Chapter 11

Gradient flow

The most of technique developed in this section works in more general setting.
Roughly, if your space has well defined angles then you have big chances for to
apply gradient flow in there. However we were not trying hard to make these
statements most general.

Starting with [Sharaftdinov], the technique of gradient flow was used in
comparison geometry, it was used further in 777, In [Perelman—Petrunin QG],
it was adapted to Alexandrov spaces with curvature bounded below. Bit later,
independently in [Josf] and [Mayer], it had been used in spaces with curvature
bounded above. These two approaches were unified and generalized to a wide
class of metric spaces in [Lytchak] and yet developed further in [Ohfa]. The part
of this work related to upper curvature bound is summarized and generalized
in [AGS] (but this book it is not at all reader-friendly).

Gradient flow provide a usefull tool in Alexandrov’s geometry, which we will
use everywhere in the book; we even use it to prove very basic things which are
usually proved by other means.

One of the technical difficulties in Alexandrov’s geometry comes from nonex-
tendability of geodesics. In particular, for L € Alex[k,«], the exponential map,
exp, : Tp — L, if defined the usual way, can be undefined in an arbitrary small
neighborhood of origin o,. Here we construct its analog, the gradient exponen-
tial map (gepr), which practically solves this problem. It has many important
properties of the ordinary exponential map and in certain respects it is “better”,
even in Riemannian case.

This chapter can be divided in three main parts: (1) gradient part (sections
[[TIHIT3) which describes “gradient vector field” and its properties; (2) gra-
dient curves ans gradient flow (sections [TAHITH) Radial curves and gradient

exponent (sections [TZHITH).

11.1 Gradient: Definition and existence

11.1.1. Definition of gradient. Let L € Alex[k,»], f : L o= R and for a
point p € Dom f the differential dpf : T — R is well defined.
A tangent vector g € T), is called a gradient of f at p (in short: g =V, f) if

(i) dp f(w) < (g, w) for any w € T}, and
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(ii) dp f(9) = (9,9)-

11.1.2. Existence and uniqueness. Assume L € Alex[k,»] and f: L o—» R
be locally Lipschitz and semiconcave. Then for any point p € Dom f, there is
unique gradient Vy,f € T)p.

Proof. Let us first prove uniqueness. If g, ¢’ € T, both can serve as gradients
then

(9,9) = dpf(9) < (g.9') and (¢',g") = dpf(g') < (g9,9"),
ie.
l99'1> = (9,9) — 2(9,9") +(¢',¢) <O
To prove existence, note first that if d, f < 0 then one can take V, f = o,.
Otherwise, if s = supgcy, dp(§) > 0, it is sufficient to show that there is
£eyx, such that dp(&) = s. Indeed, if & does exist, then applying lemma [LX3
foru=¢&, v=¢- -w with ¢ — 0+, we get

dpf(w) < (w, sE)

for any w € T). ILe., one can take V, f = s - £.
Take a sequence of directions &, € X,, such that d,f(&,) — s. Applying
lemma again for u = §&,,, v = &,,,, we get

dp(&n) + dp(Em)
- \/2 + 2 cos L(&,,, E,m).

Therefore, £(&,,, &) — 0 as m,n — oo. Thus (&,) is a Cauchy sequence and

one can take & = lim,, &,,. O

11.2 Gradient: Basic calculus

The next lemma roughly states that gradient of function points in the direction
of its maximal slope and if slope is almost maximal then it is almost direction
of gradient.

11.2.1. Lemma. Let L € Alex[k,»], f : L o= R be locally Lipschitz and
semiconcave and p € Dom f.

Assume |V, f| >0, set & = \Vifl “Vpf then
(i) If for v € Ty, we have |v] < 1+ ¢ and dp(v) > |V, f|(1 —¢), then
|& v] < 100Ve.

(i) Ifv, € T, be a sequence of vectors such thatlim,, |v,| < 1 and lim,, d,, f(v,)
[V, f| then 3
lim v, = é&.

(iii) & is the unique mazimum direction for the restriction d, fls,. In partic-
ular,

|V,fl = sup d,f.
€S, f

>
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Proof. According to definition of gradient,
IVpfI(1 =€) < dpf(v) <(v,Vpf) =[v]-|Vpflcos £(V,f,0)
thus
[[v] = 1] < 2¢ and cos£(V,f,v) > (1 —2e¢),
hence we get (). Statements () and () follow directly from (). O

Remark. Note that according to 77?7, if L € Alex[k,»], f : L o> R is semi-
concave and @ : R — R be a nondecreasing and semiconcave then ¢ o f
is also semiconcave. As a corollary of the above theorem we also get that

Va(@of) =@ (f(x)) - Vaf for any 2 € Dom f.

The following inequalities describe an important property of the “gradient
vector field” which will be used throughout this paper.

11.2.2. Lemma. Let L € Alex[k,»], f : L o> R satisfies f"" + »f < A and
[pg] C Dom f. Then

fl@)— f(p)cs,. £ —Amd,, £ p_Vyof
a >
(13.9,f) > o , o=
where £ = |pq|. E
In particular,
* if =0, q¢

(18.90f) = (Fla) = £(0) =25 ) /6
e if x=1, A =0 we have
(13, Vof) 2(f(q) — f(p) cos £) /sin¢;
o if x=—1, A =0 we have

(15, Vo f) = (f(q) — f(p)ch)/she;

Proof of [IZZA. Since f" + »f < A, we have

flq) = Ylpq] (0)
< (f 0 Ypg)) T(0) s £+ f(p) csse €+ Amd,, £

Note that Yipq] (0) =D, Yipq| (6) =4q, Y[;q] (0) = TZ Thus,

{ g’vpf> > dpf(Tg) =
= (f o ¥pg) T(0) >
f(a) = f(p)cs. £ —Amd, €

>
- sn,,

O

The following corollary states that gradient vector field is monotonic in the
sense similar to definition of monotone operators (see [Phelps]).



CHAPTER 11. GRADIENT FLOW 86

11.2.3. Corollary (monotonicity of gradient). Let L € Alex[k,], f :
L o> R be locally Lipschitz and A-concave and [pq] C Dom f. Then

< Zavpf> +< Zavqﬁ 2 —AL.
where £ = |pq|.
Proof. This inequality is a sum of two inequalities from TT22 O

11.2.4. Lemma. Let L € Alex[k,o], f,g: L o= R and p € Dom f N Dom g.
Then

|fo V109|2 < (|fo| + |Vpg|) aseug { |dpf(a) - dpf(‘:” }-

In particular, if f, : L o= R is a sequence of locally Lipschitz and semicon-
cave subfunctions such that p € Dom f,, for each n and d, f,, converges uniformly
on ¥, then sequence V, f, € T}, converges.

Proof. Set s = supg ey, {|dpf(&) — dpf(E)| }. Clearly for any v € T}, we have
|dpf(v) = dpg(v)] < s]v].
From the definition of gradient (LTIl we have:
dpf(Vpg) < (Vpf,Vpg), dpg(Vpf) <(Vpf,Vpg),
dpf(Vpf) = (Vuf, Vi f), dpg(Vpg) = (Vpg, Vpg).

Therefore,

|vpf Vpg|2 = <fo7 fo> + <Vpgv Vpg> - 2<foa Vpg> <
dpf(vpf) + dpg(vpg) - dpf(vpg) - dpg(vpf) <

<
<5(|vpf|+|vpg|)- U

11.3 Gradient: Semicontinuity

In this section we collect number of corollaries of the following simple lemma.
11.3.1. Ultra limit of |gradient|. Assume
(i) Ly € Alex[k,o] and (Lpn,pn) > (LosPo);
(i) fn: Ln o> R and fo : Ly o> R are locally Lipschitz and A-concave and
Fn = foi
(iii) x, € Dom f, and x, = x, € Dom f,.

Then
Ve, fol < 0-lim |V, ful
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Proof. Fix an ¢ > 0 and choose y, € Dom f, near x, such that

fm(yﬁ)> - fm(xm> .

Vi, fol — € <
|-T®y®|

Choose y,, € L, such that y, — yo. If |£oys| is sufficiently small, the A-concavity
of f,, implies that
Ve, fol —2€ < da, fnl ZZ)a

for o-almost all n. Hence, |V, f| — 2e < @-lim, o0 |Vp, frn| for any € > 0; i.e.

IV, f] <®—}lim|vpnfn|. O

Note that isometric embedding 2 : L < L® induces an embedding 2, : T,L —
T,L®. Thus, we can (and will) consider T, L as a subcone of T, L®.

11.3.2. Corollary. Let L € Alex[k,»] and f : L o= R be locally Lipschitz and
semiconcave. Then for any point p € Dom f we have

Vo f =V, fe.

Proof. Note that Dom f C Dom f® C L®, applying T3l for L,, = L and x, =
x, we get |Va f| > |V f®|. On the other hand, f = f®|r, hence d,, f = dp, f®|1,L
and thus, from [TZIE) |V, f| < |V f®|. Therefore |V, f| = |V, f®|.

Further,

Vo> = dpf(Vaf)
=dpf®(Vaf) <
<V, Vaf) =
= [Vaf®l- [Vaflcos £(Vaf, Vo f).

Together with |V, f®| = |V, f]| it implies that £(V,f® V.f) = 0, and the
statement follows. O

In particular, we have lower-semicontinuity of the function x — |V, f|:

11.3.3. Semicontinuity of |gradient|. Let L € Alex[k,»] and f : L o= R
be locally Lipschitz and semiconcave. Then the function x — |V f| is lower-
semicontinuos; i.e. for any sequence r,, — x € Dom f, we have

n—oo

Proof. According to L3332 |V.f| = |V.f®|. Applying T3 for z,, — =z, we
get that o-lim, |V, f| = |V.f®| = |V.f|. Passing to arbitrary subsequence of
(2,) we obtain the result. O
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11.4 Gradient-like curves

Gradient-like curves provide a technical tool which will be used later in the con-
struction of gradient curves, which will appear to be special reparametrization
of gradient-like curves.

11.4.1. Definition. Let L € Alex[k,»] and f : L o> R be locally Lipschitz
and semiconcave.

A Lipschitz curve & : [Smin, Smax) — Dom f will be called f-gradient-like
curve if

A 1 Ut
& =15V
1

i.e., for any 8 € [Smin,Smax), &1 (8) is well defined and &*(s) = omyil
Vas)f-
Note that in particular this definition implies that |V, f| > 0 for any point p

on f-gradient-like curve. The next theorem gives a weaker equivalent definition.

11.4.2. Theorem. Let L € Alex|k,»], f : L o> R be locally Lipschitz and
semiconcave and |V, f| >0 for any p € Dom f.

A curve & : [Smin, Smax) — Dom f is an f-gradient-like curve if and only if
it is 1-Lipschitz and

lim foa(s) — foda(so)
s5—80+ s — 350

> |Va(so) [l (*)

for almost all so € [Smin, Smax)-

Proof. The “only if” part follows directly from definition. To prove the “if”
part, note that for any o € [Smin, Smax) We have

S

. foa(s)— fo&s )
lim (5) (50) > lim ¢ |Vaflds> Vanfl
s—So+ s — S0 s—So+

50

the first inequality follows from (%) and the second from lower-semicontinuity
of function = — |V f|, see Thus, the result follows form T2l O

The following theorem is similar to [Mayer], ??7] and [Ohtal, 5.7].

11.4.3. Theorem. Let L € Alex[k,»] and f : L o= R be locally Lipschitz
and A-concave. Assume & : [0, Smax) — Dom f is an f-gradient-like curve then
fod:[0,Smax) — R is A-concave.

11.4.4. Corollary. Let L € Alex[k,»], f : L o= R be a locally Lipschitz and
semiconcave function and & : [0, Smax) — Dom f be an f-gradient-like curve.
Then function s v |V g f| is Tight-continuous, i.e. for any so € [0, Smax) we
have

|v5<(50)f| = SEgL_ |v&(s)f|

Proof. Applying locally, we have that f o &(s) is semiconcave. The

statement follows since (f o &)*(s) = dpf(WTL)f\ . V&(s)f) = |Vas) fl O
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Proof of [I4-3 For any s > so,
(f 0 6)"(s0) = [Vaso) f| =
6c(s)
> d&<so>f(T§(so)) >
(

)
Set Ay = max{0,A}. Since s — 5o = |&(s) &(sg)]|, for any s > s¢ we have

f(&(s)) = f(&ls0)) At

s — So 2

(fo8)"(s0) > (s — s0) (%)
Thus f o & is A;-concave. That finishes the proof for A > 0; in case A < 0 we
get only that f o & is O-concave.

Note that |&(s) &(sg)| = s — so — o(s — so), thus

(f o &) (s0) >

Together, (x) and (**) imply that f o & is A-concave. O

11.5 Gradient curves: Definition

In this section we define gradient curves and tie them tightly to gradient-like
curves which were introduced in section [T4

11.5.1. Definition. Let L € Alex[k,»], and f : L o= R be a locally Lipschitz
and semiconcave function.
A locally Lipschitz curve & : [tmin, tmax) — Dom f will be called f-gradient
curve if
af =Vf

i.e. for any t € [tmin, tmax), &7 (t) is well defined and «*(t) = V) f.

The next lemma states that gradient and gradient-like curves are special
reparametrizations of each-other.

11.5.2. Lemma. Let L € Alex[k,»] and f : L o= R be a locally Lipschitz and
semiconcave subfunction such that |V, f| > 0 for any p € Dom f.

Assume & : [0, tmax) — Dom f be a locally Lipschitz curve and & : [0, Smax) —
Dom f, be its reparametrization by arc-length, so « = & o o for some homeo-
morphism 0 : [0, tmax) — [0, Smax), then

1
at =Vf & &t=—=-Vf and 0‘71(5):/7(159.
0

Proof (=). According to [Tl

o'(t) == |t (t)] = Voo fI- (%)
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Note that '
(fo)(t) 2= (f o)t (t) = [V fI*

Thus, setting s = o(t),

we. (fo ) (1)

(fo&)(s) = o (@) £ |V fl = [Vas) fl-

Thus, from [TZ3A it follows that &(t) is an f-gradient-like curve, i.e.

L1

I

3
In particular, (f o &)*(s) = |Va+(s)f| and from (%)

S

VN S R S U
d <S)‘O/ Va1 / Foar(m™

(«<). Clearly,

o(t) = / (f o &) (o(t) d{= / Voo fl .

According to [TZA4 the function s +— |V, f| is right-continuous. Therefore
the same is true for function t — |Vsoo(t)f| = [V f|- Hence, for any to €
[0, tmax) We have

t
o (t0) = lim § Vi d8=Vag I
—to+
to

Thus, we have
ot (to) = 0¥ (to) - & (0(to)) = V(i) f- O

11.6 Gradient curves: Existence and uniqueness

In general, “past” of gradient curves can not be determined by present. For
example, consider concave function f : R — R, f(z) = —|z|; two curves «(t) =
min{0, ¢} and B(t) = 0 are f-gradient and «(t) = p(¢) = 0 for all ¢ > 0, however
a(t) # B(t) for all t < 0.

The next theorem shows that “future” gradient curve is unique.

11.6.1. Picard’s theorem. Let L € Alex[k,o], f : L o> R be semiconcave.
Assume o, B : [0, tmax) — Dom f be two f-gradient curves such that «(0) = (0)
then o(t) = B(t) for any t € [0, tmax)-

As well as the standard Picard’s theorem, the proof follows directly from the
following estimate:
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11.6.2. Distance estimate. Let L € Alex[k,»], f : L — R be a locally
Lipschitz and A-concave function. Assume o, B : [0, tmax) — L be two f-gradient
then for any t € [0, tmax)

|x(t) B(t)] < e[ex(0) B(0)].

Moreover, the same conclusion holds for a for locally Lipschitz and A-concave
subfunction f : L e R if for any t € [0,tmax) there is a geodesic [x(t) B(t)] in
Dom f.

Proof. Let us fix a choice of geodesic [«(t) 3(¢)] for each t. In case L is not
geodesic space, pass to its e-product L®.

Set £(t) = |oe(t) B(t)], from the first variation formula ZZ3)) and the esti-
mate in [[TZ3 we get

CHE) < (1580, Vo £) — (150, Vo f) < M().
Hence the result. O

The proof of the following theorem was given in [Perelman—Petrunin QG],
then it was essentially simplified in [Lytchak] by using ultralimits.

11.6.3. Existence. Let L € Alex[k,»] and f : L o= R be locally Lipschitz and
A-concave . Then for any p € Dom f there is an f-gradient curve & : [0,¢) — L
with «(0) =p and € = ¢(p) > 0.

Proof. Note that if |V, f| = 0 then one can take constant curve o(t) = p.
Otherwise, take ¢ > 0, such that Ball(¢,p) C Dom f and |V, f| > ¢ for all
x € Ball(e, p) (that is possible due to [T33).

The curve « : [0, €¢) — L will be constructed in three steps: first we construct
an f®-gradient-like curve &, in L® as an o-limit of certain sequence of broken
geodesics in L; second, we parametrize & as in [, to obtain an f®-gradient
curve &, in L®; third, applying uniqueness ([LG.]) together with ZZRA we obtain
that o, lies in L C L® and therefore one can take o« = .

Note that if L is proper then L = L® and f® = f; thus, in this case, the
third step is not necessary.

Step 1. Applying open-close argument, for any n € Z~ we can construct a
unit-speed curve &, : [0,e] — L starting at p, with a partition of [0, ¢) into
countable number of half-open intervals [0}, G;) so that for each ¢ we have

(i) &n([07,0:]) is a minimizing geodesic and 6; — 0; < +.
(i) fo&n(5:) = fodn(oi) > (6i — 0:)|Va, (o0 fl — 7
Pass to a subsequence of (&) such that f o &, uniformly converges; set

h(s) = lim f o &y,(s).
Set &, = o-lim,, &,, it is a curve in L® starting at p € L C L°®.
Clearly &, is 1-Lipschitz. From (@) and [T3Tl we get (f© o &q)t(0) >
IV, (0)f®|. Therefore, according to [TAZA, &, : [0,&) — L® is an f°-gradient-
like curve.
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Step 2. Clearly h(s) = f© o a,. Therefore, according to A3, h is A-concave.
Thus, we can define a homeomorphism o : [0,8] — [0, €] with the following

Lebesgue integral:

1
-1
o (s) = ds *
) / h'(s) )
0
According to [TRA «(t) = & o o(t) is an f®-gradient curve in L®.
Step 3. Since V,f = V,f® for any p € L C L®, it is sufficient to show that

&o C L. Assume contrary, then according to L8] there is a subsequence &,
such that

bo # &y 5= 0-lim &y, -
k—o00
Clearly h(s) = f®o &, = f® o &,. Thus, for o : [0,8] — [0,¢] defined by
(), we have that both curves &, o 0 and &, o o are f®-gradient. Thus from
uniqueness of future ([[LH]), we get &, © 0 = &, o 0 and therefore &, = &, a
contradiction. O

11.7 Radial curves

If one ignore parametrization, the radial curves trying to escape from given point
p using greedy algorithm; they are always go in the direction which increase the
distance to p with the maximal rate. But, what is more important, is the special
parametrization of these curves, which make them to behave as geodesic in a
natural comparison sense.

First let us define s-radial curves; these curves work best in spaces with
curvature > s, but we define them for arbitrary lower curvature bound.

11.7.1. Definition. Assume L € Alex[k,»], c € R, p € L. A curve o :
[Smin, Smax) — L is called »-radial curve with respect to p if Smin = |[PO(Smin)| €
(0, %=), and it satisfies the following differential equation

O_+ (S) — tg%|p0—(5)|

ta.s - Vo(s) disty, . (rad),,

for any s € [Smin, Smax), here tg, x = %
If x = 0(Smin), we say that o is initiated in x.

Note that according to definition spax < %=. Note also that any geodesic
Y[ps] satisfies equation (rad),, for any » € R (if |pz| < %=). Here is a more
precise statement:

11.7.2. Proposition. Let L € Alex[k,o] and 0 : [Smin, Smax) — L be a s-radial
curve with respect to p then for any s € [Smin, Smax), we have |po(s)] < s.

Moreover, if for some so we have |[po(so)| = so then the restriction ol . s
is a minimizing geodesic which contained in a minimizing geodesic [p 0(so)].

Proof. Follows directly from the definition. [l
11.7.3. Existence and uniqueness. Let L € Alex[k,»|, » € R, p,z € L and

Smin = |px| < =, Then there is unique x-radial curve o : [Smin, 5=) — L with
respect to p which starts at x.



CHAPTER 11. GRADIENT FLOW 93

Proof. Let us define one parameter family of smooth real functions x : [0, 5=) —
R t
X« (t) = /thzf dt.
0
Clearly x is increasing. Thus???, the composition f = xodist, : Ball(%<, p) —

R is semiconcave.

Therefore, according to [[T.G.3 there is an f gradient curve « : [0, tmax) — L
which starts at x; i.e. a(0) = z.

Now consider solution of differential equation t(t), T = tg2Z(t) and T(0) =
r (that is also a gradient curve in R for function X : [0,w) — R). Direct
calculations show that composition ccot=! : [r,00) — L forms a k-radial curve
w.r.t. p.

Now assume 071, 02 be two »-radial curves with respect to p which start at
z. Then compositions o; o T both give f-gradient curves, thus cotT = oo T.
Therefore 01(s) = 02(s) once both sides defined. O

The next corollary shows that [pz] can be extended behind z as a minimizing
geodesic then it coinsides with radial curve starting at z w.r.t. p.

11.7.4. Corollary. Let L € Alex[k,»|, 2 € R, p,x € L, |[pz| < %= and
a’ € [pz]. Let o be a radial curve w.r.t. p which is initiated at x' then
Y[pm](s) = 0(5)

at each s € Dom(Yp,)) N Dom(o).

Proof. Follows directly from T2 and O
Here is the main theorem of this section

11.7.5. Radial comparison. Let L € Alex[k,»] and p € L. Assume p :
["min, 5<) — L and 0 : [smin, 5=) — L be two_radial curves w.r.t. p. Then for
any r € [Fmin, 5=) and § € [Smin, =), we hav

Y, . b, p(Tmill)
Ze{lo()o(s)l 5} < Ze(p 20

Wk

2

In particular, for any point ¢ # p and s € [Smin, Z=) we have

Zellgo(s)ls lpal. } < Ze(pe,)

The proof of radial comparison ([[IZZH) is an application of [[ZA plus
trigonometric manipulations. We prove it first the simplest case k = 0 and
then harder case k # 0. The arguments for case k # 0 are nearly the same, but
formulas are different and.

INote that _ _
KK (p P(hnm)) = 4K{|p(7"min)0—(5min) ‘; Tmin, 5min}7

(Smin)

see section ZZl and definition of radial curve ([[IZZ).
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We proof case k = 0 separately since p(r) /
it is easier to follow. In fact we do not re-
ally need it, once the case k # 0 is proved,

the case k = 0 can be obtained by a limit P| R 9 T
procedure. (o)
Proof of case k = 0. Set L

p

R=R(r)=|pp(r)|,
S =8(s) = [pa(s)],

C=1Urs)=lp(r)o(s)l,  @=o(rs) = Lo{l(r,s);r,s}.
The statement follows from the following three inequalities:
+ +
aa;p (Sminvr) g 07 aa—s(p(svrmin) g 0
ot oo
. . <0.
§ 0s T or = 0
Indeed, one can connect (Smin, Tmin) and (so, 7o) (ro, s0)

in [Smin, 00) X [Tmin, 00) by a join of coordinate
line and a segment defined by /s = ro/sp. Ac-
cording to (%)§ and (xx)§, the value of ¢ does
not increase while pair (r, s) moving along this

94

jOiIl. Thus (p(TOaSO) < (p(rmin; Smin). Smin
It remains to show (x)§ and (xx)§. First g
let us rewrite these inequalities in terms of ¢,

Tmin

that will be the inequalities which we will prove

further.
ore - ot .
Bs in) S in; ——(Smin, ) < .
(95 (Sarmm) X COS Ko{rmlny S;f}a 87’ (Smm,r) < COS KO{Smln,T, f}’
+ + _ i
s - % +7- % < s-cosLo{r;s, £} +r-cosLo{s;r, £} = L.
Set
/= bdist2.

Clearly f is 1-concave and
pt(r) =21 VoS and 07 (s) =1 -V f
Thus from T2 we have

oty 1 o(s) 2+ R? - 52
or = _F<vp(r)fan(T)> < o
Since R(r) < r and S(Smin) = Smin, We get
ot C4r?—s2

Z - Y <
or (r, $min) < 20r

= cos Zo{smin;r, (3,
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which is the first inequality in (¥)§. By switching places of p and o we obtain
the second inequality in (¥)§. Further, summing together (C)y with its mirror-

inequality for 66—28, we get

ot 9tt _P+R*-S? 2+82-R?
- < -

"o ey ST a0 ST (E)o
which is (x*)§. O
Proof of case x # 0. Set as before
R=R(r)=[pp(r)|, C=1L(r,s) = |p(r) o(s)]
S =5(s)=|po(s)], ¢ =0o(rs) = ZK{E(T,S);T,S}.

The statement follows from the following three inequalities:

ORR0 Ot

: < . 4 ) <
ar (Smmﬂ") <0, ds (Svrmm) <0 (*)i
+ +
snKs~csKS~aa—S(p+snKr~csKR~aa;p<0 (x%)¢

Indeed, functions s +— sny s-cs¢ S and 7 — sng 7 - cs¢ R are Lipschitz. Thus
there is a solution for differential equation

(r',s") = (sng s-cse S, sner-cse R)

with any initial data. (ro,s0) € [Tmin, 5%) X [Smin, 5<). (Unlike case k = 0 the
solution can not be written explicitly.)

Since sng s - cse S, sner - csg R > 0, this solution (r(t), s(t)) must meet
one of coordinate rays {rmin} X [Smin; %) OF [Tmin, =) X {Smin}. Le., one can
connect pair (Smin, "min) t0 (S0,70) by a join of coordinate line and the solution
(r(t),s(t)). According to (%) and (x*)?, the value of ¢ does not increase while
pair (r, s) moving along this join. Thus @(r9, $0) < @(Tmin, Smin)-

As before we rewrite the inequalities ()¢ and (**)? in terms of ¢:

a+g( ) < cos £ { ’} 3+g( ) < cos £ { ’} (%)§

— S, Tmin) X Tmin; S, sy o (Smin,T) X Smin; Ty )

Os K or < *
ote oty

snKs-csKS-E—i—snKr-csKR-Wg (**)g[

< sng s-cs¢ S - cos ZK{T;S,E} +sner-cse R- COSZK{S;T, ’}

Further, set
f = —Lcsc(disty) = md(dist,) — L. (A) 1

Clearly f” + kf <0 and

pt(r) ! VoS and ot (s) ! Vo fo (B)x

- tger - cse R - tges - cse S .
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Thus from [[T2ZA we have

ote 1 o(s)
=V <
or thr-csKR< p(T)f’Tp(T)>
1 csg S —csc Rese l
= tger - cse R K-sng/? - )+
—E::g —cse

T oKk-tger-sngl

Note that for all k # 0, the function = +— is increasing. Thus, since

K:CSx T

R(r) <7 and S(Smin) = Smin, We get
aJ’,E CSk Smin —cs [
2 (r, Smin) < _Cskr TR T
or K- tger - snel

CSk Smin — CSc L CSe T B (D)4
K-Sne7r-sngf

= 08 £ { Smin; 7, £},
which is the first inequality in (¥)% for k # 0. By switching places of p and o
we obtain the second inequality in (*)%. Further, summing together (C)+ with

. . . . 6+€
its mirror-inequality for %=, we get
ote ote
Sngr-csk R+ —— +sngs-cseg S — <
or Js
<CSKS~csKr—csK€-CSKR-CSKr+CSKR-CSKS—CSKK-CSKS~CSK5_
= K-sngl K-sngf (E)+
cSc S8 —csel-cser ST —CSc f - CSk 8
=sn.r-csg R — £ L Snes-cse S —= K kS _
K-Sng T -sngf K-Shg S -sngl

= sngr-csg R-cos ZK{T; $,0} +sngcs-cse S - cos ZK{S; r, 0}
which is (+%)%. g

Remark. If k > 0 then k-radial curves are the only curves which can be defined
using equation

ot (s) = X(s, [po(s)]) - Vo) disty
and satisfy radial comparison [.7ZH (see exercise [d). In case k < 0, there are

different ways to define such curves. In particular one can take curves defined
by simpler equation

1

Sny S

ot (s) = - Vo(s) (md o disty).

Among all curves of that type, the k-radial curves defined in [T7Z1l maximize
the value |p o(s)].

11.8 Gradient exponent

The following theorem follows easily from radial comparison ((IZH).
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11.8.1. Gradient exponent. Let L € Alex[k,»]|, p € L and

;| 000) i k<0
“l0,Z] if k>0

Then there is a short ma]E

gexp,, = gexp,,. : Xp Xsn, I« — L

such that for any q € m(’ﬂ; ,p) then gexp,((T1, |pql)) = g

Proof. Given & € X, concider a sequence of points x,, € L so that 1" — & €

¥,. Let v, = [pz,| and o0y, : [, B=) — L be the radial curve w.r.t. p initiated

at z,,. Directly from radial comparison ([[LZH), we have that oy, : [r,, B*) — L
converge to a curve 0g : (0, 5=) — L and this limit is independent from the
choice of the sequence z,,. The domain of oz can be extended continuously by

0£(0) = p and if k > 0 to o¢(%5<). Thus we can think that o¢ is defined on I,.

If ¢ € Ball(%=,p) and & = 1} then taking z,, € [pq] it follows that o¢ (|pg|) =

q.

Thus we can define a map gexp,((&,t)) = 0g(t). According to [LTH the
map gexp,, : Xy Xsn, [« — L is short map and from above for any ¢ € Ball(%<, p)
then gexp, (17, [pgl)) = ¢. O

2In most of the cases k will be lower bound for curvature of L, thus we can omit this in
the notation



