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On stability of minimal spheres 
and a two-dimensional version of Synge's theorem 

By 

JOHN DOUGLAS MOORE 

1. Introduction. In this note, we will refine an elegant argument of Aminov [1] on 
the stability of minimal 2-spheres in a Riemannian manifold, which together with 
recent results of Sacks, Uhlenbeck, Meeks, and Yau [7] on the existence of stable 
minimal 2-spheres, yields the following theorem: 

Theorem. Let M be an n-dimensional compact Riemannian manifold with positive 

curvature operators, where n >- 3. Then n2 (M) = O. 

Recall that a Riemannian manifold M is said to have positive curvature operators if 
the linear transformation/~: A 2 Tp M ~ A 2 Tp M defined by 

(~  (x A y), z A w) = (R (x, y) w, z), 

where R is the Riemann-Christoffel curvature tensor of M, has positive eigenvalues. 
Using linear Hodge theory, it can be shown [5] that if a compact connected oriented 
Riemannian manifold has positive curvature operators, then its real cohomology 
groups are isomorphic to those of a sphere. It might be conjectured that a compact 
simply connected Riemannian manifold with positive curvature operators is, in fact, 
homeomorphic to a sphere. To prove this conjecture when n = dim M-> 4 it would 
suffice to show that M has the integer homology of a sphere by a short argument 
based upon the positive resolution of the Poincar6 conjecture. The above theorem, 
based upon the nonlinear theory of minimal surfaces (or from a different perspective, 
upon the nonlinear theory of harmonic maps), gives a little additional evidence for 
the validity of the conjecture by showing that H2 (M; 2~) = 0. 

We can regard the theorem as a version of Synge's theorem with nl replaced by n2. 
(See [3, p. 243] for the classical version of Synge's theorem relying on the existence of 
smooth closed geodesics, and [9, w 7] for a version of Synge's theorem (due to Simons) 
utilizing minimal hypersurfaces.) The proof is based upon the theory of holomorphic 
vector bundles over the Riemann sphere [6], a theory which was used effectively by 
Siu and Yau [10] in their resolution of the Frankel conjecture. In a sense, our theorem 
is optimal, in that the complex projective space has nonnegative curvature operators, 
but nonzero n2 [5]. 
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2. Proof of the theorem. Assume that ~r2 (M) 4: 0. According to Meeks and Yau [7, 
Theorem 5] there is a smooth harmonic map f :  S 2 ~ M which minimizes energy 
among all noncontractible smooth maps from S 2 to M. This map  f must be a stable 
branched minimal immersion. 

Let f *  T M denote the pullback of  the tangent bundle of  M to S 2. f ,  T M  inherits a 
fiber metric ( , )  from the Riemannian metric of  M and a connection V from the Levi- 
Civita connection of  M (see [8, p. 292, Lemma 3]). It will be convenient to give the 

complexified bundle f *  T M  | ~ a holomorphic  structure. Note  that the fiber metric 
(,~ can be extended in two useful ways to the complexification, 

as a complex bilinear form (,), or 
as a Hermitian inner product ((,}} which 
is conjugate linear in the second variable, 

the relationship between these two being 

((Y1, Y2)) = (111, Y2), for YI, Y2 E A o ( f ,  TM) = {smooth sections o f f *  TM}. 

The connection on f * ( T M )  extends to a connection (also denoted by V) on 
f*  T M |  ~ which is unitary with respect to ((,)). Regarding S 2 as a complex mani-  
fold, we let A p,q ( f*  TM@ C) denote the space of  (p, q) - forms on S 2 with coeffi- 
cients in f *  T M  | C. The connection V decomposes into 

V': A~ ( f*  T M  @ rE) ~ AI ,~  T M  @ IE), 

V": A o ( f ,  T M  @ ~) ~ A ~ ( f *  T M  | ~).  

It now follows from e.g. Atiyah [2, p. 46] that there is a unique holomorphic  structure 
o n f * T M |  ~ such that V " =  tg. We can regard (,) as a section of  the holomorphic  
bundle 

( f* T M  | r  | ( f*  T M  | r  

and since (,) is parallel with respect to the connection V, it is annihilated by V " =  j. 
In other words, (,) defines a holomorphic  orthogonal  complex structure on 
f *  T M  | C. 

According to Grothendieck [6], f *  T M |  C decomposes into a Whitney sum of  
holomorphic line bundles 

f * T M |  @L2@ ... |  

After a possible reordering, we can arrange that 

s (L0 >-- cl (L2)  -----... -> s (Ln), 

where el = Chern class. The ordered sequence of  integers (cl (LI) . . . . .  cl (Ln)) is then 
an invariant of  the holomorphic vector bundle f *  T M |  C [6, p. 126], and since (,) 
defines a holomorpic vector bundle isomorphism from f *  T M  | IE to its dual, 

cl (Li) = - cl (L, _ ,). 

Note that each line bundle summand L, with cl (L,) --- 0 posesses a nonzero holo- 
morphic section. 
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Let z = x + iy be a holomorphic  coordinate on S2-{point}. Since f :  S 2 --+ M mini- 
mizes energy, if  Y is a smooth section of f *  TM, I (Y, Y) >-_ O, where I is the index 
from given by the explicit formula ([4, p. 11]), 

I (r, Y) = f {(Ve/ax Y, Va/ax Y)  + < V o / o y  Y ,  V o / o y  Y )  
s 2 

- ( R  ( r, O/ax) a/Ox, r } -  (R ( Y, 3/Oy) OlOy, Y)  } dx A dy. 

(For simplicity of notation, we write O/Ox instead o f f .  (O/8x) for the section o f f *  T M  
determined by the vector field O/Ox on $2.) The index form can be extended to a 
Hermitian symmetric bilinear form on sections o f f *  T M  | I17 by extending the cur- 
vature tensor R to be complex linear and replacing ( , )  by ((,)) in the above formula.  

Lemma. I f  Z is a smooth section of f* TM @ IE, 

s= = 4 I ((Vo/oeZ, Va/o,Z) dx A dy + i f ((R (O/Ox, O/Oy) Z, Z)) dx A dy. 
S 2 S z 

P r o o f .  Integrate by parts as follows: 

S II v0,0,z II 2 dx A dy= - ~ ((Vo/oz VemZ,  Z)) dx A dy 
S 2 S 2 

= - ( 1 / 4 )  I (Valax-,O/oy Valax+~O/ayZ, Z)) dx A dy 
S 2 

= - (1/4) I (((Va/oxVa/ax +Vo/oy Va/oy) Z,Z)) dx A dy 
S e 

- (i/4) ~ (((Va/ox Vo/oy - Va/ay Vo/ox ) Z, Z)) dx A dy 
S 2 

= (1/4) ~ {11 vo~ox z II 2 + I[ vo,oy z II 2} dx A dy 
S 2 

- (i/4) f ((R (O/Ox, O/Oy) Z, Z)) dx A dy. q.e.d. 
S ~ 

In view of the lemma, the index form on f *  TM | I12 can be written 

I (Z, Z) = 4 f II % 0 ,  Z II 2 & A dy + i f CR (a /ax ,  O/ay) z ,  z)) dx A dy 
S 2 S ~ 

- f {{R (Z, a/ax) a/ax, z }  + ((R (Z, a/ay) a/ay, z))} & A ay. 
S 2 

If  Z = X + i Y, where X and Y are sections of  the real vector bundle f *  TM, 

i ((R (O/8x, a /ay)  z ,  z)) = 2 ((R (O/ax, a/ay) x ,  g)) 
= - 2  ((R (x, O/ax) a/Oy, r)) + 2 ((R (x, a/ay) a/ax, g)), 

the last equality using the Bianchi symmetry  of the curvature tensor. Hence, if Z is a 
holomorphic section o f f *  TM | rE, 

I(Z, z )  = -  I {Oq ( x  A a/ax + r A a/ay), x /x a/ax + r A a /ay)  
$2 

+ ( ~  ( x  a a/ay - r a a/ax), x a a/ay - r n a /ax) }  ax A ay. 
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Under  the assumpt ion that /~  is posi t ive-defini te ,  

I ( Z , Z ) > - O ~  X A O / O x +  Y A O / O y = O = X A O / O y - - Y A O / O x .  

To derive a contradiction and thus finish the p roof  of  the theorem,  it therefore  suf- 
fices to show that there exists a ho lomorphic  section Z = X + i Y o f f *  T M  | I~ such 
that 

Z A (O/Oz) = (1/2) ( X +  i Y ) / x  (O/Ox - iO/Oy) 4= O. 

(Here O/Oz stands for the f ,  image i f  the vector field O/Oz on $2.) But this is clear,  
since the direct sum decomposi t ion o f f *  T M  | (E possesses at least  two ho lomorph ic  
line bundles with nonnegative Chern classes, and hence f *  T M  | 112 must  possess at 
least two linearly independent  ho lomorphic  sections. 
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