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Toponogov s Theorem and Apphcatlons

by

Wolfgang Meyer

These notes have been prepared for a series of lectures 'giveﬁ at the College on
Differential Geometry at Trieste in the Fall of 1989, The lectures center around To-
ponogov's triangle comparison theorem, critical point theory and applications. In the
short amount of time available not all the aspects can be covered. We focus on those
- applications which seem to be most important and at the same time most suitable
for an exposition. Some basic knowledge in geometry will be assumed. If has been
provided by K. Grove in the first series of these lectures. Nevertheless we try to keep
the lectures selfcontained and independent as much as possible. For the result about .
the sum of Betti numbers in section 3.5 2 lemma from algebra.lc topologv is needed. A
proof for this result has been provided in the appendix.

I am indebted to U, Abresch for many helpful conversations and also for writing
and typing the appendix.
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We consider a complete Riemannian manifold M with tangent bundle TM and Rie-
mannian metric ( , } and corresponding covariant derivative ¥V of Levi Civita, which
is the unique torsion free connection for which { , } is parallel, i.e. for any vector fields
X,Y,Z on M wehave ‘

and

VxY - %X =[X,Y]

X(Y,2) = (VxY,Z)+ (Y, VxZ}.
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The last two equations are equivalent to the Levi Civita equation

2(Va¥,Z) = X(¥,2)+Y(2,X)-Z(X,Y)

If M is an arbitrary manifold and f : M — M a differentiable map, f. : TM —
TM denotes the differential of f. V naturally extends to a covariant derivative for
vector fields along f. For any vector field A on M and any vector field Y along f,
j.e. Y : M — TM satisfies roY == f where x : TM — M denotes the projection, the
covariant derivative VY is well defined. Due to the fact that (V4Y'), depends only
on A, and the values of Y in a neighbourhood of the point p, this extension is uniquely
determined by requiring the chain rule V,(Xy5) = Vp,,X for any tangentvector veTM
and any vector field X on M.

In a similar way the corresponding covariant derivative for tensor fields carries over
to a covariant derivative for tensorfields along a map. As a consequence one obtains
for example the Cartan structural equations for the Levi Civita connection:

VafB — Vaf.A - A, B]=0 (4)
R(f.A, f.B)YY = Vy VY — VaV4Y - V5, (5)

where R is the curvature tensor of V, 4, B are vector fields on M and Y is a vector
field along the map f.

For a curve ¢ : I — M the parameter vector field on I with respect to the parameter
t will be denoted by £ or Dy, &t) = c.Z[. is the the tangent vector of ¢ at t. The
covariant derivative Vp, Y for a vector field Y along ¢ is abbreviated by Y. A parallel
vector field Y along ¢ is characterized by the linear differential equation Y’ = 0,
a geodesic curve by the non-linear second order equation &' = 0. For consistency
reasons we avoid the often found notation Vié resp. Vi:Y for the expressions Vp,é
resp. Vp,Y when Y is 2 vector field along ¢. The inconsistency of such notation
becomes apparent when ¢ is a singular curve for example a constant curve and ¥ a
non-constant vector field along c. If X is a vector field on M, ViX = Vp, X, (chain
rule) is well defined.

The exponential map exp : TM — M is determined by the initial value problem for
geodesics. If ve T, M, then exp(v) = ¢(1) where c is the geodesic with initial condition
¢(0) = p and ¢ = v. The restriction of exp to the tangent space T,M at p is denoted
by exp,. Notice that for complete manifolds the exponential map is defined on all of
TM by the Hopf-Rinow theorem.




For a function f: M — IR and a vector field X onM, X f denotes the derivative
of f in direction X. The gradient of f is defined via the equation

. {gredf,X) = Xf (6)
and the Hessian Hessf of f by
Hessf (X) = Vxgradf. | (7)

Hessf is 2 selfadjoint endomorphism field, i.e.{Vxgradf,Y} = (Vygrad f , X).

Important functions on a Riemannian manifold are distance functions or local dis-
tance functions from some point in M or from a submanifold of M. A local distance
function is a function in an open subset U of M considered as a Riemannian subman-
ifold. ¥ p € U C M and r{q) = disty(p,q), rv(g) = disty(q,p) then ry(q) = r(q).
ry may be differentiable in points where r fails to be differentiable. A typical example
arises as follows: Let ¢: [@, 8] — M be an injective geodesic segment with initial point
p = c{e) and without conjugate points. Then there is a neighborhood U of ¢(]o, 8])
where ry is differentiable. However r is not differentiable in any point of the cut locus
of p. For explicit examples look at geodesics on a cylinder.

On the set of points where a (local) distance function is differentiable it satisfies
lgradf] = 1. The gradient lines of any function with this property are geodesics
parametrized by arc length, since (Vgra.d f grad f , X ) = {Hessf grad f, X) =
(Hessf X, grad f} = (Vxgrad f ,grad f} = 3 X {grad f, grad f} = 0 for any vector field
X on M and hence Vyp,q peradf =0. Therefore the level sucfaces of such a function
are equidistant. They are referred to as a family of parallel surfaces.

1.2 Jacobi fields

Jacobi fields J along a geodesic arise naturally as variational vector fields in one pa-
rameter families of geodesic lines and are characterized by the linear second order
differential equation

g + R(J,&)é=0. (8)

If Vis a geodesic variation of ¢, i.e. V : I X (~g,¢) — M is differentiable and
V(2,0) = ¢(t) and ¢~ V(8,s) is a geodesic for all se(~e,¢), then J{(t) =V.&lo 152
Jacobi field along e: '



J"(t) VD‘ VD,VLD, |g;o = VD,VD,KDt |l,0 + VDcK [Dsa Dt] ItJJ
: N, sttt

=0
= Vg, VD.K.DQ |g_a — VQ. VD,K.D; |¢,0
. i

=° .
= —R(V;Dg, V;Dg)V.Dg Ig'o = —-R(J, C)é £

Therefore the Jacobi equation is the linearization of the geodesic equation along c.
Notice that V can be written in the following way: If p is the curve p(s) = V{0,s) and
Y the vector field along p given by Y{(s) = VoD }o,., then V(3,5) = expt¥(s). The
initial conditions of the Jacobi field in terms of p and Y are J(0) = p(0), J'(0) = Y*(0).
Y'(0) is the initial vector of the geodesic ¢. Any tangent vector u to TM can be written
as the tangent vector u = V]p of a curve s = Y|, eTM. Y is a vector field along
the base curve p(s) = 7xo¥|,. f ¥ and V are defined as above, we find exp,u =
expoYlo = V.D,uo = J(1). Therefore the differential of the exponential map is
completely determined by Jacobi fields.

For example, the Jacobi field with initial conditions J(0) = 0, J'(0) = w along the
geodesic expiv is obtained from the variation V(t,s) = expt(v + sw}. Here p(s) is
the constant curve, Y{s) = v + sw, J(&) = exp. |wtw, J(1) = erpy.]oww. This shows
that the differential of the restriction exply,p is determined by Jacobi fields on M
with these initial conditions.

1.3 Interpretation of curvature in terms of the distance func-
tion
Consider two geodesics ¢g, ¢; emanating from a point p in M, co(€) = expev, ¢(e) =

expew, v,weTp,M and the distance L(c) = dist(co(¢), ca(€)) in a neighborhood of
zero. Then the fourth order Taylor formula for L? is given by

L*(e) = v — w]? - L (R(v, w)w,v) + O("). {(9)
When v 5% w this impliesfor £ >0
L{e) = v ~ w] — %(R%';’_‘fh"l’ ") 3 4 O(eY). _ (10)

For linearly independent vectors v,w satisfying jv] = [w] = 1 this can be rewritten
as | :
Ley =elv — ] (1 — K (v, w)(1 + {v,w))e?) + O(e*), (11)
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where K'(v,w) ist the sectional curvature of the plane spanned by v and w. Therefore
L grows faster than linear if K < 0 and slower than linear if X' > 0 in a neighborhood
of 0. '

w
w w
Po Py Po
v v
L

K<0 Km0 K50

Figure 1: interpretation of sectional curvature
To prove (9) we consider the variation

Ve, 1) = exp(texpli, o cife))

for small values of ¢ and t¢[0,1]. The parameter tangent fields along V are E = VD,
and T = V.D;. The parameter curves g, : ¢ - V(e,#) are geodesics connecting the

cy(e)

Po

Figure 2: setup for the proof of (9) -

points co(e) and ¢1(€). T is the tangent field of the geodesics and ¢ — E}.; is a Jacobi
field along a. and El.p = &(e), El.1 = éile).
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Notice that |a.(f)} is the length of a. so that

' L{e) = Jae() = [T (12)

which is constant in ¢ for ¢ fixed, The derivatives of H = L% up to the fourth order
are given by '

H(e) = 2(VpT,T}|e

H'e) = 2((VHT.T)+ (T, Y,T)) e

H"e) = 2 V%'T,T +3 (V%‘T, VD‘T>) |

HY() = 2((VHT.T)+4{V%T, V,T) +3{V3 T, V5 T)} e .
We will now evaluate these derivatives at (0,¢) in order to find the coefficients for the

Taylor formula, The equation Vp,T' = Vp,E and Vp,T = 0 will be used frequently
during this calculation. Also notice that T}, = 0, since V(0,¢) = p. We have

Vb, Elep =0, Vp,Elea =0 _ (13)
since Bl.o = éy(¢) and E|.; = é1(¢) . From the Jacobi property of E we obtain
| Vp,Vp,E = -R(E,T)T, (14)
so that o
Vb, Vp, Elos = 0. (15)
Hence ¢ +— PElo; is a linear vectorfield along the constant curve ag. Since Elop =
éo(0) = v, Elog = é1{0) = w it follows
' ‘ El(g'g = v+ t{w —v). (16)
With this information we can already evaluate H'(0) and H"(0):
H(®) = 2(BT,T)hs=0 -
CH'(0) = 2(VHT,T)|oe+2{Vp,T, V0, T) o
= 2(VpE,Vp,E}o
= 2lv - wf? | (18)
from (16). Next we show that ‘

Vo.El: = 0 | (19)
VD, VD. E ]o.t = 0 (20)
Vo, Vo Tloy = 0. (21)
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(20) is a consequence of (19) and (21) follows from (20) since
Vo. Vo, T = Vip,Vp,E = R(E,T}E + Vp,Vp E

In view of the equations (13) above it suffices to show Vp, Vp, VD,E loe = 0 for the
proof of (18). For this observe .-

Vb, Vo.Vp,E = Vp(R(T,E)E) + R(T,E)Vp.T + Vo.(R(T, E)T) .

The right hand side vanishes at {0,¢) since Vp,I' = 0 and T'|o, == 0. This suffices to
find H™(0):

H"0) = 6{Vp,Vp,T,Vp.T)lo,:

6{¥Vp, Vo, B, VD,T) los

= 6{R(E,T)E,Vp,T}os+6{VDVo.E ,VD,T)|os

0 ‘ (22)

il

i

from (20). From (21) we get
H(0) =8(Vp, Vp, VT , VD, T} o, (23)
Furthermore

Vb, Vo, Vp.T lox = Vb, Vp, Vp.E |o,
(Vp R(E,T)E + Vb, VD,V E oy
= R(E VDgE )EIO ¢ + VD; VDe thE Io t- (24)

Using (16),(23),(24) and the symmetries of R we find
H'V(0) = 8(R(v, w)v,w) + (Vp, VD, V0. E , Vn,T) os-

Since this must also be constant in ¢, the second term on the right hand side is constant
in ., Now

(V0. Vo, Vp.E,Vp.T) ot = DeD:(Vp,E, VD T} os
DD, (VD‘E, VDcT) lo'i

by using {20) and (21). Therefore
D (Vp.E,Vp,T)lo.= (V. VD, B, Vp,T) lox + {Vp.E, VD, Vp,T) los
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must be linear in ¢. But Vp, Vp,E o0 = Vb, Vp.£e(0) =0, Vp, Vp,Eloa =
Vb, VD 61(0) = 0 and Vp,Vp,Tlos = 0, so that D, {Vp E, VD, T) o, = O since it
vanishes at ¢ = 0 and at ¢ = 1. This proves

H ¥(0) = 8 {R(v, w)v,w) . (28)

"Equation (9) now follows from {17), (18), (22) and (25). We leave it to the reader to
verify :
HY(0) = 10 {{ Voo R (v, w)v, ) . (26)

If HV(0) = 0 for all choices of v and w, then 3 must be a locally symmetric space,
since (26) can be used to show that the operator R; = R(..,¢)¢ is parallel for any
geodesic c.

1.4 The levels of a distance function

In this section we will see that Jacobi fields determine the second fundamental tensor
S of the level surfaces of a (local) distance function f. This will be used to establish
the Riccati equation for S and a Riccati inequality.

We have a natural unit normal vector field N = grad f along the level surfaces of
f. The second fundamental tensor S of the levels with respect to N is the restriction
of the Hessian of f to the tangent spaces of the Jevels , Su = Hessfu = V,N for
tangent vectors u to the levels. The derivative $' = VS in the normal direction is
defined by S'Y = (UnS)Y = Un(SY) — S(VnY') for any vector field ¥ tangent to
the levels of f. Notice that S'Y is again tangent to the levels. "

Let My be a fixed level, My = f~1{0} after changing f by a constant. The other

levels are then given by M; = f~'{t}. For small values of ¢ the levels M, and M;
are diffeomnorphic via the diffeomorphism Ei(p) = exp(t N(p)). The differential of
E¢|a, can be desribed in terms of Jacobi fields: Let s~ p(s} be a curve in M, with
tangent vector v = p{0). Then E,.v = J(t) where J is the Jacobi field along the
geodesic ¢ Ey(p(0)) of the geodesic variation V(t,s) = E¢op(s), J(t) = VuDslso. Iis
initial conditions are J(0) = $(0) = v, J'(0) = Vp,(Nop}o = Vi)V = Sv, compare
section 1.2.

The geodesic () = V(i,s) is an integral curve of N , so that V.Dy}s, = #(2) =
NaV{(t,s). With this information we obtain J(t) = Vp, V. D, lio = Vp,VuD: leo =
Vp,NoV 1o = Vv.p,N |10 = SJ(1). The second fundamental tensor of the levels now
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is determined by
sSI=J. (27)

Covariant differentiation of this equation leads to the important Riccati equation for
S: Since (27) is an equation along the geodesic c{t)=V(t,0) it reads more precisely
ScJ = J'. This is useful to remember for the chain rulein V5,5, = V;.§ = Yy 5 =
(S'). for the computation of J” = Vp,(5.J) = §'J + SJ' = $'J + 52J. Using the
Jacobi equation J” + R{J, N)N = 0 we obtain the Riccati equation

S'=—Ry—5° (28)

where Ry denotes the curvature operator Ry X = R(X,N)N in direction N.

If there is a lower bound x for the sectional curvature X of Af, then the Riccati
equation leads to a Riccati inequality along the gradient lines ¢ of f. Let Y bea
parallel unit vector field along ¢ tangent to the levels, i.e. (¥,¢) =0. Then by (28)

(SY,Y) = —=(R(Y,N)N,Y)-(S¥,Y)
= -K(Y,N)-|SY}]?.

From the assumption x < K(Y,N) and the Schwarz inequality we obtain the Riccati
inequality
(SY,Y)' £ -k~ {SY,Y)? (29)

along c.

1.5 Data in the constant curvature model spaces

Constant curvature model spaces are important in comparison theory because the
geometric quantities in these spaces can be calculated explicitly.

M} denotes the n-dimensional hyperbolic space HH; of curvature « if £ < 0, the
euclidian space R" if x = 0 and the standard sphere S* of radius 7‘; if £ > 0.
Since {R(v, u)u, v} = « for any pair of orthonormal vectors u,veT,M, we have R, :=
R(...,u)u = & -Id, on the orthogonal complement of u in T,M?. Therefore the Jacobi
equation and the Riccati equation are rather simple.

Jacobi fields along a geodesic ¢ : IR — M orthogonal to ¢ are given by f-Y, where
Y is a parallel vector field along ¢ and f: R — IR is a solution of the 1-dimensional
Jacobi equation ‘

FERf=0 | © (30)
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Let sn, and cs, be the solutions of (30) with initial conditions sn.{0) =0, sn,'(0) =1
and cs,.{0) =1, ¢5,.’(0) =0, i.e.

sﬁ,(t) = ﬂ;sin\/f?t

() .= cos\/Rt }for £>0 |
sng(t) = ¢ L

ol = 1 }for £=0 (31)

met) = VimSinh‘/Ht }for £ <0

csk(t) = cosh m t
Furthermore let
cty(t) = cs.(t)/sn, (t) for sm,(t)#0 | (32)
The derivatives of these functions are given by
SNy’ =C8x, CSx' = —KShk, Che'=—~K—Cty . | (33)

Furthermore the following elementary equations hold:

1 = cs5.%4nsm,? (34)
snc(a+b) = sne(a)ese(d)+ csu(a)sns(b) (35.)
cse(a+bd) = cse(a)esn(b)— msnn(a)sn.(b). (36)

A basis for the Jacobi fields orthogonal to é is given by {sn. - Y,cs. - Y} where ¥’
varies over 2 basis of parallel vector fields orthogonal to é.

Notice that the second fundamental tensor of the (local) distance spheres at distance
r from a fixed point p in any manifold is determined by equation (27), where J is a
Jacobi field with initial value J(0) = 0 along a normal geodesic emanating from p, i.e.
in M? by

JI(r) = snx(r)¥(r)

with ¥ parallel along ¢ and (¥,&) = 0. Hence
¢
SunY(r) = %’fﬁ({)h’(r) = ct (M)Y(r). (37)

Therefore the principal curvatures of distance spheres in M" are equal to ctu(r).
The length of the great circles in the distance spheres is 27 sn.(r). In any manifold
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the Hessian of the distance function from a point has a zero eigenvalue in the radial
direction. For Karcher’s new proof of Toponogov’s theorem it is convenient to rescale
the distance function f from the point p in M) so that all the eigenvalues are equal.
This is achieved by taking md,o f, where

o | a-ose(r) for £#0
mdu(r) _-[G‘ S0y (t)(ﬂ - { %?‘2 for x=0 (38)
Notice the identity
s +xmd, =1. (39)
‘From the formula (
Hess(md,o flv = | (md,’s f)Hessf(v) + (md "o f) {grad f, v) gra.df.
= (sneo f)Hessf(v) +(cswo f) (grad f,v) grad f (40)

it follows that the eigenvalues of Hess{md, o f) at a point ¢ with f(¢) = r are equal
to cs,o f(q) = cs.(r). Using md,, the law of cosines in M? becomes

md,(¢) = md.(a — &) + sn,(a)sm. (b)(1 — cosv) (41)

where a,b,c are the lengths of the edges of a geodesic triangle in M, and « is the
angle opposite to the edge corresponding to ¢. Notice that this is 2 unified formula for
the three classical cases k = 0,5 > 0,5 < 0:

¢ = a’+4 b —2abcosy - (42)
cos(vke) = cos(v/ka)cos(\/kb) + sin(v/& a) sin(/x b) cosy (43)
cosh(y/ls]c) = cosh(y/[x|a) cosh(y/[x|5) ~ sinh(y/]x]a) sinh(y/|x|8) cosy (44)

1.6 The Riccati comparison argument

A lower curvature bound & in M leads $o an important estimate for the principal
curvatures in distance spheres and hence for the tangential eigenvalues of the Hessian
of the distance function f from a point. For the modified distance function md,o f
this yields an estimate for all the eigenvalues. This estimate is the key for Karchers
proof of Toponogov's theorem and the main reason for introducing md,. The basic
comparison argument is contained in (i) of the following elementary Lemma and its

Corollary, cf. [K].
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Lemma 1.1 Suppose g, G are differentiable functions on some interval satisfying the
Riccati inegualities

§ < —x-g* (45)
G 2 —-s-G (46)
i) If g(ro) = G(ro), then g(r) 2 G(r) for r < ro.
1) If g(re) £ G(ro), then g(r} £ G(r) for r 2 1o.

Proof. From the two Riccati inequalities (45) and (46) we get
lg—G)-Je <0

from which i} and ii) follow immediately. O

The statement ii) is useful for estimates involving upper curvature bounds [KK]. We
are inté_rested mainly in i),

Corollary 1.2 If g : (0,8) — IR (suppose a < J= if £ > 0) satisfies g < ~k — ¢°
and lim,..c g(r) = oo, then

9(_7') < cte(r).

Proof. If there is a point ro€(0,a) for which g(re) > ctx(ro), we can choose £ > 0 so
that g(ro) = ctr(ro—e). G(r) = ct(r—e) satisfies the Riccati equation G' = —x—G?
on (g,ro), so that g(r) > G(r) on (g,r9). Then g(e} = im, . g(r) 2 lim . G(r) =
+0c0, contradicting g(e) < co. 0

Consider now a normal geodesic segment ¢ with initial point p which does not
meet the conjugate locus of p. In a neighborhood U of ¢ we may consider the local

distance function f(q) = disty(p,q). The principal curvatures of the local distance -

sphere f~1(r) at the point q are denoted by ni{g), ..., Ta-1(g). From the corollary and
(29) we get the estimate

7i(q) < ct(F(g)).

7i(¢q) are the eigenvalues of Hessf|, corresponding to eigenvectors tangent to the
distance sphere, whereas the radial eigenvalue is zero. The hessean of md o f satisfies
the corresponding equation (40) and therefore has eigenvalues sn,(f(g)) - n(g), i =
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1,..,m~ 1 in directions tangent to the level » and the eigenvalue cs.(f(q)) for the
radial direction grad f|,. This proves the operator inequality

Hes.§(md‘ of) L{csce f}-1d. (47)

Along c this estimate remains true up to the first conjugate point of ¢, which in the
case & > 0 appears at a distance not farther away than J=. For M = M} equality
holds in (47).

If f is replaced by ¢ = f + n where 7 is a constant, we have Hessg = Hessf so
that the tangential eigenvalues of Hess(md e g)l¢ according to formula (40) are given
by sn«(g(g))7i(g) and the radial eigenvalue is cs.(g(g)). The estimate for 7;{q) above
leads to (sn.eg)ns € (snog)ctu{g — ) = cSceg + 'S.'lsl_?‘%’%)r;_)' For small values of g
and 0 < g — 7 < J= in the case & > 0 the Hessian of md, o g satisfies consequently

sn.(n) .
sn, (g~ n]) td.

In the case « > 0 this estimate along ¢ holds up to the first conjugate point.

Hess(nid,; 6g) S {csxog+ (48)

2 The Toponogov Theorem

The Toponogov comparison theorem appears to be one of the most powerful tools
in Riemannian geometry. It is & global generalization of the first Rauch comparison
theorem. The ideas trace back to A.D. Alexandrow who first proved the theorem for
convex surfaces. Toponogov’s proof of the theorem was technical and contained some
difficulties which were resolved in [GKM]. Since then the proof had been simplified
considerably by various geometers, compare also [CE]. In this lecture series we shall
use an interesting new proof given by Karcher [K]. In contrast to the previous technique
the Rauch comparison theorem is not used at all. It uses the estimate for the Hessian
given in (47) resp.(48) and fits nicely into our discussion of distance functions. This
does not mean, that our approach is necessarily shorter or more geometric than the
other viable arguments given before. We certainly encourage the student also to go
through some alternate proof of Toponogov’s basic result in the literature mentioned
above. '

Definition 2.1 A geodesic hinge ¢, ¢, @ in M consists of two non constant geodesic
segments c,c, with the same initial point making the angle . A minimal connection
c1 between the endpoints of ¢ and c, is called o closing edge of the hinge.
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The length of a geodesic segment ¢ will be denoted by |.

Theorem 2,2 (Toponogov) Let M be ¢ complete Riemannian manifold with sec-
tional curvature K > &.

A} Given points po,p1,q in M satisfying po # 4, ;1 # 4, ¢ non constant geodesic ¢
Jrom po to py and minimal geodesics ¢;, from p; o g ,i = 0,1, all parametrized by
arc length. Suppose the triangle inequality |c| < || +]es| i3 satisfied and || < vy
in the case k > 0. ;¢[0, 7] denote the angles at p;, ap = 4 (&(0),(0)), a1 =
% (61(0),~¢(|c]). Then there exists o corresponding comparison triangle fo,P;,d
in the model space M? with corresponding geodesics &, €1, & which ere all minimal
of lengths [&] = lal, 18] = || end

i} the corresponding angles &; satisfy &; < a;
i) disi{§,&(t)) < disi(g, c(t)) for any tef0,le]] .

FEzcept for the case when £ > 0 and one of the geodesics has length equal fo v
the triangle in M? is uniquely determined.

WLet €, Coy Qo be @ Ringe tn M with ¢, minimal end |c| £ 7”; in case £ > 0 and

¢1 o closing edge . Then the closing edge & of any hinge & &, e, in M2 with
18l = le] , |8s] = [co| satisfies
[} 2 |ea] -

Remarks

1. Notice that ¢ need not to be minimal and the case py = p; is not excluded. ¢
and ¢p have to be minimal, otherwise there are counterexamples.

2. With a little effort statement (ii) can be used to show that the length of secants
between ¢ and ¢ are not shorter than the corresponding secants between & and
&, provided the segment of ¢ in the cut off triangle is minimal:

iit) dist(Za(t),&(s)) < dist(co(t), ¢(3)) holds as long as ¢l is minimal,

iv) dist(&(2),&(s)) < dist{e1(2), ¢(s)) holds as long as ¢lj,,; is minimal.
In the case when ¢ is minimal now any correspondinglsecants o, & satisfy |6] £
{ol.

For symmetry reasons only 1ii) needs to be proved:
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e(s)=p,

Figure 3: sketch for fhe proof iit)

By ii)

dist(3,&(s)) < disk(g, (s)) (49)

Connect p, = ¢(s) and ¢ by a minimal geodesic v, and consider the triangle
Po,Ps,g with geodesic edges cg, c|j,sj,7» and the corresponding comparison tri-
angle fo, s, § in M. Using ii) for this triangle we obtain ‘

dist(5,. Eoft)) < dist(c(s), co(t)) - (50)

The monotonicity relation between angle and length of the closing edge of a hinge
in M2 and (48) imply

¥ %o(t) Po &(s) = £ §foE(s) < ¥ dFofs = S E(t) o5,
and then
Sot(ls), wlt) S distlnolt)). (s1)
Inequality iii) now follows from (50) and (51).
. Statement i) iz a consequence of ii). To prove for example ap < «, consider the
functions ho(t) = dist(colt), c(t))? and ho(t) = dist(Z(t), &(2))? for small values

of t. By iii) we have R < ho. According to (9) of section 1 we have the Taylor
formulas

!

ho(t) = #]1é(0) ~ HO)]* + O(t")
ho(t) = £J&(0) - EO) + Ot
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so that ||&(0) — &(0)]| < [|éa(0) — é(0)]| and hence &o < ay.

The converse implication i) = ii} is also true but more technical to prove.

Statement ii) carries over to limits in the sense of Gromov for Riemannian spaces
with curvature K > &, where angles cannot be defined anymore.

. Part B is equivalent to A)i). This follows immediately from the fact that in M?

the length of a closing edge in a hinge with minimal geodesics and the hinge angle
are in a monotone relation. Note that B is trivial in the case when the tiangle
inequality is not satisfied in M. For this observe that the triangle inequality in
M? ig satisfied since all the corresponding geodesics in M2 are minimal.

. If ¢ is not minimal in B), the statement is false. For consider in S7,, a hinge

with two geodesics of length = making a positive angle. The end points have a
positive distance for € small. However, in the corresponding hinge in S? the end
points coincide.

. An anologue of Toponogov’s theorem where the lower curvature bound is replaced

by an upper curvature bound is false. For example on the 3-sphere $° there are
homogeneous metrics (Berger metrics) with positive curvature, upper curvature
bound 1 and closed geodesics of length < 2x. However, if the sectional curvature
K of M satisfies K < x and ¢g,¢1,¢ is a triangle with minimal geodesics and
[col + Jea| + |¢] < % which is contained in a ball around po of radius not greater
than the mjectwlty radius at po, then there is a triangle &, &, & in M? with
leil = |&l[, l¢] = || and e £ &p. This is an immediate consequence of Rauch's
first comparison theorem.

. There are generalisations of Toponogov’s theorem to a version where the model

spaces M2 are replaced by surfaces of revolution or surfaces with an 5! - action,
cf. [E], [A]. U. Abresch pointed out to me that these generalisations can be
handled with the same technique as used in the proof below.

Proof of Theorem 2.2. By remark 2 a.hove we only have to prove A)ii). Note that
in the case £ > 0 we have diam(M) < F» by Myers’ theorem. For the case £ > 0
the proof is organized in three steps. In step 1 we con51der the general case for £ £ 0,

but we assume diam(M) < Z= and |c| + Jeo] + |1 < % for the case x > 0. In step
2 the case « > 0, diam(M) < Z» and |e} + |eo] + fei 5 2’; is reduced to step 1 by a
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simple limit argument. Finally, in step 3 we show that in the case &£ > 0 there are no
triangles with circumferece || + leo + [e] > 2%

Step 1. For the case £ > 0 we assume dla.m( M ) < = and also that the circumference
of the triangle satisfies |c + [eo] + |a1| < 7;, so that the comparison triangles in Af2
exists. From the triangle inequality |c| < [col + fez] we get [¢] < F= for £ > 0.
Therefore we can choose € > 0 such that diamM < 7= —2¢ and le} < Fe—2. We
first look at a simple case: Suppose gec(]0, |ci[). Then lc| > |eg| + | since ¢; and
¢o are minimal. By the triangle inequality we must have [c| = |ey| + |¢;|. Therefore g
divides c into two minimal pieces of length [cy| and |e;[. Consequently equality holds
in ii) since the geodesics from ¢ to c(t) are parts of c. If g#c(]0, |e][) we proceed as
- follows:

We consider the distance functions r from ¢ in M 7 from § in M? and define

h(t) = mdeoroc(t)
;&(t) = mdﬁ ofo E(i)
At) = R{t)~ k().

The idea is, to show that X cannot have 2 negative minimum by the use of the Hessian
estimate (48) in section 1.6. Unfortunately % is not differentiable in general since r
is not differentiable beyond the cutlocus of ¢. This problem is resolved by a local
approximation with a “superdistance function”. The argument is slightly different in
the cases £ <0, £ =0 and & > 0. |

In the case k = 0, if A has a negative minimum —2g in 10, ch[ also the function A

defined by el
C

ARy = M) + ¢ e I

has a negative minimum < —g in ]0, f¢|{ . |
In the case x > 0 we have || £ = —2¢ and define ge(t) = snn{t +&) ~sn.($) on
[0,}e]}. If A has a negative minimum then

i=
Te

has a negative minimum,

For the point #o¢]0, |¢][ where A or A or X has a negative minimum, we approximate
r by local differentiable functions in a neighborhood of ¢(fg). Let < be a normal
geodesic from ¢ to ¢(ts). For small values 7 > 0 we define in some neighborhood U

18



of (17, [7I[) the local superdistance fmcﬁons
ra(z) = 1 + distu(v(n), 2) 2 r(z) = dist(g, ).
ry 1s differentiable if U is sufficiently small. Therefore the function
hy=md orgoc (52)
is differentia.ble in some interval ‘around to and
ho(to) = R{to), kg 2 k. | (33)
Using the estimate (48) for the Hessian we have

hy = (Hess(mdgory)|cé,é)

sn. (1)
sty {rgec—1n)

< cSgoTmoct

for 7 small. The quantity ryoc(t) — 7 is bounded away from zero independent of 7

and rpoc(t)—n = dist(*y(n),'c(t)) < 7";-- 2¢ from the diameter assumption. Observing
(39) we get ’

h:; + khy £ 1 + const - sn.{7)

with a constant independent of . Since A" 4 kh = 1 the difference X, = h, ~ k
satisfies

Ay + &Ap < const - sn.(n). (54)
Furthermore . _
Ag Z Ay Aglto) = Ato) . {55)
by (53).
C.ase 1. k<0

If A has a negative minimum —yu at ¥y, then A, also has a negative minimum —y at
tu, but

An{to) € ~&X(tg) + const - sn.(n) = L eonst - sn (7).
<0
For 7 sufficiently small this is a contradiction.



Case 2. £=0 '
At the point #5€]0, |c|[ where X has a negative minimum we consider A, and also X,

" defined by (le] = 1
c —

fel?
Then X, > X and X,{t) = A(tu) by (55). Therefore Xy also has a local negative
minimum at #;. But

Xq:"n"‘ﬂ

- 21
< — | E + const -sn (%),

which is a contradiction for small 5.

Case 3, >0

At the pbint ty where A= -;'-‘-‘;- has a negative minimum —, we also look at i,, = -}“’-
Again 3, > X and A(2o) = A,(o) so that A, has a negative minimum —pg at %,.
Differentiate at 5 to obtain

. Ao — Aot

£

and

il

. 1
Milte) = (0N = Aol

I

1 " £
E?(('\” + £20)0e + 8Ag50n ()

< const - sn.(7) — snu( )<0

1
O (tﬂ) t(t )

for n sufficiently small, a contradiction.

Step 2. Assume now x > 0, diam{M) < F= and | + ool + ol < % We
choose a sequence ki, 0 < £ < & and limiweo 8¢ = k. Then diam(M) < = and
|cf+lcol + |er] < FZ. By step I the theorem holds for the sphere S, C R? as the com-
parison space. Bv compa.ctness, the sequence of comparison triangles A&; = (&, &, &)
has a subsequence converging {0 a comparison triangle A in S2. By continuity of the
family of distance functions on the farmly of spheres 52 c IR?, & > 0, statement A)ii)
now follows for the limit triangle A.

Step 3. Suppose £ > 0 and Je| + leo] + |aa] > %’,’? We can choose § > 0 such that
lel + leo| + e} = % Then for the comparison triangle in M7 the geodesics &, ¢1, €
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have lengih < 7 and therefore form a great circle. The antipodal point § of § has
to be a point of &, say §= &(to). By step 1 we have

7 = dist(§, &(t)) < dist(g, c(t,))
‘contradicting dist(q, e(to)) < 7= < 7 This completes the proof. O




3 Applications of Toponogov’s Theorem

3.1 An estimate for the number of generators for the fun-
dametal group

As a first application of Toponogov’s theorem we present Gromov’s theorem concerning
the number of generators for the fundamental group = (M}. Since any element of the
fundamental group m (M) with base point p of a2 Riemannian manifold M can be
represented by a geodesic loop of minimal length at the point p, it is clear that the
geometry of M should have strong influence on the structure of m (3). The earliest
result in this direction is Myers’ theorem, cf.[CE], [GKM]: the universal cover of a
compact Riemannian manifold with strictly positive Ricci curvature is compact and the
fundamental group finite. If the sectional curvature K of a compact even dimensional
manifold is strictly positive, then by the Synge Lemma, cf. [CE], [GKM], m(M) =1
or Z, depending on the orientability of M. If M is complete non-compact and K > 0,
then = (M) = 1 since M is diffeomorphic to IR*, cf. {GM]. Finally if M is complete
non-compact and K > 0, then by the soul theorem of Cheeger and Gromoll [CG1],
m (M) contains a lattice group of finite index.

Theorem 3.1 (Gromov)

(i) Suppose the sectional curvature of M™ is nonnegative. Then = (M"™) can be
generated by N < V2nw2"? elements.

(ii) If the sectional curvature K of M™ is bounded from below, K > =) and the

digameter of M™ is bounded, diamM"™ < D, then = (M™") can be generated by
N £ L/2n7(2 + 2cosh(2AD)) 5 elements. :

Proof. Let G = m{M,p;) be the fundamental group with base point poeM. M
denotes the Riemannian universal cover of M. The group of covering transformations
G acts on M by isometries. We choose & point zoe M which covers pp and define for
veG the displacement |
[¥| := dist{zg,v2Zq)

A minimal geodesic ¢ from 2o to 4Zo projects in M to a loop of minimal length |4]
in the homotopy class representing 4. There are only finitely many elements of G
satisfying |v| € r. (An infinite sequence 4;xo of points would have a limit point in the
compact ball of radius » around zero contradicting the covering property.) Therefore
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