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1. Introduction. By Hadamard's Theorem every simply connected Riemannian

manifold with non positive curvature is diffeormorphic to R™. In view of the
many pinching theorems of qualitative Riemannian geometry one might expect a
similar theorem to hold if small amounts of positive curvature are permitted, e.g.
if the upper bound of the sectional curvature is positive but small as compared
to the maximal rank radius of the exponential map. Without additional
assumptions this is not possible. In fact, Gromov points out in [3] that almost
negatively curved meirics exist on the 3-sphere in the following sense.

Theorem. For all ¢ > 0 there exists a Riemannian metric on S3with diameter d
and upper sectional curvature bound K satisfying Kd? s g,

It follows among others that for a given point pe S3 the exponential map expp:
TpS3 — S$3 has maximal rank within a ball in TpS3 whose radius is much larger
than the diameter of S3. We may therefore lift the interior of the cut locus of p
from S3to TpS3 via expp-1 and obtain a tesselation of the bail with fundamental
domains very much the same way as Hadamard manifolds are tesselated with
fundamental domains of compact quotients.

Gromov's example has been generalized to all compact 3-manifolds by Bavard. [1]
He uses open books which yield, in addition, control of the volume. In (2] Gao and
Yau used a cutting and pasting technique similar to the one we are going to
explain below, to prove that S* admits metrics with strictly negative Ricci
curvature. Both papers are quite technical. The aim of this note is to give a
simplified version of Gromov's original construction. Although we obtain no new
results we hope that the note makes this interesting example more accessible.

2. Surgery in dimension 2. Let us first explain the idea in dimension 2
although we know in advance that it cannot work. The idea is to use surgery




Fig. 1

From $2 cut out two arbitrarily small discs which are at some distance :

‘curvature to adapt this metric. smoothly to the standard metric outsid
‘small annular regxon of the hole, but it is possible and we can do it such:that
curvature remains bounded above by 1. Now identify the two boundari
are assumed to have the same length). This reduces the diameter. Unfo DAl
it produces a handle. : '

Of course we know that in dlmenslou two we cannot reduce the dlameter
the upper curvature bound and not change the topology: If K is:
curvature bound and d the dlameter thcn we have ' S

Every meanman memc on 82 satisfies Kd?2 2 x2

In fact if Kd2< xZ on some mamfold M, then for peM expp: TpM — M _
diffeomorphism in a ball of radivs- greater than the diameter of M. We::fir
therefore a fundamental domain for expp, i.e. a simply connected compact. doi

whose boundary o is mapped onto the cut locus of M and whose: connec
interior is mapped onto the interior of the cut locus. Since. expp is & 16
diffeomorphism, expp:d — M is an immersion. But if M = 82 there is a_topolog
obstruction: 0 is an S!, and any smoothly immersed image of S!in 82 d1' ;
its complement. Hence we cannot have Kd? < z2 on S2.

In contrast to thls we have no such obsu'uctlon in dnnensnon 3,

3. Surgery in dimension 3. Let v: 81 = 83 and 'n : 81 52 x S1 be ci
geodesics of length






