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embedded inits L7 (X) function space by the canonical map x — d(x, -).
The isometry property is nothing but a triangle incquahty. Here L 7(X) is
understood to be endowed with the sup norm.

To extend the finite-dimensional prootf. we remark that the second step
follows from the first one as soon as the integral formula is valid. This point
is ensured if one defines notions of A-dimensional volumes in L ° carefully
cnough; the equality in the formula will onlyv be replaced by a *>". which 1s
good cnough tor us. The third step will apply with no modification.

The key ditficulty is the isoperimetric inequality for the first step. We
can only refer the reader to [4] (see §4 therein).

Remark  When one looks at the notion used for A-dimensional volumes
in L. one finds that everything will work 1f the Riemannian manifold (.X.
g) is replaced by a Finsler one. i.e. g nceds only to be the assignation to
every tangent space X, to X of some normed space structure g, . depending
smoothly on x. We note. in passing, that Gromov's work defines volumes
for Finsler manifolds. And there is nothing to change in the statement of
the theorem above.

6. IN CONCLUSION: BACK TO Q2 AND Q3

Concerning Q2

Remember that 2(X) is known only for RP° and 77, In case X is of

dimension 2. define X(y) to be the orientable compact surface of genus y.
Using conformal representation Accola and Blatter. independently,
proved in 1960 that 2(X(y)) > F(y) tor a function F which gocs to zcro
when the genus y goes to infinity (see [1] and [3]). In 1981 Hebda [5]
proved that X(X(y)) > 12 for any genus v his proof is clementary
geometry. This is the only case I know of where complex function theory
gives poorer results than elementary means.
In [4]. Gromov also solves the question Q2 for every dimension:

Theorem (Gromov [4]. p. 110)  For every n, every k and every compact
manifold X of ditnension n which is such that its universal covering is
contractible, then E(l\’)exp(t'(fz)v/ﬁgiz‘m)) > b (X). where the
constant ¢(n) depends only on n and where by denotes the kth Beni
number over any field.

Concerning Q3

There are results on Q3 only for n = 2 in [4] (sec §6) one finds the
tollowing:

3] In Conclusion: Back to Q2 and Q3

Theorem On every compact two-dimensional inanifold there always
exist some extremal generalized Rieinannian metric.

We refer the reader (o [4] for precisions on this notion of Riemannian
metrics “with singularities”. For example a rcasonable conjecture is the
following: on the surface X(2) an extremal metric is a flat one with four
singular points with total angle cqual to 3a. Such a Ricmannian
generalized space can be obtained by identitying three flat cylinders afong
the 12 halves of the six circles which make up their boundaries.
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This situation contrasts vividly with the standard one where the nicest
Riemannian metric on surfaces on any genus are those of constant
curvature. And their set makes up the moduli space. In our case an
argument of Kuiper. which goes back to the 1960s, shows that a mctric of
constant negative curvature can never be extremal for a man interested in
the systole. Just make some small modification near to a periodic geodesic
realizing the systole; the second variation shows that ncarby curves are
strictly of greater length, thus one can make the arca smaller and leave the
systole unchanged. As an exercisc the reader is asked to show that no flat
Riemannian metric on the Klein bottle K” is cxtremal.
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