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1.2. Commentary on the proof

Our approach to Theorems 1.1.2 and 1.1.3 is based on the fact that if one scales
the metrics on X and X' by a factor X, then (L, C) quasi-isometries become (L, XG)
quasi-isometries. Starting with a sequence Xj -> 0 we apply the ultralimit construction
of [DW, Gro] to take a limit of the sequence <5 : \ X ->• \ X', getting an (L, 0) quasi-
isometry (i.e. a biLipschitz homeomorphism) Ow : Xw -*- X^ between the limit spaces.
The first step is to determine the geometric structure of these limit spaces:

Theorem 1 . 2 . 1 . — The spaces XM and X^ are thick (generalized) Euclidean Tits

buildings (cf. section 4.1,).

The second step is to study the topology of the Euclidean buildings X u , X^.
We establish rigidity results for homeomorphisms of Euclidean buildings which are
topological analogs of Theorems 1.1.2 and 1.1.3:

Theorem 1.2 2. — Let Yi, Y4 be thick irreducible Euclidean buildings with topo-

logically transitive affine Weyl group (cf. section 4.1.1,), and let Y = E" X I I f = 1 Y 4 ,
Y' = E"' X I l* ' = 1 Y;.. If Y : Y -> Y' is a homeomorphism, then n = n', k = k', and after

reindexing factors there are homeomorphisms Y 4 : Y , - > Y J so that p'o Y = Ux¥i o p where

p : Y -> Ilf= 1 Y4 and p': Y' -> JTjLi Y4 are the projections.

Theorem 1.2 3. — Let Y be an irreducible thick Euclidean building with topologically
transitive affine Weyl group and rank > 2. Then any homeomorphism from Y to a Euclidean
building is a homothety.

For comparison we remark that if Y and Y' are thick irreducible Euclidean
buildings with crystallographic (i.e. discrete cocompact) affine Weyl group, then one
can use local homology groups to see that any homeomorphism carries simplices to
simplices. In particular, the homeomorphism induces an incidence preserving bijection
of the simplices of Y with the simplices of Y', which easily implies that the homeo-
morphism coincides with a homothety on the 0-skeleton. In contrast to this, homeo-
morphisms of rank 1 Euclidean buildings with nondiscrete affine Weyl group (i.e. R-trees)
can be quite arbitrary: there are examples of R-trees T for which every homeomorphism
A -> A of an apartment A C T can be extended to a homeomorphism of T. However,
we always have:

Proposition 1 .2.4. —• If X, X ' are Euclidean buildings, then any homeomorphism
*F : X -> X ' carries apartments to apartments.

In the third step, we deduce Theorems 1 1 2 and 1.1.3 from their topological
analogs. By using a scaling argument and Proposition 1 2 4 we show that if X and X '
are as in Theorem 1 1 2 , and O : X -> X ' is an (L, G) quasi-isometry, then the image
of a maximal flat in X under O lies within uniform Hausdorff distance of a maximal
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flat in X' ; the Hausdorff distance can be bounded uniformly by (L, G). In the case
of Theorem 1.1.2 we use this to deduce that the quasi-isometry respects the product
structure, and in the case of Theorem 1.1.3 we use it to show that O induces a well-
defined homeomorphism SO : 8X. -> SX' of the geometric boundaries which is an
isometry of Tits metrics. We conclude using Tits' work [Til] (as in [Mos]) that d<b is
also induced by an isometry C>0 : X -> X', and <2(O, O0) is bounded uniformly by (L, C).

The reader may wonder about the relation between Theorems 1.1.2 and 1.1.3
and Mostow's argument in the higher rank case. An important step in Mostow's proof
shows that if F acts discretely and cocompactly on symmetric spaces X and X', then
any F-equivariant quasi-isometry <J>: X -*• X' carries maximal flats in X to within
uniform distance of maximal flats in X'. The proof in [Mos] exploits the dense collection
of maximal flats with cocompact F-stabilizer (1). One can then ask if there is a " direct "
argument showing that maximal flats in X are carried to within uniform distance of
maximal flats in X' by any quasi-isometry (2); for instance, by analogy with the rank 1
case one may ask whether any r-quasi-flat (3) in a symmetric space of rank r must lie
within bounded distance of a maximal flat. The answer is no. If X is a rank 2 symmetric
space, then the geodesic cone U s e s / t f over any embedded circle S in the Tits boundary
8Tlta X is a 2-quasi-flat. Similar constructions produce nontrivial r-quasi-flats in sym-
metric spaces of rank > 2. But in fact this is the only way to produce quasiflats:

Theorem 1 .2 .5 (Structure of quasi-flats). — Let X be as in Theorem 1.1.2, and let
r = rank(X). Given L, G there are D, D ' e N such that every (L, G) r-quasi-flat Q,C X lies
within the D-tubular neighborhood N D (Uj . e ^- F) of a union of at most D maximal flats. Moreover,
the limit set of Q is the union of at most D ' closed Weyl chambers in the Tits boundary 8Tlte X.

It follows easily that if L is sufficiently close to 1 (in terms of the geometry of the
spherical Coxeter complex (S, W) associated to X) then any (L, C) r-quasi-flat in X
is uniformly close to a maximal flat. In the special case that X is a symmetric space,
Theorem 1.2.5 was proved independently by Eskin and Farb, approximately one year
after we had obtained the main results of this paper for symmetric spaces.

We would like to mention that related rigidity results for quasi-isometries have
been proved in [Sch].

1.3. Organization of the paper

Section 2 contains background material which will be familiar to many readers;
we recommend starting with section 3, and using section 2 as a reference when needed.
We provide the straight-forward generalization of some well-known facts about Hada-

(!) If Zr C F acts cocompactly on a maximal flat F C X, then Z' will stabilize O(F) and a flat F ' in X' .
One can then get a uniform estimate on the Hausdorff distance between O(F) and F'.

(2) Obviously this statement is true by Theorems 1.1.2 and 1.1.3.
(3) An r-quasi-flat is a quasi-isometric embedding cp : E r —> X ; a quasi-isometric embedding is a map

satisfying condition (1), but not necessarily (2).
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mard spaces to the non locally compact case. This is needed when we study the limit
spaces X u which are non locally compact Hadamard spaces.

Sections 3 and 4 give a self-contained exposition of the building theory used
elsewhere in the paper. This exposition has several aims. First, we hope that it will make
building theory more accessible to geometers since it is presented using the language
of metric geometry, and we do not require any knowledge of algebraic groups. Second,
it introduces a new definition of buildings (spherical and Euclidean) which is based on
metric geometry rather than a combinatorial structure such as a polysimplicial complex.
Tits' original definition of a building was motivated by applications to algebraic groups,
whereas the objectives of this paper are primarily geometric. Here buildings (spherical
and Euclidean) arise as geometric limits of symmetric spaces, and we found that the
geometric definition in sections 3 and 4 could be verified more directly than the stan-
dard one; moreover, the Euclidean buildings that arise as limits are " nondiscrete ",
and do not admit a natural polysimplicial structure. Finally, sections 3 and 4 con-
tain a number of new results, and reformulations of standard results tailored to our
needs.

Section 5 shows that the asymptotic cone of a symmetric space or Euclidean
building is a Euclidean building.

Section 6 discusses the topology of Euclidean buildings, proving Theorems 1.2.2,
1.2.3, 1.2.4.

Section 7 proves that if X, X' and <5> are as in Theorem 1.1.2, then the image
of a maximal flat under <& is uniformly Hausdorff close to a flat (actually the hypotheses
on X and X' can be weakened somewhat, see Corollary 7.1.5). General quasiflats are
also studied in section 7; we prove there Theorem 1.2.5.

Section 8 contains the proofs of Theorems 1.1.2 and 1.1.3, building on section 7.
There is considerable overlap in the final step of the argument with [Mos] in the
symmetric space case.

1.4. Suggestions to the reader

Readers who are already familiar with building theory will probably find it useful
to read sections 3.1, 3.2 and 4 .1 , to normalize definitions and terminology.

The special case of Theorem 1.1.2 when X = X' = H2 X H2 already contains
most of the conceptual difficulties of the general case, but one can understand the
argument in this case with a minimum of background. To readers who are unfamiliar
with asymptotic cones, and readers who would like to quickly understand the proof in
a special case, we recommend an abbreviated itinerary, see appendix 9. In general,
when the burden of axioms and geometric minutae seems overwhelming, the reader
may read with the Rank 1 x Rank 1 case in mind without losing much of the mathe-
matical content.
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2. PRELIMINARIES

2.1. Spaces with curvature bounded above

General references for this section are [ABN, Ba, BGS].

2.1.1. Definition

If K e R, let M^ be the two-dimensional model space with constant curvature K ;
let D(K) = Diam(M^). A complete metric space (X, | . |) is a CAT(ic)-space if

1. Every pair xx, x% e X with | xx x2 | < D(K) is joined by a geodesic segment.

2. Triangle or Distance Comparison.

Every geodesic triangle in X with perimeter < 2D(K) is at least as thin as the
corresponding triangle in M^. More precisely: for each geodesic triangle A in X with
sides alt (T2, cr3 with Perimeter (A) = | a1 | + | <r2 | + | as | < 2D(K) we construct a

16
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comparison triangle A in M£ with sides % satisfying | a4 | = | ô  |. Each point x on A

corresponds to a unique point jcon A which divides the corresponding side in the same

ratio. We require that for all x1} x2 e A we have | x1 x2 | ^ | Tcx x?2 |-

Remark 2 . 1 . 1 . — Note that we do not require X to be locally compact. Also, X need not
be path connected when K > 0. This is slightly more general than some other definitions in the
literature.

Example 2 . 1 . 2 . — A complete l-connected Riemannian manifold with sectional cur-
vature < K < 0 and all its closed convex subsets are GKT{yi)-spaces.

In particular, Hadamard manifolds are CAT(0)-spaces. This is why we will also
call CAT (0)-spaces Hadamard spaces.

Example 2 . 1 . 3 (Berestovski). — Any simplicial complex admits a piecewise spherical
GAT(l) metric.

Condition 2 implies that any two points xx, x2 with | xx x2 | < D(K) are connected
by precisely one geodesic; hence we may speak unambiguously of x1 x2 as the geodesic
segment joining x1 to x2. The CAT(K)-spaces for K < 0 are contractible geodesic spaces.

To see that upper curvature bounds behave well under limiting operations, it is
convenient to use an equivalent definition of CAT (K)-spaces which only refers to finite
configurations of points rather than geodesic triangles. If v, x,y,p e X, and~, %y,p e M£
we say that 1", 7, y, 'p form a ^-comparison quadruple if

1. /T lies on % y.
2 . \ \ v x \ - \ v x \ \ < 8 , \ \ v y \ - \ V y \ \ < * , \ \ x y \ - \ 7 y \ \ < 8 , \\ x P \ - \ x p \\ < Z,

\\py\-\py\\<$.
By a compactness argument, we note that there exists a function 8K(P, s) > 0

such that for every s > 0, and every quadruple of points v, x, y, p in a CAT (K)-space X
satisfying | vx | + | xy \ + |yv | < P < 2D(K), each SK(P, e)-comparison quadrupled, Tc,y, p>
satisfies | vp \ < | "v]> | + e. We will refer to this condition as the 8K-four-point condition.
It is a closed condition on four point metric spaces with respect to the HausdorfF topology.
A complete metric space X is a CAT (K)-space if and only if it satisfies the SK-four-point
condition and every pair of points y e X with | xy \ < D(K) has approximate midpoints,
i.e. for every s' > 0 there is a m e X with | xm \, \ my | < | xy |/2 + s'. To see this, note
that in the presence of the SK-four-point condition approximate midpoints are close to
one another, so one may produce a genuine midpoint by taking limits. By taking
successive midpoints, one can produce a geodesic segment.

2.1.2. Coning

Let S be a metric space with Diam(S) < n. The metric cone G(S) over 2 is defined
as follows. The underlying set will be S X [0, oo) / ~ where ~ collapses S X { 0 } to
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a point. Given vl3 v2 e 2, we consider embeddings p : { v1} v2 } X [0, oo) -> E2 such that
| p(vi} t) = | / | and Zo(p(o1, ^ ) , p(o2, tf2)) = | vx v2 |, and we equip G(S) with the unique
metric for which these embeddings are isometric. The space G(S) is CAT(O) if and
only if S is CAT(l).

2.1.3. Angles and the space of directions of a CAT(ic)-space

Henceforth we will say that a triple v, x, y defines a triangle A(z>, x,y) provided

| vx | + | xy | + |yv \ < 2 Diam(M^). The symbol Lv(x,y) will denote the angle of the
comparison triangle at the vertex ~. If x', y' are interior points on the segments Hx, vy,

then Z.v(x',y') < Av(x,y). From this monotonicity it follows that lira,, y,_v Lv{x',y')
exists, and we denote it by Av(x,y). This definition of angle coincides with the notion
of the angle between two segments in the Riemannian case. One checks that one obtains
the same limit if only one of the points x', y' approaches v:

(3) Av(x,y) 2

Av satisfies the triangle inequality. Note that from the definition we have

(4) Av(x,y) < 2,{x,y).

In the equality case a basic rigidity phenomenon occurs:

Triangle Filling Lemma 2 . 1 . 4 . — Let x, y, v be as before. If Av(x,y) = Lv[x,y),
then also the other angles of the triangle A(», x,y) coincide with the corresponding comparison angles;
moreover the region in M^ bounded by the comparison triangle can be isometrically embedded into X
so that corresponding vertices are identified.

The angles of a triangle depend upper-semicontinuously on the vertices:

Lemma 2 . 1 . 5 . — Suppose v, x,y e X define a triangle, v 4= x,y, and vk -> v, xk ->-#,

yk - > j . Then vk, xk, yk define a triangle for almost all k and

AVk(xk,yk) < Z.v(x,y).

In the special case that vke~vx~k — {v} holds \imk^.<a /LVk(xk,yk) = Z.v(x,y) and
^ L n { v , y k ) = TC - L v ( x , y ) .

Proof. — For x' e~vx — { v } and y' e vy — { v } we can choose sequences of points
w i t h 4 ->x> a n d y'u -^y'- T h e n At(**»A) < ^-vJA>y'k) -»• A(* '» / )

and the first assertion follows by letting x',y' ->• v. If vk evxk—{ v, xk} then

A(**>J*) < anglesum(A(», vk,yk)) - Z-Vk{v,yk) and n - Z.Vk{v,jk) ^ ZVk{xk,yk) while
lim sup anglesum(A(», vk,yk)) < n. Sending k to infinity, we get

A(*>J) < TC - lim inf /-Vk(v,yk) < lim inf Z.Vk{xk,yk)

and hence the second assertion. •
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The condition that two geodesic segments with initial point v e X have angle
zero at v is an equivalence relation; we denote the set of equivalence classes by S* X.
The angle defines a metric on 2* X, and we let 2 , X be the completion of 2* X with
respect to this metric. We call elements of 2,, X directions at v (or simply directions),
and vie denotes the direction represented by vx. We define the logarithm map as the map
log,, = logE x : B,,(D(K))\Z> -> 2 e X which carries x to the direction vx. The tangent
cone of X at v, denoted Co X, is the metric cone C(28 X); we have a logarithm map

Given a basepoint v e X, X E X with d(v, x) < D(K), and X e [0, 1], let Xx e X
be the point on ~vx satisfying | v(\x) |/| vx \ = X. We define a family of pseudo-
metrics on B0(D(K)) by ds(x,y) = d(zx, sj>)/s. They converge to a limit pseudo-
metric d0. The pseudo-metric space (B,,(D(K)), dt) satisfies the SEa K-four-point condition,
so the limit pseudo-metric space (B,(D(K)) , d0) satisfies the 80-four-point condition. But
do(x,y) = d(logv x, log,jy) where log,: B,(D(K)) -S- Gv X is the logarithm defined above,
so we see that the tangent cone Cs X satisfies the 80-four-point condition (C(S* X)
is dense in CB X, and every four-tuple in G(2* X) is homothetic to a four-tuple in
logr(Br(D(K))). If zx is the midpoint of the segment (Xx) (Xy), then

d{logv x, logoy) = lim - d(ex, zy)

( , e )

max lim U (log, *, - log, ztj, lim U (log, *, - log, zsj j .

50 Ge X also has approximate midpoints. Since C, X is complete, it is a CAT(0)-space;
consequently 2S X is a CAT(l)-space. This fact is due to Nikolaev [Nik].

2.2. CAT(l)-spaces

GAT(l)-spaces are of special importance to us, because they will turn up as spaces
of directions and Tits boundaries of Hadamard spaces.

2.2.1. Spherical join

Let Bx and B2 be GAT(l)-spaces with diameter Diam(B,) < 7t. Their spherical
join Bj o B2 is defined as follows. The underlying set will be Bt X [0,7t/2] X B2 /~, where
" ~ " collapses the subsets { ^ 1 } x { 0 } x B a and BX X { reft } X { bz } to points. Given
bt, b\ eBj (i = 1, 2), we consider embeddings p : { b1} b[ } X [0, TC/2] X { b2, b'2 } -> S3.
We think of S3 as the unit sphere in C2 and require that 11-> p(i l 51, b2) and t' H->- p(b[, t', b'2)
are unit speed geodesic segments whose initial (resp. end) points lie on the great circle
51 X { 0 } (resp. { 0 } X S1) and have distance d^(bx, b[) (resp. dBi(b2, b'2)). The distance


