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1. Introduction. By Hadamard's Theorem every simply connected Riemannian
manifold with non positive curvature is diffeormorphic to R n . In view of the
many pinching theorems of qualitative Riemannian geometry one might expect a
similar theorem to hold if small amounts of positive curvature are permitted, e.g.
if the upper bound of the sectional curvature is positive but small as compared
to the maximal rank radius of the exponential map. Without additional
assumptions this is not possible. In fact, Gromov points out in [3] that almost
negatively curved metrics exist on the 3-sphere in the following sense.

Theorem. For all e > 0 there exists a Riemannian metric on S3with diameter d
and upper sectional curvature bound K satisfying Kd2 s e.

It follows among others that for a given point p e S 3 the exponential map expp:
TpS3 -» S3 has maximal rank within a ball in TpS3 whose radius is much larger
than the diameter of S3. We may therefore lift the interior of the cut locus of p
from S3 to TpS3 via expp-1 and obtain a tesselation of the ball with fundamental
domains very much the same way as Hadamard manifolds are tesselated with
fundamental domains of compact quotients.

Gromov's example has been generalized to all compact 3-manifolds by Bavard. [1]
He uses open books which yield, in addition, control of the volume. In [2] Gao and
Yau used a cutting and pasting technique similar to the one we are going to
explain below, to prove that S3 admits metrics with strictly negative Ricci
curvature. Both papers are quite technical. The aim of this note is to give a
simplified version of Gromov's original construction. Although we obtain no new
results we hope that the note makes this interesting example more accessible.

2. Surgery in dimension 2. Let us first explain the idea in dimension 2
although we know in advance that it cannot work. The idea is to use surgery
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which produces many short cuts with the effect, that the diameter shrinks-. .Itiis
easy to do this without affecting the upper curvature bound. '••'-'?,

Fig. 1

From S^ cut out two arbitrarily small discs which are at some distance apart. In
the 2-holed sphere which remains we change the metric near each hole such that
a neighbourhood of the hole becomes a flat cylinder. It takes highly negative
curvature to adapt this metric smoothly to the standard metric outside some
small annular region of the hole, but it is possible and we can do it such that the
curvature remains bounded above by 1. Now identify the two boundaries (they
are assumed to have the same length). This reduces the diameter. Unfortunately
it produces a handle.

Of course we know that in dimension two we cannot reduce the diameter keeping
the upper curvature bound and not change the topology: If K is an upper
curvature bound and d the diameter then we have

Every Riemannian metric on S2 satisfies Kd2 t n2

In fact, if Kd2< n2 on some manifold M, then for pe M, expp: Tp
M -» M is a local

diffeomorphism in a ball of radius greater than the diameter of M. We find
therefore a fundamental domain for expp, i.e. a simply connected compact domain
whose boundary d is mapped onto the cut locus of M and whose connected
interior is mapped onto the interior of the cut locus. Since expp is a local
diffeomorphism, expp: 3 -» M is an immersion. But if M = S2 there is a topological
obstruction: d is an S1, and any smoothly immersed image of S1 in S2 disconnects
its complement. Hence we cannot have Kd2 < n2 on S2.

In contrast to this we have no such obstruction in dimension 3.

3. Surgery in dimension 3. Let y: S1

geodesies of length
S3 and S1 S2 x S1 be closed

A
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with respect to some given Riemannian metrics, and let yi be homotopic to the S1-
factor of S2 x S1. Assume that for small r > 0 the tubular neighbourhoods

y3r = { p € S3 | dist(p.y) < 3r}

and

Yi3r = { p e S 2 xSi I dist(p.Yi) < 3r}

are isometric to the flat tube

B3'xlR/[t.-» t + L ]

where B3 r is the open disc of radius 3r in 1R2 and the metric is the product metric.
In Fermi coordinates p = p(p,8,t), the metric tensors are

ds2 = dp2 + p2d92 + dt2.

(0 < p < 3r is the radial distance, 8 is the angle coordinate and t is from IR / [t i-» t +
L ] )

The point is that the interior of "V is diffeomorphic to the exterior. (This is true
because yi is homotopic to the S1 -factor of S2xS J and the interior of a disc in S2 is
diffeomorphic to the exterior). Thus if we remove y from S3 and replace it by the
exterior of Yjr the topology does not change . We shall see that using the exterior
of Yjr will permit short cuts. But let us first see how to control smoothness and
curvature. For r<p<3r we replace the factor p2 of the metric tensor by a factor
<|>2(p) where <)>(p) is a smooth convex function satisfying <>(p) = 2.5 r for 2r<p<2.4r,
and <Kp) = P f° r 2.6r<p<3r. In y3r-yf we have non positive curvature. y2r-yr and
Y!2r-yr are isometric to the Riemannian product [0,r] x T where T is a flat torus.

Hence we can glue together S3 -y r and S2xS1-Y1
r along their boundaries Ty resp.

Tyj (which are both isometric to T ) using an arbitrary identifying isometry Ty -•
Tyj. The metric remains smooth in this pasting. By abuse of notation we shall
write Ty = Tyj on the new manifold.

4. Short cuts. Short cuts may occur as follows. Let p,q E S3 - yr be near Ty.
Connect p, q with nearby points p', q 'e Ty = Tyi. Assume that in S2xS1-y r points


