} in ¥ such that |(;¢;| > £(&;, &) — € for any pair (i, 7).
Once it is done, one can construct a noncontracting map >, — X by passing to
a partial limit of maps &; — ;.

For each &;, choose z; € L so that Tz" ~ &;, one can do this so that A (p ”z”;) >
£(&;,&;) — ¢ for all pairs (¢, 7). For each z;, choose a sequence z; ,, € L,, so that
Tin — Tj-

Passing to a subsequence of ¥, , we can assume that T
i. Set ¢; = lim,, 1,>" € X.. Then

Ti,n

pn" converges for any

n—oo

O
6.3.6. Theorem. Let L € Alex™[k,»], m < oo p € L. Then

Tp == Lin, ® Lin,,

where Liny, is the linear subspace of T,, (defined in section) and Liné are subcone
of T perpendicular to Lin,.

Proof. Follows from splitting theorem 6.1l and E3T1 O



