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embedded in its L' (X) function space by the canonical map x ----> d(x, '). 
The isometry property is nothing but a triangle inequ,tlity. I Icre L '(X) is 
understood to be endowed with the sup norm. 

To extend the finite-dimensional proof. we remark that the second step 
follows from the first one as soon as the integral formula is valid. This point 
is ensured if one defines notions of k-dimensional volumes in L' carefullv 
enough; the equality in the formula will only be replaced by a ,>'. which is 
good enough for LIS. The third step will apply with no modification. 

The key difficulty is the isopcrimetric inequality for the first step. We 
can only refer the reader to I~] (see ~~ therein). 

Rcmark When one looks at the notion used for k-dimensional volunws 
in LX one finds that everything will work if the Riemannian manifold (X. 

g) is replaced by a Finsler one, i.e. g needs only to be the assignation to 
every tangent space X\ to X of some normed space structure g \' depending 
smoothly on x. We note, in passing, that Gromov's work ddines volumes 
for Finslcr manifolds. And there is nothing to change in the statement of 
the theorem 'Ibove. 

6. I~ CONCLUSlO~: BACK TO Q2 AND Q3 

Concerning Q2 

Remember that 1'(X) is known only for lRpc and r c. In case X is of 
dimension 2. define X( y) to be the orientahlc compact surface of genus y. 
Using conformal representation Accola and Blatter. independently. 
proved in 1l)60 that 2..'(X( y)) > F( y) for a function F which goes to zero 
when the genus y goes to infinity (sec [I] and [31). In Il)Kl Hebda [.'i] 
proved that 2(X(y)) > 1/2 for any genus I': his proof is elementary 
geometry. This is the only case I know of where complex function theory 
gives poorer results than elementarv means. 

In [~I. Gromov also solves the question 02 for every dimension: 

Theorem (Gromov I~l. p. 110) For ('U'I) II, (,I'CIT k alld CI'CIT COl/llJaCl 

1//!IlIifold X 0/ dill/cllsioll II wllieh is sllell (1/(/( irs 1I11ircnal e()\'erillg is 

coll(racrihlc, IhclI 2..'(X)exp(c(II)Vlog(l'(X))) > !JdX). lI'h('re lhc 

cOlls(a/1( ('(11) defic/1ds 0/1/1' Oil /1 a/1d wherc hI.. dC/101eS lhc kth Hefli 

Illlm!Jcr Ol'er am' ficld. 

Concerning Q3 

There are results on 03 only for /1 J. in I~J (sec ~h) one finds the 
following: 

3] In Conclusion: Hack to Q2 and Q3 

Theorem Oil cl'crv COIfllwC! (l\'o-dimclIsiollal IlIallifc)ld 11/('1'(' a/~\'al's 

cxis( 1'01/1(' cx(rl'll/al gClIl'ra/i::cd Ricl//!IlIlIiall I/{('lric. 

We refer the reader to [~l for precisions on this notion of Riemannian 
metrics 'with singularities'. For example a reasonable conjecture is the 
following: on the surface X(2) an extrem,tl metric is a flat one with four 
singular points with total angle equ,tl to 3~'T. Such a Riemannian 
generalized space can be obtained by identifying three flat cylinders along 
the 12 halves of the six circles which make up their boundaries. 
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This situation contrasts vividly with the standard one where the nicest 
Riemannian metric on surfaces on any genus are those of constant 
curvature. And their set makes up the moduli space. In our case an 
argument of Kuiper, which goes back to the 1960s, shows that a metric of 
constant negative curvature can never be extremal for a man interested in 
the systole. Just make some small modification ncar to a periodic geodesic 
realizing the systole; the second variation shows that nearby curves are 
strictly of greater length, thus one can make the area smaller and leave the 
systole unchanged. As an exercise the reader is asked to show that no flat 
Riemannian metric on the Klein bottle K2 is extremal. 
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Laplacian comparison theorem and its applications 
after A. Kasue 

Takushiro Ochiai 
Centre de Mathematiqlles, Ecole Poly technique, Palaiseau, France 

I shall report here some of the results obtained recently by my student A. 
Kasue. 

Let (M, g) be a Riemannian manifold and IV a closed submanifold of M. 
For x E:: M, write p(x) for the distance between x and N. Kasue has 
observed that in principle we have the inequality of the form 

f..p ~ F(p) 

on M as a distribution. where F E:: C£(R) is determined by the Ricci 
curvatures of M and the second fundamental forms of N. Then he has 
found very interesting applications of this inequality in different kinds of 
problems in the geometry of (M, g) [4-6J. In this paper, restricting 
ourselves to the case when (M, g) is compact and N is the boundary of M. 
we shall explain the essence of Kasue's results. 

I. 

Let (M. g) be an m-dimensional compact connected Riemannian manifold 
with non-empty smooth boundary 
aM. We write p(x) for the distance between the point x E:: M and the 

boundary aM, We put l(M) = sup{p(x); x E:: M} and call it the inner radius 
of (M, g). A geodesic y: [0, a) ~ M is called a p-minimizing geodesic if 

(1) yeO) E:: aM, y((O, aD E:: M - aM, 

(2) g(y(t), y(t» = I, (0 ~ t ~. a). 

(3) p(y(t» = t (0 ~ t ~ a). 

For any x E:: M - aM, there exists at least one p-minimizing geodesic y: [0, 
a] -~ M such that y(a) = x. The Riemannian manifold (M, g) is said to be of 
type (R, 1\) if the following two conditions arc satisfied: 


