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T h e s e n o t e s h a v e been prepared for a series of l ec tu res given a t . t h e College o n

Differential G e o m e t r y a t Trieste in t he Fal l of 1989. T h e lec tures cen te r a round To-

ponogov ' s t r i ang l e compar i son theorem, cri t ical p o i n t t h e o r y a n d appl icat ions . I n t h e

shor t a m o u n t of t i m e available not all the aspects c a n b e covered. W e focus on those

app l i ca t i ons which s e e m t o b e mos t i m p o r t a n t a n d a t t h e s a m e t i m e m o s t su i t ab le

for a n expos i t ion . S o m e basic knowledge in g e o m e t r y wil l b e assumed . I t has b e e n

prov ided b y K . Grove i n t h e first series of these l e c t u r e s . Never the less we t r y to keep

t h e l ec tu re s sel fcontained a n d independent as m u c h as poss ib le . For t h e resul t a b o u t

t h e s u m of B e t t i n u m b e r s in section 3.5 a l e m m a f rom a lgebra ic topology is needed. A

proof for t h i s resu l t h a s been provided in t h e a p p e n d i x .

I a m i n d e b t e d t o U . Abresch for m a n y helpful conversa t ions a n d also for wr i t ing

a n d t y p i n g t h e a p p e n d i x .
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1 R e v i e w o f n o t a t i o n a n d s o m e t o o l s

1 . 1 C o v a r i a n t d e r i v a t i v e s

W e cons ider a comple t e R i e m a n n i a n manifold M w i t h t a n g e n t b u n d l e TM a n d Rie-

m a n n i a n m e t r i c ( , ) a n d cor responding covariant der iva t ive V of Levi C iv i t a , which

is t h e u n i q u e tors ion free connect ion for which ( , ) is para l le l , i .e. for any vec tor fields

X, y , Z o n M we h a v e

[X,Y] (1)

a n d

(2)



T h e last two equations are equivalent to the Levi Civita equation

2{VXY,Z) = X{YiZ)+Y(Z,X)-Z{X,Y)

[ (3)

If M is an arbitrary manifold and / : M —• M a differentiable m a p , / „ : TM —*•

TM denotes the differential of / . V naturally extends to a covariant derivative for

vector fields along / . For any vector field A on M and any vector field Y along / ,

i .e. Y: M —* TM satisfies x o Y = / where IT : TM -+ M denotes the projection, the

covariant derivative VAY is well defined. D u e to the fact that (VAY)P depends only

on Ap and the values of Y in a neighbourhood of the point p, this extension is uniquely

determined by requiring the chain rule Vv(Xf) = Vf.vX for any tangent vector veTM

and any vector field A' on M .

In a similar way the corresponding covariant derivative for tensor fields carries over

to a covariant derivative for tensorfields along a map . As a consequence one obtains

for example the Cartan structural equations for the Levi Civita connection:

- f,[A, B] = 0 (4)

R{f.AJmB)Y = VAVBY - VBVAY - V[A,B]Y, (5)

where R is the curvature tensor of- V , A, B are vector fields on M and Y is a vector

field along the m a p / .

For a curve c: I —> M the parameter vector field on I w i th respect to the parameter

t will be denoted b y | or A , c(t) = cw-^\t is the the tangent vector of c at t . T h e

covariant derivative V o e y for a vector field Y along c is abbreviated b y Y'. A parallel

vector field Y along c is characterized by the linear differential equation Y' = 0 ,

a geodesic curve b y the non-linear second order equation c' = 0 . For consistency

reasons we avoid the often found notat ion V^c resp. V^K for the expressions VD,C

resp. VjD,y w h e n Y is a vector field along c. T h e inconsistency of such notation

becomes apparent w h e n c is a singular curve for example a constant curve and Y a

non-constant vector field along c. If X is a vector field on M, V&X = V D , - Y C (chain

rule) is well defined.

T h e exponential m a p exp : TM —*• M is determined by the initial value problem for

geodesies . If veTpM, then exp(u) = c ( l ) where c is the geodesic wi th initial condition

c(0) = p and c = v. T h e restriction of exp to the tangent space TPM at p is denoted

by e x p p . Not ice that for complete manifolds the exponential m a p is defined on all of

TM by the Hopf-Rinow theorem.



For a funct ion / : M -*• E . a n d a vector field X onM, Xf denotes t he der iva t ive

of / in d i rec t ion X. T h e gradient of / is defined v ia t h e equa t ion

. ( g r a d / , X ) = A 7 (6)

a n d t h e Hess i an H e s s / of / b y

(7)

H e s s / is a self adjoint e n d o m o r p h i s m field, i . e . ( V y g r a d / , y ) = ( V y g r a d / , - Y ) .

I m p o r t a n t funct ions on a R i e m a n n i a n manifold a re d i s t ance functions or local dis-

t a n c e funct ions f rom s o m e po in t in M or f rom a submanifo ld of M. A local d i s t ance

funct ion is a funct ion in a n open subse t U of M considered as a R i e m a n n i a n s u b m a n -

ifold. If p € U C M a n d r(q) = distM(p,q), rv{q) ~ distv(q,p) t h e n rv(q) > r(q).

T\J m a y b e differentiable in po in ts where r fails t o b e differentiable. A typical e x a m p l e

arises as follows: Le t c : [a, j3] —*• M b e a n inject ive geodesic s egmen t w i th in i t ia l p o i n t

p — c(a) a n d w i t h o u t conjugate po in t s . T h e n t h e r e is a ne ighborhood U of c(]a, /5])

w h e r e ru is differentiable. However r is no t differentiable in a n y po in t of t h e c u t locus

of p. For expl ic i t example s look a t geodesies on a cyl inder .

O n t h e set of po in t s where a (local) d i s tance funct ion is differentiable i t satisfies

| Jg rad / J = 1 . T h e g rad ien t lines of any funct ion w i t h th i s p r o p e r t y are geodesies

p a r a m e t r i z e d b y a r c l eng th , since ( V ~ a ( j / g r a d / , X \ = ( H e s s / g r a d / , J C ) =

{ H e s s / X , g r a d / } = ( V j r g r a d / , g r a d / ) = 1 X ( g r a d / , g r a d / ) = 0 for any vec tor field

X o n M a n d h e n c e V _ a ( j r g r a d / = 0 . Therefore t h e level surfaces of such a funct ion

a r e e q u i d i s t a n t . T h e y a r e referred t o a s a family of para l l e l surfaces.

1 . 2 J a c o b i fields

J a c o b i fields J a long a geodesic ar ise n a t u r a l l y as var ia t iona l vec to r fields in one pa -

r a m e t e r families of geodesic l ines a n d are charac te r ized b y t h e l inear second order

differential e q u a t i o n

)c = 0. (8)

If V is a geodesic va r i a t ion of c, i .e. V : I x (—e, e) - > M is differentiable a n d

V ( i , 0 ) = c ( i ) a n d 11-» V(t,s) is a geodesic for all s e ( - e , e ) , t h e n J{t) = V . ^ k o is a

J a c o b i field a long c:



J"(t) = VDtVDtV.D, \t,0 = VDtVD.V.Dt \t,0 + VD,Vm [Da, Dt] \tj0

=0

ItO - VD, V£|, V.Ut \t,0

=0
= -R(VmDs, VmDt)V.Dt \t,o = -R(J, c)c,.

The re fo re t h e J a c o b i e q u a t i o n is t h e l inear iza t ion of t h e geodesic e q u a t i o n a long c.

No t i ce t h a t V can b e w r i t t e n in t h e following way: If p is t h e curve p(s) = V(0, s) a n d

Y t h e v e c t o r field a long p given b y Y(s) = V.Dt |o . , , t h e n V(t,s) = e x p * y ( s ) . T h e

in i t ia l cond i t ions of t h e Jacob i field in t e r m s of p a n d Y a re J ( 0 ) = p ( 0 ) , J ' ( 0 ) = Y'(0).

Y ( 0 ) is t h e in i t i a l v e c t o r of t h e geodesic c . A n y t a n g e n t vec tor u t o TM c an b e w r i t t e n

as t h e t a n g e n t vec to r u = Y\Q of a curve s i-+ Y\a eTM. Y is a vec to r field a long

t h e b a s e cu rve p(s) = ToY\a. If Y a n d V a re defined as above , we find e x p . u =

e x p o Y | o = K..D3 |i.o = ^(1)« Therefore t h e differential of t h e exponen t i a l m a p is

c o m p l e t e l y d e t e r m i n e d b y Jacobi fields.

For e x a m p l e , t h e J a c o b i field w i t h in i t i a l condi t ions J ( 0 ) = 0 , J ' ( 0 ) = tu a long t h e

geodes ic e x p tv is o b t a i n e d from t h e var ia t ion V(t, s) = e x p t(v + sw). He re p(s) is

t h e c o n s t a n t cu rve , Y(s) — v + sw, J(t) = e x p , \tvtw, J{1) = exppm\ow. T h i s shows

t h a t t h e differential of t h e res t r ic t ion exp\TpM is d e t e r m i n e d by Jacob i fields o n M

w i t h t h e s e in i t i a l cond i t ions .

1 . 3 I n t e r p r e t a t i o n o f c u r v a t u r e i n t e r m s o f t h e d i s t a n c e f u n c -

t i o n

Cons ide r t w o geodesies Co, C% e m a n a t i n g from a po in t p in JW, Co(e) = expev, C\(s) =

e x p e i u , v,wzTpM a n d t h e d i s t ance L(e) = dist(co(e),Ci(e)) in a ne ighbo rhood of

zero . T h e n t h e f o u r t h o rde r Taylor fo rmula for L2 is given b y

L2{e) = e2\v - wf - | e 4 ( J2 (v ,w)w,v ) + O ( e 5 ) . (9)

W h e n v ^ w t h i s impl ies for s > 0 :

For l inea r ly i n d e p e n d e n t vectors u , t o satisfying \v\ = \w\ = 1 th i s c an b e r e w r i t t e n

as

L(e) = e | v - to|| ( l - ^ ^ ( ^ , ^ ( 1 + {v,w))e2) + O ( e 4 ) , (11)


