
Chapter 11

Gradient flow

The most of technique developed in this section works in more general setting.
Roughly, if your space has well defined angles then you have big chances for to
apply gradient flow in there. However we were not trying hard to make these
statements most general.

Starting with [Sharafutdinov], the technique of gradient flow was used in
comparison geometry, it was used further in ???. In [Perelman–Petrunin QG],
it was adapted to Alexandrov spaces with curvature bounded below. Bit later,
independently in [Jost] and [Mayer], it had been used in spaces with curvature
bounded above. These two approaches were unified and generalized to a wide
class of metric spaces in [Lytchak] and yet developed further in [Ohta]. The part
of this work related to upper curvature bound is summarized and generalized
in [AGS] (but this book it is not at all reader-friendly).

Gradient flow provide a usefull tool in Alexandrov’s geometry, which we will
use everywhere in the book; we even use it to prove very basic things which are
usually proved by other means.

One of the technical difficulties in Alexandrov’s geometry comes from nonex-
tendability of geodesics. In particular, for L ∈ Alex[κ,k], the exponential map,
expp : Tp → L, if defined the usual way, can be undefined in an arbitrary small
neighborhood of origin op. Here we construct its analog, the gradient exponen-
tial map (gexpp), which practically solves this problem. It has many important
properties of the ordinary exponential map and in certain respects it is “better”,
even in Riemannian case.

This chapter can be divided in three main parts: (1) gradient part (sections
11.1–11.3) which describes “gradient vector field” and its properties; (2) gra-
dient curves ans gradient flow (sections 11.4–11.6) Radial curves and gradient
exponent (sections 11.7–11.8).

11.1 Gradient: Definition and existence

11.1.1. Definition of gradient. Let L ∈ Alex[κ,k], f : L ◦→ R and for a
point p ∈ Dom f the differential dpf : Tp → R is well defined.

A tangent vector g ∈ Tp is called a gradient of f at p (in short: g = ∇pf) if

(i) dp f(w) 6 〈g, w〉 for any w ∈ Tp, and
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(ii) dp f(g) = 〈g, g〉.

11.1.2. Existence and uniqueness. Assume L ∈ Alex[κ,k] and f : L ◦→ R

be locally Lipschitz and semiconcave. Then for any point p ∈ Dom f , there is
unique gradient ∇pf ∈ Tp.

Proof. Let us first prove uniqueness. If g, g′ ∈ Tp both can serve as gradients
then

〈g, g〉 = dpf(g) 6 〈g, g′〉 and 〈g′, g′〉 = dpf(g′) 6 〈g, g′〉,
i.e.

|gg′|2 = 〈g, g〉 − 2〈g, g′〉 + 〈g′, g′〉 6 0.

To prove existence, note first that if dpf 6 0 then one can take ∇pf = op.
Otherwise, if s = supξ∈Σp

dp(ξ) > 0, it is sufficient to show that there is

ξ ∈ Σp such that dp(ξ) = s. Indeed, if ξ does exist, then applying lemma 7.8.3
for u = ξ, v = ε · w with ε→ 0+, we get

dpf(w) 6 〈w, s·ξ〉

for any w ∈ Tp. I.e., one can take ∇pf = s · ξ.
Take a sequence of directions ξn ∈ Σp, such that dpf(ξn) → s. Applying

lemma 7.8.3 again for u = ξn, v = ξm, we get

s >
dp(ξn) + dp(ξm)√
2 + 2 cos∡(ξn, ξm)

.

Therefore, ∡(ξn, ξm) → 0 as m, n → ∞. Thus (ξn) is a Cauchy sequence and
one can take ξ = limn ξn.

11.2 Gradient: Basic calculus

The next lemma roughly states that gradient of function points in the direction
of its maximal slope and if slope is almost maximal then it is almost direction
of gradient.

11.2.1. Lemma. Let L ∈ Alex[κ,k], f : L ◦→ R be locally Lipschitz and
semiconcave and p ∈ Dom f .

Assume |∇pf | > 0, set ξ = 1
|∇pf | ·∇pf then

(i) If for v ∈ Tp, we have |v| 6 1 + ε and dp(v) > |∇pf |(1 − ε), then
∣∣ξ v

∣∣ < 100
√
ε.

(ii) If vn ∈ Tp be a sequence of vectors such that limn |vn| 6 1 and limn dp f(vn) >

|∇pf | then
lim

n→∞
vn = ξ.

(iii) ξ is the unique maximum direction for the restriction dp f |Σp . In partic-
ular,

|∇pf | = sup
ξ∈Σpf

dpf.



CHAPTER 11. GRADIENT FLOW 85

Proof. According to definition of gradient,

|∇pf |(1 − ε) < dpf(v) 6 〈v,∇pf〉 = |v| · |∇pf | cos∡(∇pf, v)

thus ∣∣|v| − 1
∣∣ < 2ε and cos∡(∇pf, v) > (1 − 2ε),

hence we get (i). Statements (ii) and (iii) follow directly from (i).

Remark. Note that according to ???, if L ∈ Alex[κ,k], f : L ◦→ R is semi-
concave and ϕ : R → R be a nondecreasing and semiconcave then ϕ ◦ f
is also semiconcave. As a corollary of the above theorem we also get that
∇x(ϕ ◦ f) = ϕ+(f(x)) · ∇xf for any x ∈ Dom f .

The following inequalities describe an important property of the “gradient
vector field” which will be used throughout this paper.

11.2.2. Lemma. Let L ∈ Alex[κ,k], f : L ◦→ R satisfies f ′′ + κf 6 λ and
[pq] ⊂ Dom f . Then

p

q

↑q
p

ℓ

∇pf〈↑q
p,∇pf〉 >

f(q) − f(p) csκ ℓ − λmdκ ℓ

snκ ℓ
,

where ℓ = |pq|.
In particular,

• if κ = 0,

〈↑q
p,∇pf〉 >

(
f(q) − f(p) − λ ℓ2

2

)
/ℓ;

• if κ = 1, λ = 0 we have

〈↑q
p,∇pf〉 >(f(q) − f(p) cos ℓ)/sin ℓ;

• if κ = −1, λ = 0 we have

〈↑q
p,∇pf〉 >(f(q) − f(p) ch ℓ)/sh ℓ;

Proof of 11.2.2. Since f ′′ + κf 6 λ, we have

f(q) = G[pq](ℓ)

6 (f ◦ G[pq])
+(0) snκ ℓ + f(p) csκ ℓ + λmdκ ℓ

Note that G[pq](0) = p, G[pq](ℓ) = q, G
+
[pq](0) = ↑q

p. Thus,

〈↑q
p,∇pf〉 > dpf(↑q

p) =

= (f ◦ G[pq])
+(0) >

>
f(q) − f(p) csκ ℓ − λmdκ ℓ

snκ ℓ
.

The following corollary states that gradient vector field is monotonic in the
sense similar to definition of monotone operators (see [Phelps]).
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11.2.3. Corollary (monotonicity of gradient). Let L ∈ Alex[κ,k], f :
L ◦→ R be locally Lipschitz and λ-concave and [pq] ⊂ Dom f . Then

〈↑q
p,∇pf〉 + 〈↑p

q ,∇qf〉 > −λℓ.

where ℓ = |pq|.

Proof. This inequality is a sum of two inequalities from 11.2.2

11.2.4. Lemma. Let L ∈ Alex[κ,k], f, g : L ◦→ R and p ∈ Dom f ∩ Dom g.
Then

|∇pf ∇pg|2 6 (|∇pf | + |∇pg|) sup
ξ∈Σp

{ |dpf(ξ) − dpf(ξ)| }.

In particular, if fn : L ◦→ R is a sequence of locally Lipschitz and semicon-
cave subfunctions such that p ∈ Dom fn for each n and dpfn converges uniformly
on Σp then sequence ∇pfn ∈ Tp converges.

Proof. Set s = supξ∈Σp
{ |dpf(ξ) − dpf(ξ)| }. Clearly for any v ∈ Tp, we have

|dpf(v) − dpg(v)| 6 s|v|.

From the definition of gradient (11.1.1) we have:

dpf(∇pg) 6 〈∇pf,∇pg〉, dpg(∇pf) 6 〈∇pf,∇pg〉,
dpf(∇pf) = 〈∇pf,∇pf〉, dpg(∇pg) = 〈∇pg,∇pg〉.

Therefore,

|∇pf ∇pg|2 = 〈∇pf,∇pf〉 + 〈∇pg,∇pg〉 − 2〈∇pf,∇pg〉 6

6 dpf(∇pf) + dpg(∇pg) − dpf(∇pg) − dpg(∇pf) 6

6 s(|∇pf | + |∇pg|).

11.3 Gradient: Semicontinuity

In this section we collect number of corollaries of the following simple lemma.

11.3.1. Ultra limit of |gradient|. Assume

(i) Ln ∈ Alex[κ,k] and (Ln, pn)
Ñ→ (LÑ, pÑ);

(ii) fn : Ln ◦→ R and fÑ : LÑ ◦→ R are locally Lipschitz and λ-concave and

fn
Ñ→ fÑ;

(iii) xn ∈ Dom fn and xn
Ñ→ xÑ ∈ Dom fÑ.

Then
|∇xÑ

fÑ| 6 Ñ-lim
n→∞

|∇xnfn|.
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Proof. Fix an ε > 0 and choose yÑ ∈ Dom fÑ near xÑ such that

|∇xÑ
fÑ| − ε <

fÑ(yÑ) − fÑ(xÑ)

|xÑyÑ|
.

Choose yn ∈ Ln such that yn
Ñ→ yÑ. If |xÑyÑ| is sufficiently small, the λ-concavity

of fn implies that
|∇xÑ

fÑ| − 2ε < dxnfn(↑yn
xn

),

for Ñ-almost all n. Hence, |∇pf | − 2ε 6 Ñ-limn→∞ |∇pnfn| for any ε > 0; i.e.

|∇pf | 6 Ñ-lim
n

|∇pnfn|.

Note that isometric embedding ı : L →֒ LÑ induces an embedding ıp : TpL →֒
TpL

Ñ. Thus, we can (and will) consider TpL as a subcone of TpL
Ñ.

11.3.2. Corollary. Let L ∈ Alex[κ,k] and f : L ◦→ R be locally Lipschitz and
semiconcave. Then for any point p ∈ Dom f we have

∇pf = ∇pf
Ñ.

Proof. Note that Dom f ⊂ Dom fÑ ⊂ LÑ, applying 11.3.1 for Ln = L and xn =
x, we get |∇xf | > |∇xfÑ|. On the other hand, f = fÑ|L, hence dpf = dpf

Ñ|TpL

and thus, from 11.2.1(iii) |∇xf | 6 |∇xfÑ|. Therefore |∇xf | = |∇xfÑ|.
Further,

|∇xf |2 = dpf(∇xf)

= dpf
Ñ(∇xf) 6

6 〈∇xfÑ,∇xf〉 =

= |∇xfÑ| · |∇xf | cos∡(∇xfÑ,∇xf).

Together with |∇xfÑ| = |∇xf | it implies that ∡(∇xfÑ,∇xf) = 0, and the
statement follows.

In particular, we have lower-semicontinuity of the function x 7→ |∇xf |:
11.3.3. Semicontinuity of |gradient|. Let L ∈ Alex[κ,k] and f : L ◦→ R

be locally Lipschitz and semiconcave. Then the function x 7→ |∇xf | is lower-
semicontinuos; i.e. for any sequence xn → x ∈ Dom f , we have

|∇xf | 6 lim
n→∞

|∇xnf |.

Proof. According to 11.3.2, |∇xf | = |∇xfÑ|. Applying 11.3.1 for xn → x, we
get that Ñ-limn |∇xnf | > |∇xfÑ| = |∇xf |. Passing to arbitrary subsequence of
(xn) we obtain the result.
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11.4 Gradient-like curves

Gradient-like curves provide a technical tool which will be used later in the con-
struction of gradient curves, which will appear to be special reparametrization
of gradient-like curves.

11.4.1. Definition. Let L ∈ Alex[κ,k] and f : L ◦→ R be locally Lipschitz
and semiconcave.

A Lipschitz curve α̂ : [smin, smax) → Dom f will be called f -gradient-like
curve if

α̂+ = 1
|∇f | · ∇f ;

i.e., for any s ∈ [smin, smax), α̂
+(s) is well defined and α̂+(s) = 1

|∇α̂(s)f | ·
∇α̂(s)f .

Note that in particular this definition implies that |∇pf | > 0 for any point p
on f -gradient-like curve. The next theorem gives a weaker equivalent definition.

11.4.2. Theorem. Let L ∈ Alex[κ,k], f : L ◦→ R be locally Lipschitz and
semiconcave and |∇pf | > 0 for any p ∈ Dom f .

A curve α̂ : [smin, smax) → Dom f is an f -gradient-like curve if and only if
it is 1-Lipschitz and

lim
s→s0+

f ◦ α̂(s) − f ◦ α̂(s0)

s − s0
> |∇α̂(s0)f | (∗)

for almost all s0 ∈ [smin, smax).

Proof. The “only if” part follows directly from definition. To prove the “if”
part, note that for any s0 ∈ [smin, smax) we have

lim
s→s0+

f ◦ α̂(s) − f ◦ α̂(s0)

s − s0
> lim

s→s0+

s∮

s0

|∇α̂(ş)f | d ş > |∇α̂(s0)f |;

the first inequality follows from (∗) and the second from lower-semicontinuity
of function x 7→ |∇xf |, see 11.3.3. Thus, the result follows form 11.2.1.

The following theorem is similar to [Mayer, ???] and [Ohta, 5.7].

11.4.3. Theorem. Let L ∈ Alex[κ,k] and f : L ◦→ R be locally Lipschitz
and λ-concave. Assume α̂ : [0, smax) → Dom f is an f -gradient-like curve then
f ◦ α̂ : [0, smax) → R is λ-concave.

11.4.4. Corollary. Let L ∈ Alex[κ,k], f : L ◦→ R be a locally Lipschitz and
semiconcave function and α̂ : [0, smax) → Dom f be an f -gradient-like curve.
Then function s 7→ |∇α̂(s)f | is right-continuous, i.e. for any s0 ∈ [0, smax) we
have

|∇α̂(s0)f | = lim
s→s0+

|∇α̂(s)f |.

Proof. Applying 11.4.3 locally, we have that f ◦ α̂(s) is semiconcave. The

statement follows since (f ◦ α̂)+(s) = dpf
(

1
|∇α̂(s)f | · ∇α̂(s)f

)
= |∇α̂(s)f |
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Proof of 11.4.3. For any s > s0,

(f ◦ α̂)+(s0) = |∇α̂(s0)f | >

> dα̂(s0)f
(
↑α̂(s)

α̂(s0)

)
>

>
f(α̂(s)) − f(α̂(s0))

|α̂(s) α̂(s0)|
− λ

2
|α̂(s) α̂(s0)|.

Set λ+ = max{0, λ}. Since s − s0 > |α̂(s) α̂(s0)|, for any s > s0 we have

(f ◦ α̂)+(s0) >
f(α̂(s)) − f(α̂(s0))

s − s0
− λ+

2
(s − s0) (∗)

Thus f ◦ α̂ is λ+-concave. That finishes the proof for λ > 0; in case λ < 0 we
get only that f ◦ α̂ is 0-concave.

Note that |α̂(s) α̂(s0)| = s − s0 − o(s − s0), thus

(f ◦ α̂)+(s0) >
f(α̂(s)) − f(α̂(s0))

s − s0
− λ

2
(s − s0) + o(s − s0). (∗∗)

Together, (∗) and (∗∗) imply that f ◦ α̂ is λ-concave.

11.5 Gradient curves: Definition

In this section we define gradient curves and tie them tightly to gradient-like
curves which were introduced in section 11.4.

11.5.1. Definition. Let L ∈ Alex[κ,k], and f : L ◦→ R be a locally Lipschitz
and semiconcave function.

A locally Lipschitz curve α : [tmin, tmax) → Dom f will be called f -gradient
curve if

α+ = ∇f ;

i.e. for any t ∈ [tmin, tmax), α
+(t) is well defined and α+(t) = ∇α(t)f .

The next lemma states that gradient and gradient-like curves are special
reparametrizations of each-other.

11.5.2. Lemma. Let L ∈ Alex[κ,k] and f : L ◦→ R be a locally Lipschitz and
semiconcave subfunction such that |∇pf | > 0 for any p ∈ Dom f .

Assume α : [0, tmax) → Dom f be a locally Lipschitz curve and α̂ : [0, smax) →
Dom f , be its reparametrization by arc-length, so α = α̂ ◦ σ for some homeo-
morphism σ : [0, tmax) → [0, smax), then

α+ = ∇f ⇔ α̂+ =
1

|∇f | · ∇f and σ−1(s) =

s∫

0

1

(f ◦ α̂)′(ş)
dş.

Proof (⇒). According to 15.1.1,

σ′(t)
a.e.
== |α+(t)| = |∇α(t)f |. (∗)
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Note that
(f ◦ α)′(t)

a.e.
== (f ◦ α)+(t) = |∇α(t)f |2.

Thus, setting s = σ(t),

(f ◦ α̂)′(s)
a.e.
==

(f ◦ α)′(t)

σ′(t)
a.e.
== |∇α(t)f | = |∇α̂(s)f |.

Thus, from 11.4.2, it follows that α̂(t) is an f -gradient-like curve, i.e.

α̂+ =
1

|∇f | · ∇f.

In particular, (f ◦ α̂)+(s) = |∇α̂+(s)f | and from (∗)

σ−1(s) =

s∫

0

1

|∇α̂(ş)f |
dş =

s∫

0

1

(f ◦ α̂)′(ş)
dş.

(⇐). Clearly,

σ(t) =

t∫

0

(f ◦ α̂)+(σ(ţ)) d ţ =

t∫

0

|∇α(ţ)f | d ţ.

According to 11.4.4, the function s 7→ |∇α̂(s)f | is right-continuous. Therefore
the same is true for function t 7→ |∇α̂◦σ(t)f | = |∇α(t)f |. Hence, for any t0 ∈
[0, tmax) we have

σ+(t0) = lim
t→t0+

t∮

t0

|∇α(ţ)f | d ţ = |∇α(t0)f |.

Thus, we have
α+(t0) = σ+(t0) · α̂+(σ(t0)) = ∇α(t0)f.

11.6 Gradient curves: Existence and uniqueness

In general, “past” of gradient curves can not be determined by present. For
example, consider concave function f : R → R, f(x) = −|x|; two curves α(t) =
min{0, t} and β(t) = 0 are f -gradient and α(t) = β(t) = 0 for all t > 0, however
α(t) 6= β(t) for all t < 0.

The next theorem shows that “future” gradient curve is unique.

11.6.1. Picard’s theorem. Let L ∈ Alex[κ,k], f : L ◦→ R be semiconcave.
Assume α,β : [0, tmax) → Dom f be two f -gradient curves such that α(0) = β(0)
then α(t) = β(t) for any t ∈ [0, tmax).

As well as the standard Picard’s theorem, the proof follows directly from the
following estimate:



CHAPTER 11. GRADIENT FLOW 91

11.6.2. Distance estimate. Let L ∈ Alex[κ,k], f : L → R be a locally
Lipschitz and λ-concave function. Assume α,β : [0, tmax) → L be two f -gradient
then for any t ∈ [0, tmax)

|α(t) β(t)| 6 eλt|α(0) β(0)|.

Moreover, the same conclusion holds for a for locally Lipschitz and λ-concave
subfunction f : L ◦→ R if for any t ∈ [0, tmax) there is a geodesic [α(t)β(t)] in
Dom f .

Proof. Let us fix a choice of geodesic [α(t)β(t)] for each t. In case L is not
geodesic space, pass to its Ñ-product LÑ.

Set ℓ(t) = |α(t) β(t)|, from the first variation formula (2.4.3) and the esti-
mate in 11.2.3 we get

ℓ+(t) 6 −〈↑β(t)
α(t),∇α(t)f〉 − 〈↑α(t)

β(t),∇β(t)f〉 6 λℓ(t).

Hence the result.

The proof of the following theorem was given in [Perelman–Petrunin QG],
then it was essentially simplified in [Lytchak] by using ultralimits.

11.6.3. Existence. Let L ∈ Alex[κ,k] and f : L ◦→ R be locally Lipschitz and
λ-concave . Then for any p ∈ Dom f there is an f -gradient curve α : [0, ε) → L
with α(0) = p and ε = ε(p) > 0.

Proof. Note that if |∇pf | = 0 then one can take constant curve α(t) = p.
Otherwise, take ε > 0, such that Ball(ε, p) ⊂ Dom f and |∇xf | > ε for all
x ∈ Ball(ε, p) (that is possible due to 11.3.3).

The curve α : [0, ε) → L will be constructed in three steps: first we construct
an fÑ-gradient-like curve α̂Ñ in LÑ as an Ñ-limit of certain sequence of broken
geodesics in L; second, we parametrize α̂ as in 11.5.2, to obtain an fÑ-gradient
curve αÑ in LÑ; third, applying uniqueness (11.6.1) together with 2.8.4 we obtain
that αÑ lies in L ⊂ LÑ and therefore one can take α = αÑ.

Note that if L is proper then L = LÑ and fÑ = f ; thus, in this case, the
third step is not necessary.

Step 1. Applying open-close argument, for any n ∈ Z> we can construct a
unit-speed curve α̂n : [0, ε] → L starting at p, with a partition of [0, ε) into
countable number of half-open intervals [σi, σ̄i) so that for each i we have

(i) α̂n([σi, σ̄i]) is a minimizing geodesic and σ̄i − σi < 1
n
.

(ii) f ◦ α̂n(σ̄i) − f ◦ α̂n(σi) > (σ̄i − σi)|∇α̂n(σi)f | − 1
n
.

Pass to a subsequence of (α̂n) such that f ◦ α̂n uniformly converges; set

h(s) = lim
n→∞

f ◦ α̂n(s).

Set α̂Ñ = Ñ-limn α̂n, it is a curve in LÑ starting at p ∈ L ⊂ LÑ.
Clearly α̂Ñ is 1-Lipschitz. From (ii) and 11.3.1, we get (fÑ ◦ α̂Ñ)+(σ) >

|∇α̂Ñ(σ)f
Ñ|. Therefore, according to 11.4.2, α̂Ñ : [0, ε) → LÑ is an fÑ-gradient-

like curve.
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Step 2. Clearly h(s) = fÑ ◦ αÑ. Therefore, according to 11.4.3, h is λ-concave.
Thus, we can define a homeomorphism σ : [0, δ] → [0, ε] with the following
Lebesgue integral:

σ−1(s) =

s∫

0

1

h′(ş)
dş (∗)

According to 11.5.2, α(t) = α̂ ◦ σ(t) is an fÑ-gradient curve in LÑ.

Step 3. Since ∇pf = ∇pf
Ñ for any p ∈ L ⊂ LÑ, it is sufficient to show that

αÑ ⊂ L. Assume contrary, then according to 2.8.4 there is a subsequence α̂nk

such that
α̂Ñ 6= α̂′

Ñ

def
== Ñ-lim

k→∞
α̂nk

.

Clearly h(s) = fÑ ◦ α̂Ñ = fÑ ◦ α̂′
Ñ
. Thus, for σ : [0, δ] → [0, ε] defined by

(∗), we have that both curves α̂Ñ ◦ σ and α̂′
Ñ ◦ σ are fÑ-gradient. Thus from

uniqueness of future (11.6.1), we get α̂Ñ ◦ σ = α̂′
Ñ
◦ σ and therefore α̂Ñ = α̂′

Ñ
, a

contradiction.

11.7 Radial curves

If one ignore parametrization, the radial curves trying to escape from given point
p using greedy algorithm; they are always go in the direction which increase the
distance to p with the maximal rate. But, what is more important, is the special
parametrization of these curves, which make them to behave as geodesic in a
natural comparison sense.

First let us define κ-radial curves; these curves work best in spaces with
curvature > κ, but we define them for arbitrary lower curvature bound.

11.7.1. Definition. Assume L ∈ Alex[κ,k], κ ∈ R, p ∈ L. A curve σ :
[smin, smax) → L is called κ-radial curve with respect to p if smin = |pσ(smin)| ∈
(0, ̟κ

2 ), and it satisfies the following differential equation

σ+(s) =
tgκ |pσ(s)|

tgκs
· ∇σ(s) distp . (rad)κ

for any s ∈ [smin, smax), here tgκx = snκ x
csκ x

.
If x = σ(smin), we say that σ is initiated in x.

Note that according to definition smax 6 ̟κ

2 . Note also that any geodesic
G[px] satisfies equation (rad)κ for any κ ∈ R (if |px| < ̟κ

2 ). Here is a more
precise statement:

11.7.2. Proposition. Let L ∈ Alex[κ,k] and σ : [smin, smax) → L be a κ-radial
curve with respect to p then for any s ∈ [smin, smax), we have |pσ(s)| 6 s.

Moreover, if for some s0 we have |pσ(s0)| = s0 then the restriction σ|[smin,s0]

is a minimizing geodesic which contained in a minimizing geodesic [pσ(s0)].

Proof. Follows directly from the definition.

11.7.3. Existence and uniqueness. Let L ∈ Alex[κ,k], κ ∈ R, p, x ∈ L and
smin = |px| < ̟κ

2 . Then there is unique κ-radial curve σ : [smin,
̟κ

2 ) → L with
respect to p which starts at x.
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Proof. Let us define one parameter family of smooth real functions χκ : [0, ̟κ

2 ) →
R

χκ(t) =

t∫

0

tgκţ d ţ.

Clearly χκ is increasing. Thus???, the composition f = χκ◦distp : Ball(̟κ

2 , p) →
R is semiconcave.

Therefore, according to 11.6.3, there is an f gradient curve α : [0, tmax) → L
which starts at x; i.e. α(0) = x.

Now consider solution of differential equation τ(t), τ′ = tg2
κ(τ) and τ(0) =

r (that is also a gradient curve in R for function χκ : [0, ̟) → R). Direct
calculations show that composition α ◦ τ−1 : [r,∞) → L forms a κ-radial curve
w.r.t. p.

Now assume σ1,σ2 be two κ-radial curves with respect to p which start at
x. Then compositions σi ◦ τ both give f -gradient curves, thus σ ◦ τ ≡ σ ◦ τ.
Therefore σ1(s) = σ2(s) once both sides defined.

The next corollary shows that [px] can be extended behind x as a minimizing
geodesic then it coinsides with radial curve starting at x w.r.t. p.

11.7.4. Corollary. Let L ∈ Alex[κ,k], κ ∈ R, p, x ∈ L, |px| < ̟κ

2 and
x′ ∈ [px]. Let σ be a radial curve w.r.t. p which is initiated at x′ then

G[px](s) = σ(s)

at each s ∈ Dom(G[px]) ∩ Dom(σ).

Proof. Follows directly from 11.7.2 and 11.7.3.

Here is the main theorem of this section

11.7.5. Radial comparison. Let L ∈ Alex[κ,k] and p ∈ L. Assume ρ :
[rmin, ̟κ

2 ) → L and σ : [smin,
̟κ

2 ) → L be two radial curves w.r.t. p. Then for
any r ∈ [rmin, ̟κ

2 ) and s ∈ [smin,
̟κ

2 ), we have1

∡̃κ{|ρ(r)σ(s)|; r, s} 6 ∡̃κ

(
p

ρ(rmin)
σ(smin)

)
.

In particular, for any point q 6= p and s ∈ [smin,
̟κ

2 ) we have

∡̃κ{|qσ(s)|; |pq|, } 6 ∡̃κ

(
p q

σ(smin)

)
.

The proof of radial comparison (11.7.5) is an application of 11.2.2 plus
trigonometric manipulations. We prove it first the simplest case κ = 0 and
then harder case κ 6= 0. The arguments for case κ 6= 0 are nearly the same, but
formulas are different and.

1Note that
∡̃κ

“

p
ρ(rmin)
σ(smin)

”

= ∡̃κ{|ρ(rmin)σ(smin)|; rmin, smin},

see section 2.4 and definition of radial curve (11.7.1).
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p

ρ(r)

ρ

σ(s)

σ

SR

L

ℓ ℓ

r s

ϕ

Lκ

We proof case κ = 0 separately since
it is easier to follow. In fact we do not re-
ally need it, once the case κ 6= 0 is proved,
the case κ = 0 can be obtained by a limit
procedure.

Proof of case κ = 0. Set

R = R(r) = |p ρ(r)|,
S = S(s) = |pσ(s)|,

ℓ = ℓ(r, s) = |ρ(r)σ(s)|, ϕ = ϕ(r, s) = ∡̃0{ℓ(r, s); r, s}.
The statement follows from the following three inequalities:

∂+ϕ

∂r
(smin, r) 6 0,

∂+ϕ

∂s
(s, rmin) 6 0 (∗)ϕ

0

s · ∂+ϕ

∂s
+ r · ∂+ϕ

∂r
6 0. (∗∗)ϕ

0

rmin

smin

(r0, s0)Indeed, one can connect (smin, rmin) and (s0, r0)
in [smin,∞) × [rmin,∞) by a join of coordinate
line and a segment defined by r/s = r0/s0. Ac-
cording to (∗)ϕ

0 and (∗∗)ϕ
0 , the value of ϕ does

not increase while pair (r, s) moving along this
join. Thus ϕ(r0, s0) 6 ϕ(rmin, smin).

It remains to show (∗)ϕ
0 and (∗∗)ϕ

0 . First
let us rewrite these inequalities in terms of ℓ,
that will be the inequalities which we will prove
further.

∂+ℓ

∂s
(s, rmin) 6 cos ∡̃0{rmin; s, ℓ},

∂+ℓ

∂r
(smin, r) 6 cos ∡̃0{smin; r, ℓ}, (∗)ℓ

0

s · ∂+ℓ

∂s
+ r · ∂+ℓ

∂r
6 s · cos ∡̃0{r; s, ℓ} + r · cos ∡̃0{s; r, ℓ} = ℓ. (∗∗)ℓ

0

Set
f = 1

2dist2p. (A)0

Clearly f is 1-concave and

ρ+(r) = 1
r
· ∇ρ(r)f and σ+(s) = 1

s
· ∇σ(s)f. (B)0

Thus from 11.2.2, we have

∂+ℓ

∂r
= − 1

r
〈∇ρ(r)f, ↑σ(s)

ρ(r)〉 6
ℓ2 + R2 − S2

2ℓr
. (C)0

Since R(r) 6 r and S(smin) = smin, we get

∂+ℓ

∂r
(r, smin) 6

ℓ2 + r2 − s2
min

2ℓr
=

= cos ∡̃0{smin; r, ℓ},
(D)0
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which is the first inequality in (∗)ℓ
0. By switching places of ρ and σ we obtain

the second inequality in (∗)ℓ
0. Further, summing together (C)0 with its mirror-

inequality for ∂+ℓ
∂s

, we get

r
∂+ℓ

∂r
+ s

∂+ℓ

∂s
6

ℓ2 + R2 − S2

2ℓ
+

ℓ2 + S2 − R2

2ℓ
= ℓ (E)0

which is (∗∗)ℓ
0.

Proof of case κ 6= 0. Set as before

R = R(r) = |p ρ(r)|, ℓ = ℓ(r, s) = |ρ(r)σ(s)|
S = S(s) = |pσ(s)|, ϕ = ϕ(r, s) = ∡̃κ{ℓ(r, s); r, s}.

The statement follows from the following three inequalities:

∂+ϕ

∂r
(smin, r) 6 0,

∂+ϕ

∂s
(s, rmin) 6 0 (∗)ϕ

±

snκ s · csκ S · ∂+ϕ

∂s
+ snκ r · csκ R · ∂+ϕ

∂r
6 0 (∗∗)ϕ

±

Indeed, functions s 7→ snκ s · csκ S and r 7→ snκ r · csκ R are Lipschitz. Thus
there is a solution for differential equation

(r′, s′) = ( snκ s · csκ S, snκ r · csκ R )

with any initial data. (r0, s0) ∈ [rmin, ̟κ

2 ) × [smin,
̟κ

2 ). (Unlike case κ = 0 the
solution can not be written explicitly.)

Since snκ s · csκ S, snκ r · csκ R > 0, this solution (r(t), s(t)) must meet
one of coordinate rays {rmin} × [smin,

̟κ

2 ) or [rmin, ̟κ

2 ) × {smin}. I.e., one can
connect pair (smin, rmin) to (s0, r0) by a join of coordinate line and the solution
(r(t), s(t)). According to (∗)ϕ

± and (∗∗)ϕ
±, the value of ϕ does not increase while

pair (r, s) moving along this join. Thus ϕ(r0, s0) 6 ϕ(rmin, smin).
As before we rewrite the inequalities (∗)ϕ

± and (∗∗)ϕ
± in terms of ℓ:

∂+ℓ

∂s
(s, rmin) 6 cos ∡̃κ{rmin; s, ℓ}, ∂+ℓ

∂r
(smin, r) 6 cos ∡̃κ{smin; r, ℓ}, (∗)ℓ

±

snκ s · csκ S · ∂+ℓ

∂s
+ snκ r · csκ R · ∂+ℓ

∂r
6

6 snκ s · csκ S · cos ∡̃κ{r; s, ℓ} + snκ r · csκ R · cos ∡̃κ{s; r, ℓ}
(∗∗)ℓ

±

Further, set
f = − 1

κ
csκ(distp) = mdκ(distp) − 1

κ
. (A)±

Clearly f ′′ + κf 6 0 and

ρ+(r) =
1

tgκr · csκ R
· ∇ρ(r)f and σ+(s) =

1

tgκs · csκ S
· ∇σ(s)f. (B)±
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Thus from 11.2.2, we have

∂+ℓ

∂r
= − 1

tgκr · csκ R
〈∇ρ(r)f, ↑σ(s)

ρ(r)〉 6

6
1

tgκr · csκ R
· csκ S − csκ R csκ ℓ

κ · snκ ℓ
=

6

csκ S
csκ R

− csκ ℓ

κ · tgκr · snκ ℓ
.

(C)±

Note that for all κ 6= 0, the function x 7→ 1
κ·csκ x

is increasing. Thus, since
R(r) 6 r and S(smin) = smin, we get

∂+ℓ

∂r
(r, smin) 6

csκ smin

csκ r
− csκ ℓ

κ · tgκr · snκ ℓ
=

=
csκ smin − csκ ℓ csκ r

κ · snκ r · snκ ℓ
=

= cos ∡̃κ{smin; r, ℓ},

(D)±

which is the first inequality in (∗)ℓ
± for κ 6= 0. By switching places of ρ and σ

we obtain the second inequality in (∗)ℓ
±. Further, summing together (C)± with

its mirror-inequality for ∂+ℓ
∂s

, we get

snκ r · csκ R ·
∂+ℓ

∂r
+ snκ s · csκ S ·

∂+ℓ

∂s
6

6
csκ S · csκ r − csκ ℓ · csκ R · csκ r

κ · snκ ℓ
+

csκ R · csκ s − csκ ℓ · csκ S · csκ s

κ · snκ ℓ
=

= snκ r · csκ R ·
csκ s − csκ ℓ · csκ r

κ · snκ r · snκ ℓ
+ snκ s · csκ S ·

csκ r − csκ ℓ · csκ s

κ · snκ s · snκ ℓ
=

= snκ r · csκ R · cos ∡̃κ{r; s, ℓ} + snκ s · csκ S · cos ∡̃κ{s; r, ℓ}

(E)±

which is (∗∗)ℓ
±.

Remark. If κ > 0 then κ-radial curves are the only curves which can be defined
using equation

σ+(s) = χ(s, |pσ(s)|) · ∇σ(s) distp

and satisfy radial comparison 11.7.5 (see exercise 7). In case κ < 0, there are
different ways to define such curves. In particular one can take curves defined
by simpler equation

σ+(s) =
1

snκ s
· ∇σ(s)(mdκ ◦ distp).

Among all curves of that type, the κ-radial curves defined in 11.7.1 maximize
the value |pσ(s)|.

11.8 Gradient exponent

The following theorem follows easily from radial comparison (11.7.5).
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11.8.1. Gradient exponent. Let L ∈ Alex[κ,k], p ∈ L and

Iκ =

[
[0,∞) if κ 6 0

[0, ̟κ

2 ] if κ > 0

Then there is a short map2

gexpp = gexpp;κ : Σp ×snκ
Iκ → L

such that for any q ∈ Ball(̟κ

2 , p) then gexpp((↑q
p, |pq|)) = q.

Proof. Given ξ ∈ Σp, concider a sequence of points xn ∈ L so that ↑xn
p → ξ ∈

Σp. Let rn = |pxn| and σn : [rn, ̟κ

2 ) → L be the radial curve w.r.t. p initiated
at xn. Directly from radial comparison (11.7.5), we have that σn : [rn, ̟κ

2 ) → L
converge to a curve σξ : (0, ̟κ

2 ) → L and this limit is independent from the
choice of the sequence xn. The domain of σξ can be extended continuously by
σξ(0) = p and if κ > 0 to σξ(̟κ

2 ). Thus we can think that σξ is defined on Iκ.

If q ∈ Ball(̟κ

2 , p) and ξ = ↑q
p then taking xn ∈ [pq] it follows that σξ(|pq|) =

q.
Thus we can define a map gexpp((ξ, t)) = σξ(t). According to 11.7.5 the

map gexpp : Σp×snκ
Iκ → L is short map and from above for any q ∈ Ball(̟κ

2 , p)
then gexpp((↑q

p, |pq|)) = q.

2In most of the cases κ will be lower bound for curvature of L, thus we can omit this in
the notation


