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1. Introduction. By Hadamard's Theorem every simply connected Riemannian

manifold with non positive curvature is diffeormorphic to R™. In view of the
many pinching theorems of qualitative Riemannian geometry one might expect a
similar theorem to hold if small amounts of positive curvature are permitted, e.g.
if the upper bound of the sectional curvature is positive but small as compared
to the maximal rank radius of the exponential map. Without additional
assumptions this is not possible. In fact, Gromov points out in [3] that almost
negatively curved meirics exist on the 3-sphere in the following sense.

Theorem. For all ¢ > 0 there exists a Riemannian metric on S3with diameter d
and upper sectional curvature bound K satisfying Kd? s g,

It follows among others that for a given point pe S3 the exponential map expp:
TpS3 — S$3 has maximal rank within a ball in TpS3 whose radius is much larger
than the diameter of S3. We may therefore lift the interior of the cut locus of p
from S3to TpS3 via expp-1 and obtain a tesselation of the bail with fundamental
domains very much the same way as Hadamard manifolds are tesselated with
fundamental domains of compact quotients.

Gromov's example has been generalized to all compact 3-manifolds by Bavard. [1]
He uses open books which yield, in addition, control of the volume. In (2] Gao and
Yau used a cutting and pasting technique similar to the one we are going to
explain below, to prove that S* admits metrics with strictly negative Ricci
curvature. Both papers are quite technical. The aim of this note is to give a
simplified version of Gromov's original construction. Although we obtain no new
results we hope that the note makes this interesting example more accessible.

2. Surgery in dimension 2. Let us first explain the idea in dimension 2
although we know in advance that it cannot work. The idea is to use surgery




Fig. 1

From $2 cut out two arbitrarily small discs which are at some distance :

‘curvature to adapt this metric. smoothly to the standard metric outsid
‘small annular regxon of the hole, but it is possible and we can do it such:that
curvature remains bounded above by 1. Now identify the two boundari
are assumed to have the same length). This reduces the diameter. Unfo DAl
it produces a handle. : '

Of course we know that in dlmenslou two we cannot reduce the dlameter
the upper curvature bound and not change the topology: If K is:
curvature bound and d the dlameter thcn we have ' S

Every meanman memc on 82 satisfies Kd?2 2 x2

In fact if Kd2< xZ on some mamfold M, then for peM expp: TpM — M _
diffeomorphism in a ball of radivs- greater than the diameter of M. We::fir
therefore a fundamental domain for expp, i.e. a simply connected compact. doi

whose boundary o is mapped onto the cut locus of M and whose: connec
interior is mapped onto the interior of the cut locus. Since. expp is & 16
diffeomorphism, expp:d — M is an immersion. But if M = 82 there is a_topolog
obstruction: 0 is an S!, and any smoothly immersed image of S!in 82 d1' ;
its complement. Hence we cannot have Kd? < z2 on S2.

In contrast to thls we have no such obsu'uctlon in dnnensnon 3,

3. Surgery in dimension 3. Let v: 81 = 83 and 'n : 81 52 x S1 be ci
geodesics of length
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L=4y)= in)

with respect to some given Riemannian metrics, and let y; be homotopic to the S!-
factor of S2 x S!. Assume that for small r > O the tubular neighbourhoods

731' = {p 13 SSI dist(p”y) < 3r}
and
Yl3r = {p [ 82){31 I dlSt(P,Tl) < Sr}

are isometric to the flat tube
B3rxR/[t—>t+L]

where B3T is the open disc of radius 3r in R2and the metric is the product metric.
In Fermi coordinates p = p(p,6,t), the metric tensors are

ds2 = dp? + p2de2 + de2.

(0 < p < 3r is the radial distance, 0 is the angle coordinate and t is fromR /{t — t +
L])

The point is that the interior of ¥," is diffeomorphic to the exterior. (This is true
because v) is homotopic to the Si-factor of $2xS! and the interior of a disc in S? is
diffeomorphic to the exterior)., Thus if we remove y from S3 and replace it by the
exterior of Y,"the topology does not change . We shall see that using the exterior
of 7;' will permit short cuts. But let us first see how to control smoothness and
curvature. For r<p<3r we replace the factor pZ of the metric tensor by a factor
¢2(p) where ¢(p) is a smooth convex function satisfying ¢(p) = 2.5 r for 2rep<2.4r,
and ¢(p) = p for 2.6rsp<3r. In y3r-yr we have non positive curvature. y2r-y' and
’lef-qfll' are isometric to the Riemannian product {0,r] X T where T is a flat torus,

Hence we can glue together S3-4r and S2x81-7Y,' along their boundaries Ty resp.
Ty, (which are both isometric to T ) using an arbitrary identifying isometry Ty -
Ty,. The metric remains smooth in this pasting. By abuse of notation we shall
write Ty = Ty, on the new manifold.

4. Short cuts. Short cuts may occur as follows. Let p,q € S3 -y be near Ty.
Connect p, q with nearby points p', q'e Ty = Ty;. Assume that in 82:-{81-1:'r points
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p' and q' have a short conmecting curve. The three curves together then vyield a
connection from p to q which may be much shorter than the original distance of p
and q in S3,

Fig. 2a Fig. 2b

Now let us produce such short cuts. Let ¢ > 0 be arbitrarily small. Choose S2 to be a
rotational ellipsoid with curvature almost equal to 1 so that S2 contains a closed
geodesic y, satisfying ¥,& = S2. i.e every point of 52 lies within distance € from v;.
Geodesic y, consists of a number of segments, say m, of length approximately
equal to 2n whose endpoints are within a distance < & from the north pole of S2.
Parametrize vy, in the form t« 7y,(t), O<t<1l with y,(0) = y2(1). Then take
S1 =R/[y—» vy +¢€¢] and introduce the Riemannian product structure on the
product S2xS! of the ellipsoid and the small circle. The curve

t— v;(0) = (72(t),et), O<t=l

is a simple closed geodesic on S2xS! which is homotopic to the S! factor and
satisfies ¥, = §82xS1, i.e every point of S2xS1lies within a distance € from 7.
Moreover, v; has zero holonomy. By the lemma of section 5 below we can, for
arbitrarily small >0, modify the Riemannian metric in Y,%" without affecting the
radial distances (i.e. the distances from 7¥;) such that the upper curvature bound
does not exceed some universal constant K and such that v;3 is isometric to the
flat tube B3¥x R/ {t+ t+ L], L being the length of v,

Now take S3 with constant curvature such that the great circles have length L (we
start with a big diameter to produce a small diameter). Let vy be a grear circle and

modify the Riemann metric in y% as we did for Y,*. Finally, perform the surgery
of section 3.
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Due to the choice of y2 on the ellipsoid we find points p';,...,p’'n, € Ty = Ty; whose
distances with respect to the metric of S3 are dist(p';,p'i4;) = L/m, (i=l,...m-1) but
such that in S2x§81-Y," they all lie within distance < ¢ from the north pole of S2.
This is the situation of fig. 2b and we have produced short cuts, so far for the
points p'y,....p'n € Ty. Choosing the identifying isometry Ty — Ty, properly (cf
section 3), we may prescribe p', € Ty arbitrarily.

To reduce the diameter of S3 fix some “north pole” N € S3 and distribute a finite
set ® of points on S* such that balls of radius ¢ around these points cover S3 For
any p € R there exists a point P € S3 whose distance from p and from N is an
integer multiple of L/m. We obtain a short cut from p to N as follows. Take great
circles ¥, n such that y " n =0 with ¥ e-close to p and P but p, P ¢ v and with n ¢-
close to P,N and P,N ¢ 7. This is easy to do in S3. Then take positive r< € so small
that ¥ A n4! = g and p,PN & ¥4 U n¥. With the above surgery we find P'y, P\ € -
Ty and P"), P", € Tn whose respective distances from p, P, resp. P,N are < € with
short cuts from P'; to Py and from P"; to P"; The two surgeries together yield a
short cut from p via P to N (fig.3).

Fig. 3

Finally, we produce these short cuts for all p in the finite set R simultaneously,
using pairwise disjoint great circles and sufficiently small r. On the new manifold,
every point which comes from S$3 has distance < 8¢ from N, and every point which
comes from one of the glued-in S2xS1-7," has distance < ¢ from some point of S3.
Hence, the diameter is now < 18¢, the upper curvature bound is the universal
constant K of the lemma below and the topology is still that of S3.

§. The flattening of tubes.It remains to prove the following technical
lemma.
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Lemma. Let ybe a simple closed geodesic on a Riemannian manifold (Mr.g) and

let 1>0 be arbitrarily small. There exists a new metric gon M with the following
properties

(i) wvis again a geodesic and length and holonomy have not changed.
(ii) The distances to vy are the same under this new metric.

(iiil) g=gin M - v

(iv) 3 is isometric to the Riemannian product B3t x 7.

(v) In ¥y - 437 the upper bound of the absolute curvature has increased at most
by a factor K where K depends only on the dimension.

Proof. Let t =»V(1),...,.Vy(t), with V() = ¥(t) be parallel orthonormal vector fields
along the unit speed geodesic y and define

O(X1,e00Xn) = €XPy(x ) X1V 1(Xn) + oe + Xn1Va1(2n))

for x2)4...+x2,.1< 41, 0< xp=L = 2(y). If r is sufficiently small we may use ¢-! as a
coordinate map for 3T, The components of g then are

3 )
gij = g(d¢(gi'). d¢(5;j-)), ij=1,..0

d
Now consider a unit vector X at (0,...,0,xp) € RN: perpendicular to P The curve
n
p = c(p)=9(pX)
is a geodesic with ¢(0) 1 ¥(x,). The vectorfields
Y;:=d i i=1 1; Yp:=4d 2
1= ¢px (pé,x_l)’ 1= L..,0-1; n-= ¢px axn

are Jacobi fields along ¢ with the initial conditions

d
Yi(0) =0, Yi(0) = ‘a, i=1,..,n-1



&4

Yn(0) = 2

axn * Y n(O) = 0

(' is the covariant derivative). From the Jacobi equation Yy" + R(Yy,&)¢=0, k=1,...,n,
where R is the curvature tensor, we find the Taylor series expansion

1
Yi = pA; —Ep’-” B+ ..

1
Yn=An 'EPZ By+ ..
where Ay, By are parallel vectorfields along c, satisfying

Ax(0) = Vy, By(0) = R(V, X)X, k=1,.n

Looking at g(Y;,Y;j) we find

b 2g;i

5 810 =0, la—Pz‘(O) | < 21RN
independently of X. Since g;(0,...,0,xn) = &;; we find

gij = 8;j + hij

where

d
. 2 2 LA
|h,1| < xp? + o(p?), | e hij | < 4nxp+ 0(p?)

a2
‘mhij IS 4x + p),

i,j.k,f = 1,..n, where x is a positive upper bound of the norm IR of the curvature

tensor along vy To define ¥ we use a monotone smooth function ¢: [0,4] — [0,1]
such that ¢(t) = 0 for 0< <3, @(f) = 1 for 3.551<4, ¢' < 10, |¢"| < 100 and define

Zi; = 855 + hy o(p/r).

Here we have to assume that r is sufficiently small such that the above o- and O-
terms are negligible.Points (i) - (iv) of the Lemma are clear. For the curvature
bound in (v} we first get from a direct computation



aiil < const xp?, - |5£EB'.'J-I'. < const xp ;

where x is the upper bound of I!RII from above, and const _are vanous- ch'
constants. L

Thus, we ‘have |Ri]k| < const K for the curvature symbols of gin y T!ns
the Lemma. -
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