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W o l f g a n g M e y e r

T h e s e n o t e s h a v e been prepared for a series of l ec tu res given a t . t h e College o n

Differential G e o m e t r y a t Trieste in t he Fal l of 1989. T h e lec tures cen te r a round To-

ponogov ' s t r i ang l e compar i son theorem, cri t ical p o i n t t h e o r y a n d appl icat ions . I n t h e

shor t a m o u n t of t i m e available not all the aspects c a n b e covered. W e focus on those

app l i ca t i ons which s e e m t o b e mos t i m p o r t a n t a n d a t t h e s a m e t i m e m o s t su i t ab le

for a n expos i t ion . S o m e basic knowledge in g e o m e t r y wil l b e assumed . I t has b e e n

prov ided b y K . Grove i n t h e first series of these l e c t u r e s . Never the less we t r y to keep

t h e l ec tu re s sel fcontained a n d independent as m u c h as poss ib le . For t h e resul t a b o u t

t h e s u m of B e t t i n u m b e r s in section 3.5 a l e m m a f rom a lgebra ic topology is needed. A

proof for t h i s resu l t h a s been provided in t h e a p p e n d i x .

I a m i n d e b t e d t o U . Abresch for m a n y helpful conversa t ions a n d also for wr i t ing

a n d t y p i n g t h e a p p e n d i x .
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1 R e v i e w o f n o t a t i o n a n d s o m e t o o l s

1 . 1 C o v a r i a n t d e r i v a t i v e s

W e cons ider a comple t e R i e m a n n i a n manifold M w i t h t a n g e n t b u n d l e TM a n d Rie-

m a n n i a n m e t r i c ( , ) a n d cor responding covariant der iva t ive V of Levi C iv i t a , which

is t h e u n i q u e tors ion free connect ion for which ( , ) is para l le l , i .e. for any vec tor fields

X, y , Z o n M we h a v e

[X,Y] (1)

a n d

(2)



T h e last two equations are equivalent to the Levi Civita equation

2{VXY,Z) = X{YiZ)+Y(Z,X)-Z{X,Y)

[ (3)

If M is an arbitrary manifold and / : M —• M a differentiable m a p , / „ : TM —*•

TM denotes the differential of / . V naturally extends to a covariant derivative for

vector fields along / . For any vector field A on M and any vector field Y along / ,

i .e. Y: M —* TM satisfies x o Y = / where IT : TM -+ M denotes the projection, the

covariant derivative VAY is well defined. D u e to the fact that (VAY)P depends only

on Ap and the values of Y in a neighbourhood of the point p, this extension is uniquely

determined by requiring the chain rule Vv(Xf) = Vf.vX for any tangent vector veTM

and any vector field A' on M .

In a similar way the corresponding covariant derivative for tensor fields carries over

to a covariant derivative for tensorfields along a map . As a consequence one obtains

for example the Cartan structural equations for the Levi Civita connection:

- f,[A, B] = 0 (4)

R{f.AJmB)Y = VAVBY - VBVAY - V[A,B]Y, (5)

where R is the curvature tensor of- V , A, B are vector fields on M and Y is a vector

field along the m a p / .

For a curve c: I —> M the parameter vector field on I w i th respect to the parameter

t will be denoted b y | or A , c(t) = cw-^\t is the the tangent vector of c at t . T h e

covariant derivative V o e y for a vector field Y along c is abbreviated b y Y'. A parallel

vector field Y along c is characterized by the linear differential equation Y' = 0 ,

a geodesic curve b y the non-linear second order equation c' = 0 . For consistency

reasons we avoid the often found notat ion V^c resp. V^K for the expressions VD,C

resp. VjD,y w h e n Y is a vector field along c. T h e inconsistency of such notation

becomes apparent w h e n c is a singular curve for example a constant curve and Y a

non-constant vector field along c. If X is a vector field on M, V&X = V D , - Y C (chain

rule) is well defined.

T h e exponential m a p exp : TM —*• M is determined by the initial value problem for

geodesies . If veTpM, then exp(u) = c ( l ) where c is the geodesic wi th initial condition

c(0) = p and c = v. T h e restriction of exp to the tangent space TPM at p is denoted

by e x p p . Not ice that for complete manifolds the exponential m a p is defined on all of

TM by the Hopf-Rinow theorem.



For a funct ion / : M -*• E . a n d a vector field X onM, Xf denotes t he der iva t ive

of / in d i rec t ion X. T h e gradient of / is defined v ia t h e equa t ion

. ( g r a d / , X ) = A 7 (6)

a n d t h e Hess i an H e s s / of / b y

(7)

H e s s / is a self adjoint e n d o m o r p h i s m field, i . e . ( V y g r a d / , y ) = ( V y g r a d / , - Y ) .

I m p o r t a n t funct ions on a R i e m a n n i a n manifold a re d i s t ance functions or local dis-

t a n c e funct ions f rom s o m e po in t in M or f rom a submanifo ld of M. A local d i s t ance

funct ion is a funct ion in a n open subse t U of M considered as a R i e m a n n i a n s u b m a n -

ifold. If p € U C M a n d r(q) = distM(p,q), rv{q) ~ distv(q,p) t h e n rv(q) > r(q).

T\J m a y b e differentiable in po in ts where r fails t o b e differentiable. A typical e x a m p l e

arises as follows: Le t c : [a, j3] —*• M b e a n inject ive geodesic s egmen t w i th in i t ia l p o i n t

p — c(a) a n d w i t h o u t conjugate po in t s . T h e n t h e r e is a ne ighborhood U of c(]a, /5])

w h e r e ru is differentiable. However r is no t differentiable in a n y po in t of t h e c u t locus

of p. For expl ic i t example s look a t geodesies on a cyl inder .

O n t h e set of po in t s where a (local) d i s tance funct ion is differentiable i t satisfies

| Jg rad / J = 1 . T h e g rad ien t lines of any funct ion w i t h th i s p r o p e r t y are geodesies

p a r a m e t r i z e d b y a r c l eng th , since ( V ~ a ( j / g r a d / , X \ = ( H e s s / g r a d / , J C ) =

{ H e s s / X , g r a d / } = ( V j r g r a d / , g r a d / ) = 1 X ( g r a d / , g r a d / ) = 0 for any vec tor field

X o n M a n d h e n c e V _ a ( j r g r a d / = 0 . Therefore t h e level surfaces of such a funct ion

a r e e q u i d i s t a n t . T h e y a r e referred t o a s a family of para l l e l surfaces.

1 . 2 J a c o b i fields

J a c o b i fields J a long a geodesic ar ise n a t u r a l l y as var ia t iona l vec to r fields in one pa -

r a m e t e r families of geodesic l ines a n d are charac te r ized b y t h e l inear second order

differential e q u a t i o n

)c = 0. (8)

If V is a geodesic va r i a t ion of c, i .e. V : I x (—e, e) - > M is differentiable a n d

V ( i , 0 ) = c ( i ) a n d 11-» V(t,s) is a geodesic for all s e ( - e , e ) , t h e n J{t) = V . ^ k o is a

J a c o b i field a long c:



J"(t) = VDtVDtV.D, \t,0 = VDtVD.V.Dt \t,0 + VD,Vm [Da, Dt] \tj0

=0

ItO - VD, V£|, V.Ut \t,0

=0
= -R(VmDs, VmDt)V.Dt \t,o = -R(J, c)c,.

The re fo re t h e J a c o b i e q u a t i o n is t h e l inear iza t ion of t h e geodesic e q u a t i o n a long c.

No t i ce t h a t V can b e w r i t t e n in t h e following way: If p is t h e curve p(s) = V(0, s) a n d

Y t h e v e c t o r field a long p given b y Y(s) = V.Dt |o . , , t h e n V(t,s) = e x p * y ( s ) . T h e

in i t ia l cond i t ions of t h e Jacob i field in t e r m s of p a n d Y a re J ( 0 ) = p ( 0 ) , J ' ( 0 ) = Y'(0).

Y ( 0 ) is t h e in i t i a l v e c t o r of t h e geodesic c . A n y t a n g e n t vec tor u t o TM c an b e w r i t t e n

as t h e t a n g e n t vec to r u = Y\Q of a curve s i-+ Y\a eTM. Y is a vec to r field a long

t h e b a s e cu rve p(s) = ToY\a. If Y a n d V a re defined as above , we find e x p . u =

e x p o Y | o = K..D3 |i.o = ^(1)« Therefore t h e differential of t h e exponen t i a l m a p is

c o m p l e t e l y d e t e r m i n e d b y Jacobi fields.

For e x a m p l e , t h e J a c o b i field w i t h in i t i a l condi t ions J ( 0 ) = 0 , J ' ( 0 ) = tu a long t h e

geodes ic e x p tv is o b t a i n e d from t h e var ia t ion V(t, s) = e x p t(v + sw). He re p(s) is

t h e c o n s t a n t cu rve , Y(s) — v + sw, J(t) = e x p , \tvtw, J{1) = exppm\ow. T h i s shows

t h a t t h e differential of t h e res t r ic t ion exp\TpM is d e t e r m i n e d by Jacob i fields o n M

w i t h t h e s e in i t i a l cond i t ions .

1 . 3 I n t e r p r e t a t i o n o f c u r v a t u r e i n t e r m s o f t h e d i s t a n c e f u n c -

t i o n

Cons ide r t w o geodesies Co, C% e m a n a t i n g from a po in t p in JW, Co(e) = expev, C\(s) =

e x p e i u , v,wzTpM a n d t h e d i s t ance L(e) = dist(co(e),Ci(e)) in a ne ighbo rhood of

zero . T h e n t h e f o u r t h o rde r Taylor fo rmula for L2 is given b y

L2{e) = e2\v - wf - | e 4 ( J2 (v ,w)w,v ) + O ( e 5 ) . (9)

W h e n v ^ w t h i s impl ies for s > 0 :

For l inea r ly i n d e p e n d e n t vectors u , t o satisfying \v\ = \w\ = 1 th i s c an b e r e w r i t t e n

as

L(e) = e | v - to|| ( l - ^ ^ ( ^ , ^ ( 1 + {v,w))e2) + O ( e 4 ) , (11)



w h e r e K(v, w) ist t h e sect ional cu rva tu re of t h e p lane spanned b y v and w. Therefore

L grows fas ter t h a n l inear if A' < 0 a n d slower t h a n l inear if K > 0 in a ne ighborhood

o f O .

w

K<0 KmO K>0

Figure 1: interpretation of sectional curvature

T o p r o v e (9) we consider t h e var ia t ion

V(e,t) = e x p ( i e x p - a
( e ) o d ( e ) )

for s m a l l values of e a n d i e [ 0 , 1 ] . T h e p a r a m e t e r t angen t fields a long V a re E = VmDe

a n d T = VmDt. T h e p a r a m e t e r curves ae : t \-* V(e, t) a re geodesies connec t ing t h e

Cole.)

Figure 2: setup for the proof of (9)

p o i n t s co{e) a n d cx(e). T is t he t a n g e n t field of t h e geodesies a n d t

field a long ae and E\efi = co(e), E\e<1 — c i ( e ) .

J5|C]j is a Jacobi



N o t i c e t h a t ||<2e l eng th of ae so t h a t

wh ich is c o n s t a n t in t for e fixed. T h e derivat ives of H — L2 u p to t h e four th o rder

axe g iven b y

H'(s) = 2{VD,T,T)\e,t

H"(e) = 2

H"'(e) = 2

HIV(e) = 2

{VD,T,VDtT))\Ctt

+ 4 (VfcT, VD,T) + 3 (VIT, VI T)) | M .

W e will n o w eva lua t e these derivat ives a t (0 , t) i n o rde r t o find t h e coefficients for t h e

Tay lo r fo rmula . T h e equa t ion V b , T = VotE a n d Vo,T = 0 will b e used f requent ly

d u r i n g t h i s ca lcu la t ion . Also not ice t h a t T|o,< = 0 , s ince V(0,t) = p. W e h a v e

VD.E\C,O = 0, V . D . £ | e i l = 0 (13)

s ince E\Cjo = co(s) a n d E\Cli = ci(e) . F r o m t h e J a c o b i p r o p e r t y of E we o b t a i n

VDtVDtE=-R(E,T)T, (14)

so t h a t

V D , VDtE |o.« = 0 . (15)

H e n c e t t-+ E\oit is a l inear vectorfield along t h e c o n s t a n t cu rve a0. Since E\oto —

co(O) = v, E\otX - c i (0 ) = w i t follows

(16)

(17)

(18)

(19)

(20)

(21)

0,0 =v+t(w-v).

W i t h t h i s i n f o r m a t i o n we c a n a l ready eva lua te H'(0) a n d H"(Q):

H"(O) »

= 2 | u - zxrf

f rom (16) . N e x t we show t h a t

VD.E\0,t

V D t V D t J B | 0 | t

= 0

= 0

= 0



(20) is a consequence of (19) a n d (21) follows f rom (20) since

, V D t T = VDtVDtE = R(E,T)E + VDtVDtE .

In v iew of t h e equa t ions (13) above i t suffices t o show V£>tV£)eV0,.E |o,t = 0 for t h e

proof of (18) . For th i s observe •

V D , V D t V D t E = VDt(R(T,E)E) + R(T,E)VDtT + VDl(R(T,E)T).

T h e r igh t h a n d side vanishes a t ( 0 , i ) since VotT = 0 a n d T\Olt = 0 . Th i s suffices t o

find H'"(0):

= e(VDtVDlE,VDtT)\o,t

- 0 (22)

f rom (20) . F r o m (21) w e get

HIV(0) = 8(VDcVD.VDtT , VDtT) lo,,. (23)

F u r t h e r m o r e

\0,t. (24)

Using (16) , (23) , (24) a n d t h e symmet r i e s of R we find

EIV(0) = 8 (i2(u, w)v, w) + {VDtVDt VDtE, VD,T) \0,t.

Since th i s m u s t also b e cons tan t in i , t h e second t e r m on t h e right h a n d side is cons t an t

in t . N o w

€ V £ > , V £ , c £ , V I > , r ) | o , t = DtDt{VDtE,VDtT)\o,t

b y us ing (20) a n d (21) . Therefore

De {VDtE, VDtT) |Olt = {VDtVDtE, VDtT) |0 , t + {VDtE, VDcVDtT) \0<t



m u s t b e l i n e a r in t. B u t V D . V D . J S ? |O,O = Vjr>c Vb.cofO) = 0 , V D , VDtE |O i l =

V D . V c f c i ( 0 ) = 0 a n d Vjj , V ^ r ^ t = 0 , so t h a t De ( V D t £ , V D c T ) |o , t = 0 s ince i t

van ishes a t t = 0 a n d a t t = 1 . Th i s proves

tf/K(0) = 8 {£( : ; , i u ) u , u ; ) . (25)

E q u a t i o n (9) n o w follows from (17), (18) , (22) a n d (25) . W e leave i t t o t h e reader t o

verify

Hv(0) = lO((Vv+wR)(v,w)v,w) . (26)

If Hv(0) = 0 for all choices of v a n d w, t h e n M m u s t b e a local ly s y m m e t r i c space ,

s ince (26) c a n b e u s e d t o show t h a t t h e ope ra to r R& — R(..,c)c is para l le l for a n y

geodes ic c.

1 . 4 T h e l e v e l s o f a d i s t a n c e f u n c t i o n

I n th i s sec t ion we will see t h a t Jacobi fields d e t e r m i n e t h e second f u n d a m e n t a l t ensor

5 of t h e level surfaces of a (local) d i s t ance funct ion / . T h i s will b e used to es tabl i sh

t h e R i c c a t i e q u a t i o n for 5 a n d a Ricca t i inequali ty.

W e h a v e a n a t u r a l un i t n o r m a l vec to r field N = g r a d / a long t h e level surfaces of

/ . T h e s e c o n d f u n d a m e n t a l tensor S of t h e levels w i t h respec t t o N is t h e res t r i c t ion

of t h e Hes s i an of / t o t h e t angen t spaces of t h e levels , Su = H e s s / u = Vu iV for

t a n g e n t v e c t o r s v. t o t h e levels. T h e der iva t ive S' — V^S i n t h e n o r m a l d i rec t ion is

defined b y S'Y = {VNS)Y = VN{SY) - S(VNY) for a n y vec to r field Y t a n g e n t t o

t h e levels of / . N o t i c e t h a t S'Y is aga in t angen t t o t h e levels .

Le t MQ b e a fixed level, Mo = / - I { 0 } after changing / b y a cons t an t . T h e o t h e r

levels a r e t h e n g iven b y Mt — f~l{t}- For smal l values of t t h e levels Mo a n d Mt

a r e d i f feomorphic v i a t h e diffeomorphism Et(p) = exp(tN(p)). T h e differential of

Et[Mo c a n b e des r ibed in t e r m s of J acob i fields: Let 5 i-+ p(s) b e a curve in Mo w i t h

t a n g e n t v e c t o r v — p(0). T h e n 2?t«tf = J(t) whe re J is t h e J acob i field a long t h e

geodes ic t *-*• Et(p(0)) of t h e geodesic var ia t ion V(t,s) — Etop(s), J(t) — VmDa\t,o. I t s

in i t i a l cond i t i ons a r e J ( 0 ) = p(0) = v, J ' ( 0 ) = Vi) , ( iVop) |o = V^ 0 ) iV = Sv, c o m p a r e

sec t ion 1.2.

T h e geodes ic f(t) = V ( r , s ) is a n in tegra l curve of JV, so t h a t K A | t , « = 7 ( 0 =

NoV(t,s). W i t h th i s informat ion we ob t a in J'(t) = VDtV.Ds | f ,0 = V D . V . A \t,o =

Vo V \ti0 = Vv.D.iV | t f 0 = SJ(t). T h e second f u n d a m e n t a l t enso r of t h e levels now



is d e t e r m i n e d b y

SJ = J'. (27)

Covar iant differentiation of th is equa t ion leads to t h e i m p o r t a n t Ricca t i equa t ion for

5 : S ince (27) is an equa t ion along t h e geodesic c ( t ) = V ( t , 0 ) i t r eads more precisely

SCJ = J'. T h i s is useful t o r e m e m b e r for t h e chain ru le in V b t 5 c = V*S = X7NcS =

(S')c for t h e c o m p u t a t i o n of J" = VDt(ScJ) = S'J + SJ' = S'J + S2J. Using t h e

J a c o b i e q u a t i o n J" + R(J, N)N = 0 we ob t a in t h e Ricca t i e q u a t i o n

5 ' = -RN - S2 (28)

w h e r e RN deno tes t h e cu rva tu re opera to r R^X = R(X,N)N in d i rec t ion JV.

If t h e r e is a lower b o u n d « for t h e sect ional cu rva tu re A' of M, t h e n t h e Ricca t i

e q u a t i o n l e a d s . t o a R icca t i inequal i ty a long t h e grad ien t l ines c of / . Let Y b e a

para l le l u n i t vec to r field a long c t angen t t o t h e levels, i.e. {Y, c) = 0 . T h e n b y (28)

= -{R(Y,N)N,Y)-(S2Y,Y)

F r o m t h e a s s u m p t i o n K < K(Y, N) a n d t h e Schwarz inequa l i ty we ob ta in t h e Ricca t i

i n e q u a l i t y

(SY,Y)'<-K-{SY,Y)2 (29)

a long c.

1 . 5 D a t a i n t h e c o n s t a n t c u r v a t u r e m o d e l s p a c e s

C o n s t a n t c u r v a t u r e m o d e l spaces a re i m p o r t a n t in compar i son theory because t h e

g e o m e t r i c quan t i t i e s in these spaces can b e ca lcu la ted explicit ly.

JW" deno t e s t h e n -d imens iona l hyperbo l ic space IH£ of cu rva tu r e K if K < 0 , t h e

euc l id ian space H n if K = 0 a n d t h e s t a n d a r d sphe re S£ of r ad ius 4 j if K > 0 .

Since {R(v, u ) u , v) = K for any pa i r of o r t hono rma l vectors u, vsTpM^, we have Ru : =

R(...,u)u = K - Id p on t h e or thogonal complemen t of u in T P M " . Therefore t h e Jacob i

e q u a t i o n a n d t h e Ricca t i equa t ion a re r a t h e r s imple .

J a c o b i fields a long a geodesic c : H —+ M " or thogona l t o c are given b y f-Y, whe re

Y is a pa ra l l e l vec to r field a long c a n d / : IR —»• R is a solut ion of t h e 1-dimensional

J a c o b i e q u a t i o n

/ " + /c/ = 0 (30)

10



Le t s n K a n d cs« b e t h e solut ions of (30) w i t h in i t i a l condi t ions sn K (0) = 0, sn^ ' fO) = 1

a n d c s K ( 0 ) = 1, c s , / ( 0 ) == 0 , i.e.

] f o r K > Q

csK(t) . = cosy/Jet J

] f o r K

J

) f o r K 0 (31)

^ ) f o r K < 0

csK(£) = coshv/ | /c |< J

F u r t h e r m o r e l e t

ctK(t) = csK(t)/snK(t) for s n « ( t ) ^ 0 (32)

T h e de r iva t ives of t h e s e functions a re given b y

s n K ' = csK, cs,«' = — « s n K , c t K ' = —K — c t K
2 . (33)

F u r t h e r m o r e t h e following e lementa ry equa t ions ho ld :

1 = c s ^ + K s n * 2 (34)

s n * ( a + 6) = s n ^ ( a ) c s K ( 6 ) + c s « ( a ) s n ( t ( 6 ) (35)

c s K ( a + 6) = csK(a)csK(b) —KsnK(a)snK(b). (36)

A bas i s for t h e J a c o b i fields or thogonal t o c is g iven b y {sn« • y , c s K • Y} w h e r e Y

var ies over a bas is of para l le l vector fields o r thogona l t o c .

N o t i c e t h a t t h e second fundamen ta l t en so r of t h e (local) d i s t ance spheres a t d i s t ance

r f r o m a fixed p o i n t p i n any manifold is d e t e r m i n e d b y e q u a t i o n (27) , w h e r e J is a

J a c o b i field w i t h in i t i a l va lue J ( 0 ) = 0 a long a n o r m a l geodes ic e m a n a t i n g from p , i .e.

i n M% b y •

J(r) = mm(r)Y{r)

w i t h Y pa ra l l e l a long c a n d (Y,c) = 0 . Hence

- c t * ( r > r ^ • ( 3 7 )

There fo re t h e p r i nc ipa l curvatures of d i s t ance spheres in M% a re equal t o c t K ( r ) .

T h e l e n g t h of t h e g rea t circles in t h e d i s t ance spheres is 2 7 r s n « ( r ) . In a n y manifo ld

11



t h e Hess ian of t h e d is tance function from a po in t has a zero eigenvalue in t h e rad ia l

d i rec t ion . For Karcher ' s new proof of Toponogov 's t h e o r e m it is convenient to rescale

t h e d i s t a n c e function / f rom t h e point p i n M " so t h a t all t h e eigenvalues are equal .

T h i s is achieved b y t ak ing m d K o / , where

Not ice t h e iden t i ty

c s K + « m d « = l . (39)

F r o m t h e fo rmula

( m d K ' o / ) H e s s / ( t ; ) + ( m d K " o / ) { g r a d / , v ) g r a d /

(40)

i t follows t h a t t h e eigenvalues of H e s s ( m d , c o / ) a t a po in t q w i t h f(q) = r a re equal

t o csK a f(q) = c s K ( r ) . Using m d * , t h e law of cosines in JW" becomes

m d K (c) = m d K [a - b) + sn* (a)sn, , (6)(1 - cos 7 ) (41)

w h e r e a,b,c a re t h e l eng ths of t h e edges of a geodesic t r iangle in MK a n d 7 is t h e

angle o p p o s i t e to t h e edge corresponding to c. Not ice t h a t th is is a unified formula for

the t h r e e classical cases K = 0,K>0,K < 0 :

c2 = a 2 + 6 2 - 2 a 6 c o s 7 (42)

COS(\/KC) = cos( \ / /ca)cos( \ / /c&) + s i n ( \ / i c a ) s i n ( \ / « & ) c o s 7 (43)

(44)

1 . 6 T h e R i c c a t i c o m p a r i s o n a r g u m e n t

A lower c u r v a t u r e b o u n d K i n M l eads t o a n i m p o r t a n t e s t i m a t e for t h e pr inc ipa l

cu rva tu re s i n d is tance spheres a n d hence for t h e tangent ia l eigenvalues of t h e Hessian

of t h e d i s t a n c e funct ion / from a po in t . For t h e modified d i s t ance funct ion m d * 0 /

t h i s y ie lds a n e s t i m a t e for all t h e eigenvalues. T h i s e s t i m a t e is t h e key for Kaxchers

proof of Toponogov ' s t h e o r e m and t h e m a i n reason for in t roduc ing m d K . T h e basic

c o m p a r i s o n a rgumen t is conta ined in (i) of t h e following e l emen ta r y L e m m a a n d i t s

Corol lary, cf. [K].
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L e m m a 1.1 Suppose g, G are differentiate functions on some internal satisfying the

Riccati inequalities

G' > - K - G 2 . (46)

i) If9(ro) > G(r0), then g(r) > G(r) for r<rQ.

ii) Ifg(r0) < G(r0), then g(r) < G{r) for r>r0.

P r o o f . F r o m t h e t w o Ricca t i inequal i t ies (45) a n d (46) we ge t

f rom which i) a n d ii) follow immedia te ly . •

T h e s t a t e m e n t ii) is useful for e s t i m a t e s involving u p p e r c u r v a t u r e b o u n d s [K], W e

a r e i n t e r e s t e d m a i n l y in i ) .

C o r o l l a r y 1.2 If g : ( 0 , a ) —*• M (suppose a < - ^ if K > 0) satisfies gr < —K - g2

and l i m r _ o # ( r ) = o o , then

9(r) < ctK (r).

P r o o f . If t h e r e is a p o i n t r o e ( 0 , a ) for which g{ro) > c t K ( r o ) , w e can choose s > 0 so

t h a t g(ro) > c t K ( r o — e ) . G(r) = c t K ( r — e ) satisfies t h e Ricca t i e q u a t i o n G' = —K — G2

o n ( e , r 0 ) , so t h a t g(r) > G(r) on ( e , r 0 ) . T h e n g(e) = l i m r \ e #0") > l i m r \ e G ( r ) =

-J-oo, c o n t r a d i c t i n g g(e) < c o . D

Cons ide r n o w a n o r m a l geodesic s egmen t c w i th in i t ia l p o i n t p wh ich does no t

m e e t t h e con juga t e locus of p. In a ne ighborhood U of c w e m a y consider t h e local

d i s t a n c e func t ion f(q) = distu(p, q). T h e pr inc ipa l curva tu res of t h e local d i s t ance

s p h e r e f~l{r) a t t h e po in t q a re d e n o t e d by r i ( g ) , . . . , r n _ i ( g ) . F r o m t h e corol lary a n d

(29) we ge t t h e e s t i m a t e

T{(q) a r e t h e eigenvalues of H e s s / | , cor responding to e igenvec tors t a n g e n t t o t h e

d i s t a n c e s p h e r e , w h e r e a s t h e rad ia l e igenvalue is zero. T h e hessean of m d « o / satisfies

t h e c o r r e s p o n d i n g e q u a t i o n (40) a n d therefore has eigenvalues snK(f(q)) • r , ( g ) , i =
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l , . . . , n — 1 in direct ions t angen t t o t h e level r a n d t h e eigenvalue csK(f(q)) for t h e

rad ia l d i rec t ion g r a d / | , . Th i s proves t h e o p e r a t o r inequa l i ty

Hess (md K o / ) < (cs« o / ) • I d . (47)

Along c t h i s e s t i m a t e r ema ins t r u e u p to t h e first conjugate po in t of c, which in t h e

case K > 0 appears a t a d i s t ance no t fa r ther away t h a n - ? j . For M = M% equa l i ty

holds in (47) .

If / is rep laced b y g = f + 77 w h e r e 77 is a cons t an t , we h a v e H e s s g = H e s s / so

t h a t t h e t angen t i a l eigenvalues of Hess(mdKo<7)lg according t o formula (40) a re given

by snK(g(q))Ti(q) and t h e rad ia l eigenvalue is csK(g(q)). T h e e s t i m a t e for T,(g) above

leads t o (SRKO g)n < (snKo<7)ctK(<7 — 77) = csKog + sntig-n)' ^ o r s m a ^ v a l u e s of 77

a n d 0 < (7 — 7} < ~h i n t h e case K > 0 t h e Hess ian of m d * 0 g satisfies consequent ly

) » I d . (48)

I n t h e case K > 0 th is e s t i m a t e along c ho lds u p t o t h e first conjugate po in t .

2 T h e T o p o n o g o v T h e o r e m

T h e Toponogov compar i son t h e o r e m appea r s t o b e one of t h e m o s t powerful tools

in R i e m a n n i a n geometry . I t is a global genera l iza t ion of t he first R a u c h compar i son

t h e o r e m . T h e ideas t r ace back t o A . D . Alexandrow w ho first proved t h e t h e o r e m for

convex surfaces . Toponogov 's proof of t h e t h e o r e m was technical a n d conta ined some

difficulties which were resolved in [GKM]. Since t h e n t h e proof h a d been simplified

cons ide rab ly b y various geomete r s , c o m p a r e also [CE]. In th i s l ec tu re series w e shal l

use a n in te res t ing new proof given by K a r c h e r [KJ. I n cont ras t t o t h e previous t echn ique

t h e R a u c h compar i son t h e o r e m is not used a t all. I t uses t h e e s t i m a t e for t h e Hess ian

given i n (47) resp.(48) a n d fits n icely in to our discussion of d i s t ance funct ions . T h i s

does n o t m e a n , t h a t our app roach is necessari ly shor te r or m o r e geomet r ic t h a n t h e

o t h e r v i a b l e a r g u m e n t s given before. W e cer ta in ly encourage t h e s t u d e n t also t o go

t h r o u g h s o m e a l t e rna t e proof of Toponogov ' s basic resul t in t h e l i t e r a tu r e m e n t i o n e d

above .

D e f i n i t i o n 2 . 1 A geodesic h inge c, Co, a in M consists of two non constant geodesic

segments c,c0 with the same initial point making the angle a. A minimal connection

c\ between the endpoints of c and cQ is called a closing edge of the hinge.

14



T h e l e n g t h of a geodesic segment c will b e d e n o t e d b y \c\.

T h e o r e m 2 . 2 ( T o p o n o g o v ) Let M be a complete Riemannian manifold with sec-

tional curvature K > K.

A) Given points po,pi,q in M satisfying po-fiq, Pi^Q, o- non constant geodesic c

frompo to px and minimal geodesies c,-, from pi to q ,i = 0 , 1 , all parametrized by

arc length. Suppose the triangle inequality \c\ < | c i | + |c2| is satisfied and \c\ < -?j

in the case K > 0 . a;e[0,7r] denote the angles at p,-, cto = ^ ( c o ( 0 ) , c ( 0 ) ) , ori =

5 t ( c i (0 ) ,— c ( | c | ) . Then there exists a corresponding comparison triangle ,po,i>:j?

in the model space M% with corresponding geodesies CQ, C\,C which are all minimal

of lengths | c , | = | c , | , \c\ = \c\ and

i) the corresponding angles a,- satisfy d ; < a ;

ii) dist(q, c(t)) < dist(q, c(t)) for any i e [ 0 , |c|] .

Except for the case when K > 0 and one of the geodesies has length equal to -^

the triangle in M% is uniquely determined.

Let c, co, cto be a hinge in M with co minimal and \c\ < -T~ in case /c > 0 and

c% a closing edge . Then the closing edge c\ of any hinge c,Co,ao in M% with

\c\ ss \c\ , \co\ = \co\ satisfies

R e m a r k s

1. No t i ce t h a t c need no t t o b e m i n i m a l a n d t h e case po — p\ is no t exc luded . C\

a n d Co h a v e t o b e m i n i m a l , o the rwise t h e r e axe coun te rexamples .

2 . W i t h a l i t t l e effort s t a t e m e n t (ii) c an b e u sed t o show t h a t t h e l eng th of s ecan t s

b e t w e e n c a n d c,- a re n o t shor te r t h a n t h e cor responding secants be tween c a n d

Si, p r o v i d e d t h e segment of c in t h e cu t off t r i angle is m i n i m a l :

iii) d i s t (co( t ) , c(s)) < dist(co(<), c(s)) holds as long as c|[0,a] is m i n i m a l ,

iv) d i s t ( c ! ( i ) , c ( s ) ) < d i s t ( c i (* ) , c ( s ) ) ho lds as long as cI[Jtjc|] is m i n i m a l .

I n t h e case w h e n c is m i n i m a l now any cor responding secants cr, a satisfy |cr| <

For s y m m e t r y reasons on ly iii) needs t o b e p roved:
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Pi Po

B y i i )

F igure 3 : sketch for the proof iii)

dis t (g, c ( s ) ) < d is t (# , c(s)). (49)

C o n n e c t pa = c(s) a n d q b y a m i n i m a l geodesic 7 , a n d consider t h e t r i ang le

Po,P*>? w i t h geodesic edges CQ, c|[0>J],7a a n d t h e corresponding compar ison t r i -

ang le po,pa,q in M%. Using ii) for th i s t r iangle we ob ta in

dist(j3,,co(i)) < d is t (c (5) , (50)

T h e m o n o t o n i c i t y re la t ion be tween angle a n d l eng th of t h e closing edge of a h inge

i n Ml a n d (49) imp ly

a n d t h e n

I n e q u a l i t y iii) now follows from (50) a n d (51) .

(51)

3 . S t a t e m e n t i) is a consequence of i i ) . To p rove for example ceo <a, consider t h e

func t ions hQ(t) = dis t (co(i) , c(t))2 a n d Jto(*) ~ d i s t ( co ( i ) , c ( i ) ) 2 for smal l values

of t . B y iii) we have ho < kQ. Accord ing t o (9) of sect ion 1 w e h a v e t h e Taylor

fo rmulas

ho(t) =
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so t h a t \\'co(0) - 5(0) | | < ||co(0) - c (0) | | a n d h e n c e d 0 < a0.

T h e converse impl ica t ion i) =*• ii) is also t r u e b u t m o r e technica l t o prove.

4 . S t a t e m e n t ii) carries over to l imi t s in t h e sense of G r o m o v for R iemann ian spaces

w i t h c u r v a t u r e / < " > « , where angles canno t b e defined a n y m o r e .

5 . P a r t B is equivalent t o A) i ) . Th i s follows i m m e d i a t e l y f rom t h e fact t h a t in

t h e l e n g t h of a closing edge in a h inge w i t h m i n i m a l geodesies a n d t h e h inge angle

axe in a m o n o t o n e re la t ion . N o t e t h a t B is t r iv ia l in t h e case w h e n the t iangle

i n e q u a l i t y is no t satisfied in M. For th i s obse rve t h a t t h e t r iangle inequal i ty i n

M\ is satisfied since all t h e corresponding geodesies in M% a re m i n i m a l .

6. If CQ is n o t m i n i m a l in B ) , t h e s t a t e m e n t is false. For consider in S j + e a h inge

w i t h t w o geodesies of l eng th TT m a k i n g a pos i t ive angle . T h e e n d points have a

pos i t i ve d i s t ance for e smal l . However , in t h e co r re spond ing h inge in S* t h e e n d

p o i n t s coincide.

7. A n ano logue of Toponogov 's t h e o r e m where t h e lower c u r v a t u r e b o u n d is rep laced

b y a n u p p e r cu rva tu re b o u n d is false. For e x a m p l e on t h e 3-sphere S 3 t he re a re

h o m o g e n e o u s met r i c s (Berger me t r i c s ) w i th pos i t ive c u r v a t u r e , u p p e r cu rva tu re

b o u n d 1 a n d closed geodesies of l eng th < 2w. However , if t h e sect ional cu rva tu re

K of M satisfies K < K a n d c o , c i , c is a t r i ang le w i t h m i n i m a l geodesies a n d

|CQ| + | c i | + \c\ < T = which is con ta ined in a ba l l a r o u n d po of r ad ius not g rea te r

t h a n t h e in ject iv i ty r ad ius a t j?o, t h e n t h e r e is a t r i ang l e CQ , C\, c in M% w i t h

|c,-| = | Q | , \C\ = \c\ a n d ceo < &Q. T h i s is a n i m m e d i a t e consequence of R a u c h ' s

first compar i son t h e o r e m .

8. T h e r e a r e general isa t ions of Toponogov ' s t h e o r e m t o a vers ion where t h e m o d e l

spaces M% a re r ep laced b y surfaces of revo lu t ion or surfaces w i t h a n S 1 - ac t ion ,

c.f. [E], [A]. U . Abresch po in t ed o u t t o m e t h a t t h e s e general isat ions can b e

h a n d l e d w i t h t h e s a m e t echn ique as used in t h e proof be low.

P r o o f o f T h e o r e m 2 . 2 . B y r e m a r k 2 above we only have t o prove A) i i ) . N o t e t h a t

i n t h e case K > 0 we have d i a m ( M ) < -£j b y M y e r s ' t h e o r e m . For t h e case it > 0

t h e p roof is o rgan ized in t h r e e s t eps . I n s t e p 1 we consider t h e general case for K < 0 ,

b u t we a s s u m e d i a m ( M ) < -fa a n d \c\ + |co| + | c i | < ^ for t h e case « > 0 . I n s tep

2 t h e case K > 0 , d i a m ( M ) < ^ a n d \c\ + |co| + | c i | < ^j> is reduced to step 1 by a
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s imple l imi t a r g u m e n t . Final ly , in s tep 3 we show t h a t in t h e case K > 0 the re axe no

t r iangles w i t h circumferece \c\ + \CQ\ + | c i | > ^ .

S t e p 1 . For t h e case K > 0 we assume d i a m ( M ) < -fa a n d also t h a t t h e circumference

of t h e t r i ang le satisfies \c\ + |co| + | c i | < ^ j , so t h a t t h e compar i son tr iangles in Ml

exis ts . F r o m t h e t r iangle inequal i ty \c\ < |co| + |cx( we get \c\ < -^ for K > 0 .

Therefore w e c a n choose e > 0 such t h a t diamJW < ^ j — 2e a n d \c\ < 4 j — 2e. W e

first look a t a s imp le case: Suppose gec ( ]0 , | c | [ ) . T h e n jc| > |co| + | c i | since cx a n d

Co a re m i n i m a l . B y t h e t r iangle inequal i ty we m u s t have \c\ — \CQ\ + |Ci | . Therefore q

divides c i n to two m i n i m a l pieces of l eng th |co| a n d Jci | . Consequen t ly equal i ty holds

in ii) s ince t h e geodesies from q t o c(t) a re pa r t s of c . If g«?c(]0, |c|[) we proceed as

follows:

W e consider t h e d is tance functions r f rom q in M, f f rom q in Ml and define

h{t) = mdKoroc(t)

k(t) = m d K o fo c(t)

\{t) . = h(t)-h(t).

T h e i d e a is , t o show t h a t A cannot have a negat ive m i n i m u m b y t h e use of t h e Hessian

e s t i m a t e (48) in sect ion 1.6. Unfor tuna te ly h is n o t differentiable in general s ince r

is no t differentiable beyond t h e cut locus of q. T h i s p r o b l e m is resolved b y a local

a p p r o x i m a t i o n w i t h a "superdis tance funct ion" . T h e a r g u m e n t is sl ightly different in

t h e cases « < 0, K = 0 a n d K > 0 .

I n t h e case K = 0 , if A h a s a negat ive m i n i m u m — 2fi i n ]0, |c|[ also t h e funct ion A

defined b y

has a n e g a t i v e m i n i m u m < —/x in ]0, |c|[ .

In t h e case K > 0 we have \c\ < 4 j — 2e a n d define ae(t) = snK(< + s) — snK ( | ) on

[0, | c j ] . If A h a s a nega t ive m i n i m u m t h e n

h a s a nega t ive m i n i m u m .

For t h e p o i n t io€J0, \c\[ where A or A or A has a nega t ive m i n i m u m , we app rox ima te

r b y local different:able functions in a ne ighborhood of c(to). Let 7 b e a n o r m a l

geodesic f rom q t o c(*o) • For smal l values 77 > 0 we define in some ne ighborhood U
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of 7 Q 7 , J7J[) t h e local superd i s tance functions

r f *f* 1 "̂"* in •• 1 /"f 1 cfrri ̂ /l If I /I* 1 J* 9̂1 O"* I ***** ̂ 11CTI ft ^P I

r,, is d i f ferent iable if Z7 is sufficiently smal l . Therefore t h e funct ion

/ ^ m d r t o T v c (52)

is di f ferent iable i n some in te rva l a round to a n d

U s i n g t h e e s t i m a t e (48) for t h e Hessian we have

A(J = (Hess (md« o r,,) | c c, c)

"C cs o r 0 c 4-

for 77 s m a l l . T h e q u a n t i t y rnac(t) — 7; is b o u n d e d away f rom zero i ndependen t of rj

a n d r,jo c ( i ) — 77 = d i s t ( 7 ( ^ ) , c(t)) < fy — 2s f rom t h e d i a m e t e r a s sumpt ion . Obse rv ing

(39) w e g e t

hq + nhn < 1 + const • sn« (ij)

w i t h a c o n s t a n t i n d e p e n d e n t of TJ. S ince h" + nh = 1 t h e difference A,, = hn — h

satisfies

A '̂ + n\n < const • sn K (7;). (54)

F u r t h e r m o r e

A, > A, Xr,(to) = A(i0) (55)

b y (53) .

C a s e 1 . K < 0

If A h a s a n e g a t i v e m i n i m u m — y. a t to, t h e n A,, a lso h a s a n e g a t i v e m i n i m u m — n a t

^OJ b u t

A"(*o) < —«A(i0) + const • snK(rj) = Kfj, + c o n s t • sn

<o

F o r 77 sufficiently sma l l th i s is a con t rad ic t ion .



C a s e 2 . K = 0

At t h e po in t t o e | 0 , \c\[ where A has a nega t ive m i n i m u m we consider An a n d also A,,

defined b y •

A = A +JMIJ1
" ' | c | 2

T h e n A\, > A a n d A\,(f0) = A(i0) by (55). Therefore A,, also has a local nega t ive

m i n i m u m a t to • B u t
- , . 2u v
A, < ~T72 + c o n s t " sn* Vl) »

which is a con t r ad ic t ion for smal l T;.

C a s e 3 . K> 0

A t t h e po in t to w h e r e A = ~ has a negat ive m i n i m u m — p.o we also look a t A,, = £* .

A g a i n \ n > A a n d A(to) = An(to) so t h a t A,, has a nega t ive m i n i m u m — (J,Q a t t o .

Different ia te a t to t o ob ta in

a n d

( | ) < 0
2

for 7? sufficiently smal l , a cont radic t ion .

S t e p 2 . A s s u m e now K > 0 , d i a m ( M ) < -^ a n d |c | + |co| + |cx| < j £ . W e

choose a sequence «;,-, 0 < K,- < « a n d lim,-_ooK» = K. T h e n diam(Af) < - ^ a n d

| c | + |co| + | c i | < •%%•. B y s t ep 1 t h e t h e o r e m holds for t h e sphere 5^ . C E 3 a s t h e com-

p a r i s o n space . B y compac tness , t h e sequence of compar i son t r iangles A,- = (c1 , Cg, c i )

h a s a subsequence converging t o a compar ison t r i ang le A in 5 ^ . B y cont inui ty of t h e

fami ly of d i s t ance funct ions on t h e family of spheres 5? C E t 3 , K > 0 , s t a t e m e n t A)i i )

n o w follows for t h e l imi t t r i angle A .

S t e p 3 . Suppose re > 0 a n d \c\ + \CQ\ + | c a | > ^ . W e can choose S > 0 such t h a t

\c\ + |coj + | c i | = 3 | T h e n for t h e compar ison t r iangle in M} t h e geodesies Co, c i , c
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h a v e l e n g t h < -T-S a n d therefore form a g rea t circle. T h e a n t i p o d a l po in t q of q has

t o b e a p o i n t of c , say q = c(t0). B y s t e p 1 we have ^ = dist(q, c(t0)) < d is t (g , c(t0))

c o n t r a d i c t i n g d is t (g , c(tQ)) < ^ - < ^ . T h i s comple tes t h e proof. •
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3 A p p l i c a t i o n s o f T o p o n o g o v ' s T h e o r e m

3 . 1 A n e s t i m a t e f o r t h e ' n u m b e r o f g e n e r a t o r s f o r t h e f u n -

d a m e t a l g r o u p

As a first app l i ca t i on of Toponogov's t h e o r e m we presen t Gromov ' s t h e o r e m concerning

t h e n u m b e r of genera to rs for t h e fundamenta l g roup TTI (M). Since a n y e lement of t h e

f u n d a m e n t a l g r o u p Ti[M) w i t h base po in t p of a R i e m a n n i a n manifo ld M can b e

rep re sen t ed b y a geodesic loop of min ima l l eng th a t t h e point p , i t is clear t h a t t h e

g e o m e t r y of M shou ld have s t rong influence on t h e s t r u c t u r e of r i ( i \ / ) . T h e earl iest

resu l t i n t h i s d i rec t ion is Myer s ' t heo rem, cf.[CE], [GKM]: t h e universa l cover of a

c o m p a c t R i e m a n n i a n manifold wi th s t r ic t ly pos i t ive Ricci cu rva tu re is c o m p a c t a n d t h e

f u n d a m e n t a l g r o u p finite. If the .sec t ional cu rva tu re K of a compac t even d imens ional

mani fo ld is s t r i c t l y posi t ive , t h e n by the Synge L e m m a , cf. [CE], [GKM], iti(M) = 1

or Z 2 d e p e n d i n g o n t h e or ientabi l i ty of M. If M is comple t e non -compac t a n d A* > 0,

t h e n iTi(M) = 1 since M is diffeomorphic t o H n , cf. [GM]. F ina l ly if M is comple te

n o n - c o m p a c t a n d K > 0 , t h e n b y t h e soul t h e o r e m of Cheeger a n d Gromol l [CGI ] ,

7Ti (M) con ta in s a l a t t i ce group of finite index .

T h e o r e m 3 . 1 ( G r o m o v )

(i) Suppose the sectional curvature of Mn is nonnegative. Then iri(Mn) can be

generated by N < y/2mr 2n~2 elements.

(ii) If the sectional curvature K of M" is bounded from below, K > — A2 and the

diameter of Mn is bounded, diamM" < D, then iri(Mn) can be generated by

N< | v / 2 n 5 r ( 2 + 2cosh(2AI?) ) ! T L elements.

P r o o f . L e t G = xi(M,p0) b e t h e fundamen ta l g roup w i t h base po in t poeM. M

deno te s t h e R i e m a n n i a n universal cover of M. T h e g roup of covering t ransformat ions

G a c t s o n M b y i sometr ies . W e choose a po in t XQZM which covers po a n d define for

7 6 G t h e d i sp l acemen t

A m i n i m a l geodesic c from XQ t o 7Z0 pro jec t s in M t o a loop of m i n i m a l l eng th |-y|

in t h e h o m o t o p y class represent ing 7 . T h e r e a re only finitely m a n y e lements of G

satisfying |-y| <r. (An infinite sequence ^XQ of po in t s would have a l imi t point in t h e

c o m p a c t b a l l of rad ius r a round zero cont rad ic t ing t h e covering proper ty . ) Therefore
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we c a n choose a n e l emen t 71 e<? wi th t h e p r o p e r t y |-yi j = m i n { | 7 | | 7 € G } . Induc t ive ly

we c a n c o n s t r u c t genera to rs 7 1 , 72, ... of G satisfying | 7 i | < j-ŷ J < ... as follows:

S u p p o s e 7 i , . . . , 7 j t a r e cons t ruc ted a l ready a n d t h e s u b g r o u p < 7 1 , . . . , 7 * > gene ra t ed

b y 7i , . . . ,7fc is n o t equa l t o G. T h e n we can choose 7 J . + I € ( ? so t h a t |7 j t + i | = m i n { | 7 | |

7 e G \ < 7 1 , . . . , 7* > } • For i < j we h a v e |-y,-| < |T,- | a n d

T o p r o v e t h e l a s t inequal i ty , suppose £,-y < | T , | . T h e n 7J : = 7 , r l 7 j h a s d i sp lacement

|7/I = hi < IT / I a n < * < 7 i , . - . , 7 j >~ < 7 i , . . . , 7 j - i , 7 y > . c o n t r a d i c t i n g t h e choice of

7 i -

For e a c h 7,- w e choose a m i n i m a l geodesic c,- f rom XQ t o 7,-xo of l eng th £i — |-y,-|. For

i < j w e choose a m i n i m a l geodesic from 7,-aro t o fjXo of l e n g t h £ij. B y Toponogov 's

t h e o r e m t h e ang l e a,-y = -^ (c,-(0),Cj-(0)) is b o u n d e d be low b y t h e ang le a of a com pa r -

ison t r i a n g l e i n Ml whe re K = 0 for (i) a n d K = —A2 for ( i i ) . B y t h e law of cosines

(42) , (44) in Ml

f o r / c = 0 (56)

cos a = . ' / . . , . . . . — — for K = - A 2 . (57)
s m h ( A £ ) s m h ( A £ ) y

T h e r i g h t h a n d s ide of (57) is increasing in t h e var iab le £{ ( t o see th i s differentiate) .

T h e r e l a t i o n £{ < £j < £y now leads to t h e e s t i m a t e s

^? + p. _ £2 n
< ' ^ J - f o r / c = 0 (58)

c o s h ( A ^ )

~ cosh(A<;)

cosh(2AD)
i_/«%m , for « = - A 2 . (59)

cosh(2AZ?) + 1 v '

F o r t h e l a s t i n e q u a l i t y observe t h a t £-x < 2D b y t h e cons t ruc t i on of t h e genera to rs 7 ;

of G. T o see t h i s , observe t h a t for e > 0 a n y loop a t po i n M is h o m o t o p i c t o a

c o m p o s i t i o n of loops w i t h l eng th < 2D + e: Subd iv ide t h e or iginal loop in to s egmen t s

of l e n g t h < e a n d t h e n inser t m i n i m a l connect ions f rom t h e subdivis ion po in t s t o

Po a n d t h e i r inverses . Since in t h e cons t ruc t ion |7fc+iJ is chosen t o b e m i n i m a l i n

< 7 1 , ...,7& > , i t follows |7 / t + i | < 2D + e , b u t e was a rb i t r a ry . Le t

• , for K = 0
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