1 Metric spaces

We start with minimalistic introduction to metric geometry. A more compre-
hencive introduction is given in the book of Burago-Burago-Ivanov [2].

1.1. Definition. A metric space is a pair (X,dist) where X is a set and dist
s a function
dist: X x X — [0, 0)

such that

a) dist(z,y) =0 if and only if x = y;

b) dist(z,y) = dist(y, x) for any x,y € X;

¢) dist(z, z) < dist(x,y) + dist(y, z) for any x,y,z € X.

The function dist: X x X — [0, 00) is called a metric, the value dist(x,y) > 0
is called the distance from x to y and the set X is called underlying set of the
metric space.

Examples:
¢ Discrete metric. For any set X, the discrete metric on X is defined by
1 if =z
dist(z,y) = . 7Y
0 if z=y

<o Euclidean space. The set is formed by arrays of n real numbers
x = (r1,22,...,2,) €ER"
and the distance function defined as
dist(z, y) == |2 — yl,

where

def

||

\/J;f—l—xg—k-”—kx%.

1.2. Exercise. Show that Fuclidean space is a metric space.
¢ Manhattan metric on the plane. The set is formed by all pairs =
= (z1,72) € R? and the metric is defined as
dlSt(CC,y) g |.’1} - y|7
where
de
| = |21] + [aa].

o Space of functions with sup-norm. Given a set X, consider the set Fx of
all bounded functions f: X — R with the metric defined as

dlSt(f?.g) = ‘f_g|7

where
de,
|| =£ sup | f(x)].
rzeX



© Subspaces. Given an arbitrary subset A C X of a metric space (X, dist),
one can give A the metric defined by restriction of dist to Ax A C X x X.
In this situation, A is called subspace of (X, dist).

Notation for distance

The distance dist(x, y) between = and y in a metric space X will be further also
denoted as

|z —y| = |z — y|x = dist, y = dist, « = dist(z, y).

We will write |z —y|x to emphasize that the points  and y belong to the metric
space X and the notation dist, is used when we need to consider the distance
to the point x as a function dist,: X — R.

It should be noted that the expression x — y for two points in a metric space
makes no sense and |z — y| should be read as distance from x to y.

Isometries

1.3. Definition. Let X and Y be metric spaces.
a) A map f: X =Y is called distance preserving if

[f(@) = f@)ly = |z = 2'|x

for any x,2’ € X.

b) A distance preserving bijection f: X — Y is called an isometry.

¢) The spaces X and Y are called isometric (briefly X b Y ) if there is an
isometry f: X — Y. (Note that this defines an equivalence relation on
the class of metric spaces.)

Note that a distance preserving map is necessarily injective. An existence of
distance preserving map X — Y is equivalent to existence of subset of Y which
is isometric to X.

Kuratowski embedding

1.4. Exercise. Let X be a metric space and fix an element x € X. Then the
map
Kx: X — .FX

defined by
K, (z) = dist, — dist,

is distance preserving; i.e.

K (y) — Ko (2)] = |y — 2|



for any y,z € X.

The map K, : X — Fx is called the Kuratowski embedding with base x.
If X has bounded diameter, i.e., if there is a constant D < oo, such that
|z —y| < D for any z,y € X, then dist, is bounded for any z € X and the map

K:XH}—X

given by
K(z) = dist,

is also distance preserving. The latter map is also called the Kuratowski embed-
ding.

Calculus in metric spaces

1.5. Definition. Let X be a metric space. A sequence of points x1,Ta,... in
X is called convergent if there is oo € X such that |xoo — 2p| = 0 as n — 0.
That is, for every € > 0, there is a natural number N such that for all n > N,
we have

|z — x| < e.

In this case we say that x, converges to x~, and write
Too = lim x,
n—oo

OT Ty, = Too GS M —> 00.

1.6. Definition. Let X and Y be metric spaces. A map f: X — Y is called
continuous if for any convergent sequence x, — T in X, the sequence y, =
= f(xzn) converges to Yoo = f(oo) in Y.

Equivalently, f: X — Y is continuous if for any x € X and any ¢ > 0 there
is 0 > 0 such that

|z —2'|x <6 = [f(z) = f(&)ly <e.

1.7. Exercise. Prove that the two definitions of continuity given above are
equivalent.

1.8. Definition. A subset A of a metric space X is called closed if whenever

a sequence (x,) of points from A converges in X, we have that lim,,_,, z, € A.
A set Q C X is called open if the complement X \ Q is a closed set. Equiv-

alently,  C X is open if for any z € Q there is € > 0 such that the ball

B.(z)={zeX||lx—z<e}

is contained in €).



1.9. Exercise. Prove the equivalence of the two definitions of an open set
given above.

1.10. Exercise. Give an example of a subset of a metric space that is both
open and closed. Also, give an example of a subset that is neither open nor
closed.

Note that intersection of arbitrary number of closed set is closed. It follows
that for any set ) in a metric space there is minimal closed set which contains
@; this set is called closure of ). The closure of ) can be obtained as the
intersection of all closed sets A D @ in the metric space or by taking the set of
all limit points for all sequences in Q.

Complete spaces

1.11. Definition. Let X be a metric space. A sequence of points x1,xs, T3, . ..
in X is called Cauchy, if for every € > 0, there is an integer N such that

| T — xn| < &,
for any m,n > N.

1.12. Definition. A metric space X is called complete if any Cauchy sequence
i X s convergent.

Examples:
¢ The real line as well as Euclidean space are complete.
¢ The subspace of real line formed by the rational numbers is not complete.

1.13. Exercise. Let X be a complete metric space and A C X, then the
subspace formed by A is complete if and only if A is closed.

Completion

For any metric space X, there is a canonical construction of a complete metric
space X, which contains X. The space X is called the completion of X and it
is constructed as a set of equivalence classes of Cauchy sequences in X.

For any two Cauchy sequences = (z,,) and y = (y,) in X, we may define
their distance as

|l —y| = lim |z, — yn|
n— o0

This limit exists because the real numbers are complete.

This defines only a pseudometric; i.e., it does not satisfy 1.1a — two different
Cauchy sequences may have the distance 0. But “having distance 0” is an
equivalence relation on the set of all Cauchy sequences, and the set of equivalence
classes, which we denote X, is a metric space called the completion of X.



The original space is embedded in this space via the identification of an
element z of X with the equivalence class of the sequence with constant value
x. This defines an distance preserving map X — X, as required.

1.14. Exercise. Verify all claims made about X and prove that the distance
function given is well-defined and is indeed a metric on X.

1.15. Exercise. Show that completion of any metric space is isometric to the
closure of its image under Kuratowski embedding.

Compact metric spaces

1.16. Definition. A metric space X is compact if any sequence of points in
X contains a convergent subsequence.

Properties:

¢ (Heine-Borel theorem.) A subset of Euclidean space is compact if and
only if it is both closed and bounded.

¢ Any closed subset of a compact space is compact.

¢ Any compact subset of a metric space is closed.

o Any compact metric space is complete.

o The Cartesian product of two compact spaces X X Y equipped with the
metric

|(zo,y0) — (z1,91)| =L max{|zo — z1], [yo — y1|}
is compact.

1.17. Definition. A metric space X is called proper if any bounded", closed
set mn X 1s compact.

1.18. Exercise. Prove that if f: X — Y is continuous map between metric
spaces and X is compact, then the image f(X) is a compact subset of Y.

1.19. Exercise. Prove that if f: X — Y is a continuous bijection between
metric spaces and X is compact, then the inverse map f~*:Y — X is contin-
UOUS.

1.20. Exercise. (Extreme Value Theorem) Prove that if X is a compact metric
space, then any continuous function? f : X — R attains a global mazimum value
at some point of X. That is, there exists x € X such that f(y) < f(x) for all
yeX.

LA subset A C X is called bounded if for one (and therefore any) point z there is a constant
D < oo such that |z —a| < D for any a € A.

2Here, it is understood that the metric we are considering on R is the usual Euclidean
metric.



Nets and maximal packing.

1.21. Definition. Let X be a metric space and let € > 0. A subset A is called
an e-net if for any point x € X there is a point a € A such that |x — a| < €.

1.22. Definition. Let X be a metric space and let € > 0. The supremum
of all integers n for which there is an array of points x1,xa,...,x, € X with
|z; —a;| > € for all i # j is denoted as pack, X. (pack, takes integer value or
00.)

If n = pack, X is finite, then an array xi,%2,...,T, € X such that |x; —
— ;| > € for all i # j is called a maximal e-packing.

1.23. Exercise. Any mazimal e-packing is an e-net.

1.24. Exercise. Let {a1,az2,...,a,} be a finite e-net in a metric space X.
Show that pack,.. X < n.

1.25. Theorem. Let X be a complete metric space. Then the following con-
ditions are equivalent:

a) X is compact;

b) pack,. X is finite for any e > 0;

¢) X is totally bounded; i.e., for any € > 0 there is a finite e-net in X.

Proof; (a)=(c). Assume X has no finite e-net. Then for any point array
21,29, ...,2n—1 in X there is a z,, € X such that |z; — z,,| > ¢ for any i < n.

Applying the above statement inductively, we can construct an infinite se-
quence (2,,) in X such that |z; — z;| > € for all i # j. Therefore (z,) has no
convergent subsequence, a contradiction.

(c)&(b). Follows from exercises 1.24 and 1.23.

(c)=(a). Set g, = 2% For each k, let {#1 k,22,%,-- -, 2n, .k} be an ep-net. Note

that for each k, the collection of balls

B (zig)={zeX||r—z|<er}

cover all of X.

To show X is compact, given an infinite sequence x1, 2, ... in X, we must
find a convergent subsequence. We shall apply a diagonal process to choose
a subsequence Z,,Tn,,... with the following property: for each k there is iy
such that ,,,, € Be, (i, x) for allm > k.

For the first step, note that since the finite collection of balls Bal (z;,1) cover
X, there must be an index i; such that B, (2;,1) contains infinitely many
terms of our sequence (z,). Let Fy = B., (2, 1). Choose an integer n; such
that z,, € Fi.

For the second step, since the balls B.,(2;2) cover X, in particular they
cover F. Since Fj contains infinitely many points of our sequence (), there



must be an index i5 such that F; N BEQ(ZZ‘Z’Q) also contains infinitely many of
the z,,. Let Fy = F1 N Be,(2i,2) and choose ny > ny such that z,, € Fb.

Proceeding inductively at the k-th step, we know that the balls B, (2; )
cover X and hence F}_1, which contains infinitely many terms of our sequence
(). So there must exist i so that Fy_; N B., (2, k) also contains infinitely
many of the z,. Let Fy = Fy_1 N Be, (i, k) and choose ny > ni_1 with
Tn, € Fy,.

Note that Fjy1 C Fy, so that for all m > k, z,,,, € Fi C B, (2i, %) as
desired. It follows that (x,, ) is a Cauchy sequence. Since X is complete, (2, )
converges, and we have proven that X is compact. O

Lyrical digression:
Steiner’s 4-joint method

1.26. Theorem. Let F be a plane figure bounded by a curve of length 1 which
has mazximal area. Then F' s a round disc.

Note that if we would know that such F exists, then as a corollary we would
obtain the isoperimetric inequality in the plane:

1.27. Theorem. Any closed simple curve in the plane of length L bounds area
at most ﬁ-Lz. Moreover, in case of equality, the curve is a circle.

The question of existence of F' will be considered later; we
use it as a motivation for considering Hausdorff distance.

We give an argument which was found by Jacob Steiner in
1842.

Proof of Theorem 1.26. Let F' be a maximal such figure. We
shall show that F is a disc. First note that F is convex (i.e.
the straight light segment connecting any two points in F' is also contained in
F); otherwise one could make the perimeter of F smaller and the area larger.

Take any point P in the bounding curve of F (further denoted by JF).
Consider a point P’ € 9F so that both arcs OF of from P to P’ have the same
length (which has to be 1).

Divide F' by the segment [PP’] into two parts F; and
F5. Without loss of generality we can assume that area I} >
area Fy. Let FY be the reflection of Fj in the line (PP’). Set
F'=F UF]|

Note that

area F' = 2. area F} > area Fy + area Fy = area F'

and the perimeter of F’ is the same as perimeter of F'. Hence F’ also has
maximal possible area and area F; = area F5.
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Note that if F' is not a round disc then points P and P’ can
be chosen so that F” is not a round disc. Chose arbitrary point P’
Q@ € OF' and let @ be the reflection of Q in (PP’).

One can think of F’ as quadrilateral PQP’'Q’ with a lune Q
attached at each side. Think about these lunes as being made of rigid material
(say cut it from cardboard) and imagine that at each vertex P, @, P/, Q" we
have a joint; so the quadrilateral PQP’'Q’ can be moved continuously keeping
its sides fixed.

Note that if ZPQP" # % then we can move this construction slightly and
increase the area of the obtained figure.

Hence ZPQP' = % for any Q € OF’. It follows that F’ is a disc; hence F is
also a disc. O

As it was mentioned above, in order to prove isoperimetric inequality (The-
orem 1.27) one only has to show existence of an extremal object (the figure F'
in Theorem 1.26) and then apply Steiner’s argument. One possible approach is
to cook up a compact metric space out of plane figures and show that volume
and perimeter depend continuously (or semicontinuously) on the figure. Then
existence of a maximal F' would follow, as a continuous function on a compact
metric space attains a maximum.

The first step is to define a metric on the set of figures in the plane; this is
done in the next section.

Hausdorff metric

Let X be a metric space. Given a subset A C X, consider the distance function
to A
dist4 : X — [0,00)

defined as
dist 4z =L inf {dist, 2}.
acA

1.28. Definition. Let A and B be two compact subsets of a metric space X .
Then the Hausdorff distance between A and B is defined as

di(A,B) = dx (A, B) =L sup | dist 4  — dist z|.

zeX

The notation d3 (A, B) will be used only in the case we need to emphasise
that A and B are subsets in the metric space X.

1.29. Exercise. Show that dg(A, B) < R if and only if dist4 b < R for any
b€ B and distga < R for any a € A.

1.30. Exercise. Show that the set of all nonempty compact subsets of a metric
space X equipped with the Hausdorff metric forms a metric space.
This new metric space will be denoted as Hx .



HWA 1

1.A. Give an example of a metric space X with a distance preserving map
f:+ X — X which is not a bijection.

1.B. Let K be a compact metric space and f: K — K be a non-contracting
map; i.e.,
[f(@) = fW)lx = |z — ylx

for any z,y € K. Prove that f is an isometry.

1.C. Show that any compact space is isometric to a subset of Fy; i.e., the space
of bounded sequences with the metric induced by sup-norm.

1.D. Consider the set A = {1,2,4,8} C R. Find a 3-point set B in R such that
the Hausdorff distance dg (A, B) is minimal. Describe all such sets.

1.E. Do all the exercises in the lecture notes. Write down the proof of one of
your choice.



2 Hausdorff metric continued

2.1. Blaschke’s theorem. Let X be a metric space. Then the space Hx 1is
compact if and only if X is compact.

2.2. Exercise. Let X be a metric space. Given a subset A C X define its
diameter as
diam A =L sup |a —b|.
a,beA
Show that
diam: Hx — R

18 a continuous function.

Proof of Theorem 2.1; “only if” part. Note that the map ¢: X — Hx, defined as
t: x+— {z} (i.e., point z mapped to the one-point subset {z} of X) is distance
preserving. Thus X is isometric to the subset ¢(X) of Hx.

Note that ¢(X) is closed in X; this follows from Exercise 2.2 since for a
nonempty subset A C X, we have diam A = 0 if and only if A is a one-point
set. Hence ¢(X) is compact, as it is a closed subset of a compact space. So the
“only if” part follows because if two spaces Y and Z are isometric, then Y is
compact if and only if Z is compact. O

To prove “if” part we will need the following two lemmas.

2.3. Lemma. If K,, is a decreasing sequence of nonempty compact sets in a
metric space X (that is Ky,41 C K, ) then Koo =, Ky, is the Hausdorff limit
of Ky; i.e., dy(Koo, Kp,) — 0 as n — co.

Proof. Note that K., is compact and nonempty. If the assertion were false,
then
K \B:(Kw) # &

for all n and some fixed € > 0.3

Choose x,, € K,,\B:(Ks). Since K is compact, there is a partial limit*
of z,,. Clearly distx o = €.

On the other hand, since K, is closed and z,, € K, for m > n, we get
ZToo € Ky, for each n. It follows that ., € Ko and therefore distx__ 2.0 =0, a
contradiction. O

2.4. Exercise. Prove the following statement which was used in the previous
proof: If K, is a decreasing sequence of nonempty compact subsets of a metric

3Here B: (Ko ) denotes e-neighborhood of Koo i.e.,
Be(Koo)={xz € X|distx__ z<e}.

4Partial limit is a limit of a subsequence.
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space, then Ko = (), Ky is nonempty. Give an example that shows that this
statement is false if we replace “compact” with “closed”.

2.5. Exercise. A complete metric space Q is compact if for any € > 0 there is
a compact e-net in Q.

2.6. Lemma. If X is a complete metric space then Hx is complete.

Proof. Let (K,,) be a Cauchy sequence in Hx. Set @, to be closure of Umzn K,,.
Note that @, is a decreasing sequence of nonempty compact sets. Indeed, since
(K,,) is a Cauchy sequence, given € > 0 there is N < oo such that dy (Ky, K;) <
¢ for all ¢ > n. Hence Q. N =L UN>m>n K,, forms an e-net in @,. Clearly
Q@n, N is compact, as it is a finite union of compact sets. Therefore, by applying
Exercise 2.5, we get that @Q,, is compact.

Hence, by Lemma 2.3, @,, converges in the Hausdorff metric to Qoo = (1),, @n-
Hence, for given € > 0, there exists IV such that

(1) B.(Qx) D K,

for all n > N. Since (K,,) is a Cauchy sequence, there exists N’ > N such
that B.(K,) D K,, for all m,n > N’. It follows that B.(K,) D @, for all
m,n > N'; in particular

(2] B.(K,) > Qx

for all n > N'.
The inequalities @ and @ imply that for each ¢ > 0 there is N’ such that
dr(Quo, K,) < e for all n > N'; i.e. Qu is the Hausdorff limit of (K,). O

Proof of Theorem 2.1; “if” part. According to Lemma 2.6, Hx is complete.
So to show that Hx is compact, it only remains to show that Hx is totally
bounded; i.e., given € > 0 there is a finite e-net in Hx.

Choose a finite e-net A in X. Denote by A the set of all subsets of A. Note
that A is finite set in Hx. We shall show that A is an e-net in Hx.

For each compact set K C X, consider the subset K’ of all points a € A
such that distx a < e. Then K’ € A and dy (K, K') < . In other words A is a
finite e-net in Hx. O

Isoperimetric inequality

Let Q be a figure in the plane which is bounded by a closed curve. Note that if )
is not convex then the convexr hull® of Q has bigger area and smaller perimeter.
Therefore it is sufficient to prove the isoperimetric inequality only for convex
figures. In other words, to prove Theorem 1.27, it is sufficient to prove the
following.

5i.e., the minimal convex set which contains the given set

11



2.7. Theorem. Any convex plane figure wth area A is bounded by a curve of
length at least v/4-7-A. Moreover, in case of equality, the figure is a disc.

Note that by Steiner’s argument (1.26), Theorem 2.7 follows from the fol-
lowing.

2.8. Proposition. There is a convex figure F' in the plane, which mazimize
the area among all convex figures with perimeter 1.

2.9. Exercise. Show that any convez figure with perimeter 1 is congruent to
a figure in a given 1 by 1 square.

It follows from that it is sufficient to show existence of F' which maximizes
area among convex figures with perimeter 1 in a given 1 by 1 square, which will
be denoted as 0.

Note that (I is compact. According to Theorem 2.1, H is compact. Let us
denote by C the subset of H formed by all convex sets.

2.10. Exercise. Show that C is a closed subset of Hy.

Since Hp is compact, the above exercise implies that C is also compact.
The area and perimeter define two functions on C.

area: C > R and perim: C — R.

In order to ensure existence of F' it remains to prove the following claim:

2.11. Claim. Both functions
area: C > R and perim: C - R

are continuous.
(In other words, for any Hausdorff converging sequence K,, — K of convex
compact sets in [, we have

area Ko, = lim areaK,, and perim K, = lim perim K,,.)
n— 00 n—0o0

Indeed, since perim: C — R is continuous, we have that the figures in C with
perimeter 1 form a closed set, say C;. Since C is compact, so is C;. Then the
restriction of area: C — R to C; admits a maximal value by Exercise 1.20; hence
Proposition 2.8 follows.

In the proof of Claim 2.11, we will use the following two lemmas.

2.12. Lemma. Let P and Q be two convex compact figures in the plane. Then

P C @ and perim P < perim Q.

Proof. First note that it is sufficient to prove the lemma only for convex polygons
P and @Q. Note that if P is obtained from @ by intersecting @) with a half-plane
then the inequality perim P < perim ) follows from the triangle inequality.

12



Now note that there is an increasing sequence of
polygons

P:P()CPlC"'CPn:Q

such that P;_; is intersection of P; with a half-plane.
Therefore

perim P = perim Py < perim P; < ...

NN

erim P, = perim )

and the lemma follows. O

2.13. Lemma. Let QQ be a compact convex plane figure which contains a disc
of radius R > 0 centered at the origin of the plane. Given € > 0 there is a
convex polygon P C Q such that rescaled polygon

(1+e)P={(1+¢c)zcR’|zecP}
contains Q.

Proof. Fix small § > 0 and consider the set Z all points
(6-m,d0-n) € Q such that m and n are integers. Set P
be the convex hull of Z. Since @ is convex, we have
PCQ.

On the other hand, it is a straightforward calculation
to show that if § < % then

(1+10-2.6)-P>Q,

where D is diameter of Q. I.e., the condition of lemma holds for P for any
sufficiently small § > 0. O

2.14. Exercise. Perform the “straightforward calculation” in the above proof.

Proof of Claim 2.11. Assume K, is nondegenerate; i.e. K, contains a disc,
say Bgr(z). Without loss of generality, we may assume that z is the origin in
R?; so we can apply Lemma 2.13 to K.
Choose small £ > 0 and choose P as in the Lemma 2.13. Note that there is
N such that
(1-2¢)PCK,C(1+2¢)P

for all n > N. It follows that®

area K, S (1+2-¢)® area P < (1+2-¢)* area K.

SHere
as(1+e)b

means two inequalities:
a<(l4e¢)b and a>(1—¢)-b.
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From Lemma 2.12, we get
perim K,, < (14 2-¢)- perim P < (1 4+ 2-¢)?- perim K.
Hence the we get

area K, = lim area K,, and perim K, = lim perim K.
n—oo n— oo

The following exercise finishes the proof. U

2.15. Exercise. Prove that

area K, = lim area K,, and perim K., = lim perim K.
n—oo n—oo
in case K, is degenerate Koo ; i.e., if Ko is either one-point set or a segment.
(If £ is the length of a segment then its perimeter is 2-£.)

Gromov—Hausdorff metric

The goal of this section is to cook up a metric space out of metric spaces. More
precisely, we want to define the so called Gromov—Hausdorff metric on the set
of isometry classes” of compact metric spaces.

Given two metric spaces, the Gromov-Hausdorff distance from the isometry
class of X to the isometry class of Y will be denoted as dg g (X,Y); but we will
often say (not quite correctly) “dgm(X,Y) is the Gromov—Hausdorff distance
from X to Y. (As you will see further, dgy(X,Y) = 0 if and only if X is
isometric to Y.)

Let us describe the idea behind the definition. First, the Gromov—Hausdorff
distance between subspaces in the same metric space has to be no greater than
the Hausdorff distance between them. In other words, if two subspaces of the
same space are close to each other in the sense of Hausdorff distance in the
ambient space, they must be close to each other as abstract metric spaces.
Second, one definitely wants the distance between isometric spaces to be zero.
The Gromov-Hausdorff distance is in fact the maximum distance satisfying
these two requirements.

2.16. Definition. Let X and Y be compact metric spaces. The Gromouv—
Hausdorff distance between them is defined by the following relation. For an
r >0, dau(X,Y) <r if and only if there exist a metric space Z and subspaces
X' and Y’ of it which are isometric to X and Y respectively and such that
dy(X,Y) <r. Here dg denotes the Hausdorff distance between subsets of Z.

In other words, dgy(X,Y) is the infimum of all v > 0 for which the above
Z, X" andY’ exist.

"Being isometric is an equivalence relation on the collection of metric spaces, and an
isometry class is an equivalence class with respect to this equivalence relation.

14



We say that a sequence X, of compact metric spaces converges in the sense
of Gromov—Hausdorff to a compact metric space Xoo if dag(Xn, Xoo) — 0 as
n — oo.

2.17. Theorem. The set of isometry classes of compact metric spaces equipped
with Gromov—Hausdorff metric forms a metric space.
This metric space will be denoted further as M; named for “metric space”.

Before proving this theorem, we will discuss the Gromov—Hausdorff distance.

Definition 2.16 deals with a huge class of metric spaces, namely, all metric
spaces Z that contain subspaces isometric to X and Y. It is possible to reduce
this class to metrics on the disjoint unions of X and Y. More precisely,

2.18. Proposition. The Gromov-Hausdorff distance between two compact
metric spaces X and Y is the infimum of r > 0 such that there exists a metric
|« — |y on the disjoint union W = X UY such that the restrictions of |* — *|w
to X andY coincide with |« — x|x and |x — x|y and dg(X,Y) < r in the space
w.

Proof. Identify X UY with X’ UY’ C Z (the notation is from Definition 2.16).

More formally, fix isometries f: X — X’ and ¢g: Y — Y’, then define the
distance between € X and y € Y by |z — y|lw = |f(z) — g(y)|z + ¢ for small
enough ¢ > 0.8 This yields a metric on W = X UY for which dgy(X,Y) <r. O

8We add ¢ to ensure that d(x,y) > 0 for any € X and y € Y; so |z — y|w is indeed a
metric.
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HWA 2

2.A. Let K be convex compact set in the plane. Given a point x it the plane
consider a point Z € K which minimize the distance |z — Z|. Show that z is
uniquely defined and the map x — Z is distance non-increasing; i.e.,

17— g < |z —yl
for any points z and y in the plane.

2.B. Show that there is a plane figure F' of least area which is capable of covering
any plane figure of unit diameter.
Try to guess what is F'.

2.C. Let X = {x,y, 2z} be a three point subset of Euclidean plane with distances
lz—yl=ly—zl=l|z—z| =1

(i) Find the minimal Hausdorff distance from X to a one-point subset of the
plane.

(ii) Find the Gromov-Hausdorff distance from X to the one-point metric
space.

2.D. Let X and Y be a compact metric spaces which have isometric e-nets.

Show that
dGH(X,Y) < 2-¢.

2.E. Do all the exercises in the lecture notes. Write down the proof of one of
your choice.
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3 Gromov—Hausdorff metric continued

3.1. Exercise. Let P be a one-point metric space. Prove that

diam X

deu(X,P) = 2

for any compact metric space X.

3.2. Exercise. Let X andY be two compact metric spaces. Prove that
|diam X — diamY| < 2-dgu(X,Y).
In other words, diam is a 2-Lipschitz function on M.

3.3. Exercise. Assume X, be a sequence of compact metric spaces which con-
verges to a compact metric space X, in the sense of Gromov—Hausdorff. Show
that for any e > 0

pack, X, > pack, Xoo
for all large enough n. In particular, pack, is a lower semicontinuous function

on M.

A definition with fixed Z

3.4. Proposition. In the Definition 2.16, one can fix the space Z once for all,
by taking Z = Fn°. That is,

dop(X,Y) = infd}(X,Y)

where the infimum is taken over all pairs of distance preserving maps of X and
Y into Fn. Again, here we are identifying X and Y with their images in Fy
under the distance preserving maps, and we are using the Hausdorff distance
between compact subsets of Fy.

Proof. Tt is clear that dgy(X,Y) < infdy'(X,Y).Let W be an arbitrary met-
ric space with the underlying set X /'Y as in the proof of Proposition 2.18.
Note W is compact since it is union of two compact subsets X, Y C W. Ac-
cording to Problem 1.C, W admits a distance preserving map to Z = Fy.
So infd}(X,Y) < d¥(X,Y), and taking the infimum over all such W gives
inf d7;' (X,Y) < dau(X,Y). O

3.5. Exercise. Let X,Y be two compact sets in the Fuclidean plane R%. Show
that X is isometric to Y if and only if there is an isometry v: R? — R? which
sends X toY.

3.6. Exercise. Find two isometric subsets X, Y of Fn such that there is no
isometry v: Fy — Fn which sends X to Y.

Hint: First do the same for two two-point sets in the plane equiped with
Manhattan metric; it is defined on page 1.

9i.e., the space of bounded infinite sequences.
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Gromov—Hausdorff convegence

In order to determine that a given sequence of metric spaces (X,,) converges
in the Gromov—Hausdorff sense to X, it is sufficient to estimate distances
den(Xn, Xo) and check if dgy(X,, Xo) — 0. This problem turns to be
simpler than finding Gromov-Hausdorff distance between a particular pair of
spaces. Propositions 3.7 and 3.14 describe ways to do this.

Via partial order
Given two metric spaces X and Y, we will write X < Y if there is a noncon-
tracting map f: X — Y ie., if

|z —a'|x < |f(2) — f@)ly

for any z,2' € X.
Further, given € > 0, we will write X Y + ¢ if thereisamap f: X - Y
such that

|z —a'|x < |f(z) = f(@)ly +¢

for any z,2' € X.
Define

cu(X,Y)=inf{e| XY +e and Y x X +¢}

It turns out that dj is a different metric on the set of isometry classes of
compact metric spaces; i.e., di gy # dem. However, these two metrics define the
same notion of convergence on M. More precicely:

3.7. Proposition. For any sequence of compact metric spaces (X,,) and a
compact metric space X, we have

as n — 0.

We will not give a proof of this proposition. Likely, we will not use it further
in the lectures, but it might help you to build intuition for Gromov-Hausdorff
convergence. If you want to prove it yourself look in the proof of Theorem 2.17
and try to modify it using ideas from the proof of Problem 1.B.

Via amost isometries

3.8. Definition. Let X and Y be metric spaces and € > 0. A map'® f: X —
— Y is called an e-isometry if f(X) is an e-net in'Y and if*!

|f(x) = f@')ly Sl —a'|x +¢

10p0ssibly noncontinuous
H'We write a § b &£ € for two inequalities: a <a+ecanda >b—¢
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for any x, 2’ € X.

3.9. Exercise. Let f: X =Y and g: Y — Z be two e-isometries. Show that
go f: X — Z is a (3-€)-isometry.

3.10. Exercise. Assume f: X — Y is an e-isometry. Show that there is a
(3-¢)-isometry g: Y — X.

3.11. Exercise. Assume dgp(X,Y) < &, show that there is a (2-€)-isometry
[ X-=>Y.

3.12. Proposition. Let X and Y be metric spaces and let f: X — Y be an
e-isometry. Then dgu(X,Y) < 2-¢.

Proof. First do the following exercise.

3.13. Exercise. Show that the following defines a metric on W = X 1Y
1. For any z,2' € X
| — 2 |w = |v — 2| x;
2. For anyy,y €Y,
ly=ylw=1ly—yly
3 Foranyr e X andy €Y,

= ylw = e+ inf {lo — 2/l +17(") — yly ).

Since f(X) is an e-net in Y, for any y € Y there is € X such that
|f(z) — yly < e; therefore |z — ylw < 2-e. On the other hand for any = € X,
we have |z —y|lw < e for y = f(z) €Y.

It follows that the Hausdorff distance d% (X,Y) between X and Y in W is
at most 2-¢. Therefore

3.14. Proposition. A sequence of compact metric spaces (X,,) converges to
Xoo in the sense of Gromov—Hausdorff if and only if there is a sequence €, — 0T
and an ep-isometry fn: X, = X for each n.

Proof. Follows from Propsition 3.12 and Exercise 3.11 O
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Proof of Theorem 2.17

The conditions in Definition 1.1 can be reformulated the following way.
Let X,Y and Z be arbitrary compact metric spaces. Then we need to check
(i) dGH( Y)>
(i) dan (X Y)= 0 if and only if X is isometric to Y
(iti) den(X,Y) = deu(Y, X);
(w) dep(X,Y)+deu(Y,Z) > deu(X, Z).
Note that (i), (%i) and “if”-part of (i) follow directly from the definition of
Gromov-Hausdorff metric (2.16).

Proof of (iv). Choose arbitrary a,b € R such that
a > dGH(X, Y) and b > dGH(Y, Z)

Choose two metrics on U = X UY and V =Y U Z so that d%(X,Y) < a and
d¥%(Y,Z) < b and the inclusions X — U, Y - U, Y — V and Z — V are
distance preserving.

Consider the metric on W = X U Z so that inclusions X — W and Z — W
are distance preserving and

_ = inf{|lz — - )
|z — z|lw ylgy{lw ylu +ly — zlv}

Note that |*x — x|y is a metric and

d¥(X,Z) < a+b.
The last inequality holds for any a > dgg(X,Y) and b > dgu (Y, Z); hence
(iv). O

Proof of “only if -part of (ii). According to Exercise 3.11, for any sequence of
en — 07 there is a sequence of &,-isometries f,,: X — Y.

Fix a countable dense set'? S C X and use a diagonal procedure if necessary,
to pass to a subsequence of (f,,) such that for every x € S the sequence (f,,(z))
converges in Y. Consider the pointwise limit map fo,: .S — Y defined by

foolz) = lirrgofn(x)

n—

for every x € S. Since

[fu(@) = fula)ly S|z —2'|x £en,

we have
|foo () = foola")ly = nlggo |fn(z) = fu(@)]ly = |z —2|x
for all z,2’ € S; ie., fo: S — Y is a distance-preserving map. Then fy

can be extended to a dlstance preserving map from all of X to Y by setting

12Exercise: Show that there is one.
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foo(x) = limy 00 foo(xy) for some (and therefore any) sequence of points x,, in
S which converges to z in X.13

This way we obtain a distance preserving map f.: X — Y. It remains to
show that f, is surjective; i.e. foo (X) =Y.

Note that in the same way we can obtain a distance preserving map go.: Y —
X. If foo is not surjective, then neither is foo 0 goo: Y = Y. S0 foo 0 9o IS a
distance preserving map from a compact space to itself which is not an isometry,
but this contradicts Problem 1.B. O

I3Note that if 2,, — x then (x,,) is Cauchy. Since foo is distance preserving, yn = foo(zn)
is also a Cauchy sequence in Y'; therefore it converges.
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HWA 3; due Fri, Sep 16

3.A." Let Q be a closed subset of M. Show that Q is compact if and only if
there is a sequence of positive numbers 1, o, ... such that €, — 0 and

(1] pack, X <n

for any space X in Q.
Is it still true if the inequality holds only for n > 27

3.B. Define the radius of a metric space X as

rad X = inf sup{|z — y|x }.
Ty

Equivalently,
rad X = inf { R > 0] there is # € X such that Bgr(z) D X }.
(i) Show that for any compact metric space X we have
%~ diam X < rad X < diam X.
(ii) Give an example of a compact metric space X such that
rad X = diam X.
(iii) Show that for any compact metric spaces X,Y we have

\radX — radY\ g Q'dGH(X, Y)

The next problem covers ideas in the solution for Problem 2.B (this is exis-
tance of a solution for the Lebesgue Minimal Problem. Make sure you can do
the first three parts and that you can reconstruct the solution of Problem 2.B
using all four parts. Write down a solution of one part of your choice.

3.C. Recall that a figure of constant width a is a compact convex set in the
plane such that the length of the orthogonal projection to any line is equal to
a.
(i) Show that any set K with diameter 1 is a subset of a figure constant width
1.
(ii) Show that the area of any figure of constant width 1 is at least 1/100.
(iii) Let F be a compact set in the plane which can be presented as a union of
figures of constant width 1. Assume diam F' > 10000. Show that either F’
can be presented as a union of two disjoint compact sets or area F' > 1.

14Hint: Note that one can assume that Q contains all compact spaces which satisfy @ for
all n. Note that diam X < 1. Show that the set W), of (isometry classes of) all k-point metric
spaces with k£ < n and diameter < 1 is compact in M. Show that W, N Q is an e,-net in Q.
Use Exercise 2.5.
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(iv) Let Q be the set of all compact sets in the plane, which can be presented
as a union of figures of constant width 1. Try to prove that area is a
continuous function on Q (with respect to the Hausdorff metric).

3.D. Read the subsection about almost isometries (page 18). Do all the exercises
in the lecture notes. Write down the proof of one of your choice.

Problem 3. A

3.15. Lemma. M is complete.

Proof. Let (X,) be a Cauchy sequence in M. Passing to a subsequence if
necessary, we can assume that there is an %—isometry tn: Xpn — Xp41 for each
n. Let us call a sequence of points x,, € X, “nice” if

‘Ln@jn) - xn+1|X”+1 < 2%

for each n.
Note that if & = (21, 22,...) and y = (y1,y2,...) are nice then

gn = ‘xn - yn|Xn

is a Cauchy sequence of real numbers. Therefore the following limit is well
defined:
diSt(:L‘,y) =L lim |$n - yn‘Xn'
n—oo

Consider the equivalence relation @ ~ y < dist(x,y) on the set of nice se-
quences. Then dist induces a metric on the set of ~-equivalence classes of nice
sequences. The obtained metric space will be denoted as X,

Clearly for each z, € X, there is a nice sequence with n-th element x,.
Choosing one such a sequence for each x,, € X, defines a map X,, — X, which

is %-isometry. Le., X,, converges to X, in the sense of Gromov—Hausdorff. O

Proof of 3.A; “only if” part. First note that any compact set has bounded
diameter. Further pack, X < 1 if and only if diam X < ¢, Therefore there is
finite value 1 such that pack,, X <1 for any X € Q.

If there is no sequence ¢,, — 0 as described in the problem, then for a fixed
fixed § > 0 there is a sequence of spaces X,, € Q such that

packs X,, = 00 as n — oo.

Since @ is compact, this sequence has a partial limit say X, € Q. It is easy to
see that packs g Xoo = 00; the later contradicts Theorem 1.25.

“If” part. Let us fix the sequence €, — 0 as in the problem and consider the set
Q of all (isometry classes of all) metric spaces X such that pack. X < n for

any n. According to Exercise 3.3, Q is closed in M. Clearly Q C Q Therefore
it is sufficient to prove that Qis compact.
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Given positive integer n consider set of all metric spaces W,, with number
of points at most n and diameter < ;. Note that W, is compact for each n.
Further a maximal e,-packing of any X € Q forms a subspace from W, N Q.
Therefor W,, forms an ¢,-net in Q Exercise 2.5 implies that Q is compact. [

24



4 Length of curves

4.1. Definition. A curve is a continuous mapping o: I — X, where I is a
real interval and X is a metric space.
If 1= [a,b] and
aa) =p, a(b) =g,

we say that « is a curve from p to q.

4.2. Definition. Let a: 1 — X be a curve. Define length of a as

length o = sup{[a(to) — a(t1)| + [a(ty) — altz)| + ...
e la(te—1) — afte) |}

where the supremum is taken over all k and all sequences tog < t; < -+ < tp in

L.

Note that the length might be infinite. A curve is called rectifiable if its
length is finite.

4.3. Semicontinuity of length. Length is a lower semi-continuous functional
on the space of curves a: I — X with respect to point-wise convergence.

In other words: assume that a sequence of curves o, : I — X converges point-
wise to a curve ao: I — X d.e., for any fized t € I, we have oy (t) — aso(t) as
n — co. Then

(1] lim inf length o, > length a.

n—oo

Note that the inequality @ might be strict. For ex-
ample, take a sequence of plane curves a,,: [0,1] — R?

an(t) = (t, 5% sin(2"-7-1)).

Clearly «,, converges (uniformly) to ax(t) = (¢,0) and
it is easy to see that

length a,, = Const > 1 = length ay.
Proof. Fix € > 0 and choose a sequence tg < t; < --+ < t; in [ such that

length arae — (oo (t0) — oo (t1)| + oo (t1) — arso(t2)| + ...
cee 4 |Oloo(tk71> — aoo(tk)l) <e

Set
S =L (to) — an(t)| 4 om (t1) — o (t2)] + . ..
cot fan(te-1) — an(t)]-
Yoo =L otao (to) — e (t1)| 4 |voo (t1) — i (t2)| + - - -

st oo (te—1) — Qoo (tr)]-
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Note that 3, — X as n — oo and %, < length «,, for each n. Hence

lim inf length o), > length aop — €.
n—oo

Since ¢ > 0 is arbitrary, we get @. O

Intrinsic spaces

4.4. Definition. A metric space X is called intrinsic if for any two points
z,y € X and any € > 0, there is an e-midpoint; i.e., a point z € X such that

o=zl ly — 2l < 3-lz -yl +e

Examples. The Real line as well as higher dimensional Euclidean spaces are
intrinsic. A discrete space (with at least two points) is not intrinsic. Also, a
circle in the plane forms a subspace of an intrinsic space which is not intrinsic.

4.5. Exercise. Show that the set of (isometry classes of) intrinsic spaces in
M is closed.

4.6. Proposition. Let X be a complete intrinsic space. Then for any pair of
points x,y € X we have

|z — y| = inf{length o'}
where the infimum is taken over all curves a from x to y.

Proof. Tt is sufficient to construct a curve a: [0,1] — X from « to y such that
the length of « is arbitrary close to |z — y|, say

2] lengtha < (14 &9)- |z — y|

for a given g9 > 0.
Let us choose a sequence of small positive numbers €, which converges to
zero “very fast”; i.e.; such that inequality @ holds. Set
¢ a(0) =z and a(l) = y.
Further set
o (1) to be an (g1-|a(0) — a(1)])-midpoint of a(0) and a(1).
Further set
o (1) to be an (g2-|a(0) — a(3)|)-midpoint of (0) and o(3)
o a(2) to be an (g2-|a(3) — a(1)|)-midpoint of a(3) and a(1)
Continuing this process define « at all rational numbers of the form i+ in [0, 1].
By construction, we get

© la(to) — a(t)| < (1+&o)-[z = yl-[tr —tol,
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where ty and ¢; are arbitrary numbers in the domain of definition of o and
(4) 1+€0>(1+51)'(1+62)~....

In particular, « is uniformly continuous on the domain of definition.

Since X is complete we can extend « to a continuous map on whole interval
[0,1]. Note that inequality ® still holds for any tg,¢; € [0,1]. Further, from tkﬁ
definition of length (4.2) and © we get @.

Geodesics

4.7. Definition. A curve a: I — X is called a geodesic'® if it is a distance
preserving map; i.e., if

la(to) — alty)|x = [to — 4]

for any tg,t, € L.
The metric space X is called geodesic if any two points in X can be joined
by a geodesic.

4.8. Exercise. Show that any proper intrinsic space is geodesic.

4.9. Definition. A metric space X is called locally compact if for any r € X
there is an € > 0 such that the closed ball

B.(z)={yeX||lz—ylx <e}

18 compact.

Note that any proper metric space is locally compact (see definition 1.17 on
page 5). The converse does not hold in general. For example, any infinite set
equipped with the discrete metric is locally compact, but not proper.

4.10. Exercise. Give an example of metric space which is locally compact,
but not complete.
4.11. Hopf—Rinow theorem. Any complete, locally compact, intrinsic space

18 proper.

Proof. Let X be a complete, locally compact, intrinsic space. Given z € X,
denote by o(z) the supremum of all R > 0 such that the closed ball Bg(x) is
compact. Since X is locally compact

(5] o(x) >0 forany z € X.

15formally our “geodesic” should be called “unit-speed minimizing geodesic”, and the term
“geodesic” is reserved for curves which locally satisfy the identity

|a(to) — a(t1)|x = Const -|tg — t1]

for some Const > 0.
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It is sufficient to show that g(z) = oo for some (and therefore any) point z € X.
_ Assume contrary; i.e. o(z) < oo. Let us show that the closed ball W =
B () () is compact. To prove this claim, notice that B,(,)(x) forms a complete
subspace and for any € > 0, the set By(;)_c () is a compact e-net in By(y)(x).'

Note that if o(z)+|r—y| < o(y), then B, )1 () is a closed subset of B,(,)(y)
for some € > 0. In this case compactness of By(y)(y) implies compactness of
By(z)+<(x), a contradiction. Applying the same observation again switching
and y, we get

lo(z) — o(y)| < & — ylx;

in particular g is a continuous function. Set ¢ = minycw{o(y)}; the minimum
is defined since W is compact. From @, we have ¢ > 0.

~ Choose a finite {5-net {a_17 ag,...,an} in W, The union U of the closed balls
Bc(a;) is compact. Clearly B,(;)4 = (z) C U. Therefore By, < () is compact
or p(z) > o(x), a contradiction. O

Lebesgue’s number

In the proof of Hopf-Rinow theorem (4.11), we implicitly used one important
characterization of compact metric spaces.
Let X be a metric space, a collection of open subsets {Uy }ac.4 is called open

cover of X if
X = U U,.
acA

4.12. Lebesgue’s number lemma. Let {U,}aca be an open cover of a com-
pact metric space X. Then there is an e > 0 (it is called a Lebesgue number of
the cover) such that for any x € X the ball B:(x) C U, for some a € A.

Proof. Given x € X, denote by g(x) the maximal value R > 0 such that
Bgr(z) C U, for some a € A. Clearly o(x) > 0 for any z € X.
Without loss of generality, we may assume g(x) < oo for one (and therefore
any) € X. Otherwise the conclusion of the lemma holds for arbitrary £ > 0.
The same argument as in the proof of the Hopf-Rinow theorem (4.11) shows
that o is continuous. Then the conclusion of the lemma holds for

1 .
e = s-min{p(z)}.
2 min{e(z)} -
As a corollary of Lebesgue’s number lemma, we obtain an alternative def-
inition of compact metric space using open coverings. This definition is the
standard definition of compact spaces. Since it use only the notion of open sets,
it can be generalized to so called topological spaces.

4.13. Theorem. A metric space X is compact if and only if any open cover
of X contains a finite subcover.

16Ty prove this statement one has to use that space is intrinsic.
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Le., for any open cover {Uy}aca of X there is a finite set {aq, aa,...,an} C
A such that

Proof; “if-part. First let us show that X is complete. Assume contrary; i.e.,
there is a Cauchy sequence (x,,) which is not converging. Set r, = sup,,,>,,{|7n—
ZTm|x} and U, = X\B,, (z,). Since z,, does not converge, we have

() Br.(zn) = 2,
n=1

or equivalently {U,}22 is a cover of X. On the other hand it is easy to see
that any finite sub-collection of {U,}32; does not contain x,, for all large n, a
contradiction.

Fix € > 0 and consider cover of X by open balls {B.(x)},cx. Note that
if {B:(x;)}", is a finite subcover then {x,zs,...,2,} forms an e-net in X.
Apply Theorem 1.25.
“only if ~part. Let € > 0 be a Lebesgue’s number of the covering. Choose a
finite $-net {x1,z2,...,2,} of X. Clearly

n

(6} | B-(zi) = X.

i=1

For each z; choose Uy, such that U,, D B.(z,). From @,

o —x
=1

Homeomorphism and embedding

4.14. Definition. Let X and Y be metric spaces. A map f: X — Y is called
a homeomorphism if it is a continuous bijection and the inverse f~1: Y — X
s also continuous.

A map f: X =Y is called an embedding if the map f: X — f(X) obtained
by restricting the codomain is a homeomorphism.

Two metric spaces X andY are called homeomorphic (briefly X e Y)if
there is homeomorphism f: X =Y.

It is straightforward to check that 22 is an equivalence relation. The home-
omorphism class of metric space is much larger that its isometry class. To check
that a given map f: X — Y is a homeomorphism, one only needs to know
which sequences in both spaces X and Y are converging. To know the latter it
is sufficient to know which sets in X and Y are open.
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Given a metric space (X, p), we may say “consider a metric d on (X, p)”
meaning that d is another metric on the set X and the identity map X — X is
a homeomorphism (X, ¢) — (X, d). For example,

di(z,y) = V/|z -yl

is a metric on [0, 1), but

dz(x,y) = min{|lz — y[,1 — |z — y[}
is a “metric on the set [0,1)”, but not a “metric on the space [0,1)”, as the
identity map ([0,1),d1) — ([0,1),d2) is not a homeomorphism.

4.15. Exercise. Give an example of a continuous bijection f : X — Y between
metric spaces that is not a homeomorphism.

Induced intrinsic metric

Given a complete metric space (X, d). One can consider a function d: X x X —
R defined as .
d(z,y) =£ inf{length o’}

where the infimum is taken along all the curves « from x to y.

It is straightforward to see that d: X x X — R satisfies all conditions of the
metric if dA(amy) < oo for all z,y € X. In this case, the metric d will be called
the induced intrinsic metric of d.

4.16. Exercise. Construct a metric space (X, d) such that the induced intrinsic
metric d is finite but (X, d) is not homeomorphic to (X, d).
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HWA 4; due Fri, Sep 23

Solve all the problems, write a solution of one problem of your choice.

4.A. Show that Hp2 is an intrinsic space.
4.B.'7 Show that M is an intrinsic space.

4.C. Let X be a complete metric space and g: X — R be a continuous positive
function.
Show that there is x € X such that

o(y) > 1g5-0(x)
for any y € By (x).

4.D."® Let K,, = K. be a sequence of compact convex bodies in R?® which
converges in the sense of Hausdorfl. Assume K, is nondegenerate (i.e., its
interior is not empty). Denote by 0K, the boundary'® of K, equipped with
induced intrinsic metric. Show that 0K, — 0K in the sense of Gromov—
Hausdorff.

What happens if K., degenerates to a plane figure or an interval?

"Hint: Use Proposition 3.4.

18Hint: Construct a disatance nonexpanding map as in the Problem 2.A.

point 2 belongs to the boundary of set S of a metric space if for any £ > 0, the ball Be(x)
contains a point in S as well as a point in the complement of S.
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5 Simplicial complexes

Simplex. Let {vg,v1,...,v,} be a nondegenerate set of points in RV for
N > m; i.e., the m vectors

V1 — Vg, V2 — V0, ---,Um — Vo

129 of {vg, v1,..., v} is called an m-

are linearly independent. The convex hul
dimensional simplex.

So, a O-dimensional simplex is a one-point set; a 1-dimensional simplex is a
line segment; a 2-dimensional simplex is a triangle; a 3-dimensional simplex is
a tetrahedron.

Let A™ = Conv(vg,v1,...,0my) be an m-dimensional simplex. Note that

x € A™ if and only if

r=MXVo+ A0+ + AU

for some nonnegative real numbers Ag, A1, ..., Ay, such that
m
=1L
i=0
In this case, the real array (Ao, A1, ..., An) Will be called the barycentric coor-

dinates of the point z.

5.1. Exercise. Verify the claim that

Conv(vg, v1,...,Um) = { Zx\imi A >0 and Z)\i = 1}.
i=0 i=0

Faces. Note that the convex hull of any (k+ 1)-point subset of {vg,v1,...,vm}
also forms a k-dimensional simplex which will be called face of A™.

Finite simplicial complex. A finite simplicial complex can be defined as a
finite collection K of simplices in R that satisfies the following conditions:

o Any face of a simplex from I is also in K.

¢ The intersection of any two simplices A; and Ay € K is a face of both A,

and As.

Let us denote by K the union of all simpexes in KC; this is a subset of RY.
Therefore K can be equipped with the induced metric in inherits as a subspace
of Euclidean space. In particular, this defines a notion of convergence of points
in K.

Abstract finite simplicial complex. To describe a simplicial complex IC,
it is sufficient to list the set of its vertexes V = {v1,va,...,v,} and list all
the subsets & of V which appear as vertexes of single simplex in K. e,

20which will be further denoted as Conv(vg,v1, ..., vm)
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W = {wg,wr,...,wx} € S if and only if there is a simplex in K with ver-
texes {wo,w1,...,wr}. The above condition imply that if W € S then any
subset W' C W is also in S.
Any point z in K can be described using barycentric coordinates (A1, Ag, ..., An)
in a way such the set
{v;eV|X\>0}

belongs to S.

The latter gives a metric on K which is completely determined by the com-
binatorial structure described above. If (A1, g, ..., \,) and (u1, po, . .., pn) are
barycentric coordinates of z and y in K we set

_ — A — i)
o= yle = max  {IA = puil}

This metric differ from the one described above, but it defines the same conver-
gence.

Locally finite simplicial complex. A few times we will need notion of locally
finite simplicial complex. Instead of giving the definition, let us describe the
necessary modification in the definition of abstract simplicial complex.

In the above construction, one can take V to be an infinite set and S to be
any collection of finite subsets such that

o if W € S then any subset W’ C W is also in S;

o For any v € V, there are only finitely many W € S such that v € W.
Then one can identify a point of simplicial complex with a nonnegative function
A:V — R such that the set

{veV|Av) >0}

belongs to & and

Z A(v) =1

veY

(Formally this sum has an infinite number of terms, but only finitely many of
these terms differ from 0.) The obtained set of points can be then equipped
with the metric

[A = pf = sup{[A(v) — u(v)]}.
veV

In particular we may talk about convergence of points in a locally finite simplicial
complex.

5.2. Exercise. Show that a compact locally finite simplicial complex has to be
finite.

Triangulations. Let K be a (finite or locally finite) simplicial complex and X
be a metric space. A homeomorphism K — X is called triangulation of X.

By choosing a triangulation of a metric space X, we identify the set of points
of X and the set of points of the simplicial complex. This way we can talk about
simplices in X.
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5.3. Exercise. Find a triangulation of sphere?' S? with minimal number of

triangles.

You will need at least 14 triangles to triangulate the torus S* x S!. Finding
such triangulation might be interesting, but proving its minimality is not fun.

Lyrical digression:
Nerves and partition of unity

Here we describe one source of examples of simplicial complexes which appear in
many branches of mathematics. We will not need it further, but understanding
these constructions might help you to understand idea behind the notion of
simplicial complex, and it will help you in the future.

Nerve. Let V be a collection of subsets of some set. Consider the abstract
simplicial complex, where V is the set of vertexes and S is all collections of
subsets in V which have non-empty intersection. We obtain a simplicial complex
called the nerve of V.

If V is finite then so is its nerve. If any set in V intersects only finitely many
other sets in V), then its nerve is locally finite.

5.4. Definition. Given L > 0, a map f: X — Y between metric spaces is
L-Lipschitz if
[f(2) = f(a')ly < L-|z —a'|x
for all z,x' € X. Note that this implies [ is continuous.
A map f: X =Y is called Lipschitz if it is L-Lipschitz for some real L.

A map f: X =Y is called locally Lipschitz if for any point x € X there is
€ > 0 such that the restriction f|p_) is Lipschitz.

5.5. Partition of unity. Let V = {V1,Vs,...,V,,} is a finite open covering
of a metric space X. Then there are locally Lipschitz functions 1;: X — [0,1]
such that if ;(x) > 0 then x € V; and

Zw@) =1

for any x € X.

A collection of functions ; with above properies is called a partition of unity
subordinate to the open cover {Vi,Va,...,V,}.

Proof. Consider the functions ¢;: X — R defined as following;:

pi(z) = dist x\ v, 2.

21The unit n-sphere is S = { (z1,%2,...,2nt1) € RPHL | :B% +z§ +... +x%+1 =1 }
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Note ¢; is 1-Lipschitz for any i (see the definition below) and ¢;(x) > 0 if and
only if x € V;. In particular,

Z(pl(x) >0 for any z € X.

Set

Note that ) are locally Lipschitz; p;(x) > 0 and if ¢;(x) > 0 then z € Vj;
further

sz(x) =1 for any z € X.

Note that in the above proof for any point x € X, the set

{ Vil i(z) >0}

corresponds to one of the simplices in the nerve. Therefore

Vi (Ya(2),2(), . o (2))

can be thought of as a Lipschitz map from X to the nerve of {V1,Va,..., V. };
where the point = is mapped to the point with barycentric coordinates 1; ().

Polyhedral spaces

5.6. Definition. A complete intrinsic space P is called a polyhedral space (or
Euclidean polyhedral space) if it admits a triangulation such that each simplex
i P is isometric to a simplex in Fuclidean space.

Further by a triangulation of a polyhedral space we will understand the tri-
angulation as in the definition. We will also assume that the triangulation is
linear; i.e. the metric is induced by a linear map into Euclidean space which is
linear with respect to barycentric coordinates. In particular, if

()\la)‘Q;“-a)\n) and (/J’l7/f['2,"' a:u/n)

are baricentric coordinates of two points x and y in one simplex of the triangu-
lation then the point with coordinates

()\1+/L1 Ao+po An"rﬂn)
2 2 ) 2

5 P

is a midpoint of  and y.
The supremum of the dimensions of all simplices in such a triangulation is
called dimension of P and denoted as dim P.
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5.7. Exercise. Show that any convex nondegenerate polyhedron?®? in R™ is
an m-dimensional polyhedral space.

5.8. Exercise. Show that boundary any convexr nondegenerate polyhedron®?
in R™ equipped with its intrinsic metric is an (m — 1)-dimensional polyhedral
space.

5.9. Exercise. The dimension of a polyhedral space does mot depend on the
choice of triangulation.

Zalgaller’s theorem

5.10. Zalgaller’s theorem. Let P be an m-dimensional polyhedral space.
Then there is piecewise distance preserving map f: P — R™; i.e. there is
a triangulation of P such that for any simplex A C P in the triangulation, the
restriction f|a is distance preserving.

5.11. Exercise. Show that piecewise distance preserving map is continuous
and length-preserving; i.e., for any curve a: 1 — P, the length of the curve
f o« coincides with the length of .

5.12. Exercise. Construct an m-dimensional polyhedral space P with a fized
triangulation which does not admit a map f: P — R™ which is distance pre-
serving on each simplex.

Proof; P is compact and dim P = 1. Choose a triangulation of P; in addition to
the vertexes (the 0-dimensional simplices), it contains a finite number of edges
(1-dimensional simplices). Let {vy,va,...,v,} be the set of vertexes of this
triangulation. Consider the map f: P — R

f) 2L minf|z — vilp}.

According to the definition of polyhedral space, each edge A; in the trian-
gulation admits an isometry ¢: [0,a] — A} for some a € R. Then

foux)=min{|z|,|a — x|}

Therefore f is distance preserving on each half of A}.
Bisecting each simplex A}, we get a new triangulation of P and f is distance
preserving on each simplex of this triangulation. O

Proof; P is compact, dim P = 2 and it admits a triangulation with only acute
triangles. Denote by {v1,va, ..., v, } the set of its vertexes. For each v;, consider

22j.e., a convex hull of finite number of points which has nonempty interior.
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its Voronoi domain; this is the subset V; of P of all points which are closer to
v; than to any other vertex. More precisely,

Vi={zeP||x—wvlp<|r—uv|p forany j}.

Note that since all triangles are acute, V; is contained in the star?® of v;. In
particular, any point x € V; can be connected to v; by unique line segment
which lies in some of the simplices; this segment will be denoted as [v;x].

Note that in each triangle of the triangulation, we have one point where
three Voronoi domains meet and three points on the edges of triangle where
pairs of Voronoi domains meet. Let us subdivide each triangle in 6 triangles
as it is done on the picture (solid lines only). In the new triangulation, each
Voronoi domain V; (from the original triangulation) is a union of all triangles
which share the vertex v;.

On the picture, the different Voronoi domains within
one triangle are marked by different colors. Note that
each triangle in the new triangulation has one vertex
from the old triangulation (one of v;’s), one vertex is a
mid-point of an old edge and one point is circumcenter
of an old triangle. Further, the 6 triangles come in 3
congruent pairs.

Let us denote by a(r) the minimal angle between [v;2] and any edges®*
coming from v;; note that a(z) is defined and continuous on P\{vy,va,...,v,}.
Further define a function ¢: P — R as

o(z) = ml_in{|vi —z|p}.

Let us describe the map f: P — R? in polar coordinates the following way:
f(v;) = 0 for any vertex v; and f(x) = (o(z), a(x)).

Subdividing each triangle by an angle bisector (see the dashed lines on the
picture) at the old vertex gives a new triangulation which satisfies the condi-
tions of the theorem. Indeed, the functions ¢ and « can be thought as polar
coordinates on each such triangle. O

5.13. Exercise. Show that any triangle admits a triangulation into acute
triangles.

Comments about general case. In the above construction, one can add to
the set of vertexes an arbitrary finite set of points. Then instead of acuteness
of all triangles in the triangulation, one can use the following condition: If V' is
a Voronoi domain with center v (not necessary a vertex) then V contained in
the star of v.

5.14. Exercise. Show that one can add a finite number of points on the edges
of P triangulation so that the above condition holds.

23 A star of a point v in a simplicial complex is the subcomplex formed by all simplices
which contain v and all faces of such simplices.
24j e., 1-dimensional simplices
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This exercise would finish the proof of two dimensional case.

The general case can be proved by induction on m. First, one has to choose
a finite set of points {v1,va,...,v,} so that the above condition holds. (This
set should include all the vertexes of original triangulation.)

Now let us glue any pair of points « and y € P if for some point z € V; NV},
x lies on the geodesic [v;2], y lies on the geodesic [v;z] and |v; —z|p = |v; —y|p.

It is not hard to check that these gluing maps are piecewise distance presev-
ing. Thus we get a piecewise distance preseving map from P to a new polyhedral
space, say P’.

5.15. Definition. Let ¥ be a metric space with diameter < w. A metric
space K s called a Euclidean cone over X if its underlying set is the quotient
Y x [0,00)/~, where (x,0) ~ (y,0) for any x,y € ¥ and the metric is defined
by the cosine rule; i.e.

|(z,a) — (y,b)|% = a® + b* — 2-a-b- cos |z — y|x.

Note that P’ can be viewed as a star shaped subset of a Euclidean cone, say
K.

Thus, it is sufficient to construct a piecewise distance preseving map K —
— R™. The latter is equivalent to finding a piecewise distance preserving map
from any (m — 1)-dimensional spherical polyhedral space?® to S™~1.

For a spherical polyhedral space, one can repeat the same construction once
the cone is exchanged to so called spherical suspension defined below. On each
step we get a dimension reduction, and the dim P = 1 case can be proved the
same way for spherical polyhedral space

5.16. Definition. Let X be a metric space with diameter < w. A metric space
A is called a spherical suspension over % if its underlying set is the quotient
Y x [0,7]/~, where (z,0) ~ (y,0) and (z,7) ~ (y,n) for any x,y € & and the
metric is defined by the spherical cosine rule; i.e.

cos |(z,a) — (y,b)|a = cosa- cosb + sina-sinb- cos |z — y|s.

251t is defined the same way as Euclidean polyhedral space, but using spherical simplices.
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HWA 5; due Fri, Sep 30

Solve all the problems, write a solution of one problem of your choice.

5.A. Let P be a (possibly nonconvex) polygon eqipped with the induced intrinsic
metric. Show that P admits a triangulation?® such that the set of vertexes of
the triangulation is the set of vertexes of P.

5.B.27 Show that the analogous statement for a polyhedron 3-dimensional space
does not hold.

5.C. Let A and B be two triangulations of a polyhedral space?. Show that
there is a triangulation C such that each triangle of A and B is a union of
triangles in C.

5.D.2% Show that there is a triangulation of S? with 1000 vertexes such that
each pair of vertexes is connected by an edge.

26Recall that triangulations of polyhedral space are always assumed to be linear; see Defi-
nition 5.6 and the discussion right after that.

2THint: look at the Figure 42.6, page 387 Lectures on Discrete and Polyhedral Geometry
by Igor Pak

28Hint: Look at the natural triangulation of the boundary of convex polyhedra with all the
vertexes on the curve t +— (¢,¢2,t3,¢%) in R%.

39


http://www.math.ucla.edu/~pak/geompol8.pdf

6 Length-preserving maps

Let X and Y be metric spaces. Recall that a continuous map f: X — Y is
called length-preserving if for any curve a: I — X, we have

length o = length(f o ).
(Note that since f is continuous, the composition f o« is a curve in Y.)

6.1. Exercise. Show that if X is a complete intrinsic space then any length-
preserving map X — Y s also a distance nonexpanding.

Our next aim is to demonstrate that for a “reasonable pair of intrinsic spaces”
X and Y, any distance nonexpanding map f: X — Y can be approximated by
a length-preserving map. The “reasonable pairs” include

o pairs of smooth surfaces with the induced instrinsic metric from R3.

o pairs of Riemannian manifolds®® of the same dimension.

¢ a polyhedral space P of dimension m and R"; see Theorem 6.10.
We will only show this for the pair S? and R?; but our proof can be modified
easily for much more general case.

6.2. Gromov’s theorem (a very partial case). LetS? be the unit sphere in
R3 equipped with the induced intrinsic metric. Then any distance nonerpanding
map
f:S? - R?
can be approzimated by length-preserving maps S* — R2.
More precisely, given € > 0 there is a length-preserving map f.: S? — R?
such that

|[fe(x) = f(a)] <e

for any x € S2.

6.3. Corollary. There is a length-preserving map S? — R2.

Note that the existence of a length-preserving map S? — R? might look
counterintuitive. The following exercise shows that such a map f has to crease
on an everywhere dense set in S2.

6.4. Exercise. Let f:S? — R? be a length-preserving map. Show that the
restriction of f to any open subset of S* cannot be injective.

The plan of the proof. We will use Problem 4.D to construct a sequence of 2-
dimensional polyhedral spaces P,, which converge to S? in the sense of Gromov—
Hausdorff. The sequence P,, will be chosen in such a way that there are surjective
distance nonexpanding maps ¢, : P, = P,_1.

The map f. will be constructed as the limit3° of a sequence of piecewise dis-
tance preserving maps f,,: P, — R? (which are automatically length-preserving).

29Tts OK if you do not know what this is.

30We will eventually have to make rigorous what we mean by limit here. Note that one
cannot talk about the limit of the maps f, in the usual sense because each f, has a different
domain.
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The maps f, will be constructed from f, 1 recursively; we will apply Theo-
rem 6.10 to the composition f,_1 o ¢,: P, — R2. Some extra care will be
needed to ensure that the limit of f,, will be a length-preserving map that is
e-close to f.

Remarks. From Exercise 6.1, it follows that if we have a converging sequence
of length-preserving map f,: X — Y then their limit fo: X — Y is distance
nonexpanding. Gromov’s theorem states that if the pair X and Y is “reasonable”
then any distance nonexpanding map X — Y can be obtained as a limit of
length-preserving maps X — Y.

The existence of some piecewise distance preserving maps P, — R? is pro-
vided by Zalgaller’s theorem (5.10). But these maps cannot be used to prove
Gromov’s theorem (6.2) since the maps constructed in the proof of Zalgaller’s
Theorem converge to the map which sends all of S? to one point. The latter
follows from the observation below.

6.5. Observation. Let P be a 2-dimensional polyhedral space and f: P — R?
be the map constructed in the proof of Zalgaller’s theorem for the collection of
vertezes {v1,va,...,v,} € P then

di P) < i —vi|p}.
(P < s i e e

Brehm’s theorem

The following theorem will be used further in the proof of Gromov’s theorem
(6.2).

6.6. Brehm’s theorem. Letaq,as,...,a, andby,bs,..., b, be two collections
of points in R™ such that

lai — aj| > [b; — by

for alli and j. Then there is a piecewise distance preserving map f: R™ — R™

such that f(a;) = b; for alli.

We prove only the case m = 2, although almost the same proof works for
arbitrary dimension; the two-dimensional case is only slightly simpler in the
extension of f into the “blind zone” which appears in the very end of the proof.

Proof; case m = 2. We will prove slightly more general statement, namely we
will show that in additiion

(x) One can divide R? into finite number of convex domains®' so that the re-
striction of f to each domain is diatance preserving.

The proof is by induction on n. The base case n = 1 is trivial.

3leach domain is a possibly unbounded inetersection of finite number of halfplanes.

41



By applying the induction hypothesis to the first n — 1 points, there is a
piecewise distance preserving map h: R? — R? such that h(a;) = b; for all
i <n. We will use h to construct the desired map f: R? — R2.

Without loss of generality we can assume that a,, = b,. Consider the set

Q:{x€R2’ la, — x| <|an — h(z)| }.
Notice that if a,, ¢ Q, then h(a,) = a,, and we are done if we take f = h. So it
remains to prove the case where a,, € Q. First let us prove the following claim:

O The set Q) is star-shaped with respect to a,.
Le., if x € Q then the line segment [a,x] lies in Q.

Indeed, if y € [a ] then
lan =yl + |y — 2| = |a, — 2|
Since x € ), we have
lan, — h(x)] > |an — z|.
Since h is distance nonexpanding (see Exercise 6.1) we have
Ih(z) = h(y)| < |z —yl.

Combining the above with the triangle inequality, we see

lan —y| = lan — 2| — |z — y|
<lan = h(z)] = [h(z) — h(y)| "
S ‘an - h(y)\,

i.e., y € Q. This proves Claim @.

According to Exercise 5.11, any piecewise dis-
tance preserving map is continuous. Therefore,
from the definition of € is is clear that

® |a, —z| =la, — h(z)| for any x € 0N

(Recall that 092 denotes the boundary of €2.) To show this, one could consider

a sequence of points in 2 that converge to x and another sequence of points in

the complement of 2 that converge to x, and then use the continuity of h.
Further, note that

® 00 can be presented as a broken line, such that h is a distance preserving
on each edge.

Indeed, fix a triangulation 7 for h; let A be an arbitrary triangle in 7.
Since h is piecewise distance preserving with respect to 7, the restriction h|a
coincides with an isometry ¢: R? — R2. If «(a,) # a, then 9Q N A coincides
with the intersection of A and the perpendicular bisector for a, and ¢~1(ay,).
The remaining case t(a,) = a, is left to the reader.

For each edge E; of 0f) consider the triangle T; with vertex a,, and base F;.
Condition @ implies that there is an isometry ¢; of R? which has a,, as a fixed
point®? and such that ¢;(z) = h(x) for any = € E;.

3280, 1; is either a rotation around a, or a reflection in a line passing through a,
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Let us define f(z) = h(z) for any = ¢ Q and f(z) = ¢;(z) for any = € T;.
Note that this completely defines f in the case that €2 is bounded.

If Q is unbounded then using property (x) for h,
one can divide 0f? into finite number of rays and seg-
ments so that the restriction of h to each is distance
preserving. We can apply the construction above to
define f on the part of €2 which is mareked blue on the
picture. But in addition we will have a “blind zone”
formed by the angle (or few angles) with vertex at a,
which lie completely in Q. Note that (the continuous
extension of) f maps each of the boundary rays by
rotations around a.,.

Since f is distance nonexpanding, the angle between the images of these
rays is smaller than the corresponding angle of the blind zone. It is then easy to
extend f as a piecewise distance preserving map into the blind zone by folding
the angle along one ray. O

6.7. Exercise. Look at the construction of Q in the above proof and show that
a; ¢ Q for alli < n.

6.8. Kirszbraun’s theorem. Let @ C R™ be an arbitrary subset and f: Q@ —

— R* be a distance nonexpanding map. Then there is a distance nonexpanding
map F: R™ — R¥ which extends f; i.e., F(q) = f(q) for any q € Q.

6.9. Exercise. Use Brehm’s theorem to prove the Kirszbraun’s theorem.
Hint: First prove the case k > m. Note that the case k < m can be reduced
to the k = m by applying a coordinate projection R™ — R¥.

Piecewise distance preserving approximations

Here we prove yet another statement needed for Gromov’s theorem.

6.10. Akopyan’s Theorem. Let P be an m-dimensional polyhedral space.
Then any distance nonerpanding map f: P — R™ can be approrimated by piece-
wise distance preserving maps.

More precisely, given € > 0 there is a piecewise distance preserving map

fe: P — R™ such that
[fe(x) = fa)] <e

for any x € P.

Proof in the case P is a nondegenerate convex polyhedron in R™. Choose a
sufficiently fine triangulation of P, say the diameter of each triangle is less than
e. If {a1,aq,...,a,} is the set of vertexes for this triangulation, take b, = f(a;)
and apply Brehm’s theorem. In this way, we obtain a map f.: P — R™ which
coincides with f on an arbitrary finite set of points.
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Then the statement follows since the triangulation is fine and both f and f.
are distance nonexpanding. O

As you can see from the following exercise, this approach is no longer possible
for a general polyhedral space.

6.11. Exercise. Consider the following 5 points in R3:
0:(07030)5 p:(0,0,l), a:(27070)ﬂ b:(717230)7 C:(7137270)

Let P be the “tripod” which is the polyhedral space
consisting of the three triangles Aopa, Nopb and Nopc
in R3, and equipped with the induced intrinsic metric.

Viewing R? as the xy-plane in R3, note that the
coordinate projection 7: R3 — R? given by 7(x,y,2) =
(z,y) is distance nonexpanding. We have that

Show that there is no piecewise distance preserving map f: P — R? such

that f(a) =a, f(b) =b and f(c) =c.

Theorem 6.10 will only be proved in the case that m = 2, P is compact, and
f is piecewise linear. This will be enough to prove our partial case of Gromov’s
theorem (6.2). Even in this case the proof is quite technical.

In fact, any distance nonexpanding map from a polyhedral space to R™ can
be approximated by piecewise linear distance nonexpanding maps. The proof
of the latter statement is not hard, but technical.

Proof: case m = 2, P is compact and f is piecewise linear. For a fixed fine3?
triangulation 7 for f, we will construct a map w: P — R? defined on the
1-skeleton®* of T~ which is

O Globally distance non-expanding; i.e.
jw(z) —w(y)lr < |z —ylp

for any x and y in the 1-skeleton of T.

@ Piccewise distance preserving on each edge for a yet finer triangulation®® T’
of the 1-skeleton.

Once w is constructed, we can apply Brehm’s theorem to each triangle in T
in the same fashion as in the proof for the case where P is a convex polyhedron.
(For a triangle A in T take as a’s to be the set of all vertexes of 7' on the
boundary of A and set b; = w(a;).) Since w is piecewise distance preserving on

33say with diameter of each triangle much smaller than %

34The k-skeleton of a simplicial complex 7 is the simplicial complex formed by all simplexes
in 7 of dimension < k.

35In this case this is subdivision into segments.
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each edge of T, these maps will fit together to define a map f. that satisfies the
conclusion of the theorem.36

It remains to construct w. First we describe a zigzag construction for a
piecewise distance preserving map of a segment. Then we describe a not quite
working construction and afterwards, make a correction.

Zigzag construction. Fix a large integer n. Subdivide each edge F of the trian-
gulation for f into n equal intervals. Denote by vg,v1, ..., v, the endpoints of
these interval in the order they appear on E.

Note that the image f(F) is a line segment or a point, because f is linear
when restricted to E. In the first case, take u to be a unit normal vector to
f(E); otherwise, take an arbitrary unit vector as u.

Set
k- length f(E) 2 1
N length £

and for z € E, set s(z) = min;{|v; — z|}. Define

w(z) = k-s(x)-u+ f(x).

The choice of k is made to make w piecewise distance
preserving on E. Let £ be the maximal length of all
edges in 7. Note that

6 w(z) — f2)] < ;-

A not quite working construction of w. Without loss of generality, we may
assume that there is § > 0 such that

o [f(@) = f)l <z —y| =0z —yl

for any x and y € P. If not, consider the sequence of maps f,, = (1— %) -f. Since
P is compact, f, — f converges uniformly3”. Since f, satisfy @ for 6§ < %, the
existence of an approximation for each f,, (as in the conclusion of the Theorem)
would imply the existence of an approximation for f.

Repeating the zigzag construction for each edge, defines w on the 1-skeleton
of 7. Since w is piecewise distance preserving on each edge, we have

(8] lw(z) —w(y)| < |z —ylp if z and y lie on the same edge.
For any x and y on the one skeleton of P, we have
lw(z) —w(y)lre < |z —ylp — (0-|lz —ylp — V),

if ¥ > 2. %. Therefore for large enough n we have

© w(z) —w(y)| < |z —ylp or |o—ylp <]

36This is the main nontechnical idea in the proof.
3%.e., | fn(z) — f(z)| < en for any € P and some fixed sequence e, — 0.
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for arbitrary fixed ¢ > 0. From @, in the latter case, we can assume that the
points x and y lie on the different edges of 7. It follows that in this case x and
y have to lie near one vertex of 7.

The constructed map w almost satisfies the needed conditions; it only fails
to meet @ for x and y near one of the vertex of 7. We now make a modification
of the above construction to fix this issue.

Correction to the construction of w. Let us construct w as above so that in
addition it satisfies the following property:

©® There is A > 0 such that if
lv—z[p=v—ylp <A
for two points on 1-skeleton x and y and a vertex v of T then
w(z) = w(y).
Once such a w is constructed, |v — z|p, |v — y|p < A would imply
w(z) —w(y)lrz < |lv—2z|p —[v—ylp|

<le—ylp
for % < A the same way as in ©.

To make such a modification, fix a small A > 0. Denote by 7' the 1-skeleton
of 7. Consider the map ¢y: 7' — 7' which sends each edge to itself in such a
way that any point of distance < A to a vertex maps to this vertex and the map
is linear on the remaining part of edge. For each A > 0 we can find minimal
p > 0 such that (1 — p)-f o gy is distance nonexpanding.

It can be shown that ;1 — 0 as A — 0. Note that it is sufficienct to show this
for three sides of a fixed triangle in 7. The latter can be done by straightforward
calculations.

Choose sufficiently large n, so @ < A and apply the zigzag procedure to
each of the three portions of each edge separately in such a way that all the

A-long intervals starting at one vertex are mapped in an identical way. The
constructed w meets condition @. O
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HWA 6; due Fri, Oct 7

Solve all the problems, write solutions for two problems of your choice.

6.A. Construct two triangles Aajacas and Abibybs in the plane such that
la; — a;| = [bi — by

for all 7 and j, but
area Aa1&2a3 < area Ablbgbg.

Construct a map f as in Brehm’s theorem for the collection of points a1, as,
as, by, ba, b3. What is the image of Aajasas under f?

6.B. Consider the tessellation of the plane into regular
hexagons, squares and triangles with side a as it shown
on the picture.

Show that there is a piecewise distance preserving
map f.: R? — R? which reverses the orientation of
each square and preserves the orientation of each tri-
angle and hexagon.3®

Describe the map fo: R?> — R? which is obtained
as the limit of f, as a — 0.

Try to think if it is possible to make a paper folding model for f,.

The next problem generalizes the previous one.

6.C. Let 7 be a triangulation of R? with all triangles colored in black and white.
Show that the following two conditions are equivalent.

a) There is a piecewise distance preserving map R? — R? for this triangu-
lation which preserves the orientation of each white triangle and reverses
the orientation of each black triangle.

b) The sum of black angles around any vertex in 7 is either 0, 7 or 2-7.

6.D. Let A be a 3-dimensional simplex in R? and A be its boundary equipped
with the induced intrinsic metric. Show that there is piecewise distance pre-
serving map f: OA — R? which is distance preserving on 2 out of 4 faces of

A.

38Less formally you need to “fold” along each segment in this tessellation. More formally:
any isometry of the plane can be presented as a coposition either of parallel tranlation and
rotation, or a parallel translation and reflection. In the first case the isometry is called
“orientation preserving”, in the second case “orientation reversing”.
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7 Existence of a length-preserving map
from the sphere to the plane

Proof of Corollary 6.3. Consider a nested sequence Ky C K7 C ... of convex
polyhedra in R whose union is a unit ball. Clearly K,, converges to the unit
ball in the Hausdorff sense (compare Lemma 2.3).

Denote by P,, the boundary of K,, equipped with the induced intrinsic met-
ric. According to Exercise 5.8, P, is a polyhedral space for each n. By Prob-
lem 4.D, P, converges to S? in the Gromov-Hausdorff sense.

The same construction as in Problem 2.A gives a distance nonexpanding map
pn: P, = P,_1 for each n. It is straightforward to see that ¢,, are piecewise
linear; i.e., there are triangulations of P, and P,,_; such that for any simplex
A in P,, the image ¢, (A) lies in a simplex A’ of P,,_; and the restriction ¢|a
is linear (if written with respect to the barycentric coordinates of A and A').

Note that for any point z € S2, there is unique sequence of points z, € P,
such that z, — x as n — oo and ¢,(x,) = z,—1 for all n > 1. To show
existence of this sequence, fix any sequence z,, € P, such that z, — z. Consider
the double sequence v, ,, € P, defined for n < m such that y,, = 2, and
©n(Yn,m) = Yn—1,m for all 1 < n. Then set

Tp = lim Yn,m-
m—o00

7.1. Exercise. Show that the limit above is defined.

If z,, — x € S? be a sequence as above, define ¥,,: S*> — P, as 1, (z) = x,,.
Clearly v,,: S? — P, is distance nonexpanding, 1,,_1 = ¢, o ¢, for each n > 1
and for any p and ¢ € S? we have

o \pn—qn|Pn —>|p—q|§2 as n — o0

where p, = ¥, (p) and ¢, = ¥,,(q).>° In particular 1, : S*> — P, is §,-isometry
for some sequence §,, — 0.

Recursive construction of the maps f,: P, — R?. Assume we have a piecewise
distance preserving map f,_1: P,_1 — R2. The composition f,_1 0 @,: P, —
— R? is a piecewise linear and distance nonexpanding. Thus given ,_; > 0
we can apply Theorem 6.10 to construct a piecewise distance preserving map
fn: P, — R? which is e,,_1-close to f,_1 0 ©p.

39Such sequences of spaces and maps
...ﬁ)Xzﬁ)Xl ﬂ>)(0

appear in all branches of mathematics. They are called inverse systems. A sequence
(zo,x1,22,...) such that z, € X, and pn(xn) = xn—1 could be considered as a point in
a new space X which is called the inverse limit of the system and is denoted X = lim X,,.
Given z = (zo,21,...) € X, the evaluation maps ¢, : X — X, given by ¢y (z) = z, are
called projections.
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Denote by M(n) the number of triangles in a triangulation for f,; i.e. a
triangulation of P, such that f, is distance preserving on each of its triangles.
Set

P

10-M(n)
This way we recursively define the construction of f,. It goes as follows:
1. Choose an arbitrary g > 0 and take a piecewise distance preserving map
fo: Py — R? which is provided by Zalgaller’s theorem (5.10).

Use ¢1, fo and g to construct f;.
Use f; to construct e7.
Use @9, f1 and €1 to construct f.
Use f5 to construct es.

S Tt N

It remains to prove the following claim:

® The sequence of maps fn o ¥pn: S? — R? converges to a length-preserving
map f:S? — R2.

Since €, decays faster than {5, the sequences (f,, o 9,,)(z) are Cauchy , for

any fixed z; so the limit map f(z) is defined. Since all f,, o 1), are distance
nonexpanding, we have that so is f: S — R?. Note that this implies

length(f o o) < length «

for any curve o in S2.
For the remaining part of proof we will need the following definition.

7.2. Definition of pre-length. Let X be a metric space and «: [0,1] — X
be a curve. Set

k
O (o) =£ sup{ lalt) —alti)lx | 0=ty <ty < <tp=1 }
=1

Note that for any fixed «, the sequence ¢ («) is non-decreasing in k and
lengtha = lim 4 («).
k—o0
Assume f is not length preserving. Since f is distance nonexpanding, it
follows that for some curve v in S? we have
length(f o) < length~.

Together with the definition of length (4.2), the latter implies that on v one can
choose two points, say p and ¢, such that

© length(f o o) < p— qls2,

where a denotes the part of v from p to q.
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Set p, = ¥n(p) and ¢, = ¥,(¢) as above and let «,, be a curve from p,
to qn. Note that one can exchange «,, for a shorter curve, say 3, which goes
from p, to ¢, and whose image in any triangle of the triangulation of P, is a
line segment. It follows that f, o 3, is a broken line with at most M (n) edges.
Hence

Cri(n) (fn © Bn) = length 3, < length .

Therefore

4] |pn - Qn|Pn = 1nf{€M(n)(fn o an)}a

where the infimum is taken for all curves «,, from p,, to ¢, in P,.
By the recursive construction of the maps, we have that

|(fno¥n) (@) — f(2)] < éen

for any = € S? and each n. It follows that
© [ar(n) (f © @) = Lasny (fr 0 pn 0 )| < Eni.
Note that @ and © implies that
En—1 < |pn — qn| — length o
for all large n, the latter contradicts @ and @. O

Comments on the proof of Gromov’s theorem. The above argument
can be also applied to proof our partial case of Gromov’s theorem (6.2). One
only needs to take eg sufficiently small, choose the sequence P, so that P,
is sufficiently closet to S? and construct a piecewise distance preserving map
fo: Py — R? so that the composition fj o ¢ is close enough to f.

According to the theorem on approximation (6.10), in order to construct
fo it is sufficient to construct a piecewise linear distance nonexpanding map
ho: Py — R? so that the composition hg o o is close enough to f.

A piecewise linear map Py — R? is uniquely determined by images of all the
vertexes in a given triangulation. So given a vertex v, one can choose a value
ho(v) in the set (f o ~1)(v) and extend hgo piecewise linearly to P.

In general the obtained map is not distance nonexpanding; see Problem 6.A.
It turns out however that if f is smooth then given € > 0 one can choose Py
close enough to S? so the map (1 — ¢)-hg will be distance nonexpanding. If ¢ is
small (1 — ¢)-hg will be still close enough to f.

It remains to prove show the following lemma.

7.3. Lemma. Any distance nonezpanding map f: S® — R? can be approzi-
mated by a smooth distance nonexpanding map.

To prove this lemma, extend f to R3, say the following way

F@) = f(3)



(The value f(0) is undefined, but we can still take the integral below.) Choose
a mollifier, i.e., a sufficiently smooth nonnegative function w: R?® — R such that
w(z) = 0if |z| > e and [p3 w = 1. Consider convolution

(F xw)(@) 2L [ [(y)wle —y)-dy

It is straightforward to check that the restriction of f % w to S? is distance
nonexpanding and that for small ¢ it has to be close enough to f.

Napkin folding problem

This section is meant to be relaxing. Here we will discuss the following problem
posted by V. Arnold in 1956.

7.4. Problem. Is it possible to fold a square on the plane so that the obtained

figure will have a longer perimeter? q q

The answer to this problem depends
on the meaning of word “fold”.

For example, one can consider se-
quence of folding such that all layers are M
folded simultaniousely along a line. From
the following exercise, it follows that the
perimeter is always non-increasing under
ech folding of that type. Therefore, the
resulting figure has to have smaller perimeter.

7.5. Exercise. Show that each fold describes above indeed decreases perimeter.
Note that in general, the intersection of of the line q with the polygon M on
the picture might be a union of few line segments.

The foldings described above makes it impossible to unfold a layer which
lies on top of an other layer, as it shown on the following picture.

Note that the unfold increases the perimeter, although not beyond the perimeter
of the original square. It is still unknown if it possible to increase perimeter by
sequence of such “folds” and “unfolds”. (It is likely that no one wants to know.)

Japanese crane. Now let us consider a more general definition of folding.
Imagine that we mark in advance the lines of folding and start to fold the
napkin in such a way that each domain between folds remains flat all the time.

o1



If you understand “folding” this way, then the answer to the problem is “yes;
it is possible”. In some sense, this problem was solved by origami practitioners
well before it was even posed. The possibility to increase the perimeter slightly
can be seen in the base for crane which was known by origami masters for
centuries?® but mathematicians learned this answer only in 1998%!.

The base for the crane, has 4 long ends and one short end. Two ends are
used for wings, the other two have to be thinned, as one is used for the head and
the other for the tail. Thinning twice each of the long ends makes it possible
to produce a base which can then be folded into plane to obtain a figure with
larger perimeter.

On the picture above, you can see the net of folds, the base, and the base with
opened out ends. On the net of folds, you can see the number of the layer in
the base. The dashed lines are the folds which appear at the opening out. The
perimeter increases by about 0.5% and the number of layers in the end is equal
to 80. I do not know of a way to increase the perimeter with a smaller number
of layers.

If a is the side of original square then it takes a bit less than a to go around
each of 4 needles and it takes about (v/2—1)-a to go around the short end. The

40Tt appears in the oldest known book on origami, “Senbazuru Orikata,” dated 1797; but
for sure it was known much earlier.
41Here is the html-file which tells how it happened.
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From:           propp@math.mit.edu (Jim Propp)
Date:           14 Feb 1996 01:51:48 -0500
Newsgroups:     sci.math.research
Subject:        The Margulis Napkin Problem



The Margulis Napkin Problem asks one to prove that it is impossible to
fold a unit square to form a flat shape who perimeter is greater than 4.

Rumor has it that all Russian graduate students of mathematics know how
to solve this Problem, but that as soon as they come to the U.S. (as so
many of them seem to do!), they forget how it's done.

Can anyone offer a rigorous proof?

Jim Propp
Department of Mathematics
M.I.T.



From:           Einar Andreas Rodland <einara@math.uio.no>
Newsgroups:     sci.math
Subject:        Max circumference of folded paper (solution)
Date:           Tue, 20 Feb 1996 21:30:53 +0100
Organization:   University of Oslo



Someone posted the following question some time ago:

If you have a quadratic piece of paper and fold it a number of 
times, prove that the circumference cannot exceed 4 (the original 
circumference).

I couldn't find the original posting, hence, I quote the Problem
as I remember it.

=================================================================

SOLUTION:

If you have a piece of paper with any shape, I wish to prove that
when folding it, the circumference will be reduced. Say that you
fold it along a line AB where A and B are the endpoints, and where
the line AB is included in the paper before folding. (If there is
a hole in the paper or the paper is non-convex, AB may pass over a
region which is not included in AB. We will deal with this later.)

Now, AB is included in the paper. When folding along AB, the
circumference is increase by AB due to the folding. The two
components of the paper each have circumference that go from A to B:
ie. you may follow the circumference of any component from A to B.
When folding this, you get a new circumference: the outermost of
these. We may however follow the part of the original circumference
that falls inside the folded paper. This, too, gives a curve from A
to B and must therefore have length at least AB. Hence, though we
gain AB, we loose more than AB.

If the line AB is not fully contained in the paper, you may let
the intersections between AB and the circumference of the original
paper by P_1, ..., P_2n (n components of AB). The 'inner
cricumferences' as were constructed above will arise here to, but
will connect pairs of points P_i (not neccesarily neighboring points).
The conclusion follows as above.

Einar

-- 
Einar Andreas Rodland               E-mail: einara@math.uio.no
University of Oslo, Norway
Departement of Mathematics          http://www.math.uio.no/~einara



From:           Danny Calegari <dannyc@math.berkeley.edu>
Newsgroups:     sci.math.research
Subject:        Re: The Margulis Napkin Problem
Date:           Sat, 02 Mar 1996 04:11:16 -0800
Organization:   UC Berkeley



Einar Andreas Rodland wrote:

> . . (preamble excised)
>
> SOLUTION:
> 
> If you have a piece of paper with ANY shape, I wish to prove that
> when folding it, the circumference will be reduced. Say that you
> fold it along a line AB where A and B are the endpoints, and where
> the line AB is included in the paper before folding. 
>
> . . (rest of solution excised)
> 

I think the point of the MNP was that what is folded repeatedly is the
original square, not the image of the square at each stage. Certainly
the first fold decreases the circumference, but subsequent folds may
"unfold" bits that have been folded in, possibly in some strange way.
The "foldings" at each stage are locally isometric maps of the
square into R^2, and the "circumference" at each stage is the circ. of
the image. But it is the square that is folded at each stage (like an
origami construction), not its image.

Is the Problem known to be true then? (as J. Propp's post suggests)

Danny Calegari.



From:           lepro@math.wisc.edu (Douglas R Lepro)
Newsgroups:     sci.math.research
Subject:        Re: The Margulis Napkin Problem
Date:           2 Mar 1996 19:18:33 GMT
Organization:   University of Wisconsin, Madison
Summary:        not proved yet



Einar Andreas Rodland  <einara@math.uio.no> wrote:
>Jim Propp wrote:
>> The Margulis Napkin Problem asks one to prove that it is impossible to
>> fold a unit square to form a flat shape who perimeter is greater than 4.
... (deletia)
>> Jim Propp
>
>SOLUTION:
>If you have a piece of paper with ANY shape, I wish to prove that
>when folding it, the circumference will be reduced. Say that you
>
...(proof that any fold of single thickness shape reduces circumference)
>
>Hence, folding any shape once reduces the circumference. Then, of
>course, repeated folding will reduce the circumference.
>-- 
>Einar Andreas Rodland               E-mail: einara@math.uio.no
>

     The above is not a full solution.  If your paper likes to stick to
itself so much that after any fold you may again consider yourself to have
only a single thickness of paper, the above argument works as advertised.
However, even the most trivial of origami folds (including a mountain fold
somewhere, for example) requires that the paper be partially unfolded at 
some point.  Not all flat folded shapes are achievable from simple folds
of the type outlined above.  Now, if someone wants to show that the 
*shadow* of any flat folded figure is achievable with the shadow of a 
figure including only simple folds, the above is the required final step.
However, I don't believe that part about shadow achievability.  :-)
I think a proof would have to consider an arbitrarily folded flat figure
and the prover should be careful with any inductions used.
Doug  --  lepro@math.wisc.edu
--
Douglas R. Lepro
lepro@math.wisc.edu



From:           greg@math.uiuc.edu (Greg Kuperberg)
Newsgroups:     sci.math.research
Subject:        Re: The Margulis Napkin Problem
Date:           2 Mar 1996 20:46:03 GMT
Organization:   Yale department of mathematics



In article <3136FB25.4F107A44@math.uio.no> Einar Andreas Rodland <einara@math.uio.no> writes:
>> The Margulis Napkin Problem asks one to prove that it is impossible to
>> fold a unit square to form a flat shape who perimeter is greater than 4.
...
>Hence, folding any shape once reduces the circumference.

Yes, this is not too hard.

>Then, of course, repeated folding will reduce the circumference.

This reasoning doesn't work with the intended terms of the question.
If by "fold" you mean a composition of maps (x,y) -> (|x|,y),
then yes.  But in the more usual sense of folding, the perimeter
can go back up when you make a second fold:

            _______
           /.      |
          / .      |
      ___/...      |
     |  /  .       |
     | /  .        |
     |/  .         |
     /  .          |
    /. .           |
   / ..            |
  /...             |
  |                |
  |________________|

So a reasonable rigorous interpretation of the question is:
If f is a continuous piecewise isometry from the square [0,1]^2
to the plane R^2, is the perimeter of f([0,1]^2) not more than 4,
with equality only for isometries?

Also, I'd like to know about a generalization:  Does there
exist a shape of napkin the can be folded so that its perimeter
goes up?



From:           propp@math.mit.edu (Jim Propp)
Newsgroups:     sci.math.research
Subject:        Re: The Margulis Napkin Problem
Date:           3 Mar 1996 19:43:07 -0500
Organization:   MIT Department of Mathematics



>The Margulis Napkin Problem asks whether it is possible to fold a unit
>square to form a flat shape whose perimeter is greater than 4.

Several people have submitted incorrect solutions that neglect the fact
that parts of the paper that disappear from view can reappear when a 
subsequent folding takes place.  

For instance, take a piece of paper and draw two horizontal lines, 4/9 
and 5/9 of the way down the page.  Make a mountain fold along one line.  
Now make a valley fold along the other line.

The upshot is that the perimeter need not be a decreasing function of time,
so simple proofs-by-induction like the one recently posted here will not 
suffice.

Jim Propp



From:           Einar Andreas Rodland <einara@math.uio.no>
Newsgroups:     sci.math.research
Subject:        Re: The Margulis Napkin Problem
Date:           Mon, 04 Mar 1996 14:15:19 +0100
Organization:   University of Oslo



Einar Andreas Rodland wrote:
> 
> Jim Propp wrote:
> >
> > The Margulis Napkin Problem asks one to prove that it is impossible to
> > fold a unit square to form a flat shape who perimeter is greater than 4.
 :
> 
> SOLUTION:
> 
> If you have a piece of paper with ANY shape, I wish to prove that
> when folding it, the circumference will be reduced. Say that you
> fold it along a line AB where A and B are the endpoints, and where
> the line AB is included in the paper before folding. (If there is
> a hole in the paper or the paper is non-convex, AB may pass over a
> region which is not included in AB. We will deal with this later.)
> 
 :

It has been pointed out to me by several that my proof only covers a
group of special cases: foldings that may be described by a line segment
and where the paper is folded along that segment. There are several
foldings that may not be described this way, in particular cases where
only the upmost sheet of paper is folded.

I cannot see any way of fixing the proof.

So to conclude, I am (we are?) back in the wilderness again.  :-)

Einar

-- 
Einar Andreas Rodland               E-mail: einara@math.uio.no
University of Oslo, Norway
Departement of Mathematics          http://www.math.uio.no/~einara



From:           Thomas Mautsch <mautsch@mathematik.hu-berlin.de>
Newsgroups:     sci.math.research
Subject:        Re: The Margulis Napkin Problem
Date:           Mon, 04 Mar 1996 17:08:07 +0100
Organization:   Humboldt Universitaet zu Berlin



Einar Andreas Rodland wrote:
> 
> Jim Propp wrote:
> >
> > The Margulis Napkin Problem asks one to prove that it is impossible to
> > fold a unit square to form a flat shape who perimeter is greater than 4.
> >
...
> 
> SOLUTION:
> 
> If you have a piece of paper with ANY shape, I wish to prove that
> when folding it, the circumference will be reduced. 
... 

This statement cannot be right because, if you folded the result of your
folding back into the original state, you would get the piece of paper
you started with but this time with smaller circumference (perimeter?).
Contradiction. 

However, I would like to see a proper solution myself. 

Sorry for the inconvenience
        Tom
-- 
-------------------------------------------------------------------------------
 Thomas Mautsch                               mautsch@mathematik.hu-berlin.de
-------------------------------------------------------------------------------



From:           hoey@aic.nrl.navy.mil (Dan Hoey)
Newsgroups:     sci.math.research
Subject:        Re: The Margulis Napkin Problem
Date:           05 Mar 1996 03:14:31 GMT
Organization:   Navy Center for Artificial Intelligence



propp@math.mit.edu (Jim Propp) writes:

> >The Margulis Napkin Problem asks whether it is possible to fold a
> >unit square to form a flat shape whose perimeter is greater than 4.

> Several people have submitted incorrect solutions that neglect the
> fact that parts of the paper that disappear from view can reappear
> when a subsequent folding takes place....

Quite so, but it is not even that simple--your mention of a
"subsequent folding" suggests an intention to apply one folding at a
time to the napkin.  But I doubt that every locally isometric map is
achievable by a discrete sequence of simple foldings, even when we
allow both folding parts together and unfolding previously folded
sections.

As a candidate for this complication, I offer a shape that I hope will
_not_ become known as "Hoey's hankie".  Form a radiating fan-fold with
apex A whose circumference BCDEFG has repeated z-shaped overlaps.

 B +---------+_ A                          The perimeter angle BAG
    \       '|\-_                          should be Pi - 2(DAC + FAE)
     \      '|`\ -_                        so that BAG is a straight
      \    ' | `\  -_                      line when the fans are
       \   ' | ` \   -_                    unfolded.  Create a
        \ '  |  ` \    -_                  duplicate fanfold with
         \'  |  `  \     -_                circumference GHJKLB
         |\  |   `  \      -_              connected to the original
         | \ |   `   \       -_            along BAG.  As shown, this
        |   \|    `   \        -_          would unfold into some kind
        |   _+    `    \         -_        of decagonal shape
       |  _-   C   `    \         _+  G    BCDEFGHJKL with internal
       |_-         `     \      _-         point A, but it can be
      +-------------------+ E _-           trimmed to form a square
    D               |    /  _-             enclosing A.
                     |  / _-
                     | /_-                 I'm pretty sure you can't
                      +                    fold this one fold at a
                    F                      time.

For another complication, consider that this example can be
constructed by manipulations in three-space, using inelastic piecewise
flat paper with a finite number of fold lines.  But I don't see any
reason why the existence of such a construction is guaranteed in
general.  Could there be a shape that you could not form without
temporarily bending the paper into a curve?  Could there be one that
requires stretching or cutting and pasting?

I don't know if these complications lead us toward counterexamples to
the original conjecture.  They do make the attempts at proofs by
"inductive construction" more dubious, though.

Dan Hoey                            This article was e-mailed and also
Hoey@AIC.NRL.Navy.Mil                 submitted for sci.math.research.



To:             eppstein@ics.uci.edu
Subject:        Margulis napkin problem
Date:           Tue, 12 May 98 19:33:31 -0400
From:           "Gregory B. Sorkin" <sorkin@watson.ibm.com>



Dear David,

Just browsed through your geometry junkyard, whose Margulis napkin
problem page leaves the impression that the proposition is true, if
not quite proved.  As your mathematical origami page points out,
it's false, and you might want to give a hint of that in the other
page (or throw it out entirely?). 

Furthermore, it seems that arbitrarily large perimeter is possible.
Maybe you already know this, but, imagining a silk handkerchief 
rather than paper, rule it into an nxn grid, and gather the perimeter
of each little square into a point.  If you can do this, you have
n^2 pillae each of height O(1/n), and sharing a common point as a
base; splaying them out to all sides gives perimeter O(n).  It seems
I was not the first to realize this, and I am assured by Robert Lang 
that the folding is indeed feasible, and that this is proved by 
various papers here and there, albeit not all in one place.

-Greg



Date:           Wed, 11 Oct 2000 23:00:10 -0400
From:           Lars Huttar <lars_huttar@sil.org>
To:             eppstein@ics.uci.edu
Subject:        suggested additions to your page on the Margulis napkin p...



Subject:
suggested additions to your page on the Margulis napkin problem
---------------------------------

Hello,

For a more complete explanation of how the Margulis napkin
problem is solved, you might
want to add the following exchange to your web page.  I got the
following from
http://origami.kvi.nl/archives/a0028x/arc00282.txt  (without
permission of the authors).



Date:           Fri, 11 Apr 1997 00:54:27 -0300 (ADT)
From:           Rjlang@aol.com
Subject:        Re: [propp@math.mit.edu: Margulis napkin problem]



Jeannine Mosely forwarded to origami-L a query from Jim Propp:

>>>>
Has anyone heard of the "Margulis napkin problem"?  (I don't know whether  
it is indeed due to Margulis.)

This innocuous-sounding puzzle merely asks whether it is possible to fold a 
square piece of paper (no tearing allowed!) so that the resulting flat 
figure has larger perimeter than the original square did.  Can anyone find 
a proof that it can't be done?
<<<<

and Mark Casida suggested:

>>>>
Must the folded figure be convex?  Or can it be e.g. star shaped? [What if 
I take an origami sea urchin and (shudder) press it flat on the table?  
Won't that have a very large perimeter?]
<<<<

which is exactly the right strategy. Not only can you make the perimeter of 
the star-shaped base larger than the original square; you can make it 
arbitrarily large. If you fold an order-N Sea Urchin (from Origami Sea 
Life), it has N^2 points, each of length (1/(2(N-1))). If you make the 
points arbitrarily thin (using lots and lots of sink folds!), when you 
flatten it, you'll get a total perimeter of N^2/(N-1), which is unbounded 
as N is large.

You don't have to go to this extreme, however. If you thin the points of a 
Bird Base, you can splay the points out into a shape with a perimeter 
greater than a square. The trick in either case is to create one or more 
middle points.

Robert J. Lang
rjlang@aol.com



Date:           Fri, 11 Apr 1997 11:55:20 -0300 (ADT)
From:           Jeannine Mosely <j9@concentra.com>
Subject:        Re: [propp@math.mit.edu: Margulis napkin problem]



Robert Lang wrote:

  Jeannine Mosely forwarded to origami-L a query from Jim Propp:

  >>>>
  Has anyone heard of the "Margulis napkin problem"?  (I don't know whether  
  it is indeed due to Margulis.)

  This innocuous-sounding puzzle merely asks whether it is possible to fold a 
  square piece of paper (no tearing allowed!) so that the resulting flat 
  figure has larger perimeter than the original square did.  Can anyone find 
  a proof that it can't be done?
  <<<<

  and Mark Casida suggested:

  >>>>
  Must the folded figure be convex?  Or can it be e.g. star shaped? [What if 
  I take an origami sea urchin and (shudder) press it flat on the table?  
  Won't that have a very large perimeter?]
  <<<<

  which is exactly the right strategy. Not only can you make the perimeter of 
  the star-shaped base larger than the original square; you can make it 
  arbitrarily large. If you fold an order-N Sea Urchin (from Origami Sea 
  Life), it has N^2 points, each of length (1/(2(N-1))). If you make the 
  points arbitrarily thin (using lots and lots of sink folds!), when you 
  flatten it, you'll get a total perimeter of N^2/(N-1), which is unbounded 
  as N is large.

You don't have to go to this extreme, however. If you thin the points of a 
Bird Base, you can splay the points out into a shape with a perimeter 
greater than a square. The trick in either case is to create one or more 
middle points.

  Not so fast, Robert!  When you flatten the sea Urchin, portions of each 
  point overlap neighboring points, reducing the total perimeter. And I can't 
  get the bird base trick to work either, at least not without little tears 
  appearing in the edges of the paper as the points spread apart.  Can you 
  check your theory, and give more specific instructions?

       -- Jeannine Mosely



Date:           Sat, 12 Apr 1997 04:38:33 -0300 (ADT)
From:           Rjlang@aol.com
Subject:        Re: [propp@math.mit.edu: Margulis napkin problem]



To recap: Jeannine posted a query about whether it's possible
to fold a shape
with a perimeter larger than the original square; Mark Casida
suggested
squashing a Sea Urchin; and I observed that:

..you fold an order-N Sea Urchin (from Origami Sea Life).
It has N^2 points, each of length (1/(2(N-1))). ****If you make
the points
arbitrarily thin**** [emphasis added] (using lots and lots of
sink folds!),
when you flatten it, you'll get a total perimeter of N^2/(N-1),
which is
unbounded as N is large.

and

You don't have to go to this extreme, however. ****If you thin the 
points**** [emphasis added] of a Bird Base, you can splay the points out 
into a shape with a perimeter greater than [that of] a square.

Jeannine takes me to task:

>>>>
  Not so fast, Robert!  When you flatten the sea Urchin, portions of each 
  point overlap neighboring points, reducing the total perimeter. And I can't 
  get the bird base trick to work either, at least not without little tears 
  appearing in the edges of the paper as the points spread apart.  Can you 
  check your theory, and give more specific instructions?
<<<<

I added the asterisks to my original comments to emphasize an important 
point; if you're really going to try this, you definitely have to thin the 
points, or as Jeannine points out, you'll lose perimeter due to the regions 
where the points overlap. The thinner you make the flaps, the less you 
lose. And in fact, as you'll see below, you have to thin them a _lot_ just 
to reach break-even.

To quantify this and to provide a specific example in the case of the Bird 
Base, take a unit square (I get these from OUSA Supplies) and fold a Bird 
Base in the all-flaps-down position (kite-shaped). Denote the height of the 
top triangle by z (z is (Sqrt(2)-1)/2, but that's not important to the 
argument). Now narrow all four long flaps (and the top flap) by sinking the 
_sides_ in and out on parallel creases, dividing each side into nths. After 
sinking, spread-sink one flap on each side, so you end up with a real 
skinny thing with one flap pointing upward and two flaps on the left and 
right pointing down. Reverse-fold two of the downward-pointing flaps out to 
each side, and spread the two remaining downward-pointing flaps slightly so 
there is a gap between them.

Now, your shape lies completely flat and has four long flaps and one 
shorter one. Because of overlapping layers, each of the long flaps, which 
ideally would have a perimeter of slightly more than (1), has lost (2z/n) 
in length. The top flap has a perimeter slightly over (2z). So the total 
perimeter of the shape is 4(1-2z/n)+2z = 4 + 2z(1-4/n) (actually a teensy 
bit more because of some angled edges, which I'm neglecting for now).

So if you compare this to the perimeter of the original square, you see 
that for n=4, you've just about broken even; but if you divide into 5ths or 
more, you'll come out ahead. And if you make the points "arbitrarily thin", 
which only occurs in pure mathematics and Origami Insects And Their Kin, 
the perimeter of the Bird Base shape approaches the value 4+2z, or about 
4.414. Similar arguments (and many more sinks) apply to the Sea Urchin.

Robert J. Lang
rjlang@aol.com




latter makes perimeter longer. Thinning the ends many times makes possible
to increase the perimeter by a value arbitrarily close to (v2 — 1)-a.

The following picture describes another way to increase the perimeter which
is based on an idea of Yaschenko. It can be obtained by by recursive application
of one simple move. If one repeats this move sufficiently many times, we obtain
a figure with a longer perimeter; each iteration adds 2 layers near the concave
corner. The total number of layers in this model is much bigger than in the
crane base.

The sea urchin and the comb. It turns out the perimeter can be made
arbitrarily large. This can be seen in the origami model for a sea urchin con-
structed by Robert Lang in 1987. In 2004 a complete solution was discovered
independently by Alexei Tarasov; he constructs a folding of a “comb” which is
shown on the picture on the right. He proved that the comb can be folded in a
true way, in particular without starching and crooking the paper which is often
used by in origami.

Foldings in 4-dimensional space. One can define a “folding” as a piecewise
distance preserving map from the square to the plane. These foldings are yet
more general than those which appear above. The piecewise distance preserving
map discussed in Problem 6.B, shows that it is not always possible to construct
a paper model for such maps. On the other hand, these obstructions disappear
in the 4-dimensional case. Thus, one can regard piecewise distance preserving
maps as paper folding in 4-dimensional space.

In this case, the existence of perimeter increasing folds follows from Brehm’s
theorem. It is sufficient to construct a distance nonexpanding map from the
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square to the plane so that the perimeter of its image is sufficiently long and
then apply Brehm’s theorem to approximate this map by a “folding”.

The needed map can be constructed as follows: Fix a large n and divide
the square [J into n? squares with side length £. Let d(z) denotes the distance
from a point € O to the boundary of the small square which contains x.
The function d: O — R takes values in [0, 3%-]. Further, let us enumerate the
squares by integers from 1 to n?. Given z € [J denote by i(z) the (say minimal)
number in this enumeration of a small square which contains .

Now for each i € {1,2,...,n%} choose a
unit vector u; € R? so that u; # uj if i # j.
Consider the map f: [0 — R? defined by

f(z) = d(x) iz

It is straightforward to check that the ob-
tained map is distance nonexpanding. The
image f(0) consists of n? segments of length 5% which start at the origin. So
the perimeter of f(O) is equal to 2n2oﬁ = a-n. le., taking large enough n,
one can make the perimeter of the image f(O) arbitrary large.

(The picture shows the case n = 4, in this case the perimeter of f(0O) is 4-a;
i.e. it is the same as perimeter of the original square, for n > 4 it gets larger.
When you calculate the perimeter of the degenerate figure, imagine going up
and down each segment as you “traverse the boundary” and count the length of
each segment twice.)

- K

Variations on a theme of Kirszbraun

This is yet another relaxing section.

7.6. Proposition. Let R > 0 and ai,aq2,...,a, and by, ba,... b, be two
collections of points in R™ such that

lai — a;| = |b; — byl

for alli and j. Then

n

ﬂ Br(ai) # 9 = m Br(b;) # 2.

i=1 i=1

Proof. Applying Kirszbraun’s theorem (6.8), we get a distance noncontracting
map f: R™ — R™ such that f(a;) = b;. Choose z € (;_, Br(a;). Since f
distance noncontracting,

[f(x) =bil <z —ail <R

for each i. In particular, f(x) € Br(b;) for each i; hence the result. O
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Given a set A C R™, let vol,;,(A) denote m-dimensional volume of A. For
example vol; measures length in R', vol, measures area in R2, and vol; measures
the usual notion of volume in R3.

7.7. Conjecture. Let R > 0 and ay,as9,...,a, and by, ba, ..., b, be two col-
lections of points in R™ such that

lai — aj| > [b; — by

for alli and j. Then

(6] vol,, (m BR(ai)> < voly, (m BR(bi)>
=1 i=1

and

(7] vol,, <U BR(aZ-)> > vol,, (
i=1

—

BR(bZ-)) .
1

7.8. Exercise. Prove this conjecture in case m = 1.

7

The inequality @ was conjectured by Poulsen in 1954 and Kneser in 1955
and Hadwiger in 1956. The inequality ® was conjectured much later, it appears
in list of problems of Klee and Wagon published in 1991. Both inequalities are
trivial in the case m = 1; both are open problems for m > 2. Both were proved
in case m = 2 by Bezdek and Connelly in 2002. Here we will describe ideas in
their proof without going into details.

Not quite working idea. Assume one can construct n smooth curves a;: [0, 1] —
— R? such that

0  ;(0) =a; (1) =b; and ¢; ;(t) = | (t) — a;(t)] is nonincreasing.
In this case one can consider functions
v(t) = area (ﬂ BR(a(t))> and V(t) = area (U BR(a(t))> .
i=1 i=1

In order to prove @, it is sufficient to show that v’(¢) > 0 for all ¢. Similarly, to
prove @, it is sufficient to show that V'(¢) < 0 for all ¢. The latter is a calculus
problem; it is technical, but straightforward.

As one can see by the following exercise, this approach cannot lead to a
solution directly.

7.9. Exercise. Construct points ay,as,as, ay, b1, be, b, by € R? such that

lai — aj| = [b; — by
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for all i and j, but there are no curves ay,as,as,ays: [0,1] — R? which satisfy

0.

In their proof, Bezdek and Connelly found a work around which uses the
following theorems.

7.10. Alexander’s theorem. Letaq,as,...,a, andby,bs,..., b, be two col-
lections of points in R™. Viewing RZ™ as R™ x R™, we shall consider R™ =
R™ x {0} as a coordinate subspace of R>"™. Then there is a choice of curves
a;: [0,1] — R%™ such that a;(0) = a; = (a;,0), a;(1) = b; = (b;,0) and the
function ¢; ;(t) = |oi(t) — a;(t)| is monotonic for each i and j.

Proof. Straightforward calculations show that conclusion of the theorem hold
for

a;(t) = (ai b + cos(ﬂ'~t)~ai ; bi, sin(7r-t)~ai — bi) .

2 O

7.11. Archimedes’s theorem. Consider the unit sphere S C R3. Denote
by I1: S — R a coordinate projection. Then for any subinterval interval [a,b] C
C [-1,1], we have

area [II""([a,b])] = 2-7(b—a).

In other words, the area of the unit sphere which lies between two cutting parallel
planes of distance h is equal to 2-7-h.

Proof. The set 117! ([a, b]) is a surface of revolution of function

flw) = V1=

restricted to the interval [a,b]. Therefore

b
area [H_l([a7 b)] =27 j f(@) 1+ (f(x))*dx

=2-7m-(b—a). 0

Let us denote by B™ the unit ball in R™ and vol,,, the m-dimensional vol-
ume. Note that when we write vol,, S™, we are considering the m-dimensional
analogue of surface area of the unit sphere, not the (m + 1)-dimensional volume
of the region it bounds in R™*1. Archimedes’s theorem admits the following
generalization in higher dimensions. The proof goes along the same lines. The
case m = 1 coincides with the original Archimedes’s theorem; we will use only
the case m = 2.

7.12. Generalized Archimedes’s theorem. Let m be a positive integer.
Consider the unit sphere S™T1 C R™*2. Denote by I1: S™*1 — R™ a coordinate
projection; clearly TI(S™ 1) = B™. Then for any domain Q C B™, we have

voly1 [IT7H(Q)] = 2.7 vol,, Q.
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In particular
Vol ST = 2.7 vol,,, B™.

The working idea of Conjecture 7.7 for m = 2. According to Alexander’s the-
orem we can construct curves a;: [0,1] — R?* which satisfy @. Since we are
considering R? as a subspace of R*, given z € R? C R* we need to distinguish
the notions of balls centered at 2 in R? and balls centered at = in R*. We
will denote them Bg(x;R?) and Bg(z;R*) respectively. From the Generalized
Archimedes’s theorem, we get that

area( BR(ai;R2)> = 2~71'R'V013 <8ﬂ BR(ai;R4)>

)=

@ ?1 izl
area (ﬂ BR(bi;R2)> = 2';1% -vols (8 ﬂ BR(bi;]Rfl))
i=1 i=1

Now consider the function

w(t) = 7214 vols (8 ﬂ BR(ai(t);R4)> .

=1

If w(t) nonincreasing for all ¢, then together with @ it would imply @.
To show that w(t) nonincreasing one needs to calculate its derivative and
show that it is nonpositive. The latter follows since

w'(t) = — Zfé,j(t)'ﬁi,j (t),

for some nonnegative values ¥; ;(t). In fact for any fixed ¢, the value ¥; ;(t)
can be expressed using only the values ¢; ;(t) and R. (The inequality 9;; > 0
follows from the geometric interpretation of this number as the area of certain
sets in (_; Br(c;(t); R?), which we do not discuss here.)

The inequality @ is proved in a similar way. We have to define

W(t) = ﬁ V013 (8 U BR(Oéi(t);R4)>

i=1

and prove that

W/(t) =>4 ;(t)-6;;(t),

1<j
for some nonnegative values ©; ;(t). Then, apply the Generalized Archimedes
theorem to get

area <O BR(ai;R2)> =W (0),

i=1
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area (O BR(bi;R2)> =W(1).

i=1
Hence @.

7.13. Exercise. Try to understand why the same idea does not work in the
case m = 3.

7.14. Exercise. Construct points a1, as,as, a4, b1, ba, bz, by € R? such that
la; — a;| > |bi — by
for all v and 7, but

4 4
length (8 U BR(aZ—)> < length <8 U BR(bi)> .

i=1 i=1

7.15. Exercise. Apply inequality @ for R — oo to show that if a1, as, ..., an,
b1, ba,...,b, € R? such that

|a; — az| = [b; — by
for alli and j then

length (0 Conv(ay,as,...,a,)) > length (0 Conv(by, b, ..., b,)).
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Mid-term exam

¢ On Wednesday, Oct 12, 10-12, we have an exam.
o Review is Tuesday, Oct 11, from 3 p.m. to the last student.

Problem 1+2. Two of the exercises from the list (the choice is mine):
1.2,1.4 1.18, 1.23, 1.24, 1.30,
2.2, 2.4, 2.5, 2.10, 2.14, 2.15,
3.2, 3.3, 3.5, 3.6, 3.9, 3.10, 3.11, 3.13,
4.5, 4.8, 4.15, 4.16,
5.11, 5.12,
6.1, 6.11.

Problem 3. Two statements (or its part) from the list (the choice is mine):

1.25, 1.27,
2.1, 2.3, 2.6, 2.12,

3.4, 3.12, 3.A,

4.3, 4.6, 4.11, 4.12, 4.13,
5.5

6.6

Problem 4. One of HWA problems from the list (the choice is mine):
1.A,B,C,D;
2.A,C,D;
3.B,C;
4.AB,C,D;
5.A,C,D;
6.A,B,C,D.

Problem 5. One new problem.
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8 The surface of a convex polyhedron

Let K be a non-degenerate convex polyhedron in R3. The boundary of K
equipped with the induced intrinsic metric will be called the surface of K.
According to Exercise 5.8, the surface of a polyhedron is a polyhedral space.

8.1. Proposition. Let P be the surface of a non degenerate convex polyhedron.
Then P is homeomorphic to S2.

Proof. Without loss of generality, we may assume that the origin o € R? lies
in the interior of K. Consider the map f: P — S? defined by f(z) = z/|z|; in
other words, a point 2 € P is mapped to the intersection of the ray [ox) with
the unit sphere S? C R3.

Since K is convex and the origin o is an interior point, for any z # o, the
ray [oz) intersects P at exactly one point. It follows that, f: P — S? is a
bijection. Since o ¢ P, the map f: P — S? is continuous. Hence f: P — S? is
a homeomorphism; see Exercise 1.19. O

We shall be interested in when an abstract polyhedral space P can be real-
ized as the surface of a convex polyhedron in R3. Proposition 8.1 says that a
necessary condition for this is that P must be homeomorphic to S?. To formu-
late another necessary condition, we have to define the curvature at a point in
P.

8.2. Definition. Let P be a polyhedral space which is homeomorphic*? to S2.
Given p € P, consider a triangulation of P for which p is a vertex. Denote by
ap the sum of the angles around p The value o, will be called the total angle
around p and the value

wp =27 —

will be called the curvature of P at p.

8.3. Exercise. Show that for any p € P, there is a triangulation as described
in the above definition, and that the curvature of P at p does not depend on the
choice of such a triangulation.

8.4. Exercise. Assume P is a polyhedral space that is homeomorphic to a
sphere and T is a triangulation of P. Show that if the curvature of P at p is
nonzero then p is a vertex of T.

8.5. Exercise. Assume P is a polyhedral space that is homeomorphic to a
sphere and T is a triangulation of P. Show that the sum of the curvatures of P
at all vertexes of T is equal to 4-7.

Hint: Let k, l and m be the number of vertexes, edges, and triangles respectively
in the triangulation 7. Use that sum of angles of in any triangle is 7 together
with Euler’s formula k — [ +m = 2 and the identity 3-m = 2-1.

2Instead of S? one may take any 2-dimensional manifold, but I avoid to use the term
“manifold” since I did not define it yet.
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8.6. Exercise. Let P be the surface of a convex polyhedron K. Show that the
curvature of any point p € P is non-negative.

Hint: Consider the space K, which is the intersection of K with a small sphere
centered at p. Note that K, is a convex spherical polygon. Then apply the idea
used in the proof of Lemma 2.12.

Note that Proposition 8.1 holds in the degenerate case where K is a flat
polygon, but in this case the “surface” of K should be defined differently. You
have to imagine that you are living in R? and can walk on a flat polygon made
from rigid material; so to get from one of its sides to the other, you have to
travel over a boundary edge.

More formally, we define the surface of a convex polygon K as its doubling;
i.e., two copies of K glued along the boundary. Since K is homeomorphic to a
disc, the doubling of K is homeomorphic to a sphere.

Proposition 8.1 and Exercise 8.6 together say that if a polyhedral space P is
isometric to the surface of a convex polyhedron in R3, then P is homeomorphic
to S? and that the curvature of P is non-negative everywhere. Alexandrov’s
theorem provides a converse to this statement.

8.7. Alexandrov’s theorem. Let P be a polyhedral space which is homeo-
morphic to S?. Assume that the curvature of P is non-negative at each point.
Then P is isometric to the surface of a convex polyhedron K in R® (which may
possibly degenerate to a polygon in a plane.)

Moreover, the polyhedron K is unique up to isometry of R3.

This theorem is one of our big goals, the proof will take few lectures.
Uniqueness is an important step in the proof. Namely, we will first have to
show the following.

8.8. Alexandrov’s uniqueness theorem. Any two convex polyhedra in R?

with isometric surfaces are congruent; i.e., they are the same up to isometry of
R3.

In particular, Alexandrov’s uniqueness theorem implies Cauchy’s theorem,
which roughly says that if we know each face of a convex polyhedron K and we

know the rules that determine how these faces are attached to each other, then
we know K up to isometry of R>.

Flexible polyhedra

Without convexity, Alexandrov’s uniqueness
theorem (8.8) does not hold. In the picture
you can see an example — two non-congruent

polyhedra with isometric surfaces. One of the d h
polyhedra is obtained from the other by re-

flecting 3 faces in a plane.
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It is impossible to get from one these polyhedra to the other one by a contin-
uous deformation which keeps each face rigid. In fact, both of these polyhedra
are rigid; i.e., any continuous deformation of them which keeps each face rigid
is given by isometries of R3.

8.9. Exercise. Prove the last statement.

In this section we construct examples of flexible polyhedra, i.e., a polyhedron
which admits such a continuous deformation.

To make the statement precise we need the following technical definition. It
is meant to capture a natural property of the following physical object.

Assume that we have a finite 2-dimensional simplicial complex S and a map
f: S — R? which is linear on each triangle. Equip S with the polyhedral metric
so that f is distance preserving on each triangle. Let k be the number of vertexes
in §; label the images under f of the vertexes of S by {wy,ws,...,wi}. If a
pair (w;,w;) is connected by an edge in S, let us connect w; to w; by a rigid bar
and connect all the bars coming from one w; with joint-hinge. If the obtained
model admits a motion different from an isometry of Euclidean space, then f is
said to be flexible; if not, then f is rigid.

Alternatively, one may also cut each triangle of S from a rigid material and
join all these triangles by hinges along the edges. To make this new model, one
has to assume in addition that f is an embedding; otherwise the triangles in
S will intersect at their interior points (which would be hard to imagine in the
physical world).

8.10. Definition. Let S be a 2-dimensional simplicial complex and let f: S —
R3 be a map that is linear on each triangle. The map f is called flexible if there
is one parameter family of maps f;: S — R3, t € [0,1] such that
1 fo=f;
2. the map [0,1] x & — R3 defined as (t,z) — fi(x) is continuous®3;
3. for each t € [0,1], the map f; is linear on each triangle in S, and for each
edge e; of S the length of fi(e;) does not depend on t;
4. fi is different from fo in the sense that there is no isometry ¢: R® — R3
such that f1 = to fy.
If the map f: S — R? is not flexible, then f is called rigid.

8.11. Bricard—Connelly theorem. There is a simplicial complex S that is
homeomorphic to S* which admits a flexible map f: S — R3.
Moreover f can be chosen to be an embedding.

An example satisfying the first statement of this theorem was constructed
by Raoul Bricard in 1897; his examples are called Bricard’s octahedra, but they
all fail to be embeddings because they have self-intersections. In 1977, Robert
Connelly found a way to use Bricard’s octahedra to produce a flexible embed-
ding; this is the construction that additionally satisfies the second statement of

43 A one parameter family of maps which satisfies these two conditions is called a homotopy
of f.
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theorem. The simplicial complex S in his construction has 24 vertexes which
will be presented here.

Bricard’s octahedra. There are two types Bricard’s octahedra, which we shall
refer to as the first and second type. In both cases, Bricard’s octahedron, say
P, is glued out of 8 triangles in the same way as a regular octahedron, and it
has certain symmetry which depends on if it is the first or second type. The
triangulation is the same as in an octahedron; it has 8 triangles, 12 edges and 6
vertexes. Bricard’s octahedra are isometric to the surface of convex non-regular
octahedra®* | say K, but the flexible map f does not map P to the surface of
K.
The 6 vertexes of the octahedra will be denoted as z,y, z,z', 9/, 2/, any pair
of these vertexes is connected by an edge, with exception for the 3 pairs (z,z’),
(y,y') and (z,2").
¢ In Bricard’s octahedra of the first type, we assume that K has center of
symmetry; i.e. the midpoints of the line segments [zz'], [yy'] and [22/]
coincide.
¢ In Bricard’s octahedra of the second type, we assume there is a line of
symmetry, say in the line (zz’)%°.
Note that in both cases, the points x, ’, y and y’ lie on one plane, say II. The
flexible map is obtained by reflecting 2’ along with the 4 edges coming from 2z’
through IT. The new map is distance preserving on each of the 8 triangles of 7.
To see that it is flexible, note first that the part glued out of 4 triangles with
vertex z is flexible*; in other words we can fix vertexes z, y and z and move
x’ and y" along curves z'(t), ¢'(t) such that 2’(0) = a/, ¥’(0) = ¢ all of the
distances

=2’ 2=y @O =2 2O -y O ) -

stay constant while ¢ changes.
¢ For Bricard’s octahedra of the first type, set 2/(t) to be the rotation of z
by angle 7 around the line passing through the midpoints of line segments
[z,2'(t)] and [y,y’(¢)]. In this case we have

[2(t) — x| = |z = 2'(1)], 2'(t) —yl =1z = y'(B)],
2'(t) — 2’ (t)] = |z — =], 12'(t) =y (O)] = |z — .

o For Bricard’s octahedra of the second type set z'(t) to be reflection of
z in the plane passing through z,z’(t) and the midpoint of line segment
[y,4/(t)]. In this case we have

2'(t) — =] = |z — 2], 12'(t) =yl = [z = ' (t)],
[2'(t) = 2" (t)] = |z — 2"(¢)], 12'(t) =y (O)] = |z — -

44Well, we consider only these type of Bricard’s octahedra.

45i.e. rotation by angle 7 arouind (zz') sends z to 2’ and y to y’.

46T his is true if each angle Zzzy, Zzzy', Zx'zy, Zz'zy’ is strictly larger than the sum of the
remaining three angles. In particular, if the spherical quadrilateral ) with vertexes formed by
unit vectors in the directions of rays [zz), [2y), [¢2’) and [zy’) is not degenerate. Note that
flexibility of @ in the sphere is equivalent to flexibility of our 4 triangles in R3.
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In both cases, we have that

[2'(t) — =, 2(t) — yl, [2(t) —2'(®)], [2(t) =y (1)]

stay constant while ¢ changes.
You may look at the animated images of Bricard’s octahedron of the first type
and the second type.

Connelly sphere. Now we will sketch Connelly’s idea which uses 3 Bricard’s
octahedra to construct a flexible embedding of a polyhedral surface with 24
vertexes.

Start with a Bricard’s octahedron of
the first type, as on the picture. Here
you see “upper” and “lower” sides®” ,
both are squares and the triangulation
is marked by solid lines. The dashed
line is a line of self-intersection after a
small deformation. The identified sides
are decorated the same way.

Remove 3 big triangles from the upper side and exchange each by 3 triangles
with common vertex quite a bit above of the corresponding triangle. This way
you exchange 3 triangles to 9 and add 3 extra vertexes. Do the same for the
lower side, but choose the vertex quite a bit below the corresponding triangle.
The next picture shows how it will look from above, form below and a side view.
The new model is still flexible and for small deformations its self intersections
appear only at the spots marked by red.

M ¥

Let us cover a red spot on the upper side by two small triangles joined
along the edge. Construct a Bricard’s octahedron of the second type with these
two triangles as faces. This new model is still flexible and we can remove the
two small triangles from it. For the right choice of the small triangles and the
Bricard’s octahedron, we can get rid of this self-intersection.

If the same is done to the other red spot, we get a flexible embedding.

Estimates of degree of freedom.

Here we explain roughly explain the reason why it is hard to construct a flexible
map; i.e., why a randomly chosen map cannot be flexible (or better to say is
not flexible with probability 1). We are not proving anything here, we only

47These sides on the same level, we call one upper and one lower to distiguish them.
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count number of parameters and the number of constraints and show that these
numbers are equal. So if the constraints were “independent,” we would get
rigidity.

Let k, [ and m be the number of vertexes, edges, and faces respectively in a
simplicial complex S which is homeomorphic to the sphere. Label the vertexes
of S as {v1,v9,..., 0%}

We are interested in maps f: S — R3 which are linear on each triangle.
Each such map is completely determined by values

w; = f(vi) = (24,9, 2) € R3.

We want to distinguish maps up to an isometry of R?, so we can assume that
wy is the origin of R3; ws lies on z-axis and ws lies in the zy-plane. In other
words,

wy = (070?0)7 Wwa = (1'2,0,0), w3 = ($3,y370)

Thus, up to isometry of R3, the map f is completely described by 3-k — 6
numbers

(1] (332)7(333,?43),(1‘4’194,24)’---7($k,yk72’k)~

Now let us count number of constraints. We want to preserve the length of
each edge in S; i.e., we have if vertexes v; and v; are connected by an edge in
S then

(2] |w; —wjlrs = agj,

where a;; is the length of this edge. (The equation @ is quadratic if written in
the variables x;, vs, 2, x;, y; and z;) All together f has to satisfy [ equations
of the form @.

According to Euler’s formula, we get

E—14+m=x(S?* =2.

Further each edge appears as a side in exactly two triangles and each triangle
has three sides; i.e., we have 3-m = 2-1. Therefore

l=3k—6.

Thus, the number of equations (I) coincides with the number of parameters
(3-k—6) in @.
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HWA 7; due Fri, Oct 28

8.A. Print this page, cut the following figure and glue the marked sides.

You get 6 out of 8 triangles in the Bricard’s octahedron. I hope you can imagine
the remaining two triangles.
i) Is it first or second type of Bricard’s octahedron?
ii) Move this model, folding only along marked lines to make another flat
polygon (not the square which you started with).
Attach it to your homework.

Try to understand which Bricard’s octahedra can be moved into two distinct
flat positions.

8.B. Assume that the surface of a nonregular tetrahedra T has curvature 7 at

each of it vertexes. Show that
i) all faces of T are congruent;
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ii) the line passing through midpoints of opposite edges of T' itersects these
edges at right angles.

8.C. How many combinatorically different*® triangulations of S? with 5 vertexes
are there? Show that any map for corresponding simplicial complex(es) such

that no 4 vertexes lie in one plane is(are) rigid.

8.D. Do all exercises in the last lecture, write a solution of one of your choice.

48Two triangulations 7 and T’ are the same combinatorially if there is a bijection f : V —
V' between their vertex sets such that

i) there is an edge from v to w in 7 if and only if there is an edge from f(v) to f(w) in T';

ii) there is a triangle connecting u,v,w in T if and only if there is a triangle connecting

f(w), f(v), f(w) in T7.
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9 Cauchy’s theorem

The first step in the proof of Alexandrov’s theorem (8.7) is Alexandrov’s unique-
ness theorem (8.8) which in turn generalizes Cauchy’s theorem formulated be-
low. We start with the proof of Cauchy’s theorem and then modify it to prove
Alexandrov’s uniqueness theorem. These proofs are written nicely in many
books and the presentation below is just a short extract. We would recommend
to read sections 2.1 and 3.1 in Alexandrov’s book [1]. If you want to get an idea
about other interesting proofs, look in Pak’s lecture notes [3].

9.1. Cauchy’s theorem. Let K and K' be two non-degenerate convex poly-
hedra in R3, and denote their surfaces*® by P and P'. If there is an isometry
P — P’ which sends each face of K to a face of K', then K is congruent to
K'.

Let us first break the proof into two parts, “local” and “global”, which will
be proved in the following sections.

Frame of the proof. Consider the graph I" formed by the edges of K (equivalently,
the edges of K').

For an edge e in T,

< denote by «, the corresponding dihedral angle of K;

¢ denote by o, the corresponding dihedral angle of K’.

Mark an edge e of T with (+) if @, < o and with (—) if @, > ol.

Now remove from I' everything which was not marked; i.e., leave only the
edges marked by (+) or (—) and their endpoints. The statement of Cauchy’s
theorem is equivalent to the fact that I' is an empty graph. Let us assume the
contrary and try to arrive at a contradiction.

Note that I' is embedded into P, which is homeomorphic to S? (see Proposi-
tion 8.1). In particular, the edges coming from one vertex have a natural cyclical
order. Given a vertex v of I'; we can count the number of sign changes around v;
i.e., the number of pairs of adjacent edges which are marked by different signs.

9.2. Local lemma. For any vertex of I' the number of sign changes is at least
4.

In other words, the local lemma states that at each vertex of I', one can
choose 4 edges marked by (+), (=), (+) and (—) which are in the same cyclical
order.

Once the Local lemma is proved, we get a contradiction by applying the
following.

9.3. Global lemma. Let ' be a nonempty sub-graph of the graph formed by
the edges of a convex polyhedron. Then it is impossible to mark all of the edges
of T by (+) or (=) such that the number of sign changes around each vertex of
I" is at least 4. O

49Their boundaries equipped with the induced intrinsic metric.
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9.4. Exercise. Assume that we glue one pentagon and 10
triangles in R? along the rule shown in the picture. Assume
that it forms a part of a surface of a convex polyhedron and
each vertex is a vertex of the polyhedron.

Show that this configuration is rigid; say one can not
fix the position of the pentagon and continuously move the
remaining J verteres in a new position so that each triangle
moves by a one parameter family of isometries of R3.

Local lemma

To prove the Local lemma, we will need the following.

9.5. Arm lemma. Assume that A = [agay ...ay,] is a convex polygon in R?
and A’ = [a}a)y . ..al] be a closed broken line in R3 such that

lai — ai1] = |aj — a4 |
foranyie{0,...,n—1} and
Za; < Za,
for each i € {1,...,n —1}. Then
a0 — an| < lag — )|
and equality holds if and only if A is congruent to A’.

One may view the broken lines [aga; . .. a,] and [aja] . .. al,] as a robot’s arm
in two positions. The arm lemma states that when the arm opens, the distance
between the “shoulder” and “tips of the fingers” increases. The following proof
was given by Zaremba.

9.6. Exercise.  Show that the arm lemma does not hold if instead of the
convexity condition, one only assumes that when you go along the broken line
aoay . .. ay, then you only turn left.

Proof. We will view R? as the zy-plane in R3, so that both A and A’ lie in R3.
Let a,, be the vertex of A which has maximal distance to the line (agay,).
Cyclically shift indexes of a; and a; down by m, so that

. / o
A_pm = ag, a_,, = ag,
pp— / ppe— /
a_(m_l) = ai, a_(m_l) =aq,
— I !
ag = Qy, ag = Qs
ap = ap Af 1= Qn,
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7

where £ = n — m. The symbol “:=” means an assignment statement as in
programming (the order of variables in an assignment statement is important:
a = b means that both a and b take the value b and b := a means that both
take the value a).

Without loss of generality, we may

assume that o as

o ap = af and they both lie in the
origin in R3;

o all a; lie in the zy-plane and
the x-axis is parallel to the line
(a—mar);

o the angle Zaj, lies in zy-plane and
contains the angle Zag inside and
the directions to a’_;,a_1, a1 and
aj from ao appear in the same Qs
cyclic order. le 3;2 aOT SR mml ;;3;2(\

Denote by x; and z} the projections

of a; and a) to xz-axis. We can assume in addition that zj > x_,,. In this case

az

a1

lax —a_m| =2 —2_p, and |a}, —a’,,| > 2} — 2’

—_m*

The latter follows because projection is a distance nonincreasing map. Therefore
it is sufficient to show that

/ /
Ty — Ty Z Tk — Tom.-
This holds if
/ /
(1] Ty —Xyjq = T — Ti1.

for each 1.
It remains to prove @; in the proof we assume that ¢ > 0, the case ¢ < 0 is
done the same way. Let us
¢ denote by «a; the angle between the vector w; = a; — a;_1 and the x-axis;
o denote by o the angle between the vector w, = a} — a;_; and the z-axis.
Note that
Ti— Tij—1 = |a7l - ai71|' COSs &g,

2}

/ / _ L . . /
X —x5_q = |a; — ai—1|- cos o

for each i > 0. By construction a; > «f. Note that Z(w;_1,w;) = 7 — Za;.
From convexity of [aja; .. .a;] for i > 0, we have

;=1 + (m—Lay) + -+ (7 — ZLay).

70



Since Z(w]_;,w}) =7 — Zal, from the triangle inequality for angles®®, we have
o <o+ (m— Za)) + -+ (7 — Zad)).

Since Za; < Aa;- for each j, summing it we get

a; = al.
Applying @, we get ©.
In the case of equality, we have «; = o for each 4, that implies Za; = Za/
for each 4. This also implies that all a} lie in xy-plane. The latter easily follows
from the following exercise.

9.7. Exercise. Consider a broken line [apaiazas] in R3. Denote by 9, ; the
angle between the vectors a; — a;—1 and a; —a;—1. Then

V13 <10 +723
and in case of equality, the broken line lies in a plane. O

Proof of Local lemma (9.2). Assume that the Local lemma does not hold at the
vertex v of I'. Then one can choose two points a and b near v on the surface
P so that on one side of the rays [va) and [vh) we have only (+)’s, and on the
other side only (—)’s.

Cut a small pyramid with vertex v from
K by a plane passing through a and b. The
base polygon is formed by two broken lines

with ends at a and b. Assume that
a=ag, A1y ---, Gp =0>

form the broken line along the side marked
with (4)’s. Denote by

r_ / A
a =ay ay, ..., @, =0

the corresponding points in P’. Since each
marked edge passing through a; has a (4) on it or nothing, we have

/ !/
Zai 100,41 < La;_1a;0,,4

for each 1.

9.8. Exercise. Prove the last statement.

50Equivalently, this is the triangle inequality on the unit sphere S2 with the induced intrinsic
metric. For any two nonzero vectors v1 and v in R3, one can consider their normalized (i-e.
unit vector) versions and the corresponding points on S2. Note that the distance (in S?)
between these points is the length of the arc of the great circle connecting these two points,
which is equal to the angle between v; and vs.
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By construction we have |a; —a;—1| = |a; —a}_,| for all i. By the Arm lemma
(9.5), we get |a — b| < |a’ — b'| and equality holds if no edge from v is marked
with a (+).

Repeating the same construction exchanging the places of K and K’ gives
|a —b] = |a’ — b'| and equality holds no edge from v is marked with a (—).

Since we do have the equality |a — b| = |a’ — b’|, it follows that no edge at v
is marked, a contradiction. O

Global lemma

Before going into the proof, we suggest to do the following.

9.9. Exercise. Show that all edges of an octahedron cannot be marked by
(4+)’s and (=) ’s such that we have 4 sign changes at each vertex.

The proof of the Global lemma is based on counting the sign changes in two
ways; the first is as one moves around each vertex of I' and the second is as
one moves around each of the regions separated by I' on the surface P. If two
edges are adjacent at a vertex, then they are also adjacent in moving around the
region to whose boundary they belong. The converse is true as well. Therefore,
both of the ways of counting give the same number.

Proof of 9.5. We can assume that I' is connected® (if not, pass to any con-
nected component of I'.) Denote by k and ! the number of vertexes and edges
respectively in I'. Denote by m the number of regions which I' cuts from P.
Since I' is connected, each region is homeomorphic to an open disc.

9.10. Exercise. Prove the last statement.

Now we can apply Euler’s formula
(3] k—Il+m=2.

Denote by s the total number of sign changes in I" for all vertexes. By the
Local lemma (9.2), we have

(4] 4-k < s.

Now let us get an upper bound on s by counting the number of sign changes
when you go around each region. Denote by m,, the number of regions which are
bounded by n edges; if an edge appear twice when you go around the regions it
is counted twice. Note that each region is bounded by at least 3 edges; therefore

(5] m=mgz+mg+ms—+...

Counting edges and using the fact that each edge belongs to exactly two regions,
we get
20=3ms+4mg+5ms5+....

51That is, one can get from any vertex to any other vertex by walking along edges.
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Combining this with Euler’s formula (@), we get
(6] 4~k:8+2~m3+4'm4+6'm5+...

Observe that the number of sign changes in n-gon regions has to be even number
which is at most n. Therefore

(7] s<2m3+4my+4ms+6mg+...

Clearly, @ and @ contradict O. O

Alexandrov’s uniqueness theorem

Alexandrov’s uniqueness theorem states that the conclusion of Cauchy’s theorem
(9.1) still holds if one removes the phrase “which sends each face of K to a face
of K" from it. For your convenience we repeat the formulation here:

9.11. Alexandrov’s uniqueness theorem. Any two convex polyhedra in R>
with isometric surfaces are congruent.

The proof is along the same lines as the proof of Cauchy’s theorem. We will
only describe the necessary modifications.

Let ¢: P — P’ be an isometry. Mark in P all the edges of K and all the
t-preimages of edges of K’, which will further be called fake edges. These lines
divide P into convex polygons, say {Q;}, and the restriction of ¢ to each Q; is a
rigid move. These polygons will play the role of faces in the proof of Cauchy’s
theorem.

d/
A fake vertex v € K and the corresponding point v' € K.

A vertex of @; can be a vertex of K or it can be a fake vertex; i.e., lie on
intersection of an edge and fake edge. For the first type of vertex, the Local
lemma can be proved in exactly the same way. For a fake vertex v, it is easy
to see that both parts of the edge coming through v are marked with (+) while
both of the fake edges at v are marked with (—). Therefore, the Local lemma
holds for the fake vertexes as well.

The remainder of the proof needs no further modifications.
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HWA 8; due Fri, Nov 4

9.A. Show that the sum of the exterior angles of any closed broken line in R3
is at least 2-7.

Hint: Use induction on the number of edges.
Use the previous problem to solve the next one.

9.B. Consider a convex polygons A = [a1as...a,] in R? and a closed broken
line A’ = [a}jal...al,] in R3. Let us enumerate the vertexes in an n-periodic
way; i.e., set a,yx = ax and aj, , = aj, for any k.

Assume |a; —a;—1] = |a} —al_;| and |a; — a;—2| < |a] — a;_,]| for all i. Show
that A is congruent to A’.

9.C. Give a complete proof of the Arm lemma (9.5) using the following plan.

Use induction on n. Prove the base case n = 2.

For a point b on the broken line [apa; . .. a,], denote by &’ the corresponding
point on [aga] ... al); i.e., if b € [a;—1a;] then b’ € [a}_,a}] and |a; —b| = |a}—b'|.

Assume |ag — ay| > |af, — a,|. Applying the induction hypothesis, we have
the opposite inequality for all remaining pairs; i.e., |a; — a;j| < |aj — af] if
|i — 7] < m. Moreover for any point b on the broken line [aga; ... ay], we have
la; — b < |ab =V 0<i<n.

Choose b € [an—1ay] to be the closest point to a,, auch that |ag—b| = |af—b'|.

Show that the case b = a,,_1 can be reduced to the case n = 2.

In the remaining case, apply the previous problem to the broken lines [agay . . .
... Gp—1b] and [apal ... al,_qb'].

9.D. Assume that we glue in R3 four regular pen-
tagons and 22 equilateral triangles along the rule
shown on the picture such that they form a part
of surface of a convex polyhedron.

Use the Local lemma to show that this con-
figuration has a rotational symmetry with axis
passing through the midpoint of the marked edge.

9.E. Do all exercises in the last lecture, write a
solution of one of your choice.
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10 Existence of polyhedron with given surface

Now we turn to the proof of existence in Alexandrov’s theorem (8.7); it can be
formulated in the following way.

10.1. Alexandrov’s existence theorem. Let P be a polyhedral space which
is homeomorphic to S?. If P has non-negative curvature at each point, then
there is a convex polyhedron K whose surface is isometric to P.

Recall that the convex polyhedron in the theorem can degenerate to a convex
polygon. In this case its surface is defined as its doubling; i.e., two copies
of the polygon glued along the boundary. Note that such a space is indeed
homeomorphic to S? and has non-negative curvature everywhere.

Proof. The proof is by induction on k, where k£ denotes the number of points in
P with positive curvature. From now on, these points will be called vertezes of
P.

10.2. Exercise. Show that k > 3.%2

10.3. Exercise. Show that k is finite.%3

Base case; k = 3. Assume that P has exactly three vertexes, say u, v, and w.
It is sufficient to show that

O P is isometric to a doubling of a planar triangle®®.
Choose geodesics [uv], [vw] and [wu] between each pair of points.

10.4. Exercise. Show that these geodesics do mot intersect each other at the
interior points.

Cut P along the geodesics [uv], [vw] and [wu]. As a result we get two
triangles; since all the remaining points have curvature 0, these triangles are
isometric to planar triangles. They are congruent since they have the same side
lengths. Hence @ follows.

The proof of the induction step will occupy the next few following sections. Here
we only break the proof into smaller pieces.

Let us denote by My the set of isometry classes of all polyhedral metrics
on S? with non-negative curvature and exactly k vertexes (i.e., points with
curvature > 0). Denote by Py, the set of congruence classes of convex polyhedra
in R? with exactly k vertexes.

Given a convex polyhedron K with k vertexes, consider its surface P. Ac-
cording to Exercise 8.6, P also has k vertexes. In this way we construct a map
Oy : P — My which sends (the isometry class of) K to (the isometry class
of) P. By Alexandrov’s uniqueness theorem (8.8 and 9.11), ®;, is injective. To
prove the existence theorem, it is sufficient to show that

52Hint: show that curvature of each point is strictly less than 2-7 and use Exercise 8.5.
53Hint: Use Exercise 8.4.
54The doubling of a triangle is by definition the surface of this triangle in R3.
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O Op: P — My is a surjection.

The case k = 3 is already proved. Further, we give a plan for the induction
step; i.e., we prove @ assuming that all ®,, are surjections if 3 < n < k.

Part 1. We equip the polyhedral spaces from M} and the polyhedra from
P with extra structure — a chosen order of vertexes and an orientation. For
brevity we will call the obtained objects equipped polyhedral spaces and equipped
polyhedra correspondingly. The collections of equipped polyhedral spaces and
equipped polyhedra form new sets Mk# and Pk# respectively. For these sets
there is a natural map

of . P - MF

which is defined using ®: Pr — My and transferring the extra structure from
the polyhedron to its surface.

Once we define Mk#7 PzE and <I>k#, it will be clear that

o (I)k# is injective as well as ®y.

o @k# is surjective if and only if ®j is surjective.
For these sets Mk# and Pk# we will introduce metrics and show that

¢ the map <I>k#: Pk# — Mk# is continuous with respect to these metrics.

¢ both Mk# and Pk# are (3-k — 6)-dimensional manifolds in the sense of the
following definition.

10.5. Definition. A metric space A is called an m-dimensional manifold if
it is locally homeomorphic to R™; i.e., for any point a € A there is an open
neighborhood®® Q0 of a which is homeomorphic to an open subset of R™.

Le., instead of proving claim @, it is sufficient to prove to the following
(3] @k#: Pk# — Mk# 18 a surjection.

The main advantage of proving © instead of @ is that Mk# and Pk# are manifolds
of the same dimension, whereas M;, and P are not manifolds.

Part 2. In order to prove ®, we will show that the map q)k# satisfies the condi-
tions in the following lemma.

10.6. Mapping Lemma. Let A and B be two manifolds of the same dimen-
sion. Suppose f: A — B is a continuous injective map satisfying the following
conditions:

a) Each connected component®®
A;

b) For any sequence of points a, in A, if the sequence b, = f(a,) converges
to boo € B, then a subsequence of a, converges to a point a., € A. In
particular f(aoo) = beo-

In other words, the image f(A) is closed in B.

of B contains the image of some point in

55 An open neighborhood of a means an open subset containing a.
56The connected component of the point b € B is the subset of all points in B which can
be connected to b by a curve. This definition will be discussed in more detail later.
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Then f is surjective.

The proof of the mapping lemma follows easily from the domain invariance
theorem formulated below (see 10.11), the proof of the latter theorem will require
one more excursion into topology.

The induction hypothesis will be used only to show that ®# satisfies condi-
tion (a) in the mapping lemma. O

Manifolds: examples and connectedness

Here are a few examples of manifolds:
¢ Any open subset  C R" is an n-dimensional manifold. In particular R"
is an n-dimensional manifold.
¢ The unit n-sphere

Sn:{((El,l‘g,...,l‘n+1>€Rn+1’I%+$§+...+$i+1:1}

is an n-dimensional manifold.
o The n-torus T® = S! x S' x ... x S!; i.e., the n-fold Cartesian product of
St, is an n-dimensional manifold.
The second and the third examples above are connected; i.e. any two points
can be connected by a curve.?”
The first example may be connected or not depending on the choice of (.
In R, the only connected open sets are open intervals (finite or infinite). As
an example of a disconnected set, one can take the union of two intervals, say
Q=(0,1)U(2,3) in R.

Part 1

Manifold of convex polyhedra

Consider the set X of all convex polyhedra with exactly k& vertexes and with a
chosen order of the vertexes; the elements of X will be called equipped polyhedra.

Let us introduce an equivalence relation ~ on X. Let K, K’ € X; i.e., K =
= Conv(v1,vs,...,v;) and K’ = Conv(v],v5,...,v}) be two convex polyhedra
with vertexes vy, va, ..., v and v], v, . .., v, which are listed in the chosen order.
We will write K ~ K if there is an orientation preserving isometry®® .: R? — R3
such that ¢(v;) = v} for each i.

Define Pk# to be the set of ~-equivalence classes of X.

The set Pk# can also be viewed in the following way. Given K € X as above,
note that triangle Awvivsvs is non-degenerate. Therefore, there is a unique

5TFormally a space where any two points can be connected by a curve is called path con-
nected and the term connected is reserved for spaces where the only sets which are closed and
open at the same time are the whole space and the empty set. However, for the manifolds
these two definitions are equivalent.

58i e., an isometry which can be presented as a composition of rotations around lines.
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orientation preserving isometry of R? which sends v; to the origin, vo to the
open positive ray of the z-axis and vz to the open upper half of the xy-plane.
Le.,

= (0,0,0),

= (22,0,0),
= (3,93,0),
(

U4 - x47y43 24)

Z2,

Vi = (CEk,yk,Zk)

Therefore the set Pk# can be identified with the subset £ in R? %6 formed
by points with coordinates

(@2), (x3,Y3), (T4, Ya, 24)s - - (Th, Yis 2k)

which satisfy the conditions x5 > 0, y3 > 0 and an additional k& open conditions
which make each v; to be a vertex of K = Conv(vy,va,...... , Uk)-

This suggests to consider on Pf the subspace metric induced from R3"*~6 by
identifying P7 with Q C R3"#~6. It is straightforward to check that € is open
in R3-*=6_ Therefore, with this metric, Pk# is a (3-k — 6)-dimensional manifold.

Manifold of metrics

Denote by Y the class of all non-negatively curved polyhedral spaces homeo-
morphic to S? with exactly k vertexes® and with a chosen order of vertexes and
orientation. The elements of Y will be called equipped polyhedral spaces.

Let us introduce an equivalence relation ~ on Y. Let P and P’ be two
equipped polyhedral spaces with vertexes v1,vg, ..., v; and v{,vs,...,v; which
are listed in the chosen order. We will write P ~ P’ if there is an orientation
preserving isometry ¢: P — P’ such that ¢(v;) = v} for each i.

An element in Mk# is a ~-equivalence class of elements in Y. If we take an
element of Mk# and forget its orientation and the order of the vertexes, we obtain
an element of Mj. In other words, there is a natural map Mk# — M. On the
other hand, given polyhedral space P from M, one can order its vertexes and
choose an orientation to obtain an element of Mk# All together we can obtain
at most 2-k! such elements (it might be less if P has some symmetries). In
particular the introduced map Mk# — M, is surjective.

The map ®#: P} — M} is constructed in the following way. Let K# be
an equipped polyhedron and K be the corresponding (unequipped) polyhedron.
Let P be the surface of K. Equip P with the order of the vertexes as in K
and with the orientation induced from R3; i.e., if you look on an oriented basis

59Recall once more “vertex” = “a point with strictly positive curvature”
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(w1, ws) on a face of K from outside of K, then wy obtained by counterclock-
wise rotation from w;. Then ®#(K#) is defined to be the obtained equipped
polyhedral space.

To introduce a metric on Mk# one has to modify the Gromov-Hausdorff dis-
tance by taking into account orientation and the order of the vertexes. Namely,
let P and P’ be two oriented polyhedral spaces with vertexes vy, vs,...,v; and
v}, v, ..., v}, which are listed in the chosen order. Define the distance d(P, P’)
to be the infimum of all positive € > 0 such that there is an orientation pre-
serving piecewise linear homeomorphism f: P — P’ which is an e-isometry and
such that f(v;) = v} for each .

It is straightforward to check that d defines a metric on Mk# From now on,
we will always consider Mk# equipped with the metric d.

10.7. Exercise. The map ®%: Pk# — Mk# is continuous.°
Our next aim is to show the following.
10.8. Proposition. The space Mk# is a (3-k — 6)-dimensional manifold.

To prove this proposition, it is sufficient to find a homeomorphism of a
neighborhood of (the equivalence class of) an equipped polyhedron P from Mk#
to an open set in R3%=6_ In other words, we need to find a coordinate system
in this neighborhood.

In order to do this, we will prove the following lemma.

10.9. Definition. Let X be a metric space a curve v: I — X is called local
geodesic if for any ty € 1 there is € > 0 such that

[v(t1) —v(t2)[x = [t1 — t2

for any t1,t2 € I such that [t; — to|, |[ta — to] < &. def

10.10. Lemma on pseudo-triangulation. There are (3-k—6) local geodesics
between pairs of vertexes of P which intersect each other only at the common
end points and which cut P into planar triangles.

Note that this subdivision into triangles is not the same as a triangulation;
two vertexes can be joined by two or more different edges and three vertexes
can form the set of vertexes of different triangles.

The lemma will be proved next week; for now try to believe that it is true.

Note that the lengths of the local geodesics in the lemma can be taken as
coordinates near P. Indeed, these lengths completely describe the triangles
cut from P and therefore it describes P itself up to isometry. Moreover small
changes of these length make small changes of each angles of each triangle.
Therefore the polyhedral metric with coordinates close to the coordinates of P
has positive curvature at each vertex. At the same time if P’ is sufficiently close
to P in Mk# then it can be cut into triangles along the same rule, i.e. these

coordinates are defined for any element of Mk# near P.

60Compare with Problem 4.D.
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Part 2

Mapping Lemma modulo Domain invariance
The mapping lemma follows easily from the following theorem.

10.11. Domain invariance theorem. Let U C R"” be an open set and f: U —
R™ be an injective continuous map. Then f(U) is an open subset of R™.

Note that from Exercise 1.19 it follows that f is a homeomorphism from U
to f(U). So this theorem might seem trivial, since a homeomorphic mapping of
one space onto another always takes open sets into open sets by the definition of
homeomorphism. However, what was said above implies only that the image of
an open set is open as a subset of f(U), but not as a subset of R™. For example,
under the identity mapping [0,00) — R the image is not an open subset of R,
although it is open as a subset of [0, c0).

The domain invariance theorem will be proved next week. Now we give a
proof of the mapping lemma modulo the domain invariance theorem. For your
convenience we repeat the statement here.

10.12. Mapping Lemma. Let A and B be two manifolds of the same dimen-
sion. Suppose f: A — B is a continuous injective map satisfying the following
conditions:
a) Each connected component of B contains the image of some point in A;
b) The image f(A) is closed in B.

Then f is surjective.

Proof of the mapping lemma modulo Domain invariance theorem. We shall use
the domain invariance theorem to show that f(A) is open in B. Let b € f(A)
and a € A be such that f(a) = b. Using the defining property of manifolds,
there exists an open neighborhood U of a and an open neighborhood V of b
that are both homeomorphic to open sets in R™, where n is the dimension of A
and B. Moreover, by continuity of f, we can choose U so that f(U) C V.

So we have homeomorphisms

h:U—UcCR"
k:V—)VCR"

where U and V are open subsets of R". Applying the domain invariance theorem
to the map ko foh™!: U — R" yields that k(f(h=1(U))) = k(f(U)) is open
in R™, and hence is open in V. Since k is a homeomorphism, f(U) is an open
subset of V.

Le., f(A) is open sinse together with any point b € f(A), the set f(A)
contains a neigborhood f(U) of b.

On the other hand, from (b), the set f(A) is closed in B. Le., f(A) is closed
and open at the same time.

According to (a) any point b € B can be connected by a curve, say y: [0,1] —
— Btoapoint in f(A). Let tg be infimum of values ¢ € [0, 1] so that (t) € f(A).
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Since f(A) is closed, v(t9) € f(A). Assume to > 0. Since f(A) is open,
there is e > 0 such that y(tg — €) € f(A), a contradiction. I.e. ¢,z = 0 and
b=~(0) € f(A). 0

Condition (b)

For the second part of the proof, we will need to check conditions (b) and (a) in

the mapping lemma for the map <I>k#. We will prove (b) and leave (a) for next
week.

The condition 10.6(b) holds for <I>k#, Let K1, Ks,... be a sequence of convex
polyhedra with exactly k vertexes and Py, P», ... be the corresponding surfaces.
Assume P,, converges in the sense of Gromov-Hausdorff to P,, € M.

Note that since P, is convergent and diam : M — [0, c0) is continuous, their
diameters are uniformly bounded; i.e., diam P,, < D for some fixed D. Note
that diam K,, < diam P,, for each n. In particular diam K,, < D for any n.

Without loss of generality we may assume that each K, contains the origin
of R3. In this case each K, lie in a closed ball of radius D centered at the origin.
Pass to a convergent subsequence of K, in the Hausdorff metric of the ball of
radius D; it exists according to Blaschke’s theorem (2.1).

It is easy to see that the limit set K is a convex polyhedron. According to
Exercise 10.7 (and/or Problem 4.D), its surface is isometric to Px.

It remains to equip K, compatibly with P,. Simply order the vertexes
of K, the same way as in P, and pass to a reflection of K, in a plane if
necessary. U
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HWA 9; due Fri, Nov 11

Do 4 out of 6 problems.

10.A. Let P be a non-negatively curved polyhedral space homeomorphic to a
sphere.
1. Show that if two geodesics in P intersect at two points, then these are the
end points for both geodesics.
2. Show that a geodesic in P cannot pass through a vertex of P

10.B. Let P be a non-negatively curved polyhedral space homeomorphic to a
sphere and let A be a triangle in P bounded by 3 geodesics. Denote by «, 8 and
~ the angles of A. Show that a + 8 + v — 7 is equal to the sum of curvatures
of all points in the interior of A.

In particular, the sum of the angles of any triangle in P is at least .

Hint: Pass to the doubling of A and apply 8.5 together with Problem 10.A.

10.C. Let P be the surface of a regular tetrahedron. Find a periodic local
geodesicf! in P. Show that any two vertexes can be joined by arbitrary long
local geodesic.

10.D. Let aa’b’b be a parallelogram in the plane. Denote by z and y the mid-
points of sides [aa’] and [bb']. Let us glue the following pairs of intervals:

([zal, [za]), ([ad], [a'b]), ([y0], [y?']),

so after gluing a = a’ and b = b’. Note that we obtain a non-negatively curved
polyhedral space homeomorphic to a sphere, so by Alexandrov’s theorem it is
isometric to a surface of a tetrahedron.

Try to understand how to draw the edges of this tetrahedron on the original
parallelogram. Do it for the following example.

a’ b/

a
b
(You can make an experiment: cut it from the paper and glue along the
rule.)

10.E. Let P be a non-negatively curved polyhedral space homeomorphic to a
sphere with exactly 4 vertexes a, b, ¢ and d. Let us draw on P a geodesic
between each pair of vertexes [ab], [bc|, [c¢d] and [da]. Show that either these
geodesics intersect only at the common ends, or exactly two of them intersect
at an interior point.

6lsee Definition 10.9
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In the latter case, show that P is isometric to the doubling of a convex
quadrilateral.
(You may use Alexandrov’s theorem, doing this problem directly is harder.)

10.F. Show that P}, is connected.%?

62Note that Alexandrov’s theorem implies that My, is also connected.
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Last week we gave a proof of the Existence theorem (10.1) with a few gaps.
Hopefully, the structure of the proof is clear by now.

It remains to prove the following:

o Prove the existence of a pseudo-triangulation (10.10),

o Prove the domain invariance theorem (10.11),

¢ Check the condition (@) in the mapping lemma (10.6) for q)zé.

We will not give the proof of domain invariance theorem (you will see it in
a first course in algebraic topology).

11 Existence of pseudo-triangulation

Let P be a polyhedral metric with non-negative curvature and vertexes vy, va, . . .

,Ug. Choose k — 1 geodesics [vivs], [v1vs)], ..., [vivg]. From Problem 10.A,
these geodesics intersect only at the common vertex v;. Let us cut®® P along
these geodesics.

We obtain a polyhedral space P’ bounded by 2-(k — 1) edges; all of the
interior points of P’ have zero curvature. Note that P’ is homeomorphic to a
disc. Therefore there is a map f: P’ — R? which is distance preserving in a
neighborhood of any interior point.

11.1. Exercise. Try to prove the last statement.

The space P’ can be then triangulated the same way as in the Problem 5.A.
If f is injective, then P is isometric to a non-convex polygon equipped with the
intrinsic metric, but even if not, the same proof works.

The sides of triangles in this triangulation are formed by geodesics in P/, but
in P they are only local geodesics. They divide P into triangles with vertexes
v1, V2, ..., V. In particular, k is the number of vertexes. Denote by [ and m the
number of edges and faces. Applying Euler formula together with the identity
2:1=3m, we get [ =3-k — 6.

Condition (a)

Given a polyhedral space P € M, we need to construct a continuous family
of polyhedral spaces P; in My, such that Py = P and P, is realizable as the
surface of a convex polyhedron, that is, Py € ®;(Pj). Once this is done, one
can easily cook up a corresponding family in Mk# by choosing an ordering of
the vertexes and an orientation so that it changes continuously with t.

We first prove the existence of another family as described in the following
lemma.

11.2. Lemma. Assume k > 4. Then given P € My, there is a family of
polyhedral spaces P, with t € [0, tmax] which is continuous with respect to the
Gromov—-Hausdorff metric and such that

63Formally “cutting” an metric space X along a subset A C X can be defined as following:
equip X\ A with the induced intrinsic metric and pass to the completion of the obtained space.
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o Py= P;
o P € My fort < tmax;
o Ptxnax € Mg_;q.

In other words, we can change P continuously in My, so that exactly one of
the vertexes disappear; i.e., its curvature will approach 0 as ¢t — tyax and so
the limit metric will lie in My _;.

Note that the induction hypothesis is that ®5_1(Pr_1) = My_1, and this
lemma makes it possible to apply it.

Proof of Lemma 11.2. Choose two vertexes p and ¢ in P with minimal positive
curvatures wjy, and wq.

Cut P along an arbitrary geodesic [pg]. To obtain the family P, we will glue
the hole by a one-parameter family of patches which we now describe.

Take two congruent plane triangles, say Apgz and Apgz such that |p— | =
p—dl = |p—gqlp and £§ = Z§ = wy/2. All such triangles are uniquely
determined by the angle a = Zp = Zp. Glue Apgz to Apgz by gluing sides [pZ]
to [pz] and [¢Z2] to [GZ]. Denote the obtained patch as Q. After gluing z = 2
and it will be also denoted as z.

Now let us glue @, along the cut [pg| so that p,p — p and §, G — ¢. Denote
the obtained space as P,, clearly Py = P.

Note that a neighborhood of [pg| is isometric
to two copies of the green quadrilateral on the
picture, with identified sides marked by blue and
black. After cutting P and gluing in the patch
Qa, it will look like two copies of the quadrilateral
colored in green and blue with identified sides
marked by blue and red; the patch is blue.

Straightforward calculations show that the obtained polyhedral metric has
zero curvature at ¢ = ¢ = ¢, it has curvature 2.1 —2- /2 = w,+2-cvat 2 =2 =z
and it will have curvature w, — 2-o at p = p = p.

Since the sum of two angles in a flat triangle has to be less than m, the value
« can be chosen arbitrary in the interval (0,7 — %%).

If

o wp +wg < 2-,

Wp

the family P, for a € [0, 5] satisfies the Lemma.

Recall that p and ¢ are the vertexes in P with minimal possible curvature.
Since the sum of all curvatures in P is 4.7, we always have wy, + w, < %'7‘(.
Therefore @ holds for &k > 5.

In the remaining case £ = 4, @ does not hold if and only if curvature at
each vertex is 7. In this case, we choose an arbitrary pair of vertexes and apply
the same construction as above to move our metric continuously into a metric
such that the curvature at one vertex is strictly less than 7. For the obtained
polyhedral space @ holds.

In the latter case our family P; is joined from two families described above
for two choices of pairs of vertexes. O
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Apply the lemma and set Q = P;_, . Note that by the induction hypothesis,
we can present () as the surface of a convex polyhedron with k — 1 vertexes, say
K. Choose a pseudo-triangulation T of the surface of K.

Mark a point p on K (the same notation as in the proof of the lemma). The
point p lies on the side or face of some triangle of 7. Note that if we move p
outside of K a bit then the convex hull p and K will form a convex polyhedron,
say K’, with k vertexes. Clearly we can choose K’ to be arbitrarily close to
K and therefore its surface, say Q' will be arbitrarily close to Q. To show
that condition (a) holds for ®y, it is sufficient to connect @’ to some P; by a
continuous family in M.

Subdivide T to make p one of its vertexes.

Let £1,0s,...,03.5_¢ be the lengths of the edges of 7. Let ¢1,45,..., 05, ¢
be a collection of real numbers, such that ¢} is e-close to ¢; for each ¢ and some
small enough € > 0. We can construct triangles in 7 with the side-lengths ¢,
instead of ¢;; denote by Q(¢}, 45, ..., 05 ._s) the constructed polyhedral metric.
If £ > 0 is small enough, triangle inequalities still hold in each triangle and the
curvature of each vertex except p is still positive.

Without loss of generality, we may assume that $yis . . .
the length of the edge opposite from p in some triangle.

Note that increasing ¢; while leaving all the remaining : : :
edges fixed decreases the curvature at p. <<<<<<<<<<<< i oo

Thus the set (¢1,45,...,05, _¢) for which the :
curvature at p is zero is formed by a graph v
0 = f(thy,....lh, ) for some continuous real- = | |
valued function f defined in a small neighborhood of
(la,...,l3.._6) € R*F=7. Above this graph curvature
at p is negative and below is positive. Thus the condi-
tion (a) boils down to the following lemma.

11.3. Lemma. Let U C R™ be an open subset and
f:U — R be a continuous function. Consider the
graph and the open hypo-graph of f

Ip={(z,y) eUxR[y=f(z)}

Hp={(z,y) eUxR|y < f(z)}

Then any point ¢ € I'y has an arbitrarily small neigh-
borhood V' such that V N'H; is connected.

11.4. Exercise. Try to reconstruct the proof of this lemma from the picture.

One application

Note that from Alexandrov’s theorem and Problem 4.D we have the following:
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11.5. Theorem. Let P, be a metric space. Then P, s isometric to the
surface of convex body in R if and only if Py can be presented as Gromov-
Hausdorff limit of a sequence of non-negatively curved polyhedral spaces P,
homeomorphic to S2.

Assume you have a metric space P, and you want to know if it is isometric
to the surface of a convex body in R?. The above theorem can be applied easily
if the answer is “yes”; it is seems to be harder to use this theorem to give a “no”
answer to the question. It turns out that non-negative curvature can be defined
for general metric spaces and this new definition will make it equally easy to
answer either “yes” or “no” to the question.

This will be our topic for the next week.
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HWA 10; due Fri, Nov 18

11.A. Consider a regular octahedra H, with vertexes a, a’, b, b, ¢, ¢’ and assume
that the pairs (a,a’), (b,b") and (¢, ') are opposite.

Cut from H a pyramid with vertex a by a plane II parallel to the plane
containing b, o', ¢ and ¢’. Denote by P the remaining surface of H; it is bounded
by a broken line xyz’y’ which bounds a square in II.

Consider the patch R, which is a planar rhombus with the same side length
as zyx'y’ and with angle « at one vertex. Glue R,, to P along zyz’y’ by a length-
preserving map of its boundary vertex-to-vertex. Denote the obtained space as
P,.

1. For which « does the space P, has non-negative curvature? For such «

denote by K, the convex polyhedron with surface isometric to P,.

2. For which pairs of a, o’ are the polyhedra K, and K,/ congruent?

3. Construct another polygonal patch (not a rhombus) which gives a space

with non-negative curvature.

4. Characterize all such patches.

11.B. Let P be a non-negatively curved polyhedral metric on S?. Cut a triangle
A from P along geodesics and equip it with the intrinsic metric. Show that A
is isometric to a planar triangle if and only if the sum of its angles is 7.

Hint: Use Problem 10.B to prove the “only if” part. To prove the “if” part,
construct a distance preserving map explicitly.
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12 The ghosts of Euclid

Let X be a metric space.

Geodesics. Given a pair of points x,y € X, we will denote by [zy] the image
of a geodesic from z to y.

In general, a geodesic between x and y need not exist and if it exists, it need
not to be unique. However, once we write [xy] we mean that we made a choice
of a geodesic between x and y.

Also we will use the following notational short-cuts:

Jzy[ = [zy]\{=, y}, |lzy] = [zy]\{=}, [zy[ = [zy]\{y}.

Triangles. For a triple of points z,y,z € X, a choice of a triple of geodesics
([yz], [zz], [xy]) will be called a triangle and we will use the short notation
[zyz] = ([yz], [22], [2y]).

Given a triple z,y, z € X there may be no triangle [zyz] simply because one
of the pairs of these points cannot be joined by a geodesic, and also there may
be many different triangles with these vertexes, any of which can be denoted by
[zyz]. Once we write [xyz], it means that we made a choice of such a triangle,
i.e. a choice of each [yz], [zz] and [zy].

Model triangles. Given z,y,z € X. Let us define its model triangle [T7Z]
(briefly, [Z5Z] = Azyz) to be a triangle in the Euclidean plane such that

T = Glee = |z —ylx, 19— 2o =1y = 2lx, |2 - 2lge = |2 — 2]y

Note that the model triangle is uniquely defined up to congruence.
In this case, a point p € [Zg] is said to be corresponding to the point p € [zy]
if
| = plge = & —plx-
(Equivalently |§ —p|ge = |y —p|x, or p divides [Z7] in the same ratio as p divides
[zy].)

The definition

12.1. Definition. A proper intrinsic space X has non-negative curvature in
the sense of Alexzandrov (briefly X € CBB[0]%4) if the following inequality

o |z = plx = |2 — plr2

holds for any triangle [xyz] in X, its model triangle [Z7z] = A(xyz), any point
p € |zy[ and the corresponding point p € |Zg|.

64CBB[0] stays for “curvature bounded below by 0”. If in the definition of model triangle,
one exchanges the Euclidean plane with a sphere or Lobachevsky plane of constant curvature
k, then one gets the definition of spaces with curvature > k in the sense of Alexandrov, which
denoted as CBB[k]. We will only consider the case k = 0.
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More ghosts of Euclid

Model angles. Let [Z7z] = A(xyz) and
[z —yl, |z —=2[ >0,

the angle measure of [Z7Z] at & will be called the model angle of the triple z, y,
z and it will be denoted by £(x¥).

Since increasing one side of a planar triangle makes the opposite side bigger,
we get the following.

12.2. Proposition. The inequality @ can be rewritten in the following way

L(z?) > £(xY).

Hinges. Let p,x,y € X be a triple of points such that p is distinct from =
and y. A pair geodesics ([px], [py]) will be called a hinge and briefly, it will be

denoted by [py] = ([pz], [py]).
From Proposition 12.2, we get the following.

12.3. Corollary. Let X € CBB[0]. Given a hinge [pj] in X, consider the
function of two arguments

a:(lp—al,lp—7l) — £(pg)

where T € |px] and § € |py].
Then «(s,t) is nonincreasing in both arguments.

Angles. Given a hinge [pj], we define its angle as follows:

Lpy) == lim L(p7),

where T € |pz] and 7 € |py].

From Corollary 12.3, we get the following.
12.4. Proposition. Let X € CBBI0]. Then for any hinge [p}] in X, the angle
L[py] is defined.

12.5. Triangle inequality for angles. Let [pz], [py] and [pz] be three geodesics
in a metric space. If all of the angles a = £[p3], B = £[p¥] and v = £L[p%] are
defined, then they satisfy the triangle inequality:

v <a+B.
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Proof. Since v < 7, we can assume that a + § < 7.
Parametrize [pz]. [py] and [pz] by arc-length starting from
p and denote the obtained curves by o, o, and o,. Given
any € > 0, for all sufficiently small ¢, 7, s € Ry we have

|02(t) = 02(7)| <low(t) = ay(s)] + loy(s) = o=(7)]
<V12 452 —2:t-s-cos(a + )+
+/s24+712—2.57-cos(B +e)

Below we define s(t,7) so that for s = s(¢,7), this chain
continues

<VE2+ 712 —2-t-7-cos(a+ B+ 2-€).

Thus for any € > 0,
y<a+ 4+ 2.
Hence the result.

To define s(t,7), consider three rays &,, ,, 6, in the Euclidean plane
starting at one point, such that £(6,,6,) = a +¢, £(6,,6,) = B+ ¢ and
£L(64,6,) = a+ B+ 2-e. We parametrize each ray by length from the com-
mon end. Given two positive numbers ¢,7 € Ry, let s = s(¢,7) be the number
such that &,(s) € [6,(t) .(7)]. Clearly s < max{t,7}, so t,7,s may be taken
sufficiently small. O

More definitions

The following theorem gives a number of equivalent ways to define CBB[0]
spaces.

12.6. Theorem. Let X be a proper intrinsic space. Then the following are
equivalent.
a) X € CBBI0].
b) ((1+3)-point comparison) if p is distinct from x, y, and z then
Lpy)+4(pY) +4(p;) <2

¢) (adjacent angle comparison) for any geodesic [xy] and p € |zy[, z # p we
have B ~
L(p?)+4L(pZ) <
d) (hinge comparison) for any hinge [z Y], the angle L[z Y] is defined and
> 4(x?).
Moreover, if p € |ay[, z # p then
Lpil+4Lpil<m

z
x

z

; | with common side [pz].5

for any two hinges [pZ] and [p

651t is not known if the last inequality is necessary, even for spaces homeomorphic to S2.
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In the proof we will need the following lemma.

12.7. Alexandrov’s lemma. Let x,y,z,p be distinct
points in a metric space and p € |xz[. Then the following
expressions have the same sign: 2

a) Z(mg)—Z(xg), Y

b) m—4L(p%) — L(pY¥).

Proof. Consider the model triangle [Zgp] = Axyp. Take a point Z on the
extension of [Zp] beyond p so that |Z—Z| = |z—z| (and therefore |p—Z| = |[p—2z|).
Since increasing a side in a planar triangle increases the opposite angle, the
following expressions have the same sign:
(i) £[z%] — £L(z¥);
(i) 15— 21 — |y — 21
(iif) £[p%] - £(p¥).

Since ) ) 3
Lzg]=L[zg] = L(x})
and )
Pl =m—Lpjl =7 L(py),
the statement follows. O

Proof of Theorem 12.6. Note that X is a geodesic space®®, as it is proper and
intrinsic (see Exercise 4.8).

(b) = (c). Since p € |zy[, we have Z(pﬁ) = m. Thus, (1+3)-point comparison

implies ~ ~
Lp?)+4(pz) <m
(c) < (a). Follows directly from Alexandrov’s lemma (12.7).
(¢) + (a) = (d). From Proposition 12.4, we get that for § € Jzy] and z € Jz2]
the function (lz — g|,|z — 2|) + £(x%) is nonincreasing in each argument.
In particular, £[z¥] = sup{<£(z¥)}. Thus, £[zY] is defined and it is at least
From above and (c¢), it follows that £[p¥] + £L[pZ] < =.
(d) = (b). Consider a point w € |pz[ close to p. From
(d), it follows that z

LiwI]+ Lwp] <7 and Lw] + Lwi] < 7.
By the triangle inequality for angles (see 12.5), we have

Lwi] < Lwi] + Lw}]. Therefore we get z ‘\
Llw]+ Lwi] + Lwy] < 2-7.

66].e., any two points in X can be joined by a geodesic.
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Applying the first inequality in (d), we obtain
Lw?)+L(w?)+L(w?) < 2-m.
Passing to the limits w — p, we obtain

LpI)+L(pY)+4L(py) <2 -

12.8. Proposition. Let (X,) be a sequence of compact CBB[0] spaces which
converge to a compact space X in the sense of Gromov-Hausdorff.

Then X, € CBB|0].

Proof. According to Exercise 4.5, X, is intrinsic.

For each natural number n, choose f,,: X,, = X to be an g,-isometry for
some sequence £, — 0 as n — co. Take arbitrary points peo, Too, Yoos Zoo € Xoo
and choose points py,, Tn, Yn, 2n € Xp such that f,,(pn) = Poo, fn(Tn) = Too,

Frn(Wn) = Yoo, frn(2n) = 2oo s n — 0.
Since X,, € CBBJ0], from 12.6b we have

Ay )+ Lpa )+ L(pa ) <20,

Clearly,

A(pntm) = £(poc i), L(pn Y7 ) = Ao ¥ ), L(pn 2t ) = L(poc )

oo

as n — 0o. Therefore
A(Poo§ ) + Lo ¥ ) + L(poc i) < 2.

The proposition follows from 12.6b. U

Surface of convex body

12.9. Theorem. A metric space X is isometric to the surface of a convex
body®" if and only if X is homeomorphic to S* and X € CBB[0].

The proof is using Theorem 11.5, Proposition 12.8 and the following two
propositions:

12.10. Proposition. Any non-negatively curved polyhedral space homeomor-
phic to®® S? is a CBBI0] space.

12.11. Proposition. Given a CBBI0] space X homeomorphic to a sphere,
there is a non-negatively curved polyhedral space X homeomorphic to S? for
which the Gromov-Hausdorff distance dgp (X, X) arbitrarily small.

67We allow a convex body to degenerate to a planar figure but not to a segment. As in the
case of convex polyhedra, the surface of a planar figure is defined as its doubling.
68Instead of S?, we could say homeomorphic to a two-dimensional manifold.
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Proof with cheating. We will use two claims without proof, here is the first one:

O Given € > 0, X admits a triangulation into triangles with geodesic sides
such that the diameter of each triangle is less than €.

Fix small € > 0 and choose a triangulation 7 of X provided by the claim.
12.12. Exercise. The sum of the angles at one of the vertexes of T is < 2-7.

For each triangle in 7, construct a model triangle and glue them together the
same way as the corresponding triangles in X. Denote the obtained polyhedral
space by X, and given a vertex v; of T, we will denote by ¥; the corresponding
point in X. Applying the hinge comparison (12.6d) we have that the sum of
the angles around a vertex v; of X is at most as big as the sum of the angles
around the corresponding vertex v; in X. Hence X is non-negatively curved.

Here is the second claim which we use without proof:

® The triangulation of X can be chosen on such a way that in the constructed
polyhedral space X each triangle is convex; i.e., any two points in one triangle
can be joined by a geodesic inside this triangle.

Now to prove the proposition, it is sufficient to show that if € > 0 is small
enough then X is sufficiently close to X.

First note that the set of vertexes {v;} forms an e-net in X and the set of
vertexes {#;} forms an e-net in X. Therefore it is sufficient to show that the
inequalities

4 0 — V5] ¢ < [vi —vj|x

(5] |U7;—Uj|X—4'7T'€<"I~)i—1~)j|X

hold for any 7 and j.

To prove @, consider a geodesic [v;v;] in X. Let v; = zg,21,...,2, = v; be
the points of intersection of [v;v;] with the edges of triangulation listed in the
order from v; to vj.69

Fix k € {1,...,n}. Let [pgr] be the triangle in 7 which contains [z)_1x]
inside. Without loss of generality, we can assume that zx_1 € [pq] and z;, €
[pr]. Applying definition of CBB[0] spaces twice, first for the triangle [pgr] and
z) € [pr] and then for the triangle [pgzy] and x;_1 € [pq] we get that

|Zr — Tr—1] g < |2k — 2p—1|x
holds for each k. Summing up, we get @.

The proof of @ is similar. Consider a geodesic [#;;] in X. Let 9 =
Jo,Y1,---,Ym = v; be the points of intersection of [0;0;] with the edges of

69Note that according problem 12.A and 12.C, if a geodesic [viv}] intersect an edge at two
points then it contains this edge. In this case one can take as x any point on this edge. Taking
this into account, we have that n is finite.
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triangulation listed in the order from ¥; to ©;. According to Claim @, [0;0;]
intersects each triangle at most once.

Fix k € {1,...,n}. Let [pG7] be the triangle in X which contains [J5_17x]
inside. Without loss of generality, we can assume that g,_1 € [pg] and gy € [pr].
Set

QZK[p?.], ,BZK[(]?], 7:&[7"5}7
a=4(p¥) B=4(q?) 7=4(r)
By hinge comparison, (12.6d) we have
aza, 8= 5, v=y

For the triangle A = [pqr] we define its curvature as
KA)=a+B+y—m=a+B+y—(@+F+7)

From the above k(A) > 0. Together with the rule of cosines, straightforward
estimates give the following:

<VIp—yk—12+ P — ykl® — 2|p — yk—1|-lp — yx|- cosa
<k — Jr-1lx e (a—a)
<Ok — Gr—1lx + k(D).

|yk - yk—ﬂx

Summing it up, we get

<
S

L

Joi = vilx <D Ly — yr—1lx

>
Il
—

<

NE

|Gk — Gr-1l g+ > R(D).
AN

=
Il
—

where the last sum is taken over all triangles A in 7. Hence @ boils down to
the inequality

> k(D) <4

A in T

12.13. Exercise. Prove the last inequality.”™ O

Theorem 12.9 and Proposition 12.10 will be proved next week.

"OHint: Use Exercise 12.12 and Euler’s formula the same way as Exercise 8.5.
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HWA 11; due Mon, Nov 28

12.A. Let X € CBB[0] and [zY] be a hinge in X. Assume £[z¥] = 0. Show
that either [zy] C [zz2] or [xz] C [zy].

12.B. Let X € CBBJ0]. Show that given three distinct points z, y and p in X,
there is at most one geodesic from z to y which passes through p.

12.C. Let X € CBB[0] and [z7] and [z }] be two hinges with common side [2p]

in X. Assume that points p, x, y and z are distinct and z € [xy]. Show that
L2V + L[z 8] = 7.
12.D.7 Let X a metric space with hinge [z Y]. Assume the angle o = L[z ¢] is
defined. Show that
|z =gl <[z — =] — |z —g| cosa+o(|z - 7|)

for g € |zy].

"1Hint: Apply the definition of angle and triangle inequality
lz—gl =1z —9l+ |2 — 2|

for z € |zz].
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13 Proof of Proposition 12.10

We will now show that if P is a non-negatively curved polyhedral space that is
homeomorphic to S?, then P is a CBB[0] space. Let [pry] be a triangle in P
and let [pZg] be the model triangle of [pxy]. Set £ = |z — y|p = |T — §|gre.

Denote by ~(t) the geodesic [xy] parametrized by length starting from x
and let 4(t) be the geodesic [Zg] parametrized by length starting from Z. It is
sufficient to show that

o b= < lp—~(1)]

for any ¢ in [0, ¢]. Without loss of generality, we may assume that p is a regular
point™; in other words p is not a vertex of P. (A vertex can be approximated
by regular points, so if inequality @ holds for all regular points it also holds for
the vertexes.)

From the cosine law, we get that the function

f&)y=1p—30)P -
is linear. Consider the function

f&)=Ip—~@)) -t

Note that
ﬂ@zf@%
F0) = f(o).
Further the condition @ is equivalent to
) F6) = f()

To prove @ it is sufficient to show that f is a concave function. The latter
follows once we prove the following:

® For any ty € |0, £[ there is a supporting linear function h(t); i.e.,
h(to) = f(to) and h(t) > f(t)

for any t € (tg — e,to +¢) and some fized € > 0.

Note that according to Problem 10.A, ~(tg) is regular. Since p is regular, a
geodesic [py(t)] contains only regular points. Therefore there is a neighborhood
Q D [py(t)] with only regular points. We may assume that € is homeomorphic to
a disc; in this case it is easy to construct a locally distance preserving embedding
t: © — R2. The image ¢([py(t)]) is a line segment and so is the image +(QN[zy]).
Thus +(2) contains a triangle with base ¢([y(tg — €) ¥(to + ¢)]) for some small
€ > 0 and vertex ¢(p).

72i.e., the sum of angles around p is equal to 2-7
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Clearly, for any ¢ € [tg — €,y + €] we have

e(p) = e(v(D)| = |p — (D)l

Note that the function

h(t) = |e(p) — e(y(1))|* —

is linear and it satisfies the condition @. O

Proof of Theorem 12.9

“Only if” part. Assume X is a surface of a convex body B (B might degenerate to
a flat figure, but not a line segment). The same argument as in Proposition 8.1,
shows that X is homeomorphic to S?. The convex body B can be approximated
by a sequence of convex polyhedra K, in the sense of Hausdorff. The proof of
the last statement is the same as in Lemma 2.13.

Denote by P, the surface of K,,. According to Problem 4.D, P, converge
to X in the sense of Gromov—Hausdorff. Applying Propositions 12.8 and 12.10,
we get that X € CBB[0].

“If” part. Assume X is a CBBJ0] space which is homeomorphic to a sphere.
According to Proposition 12.11, there is a sequence of non-negatively curved
polyhedral spaces P,, which converge to X in Gromov-Hausdorff sense and such
that each P, is homeomorphic to S?.

Applying Alexandrov’s existence theorem (10.1), we obtain a sequence of
convex polyhedra K, such that the surface of K, is isometric to P, for each n.
Note that for all n the diameter of K, is bounded by the diameter of P,. Since
P,, — X in the sense of Gromov—Hausdorff we have that diam P,, — diam X as
n — 0o because diam is a continuous function (see Exercise 3.2.) In particular,
diam P,, < C for some fixed constant C' and all n.

Without loss of generality we may assume that each K, contains the origin
of R3. Therefore K, lies in a fixed bounded region for all large n. Applying
Blaschke’s theorem (2.1), we can pass to a Hausdorff-converging subsequence of
K,,. Denote by B its limit.

According to Problem 4.D, X is isometric to the surface of B. O

Isometric actions

Let X be a metric space. Denote by Isom X the set of all isometries of X. Let
G be a nonempty subset of Isom X such that the following condition” holds:

o Given two isometries f,g € G the maps fog: X — X as well as the
inverse f~1: X = X are in G.

73In the language of group theory, Isom X is a group and G is a subgroup of Isom X.
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In this case we say that group G acts on X by isometries. For example, one can
take G =Isom X or G = {idx }.

In this case, given g € G and = € X the g-image of x will denoted as g-z,
that is, g-x = g(x). Consider the relation “~” on X such that  ~ y if and only
if there if there is g € G such that g-z = y. Given z € X, the G-orbit of x is
defined as

Grz={gz|lgeG}

Note that G-x = G-y if and only if x ~ y; i.e., ~ is an equivalence relation and
G-orbits form the ~-equivalence classes.

The set of G-orbits of X is denoted as X/G. Denote by m: X — X/G the
natural surjective map, 7: x — G-x.

In the case that every G-orbit is a closed subset of X, then the set of orbits
X/@G can be equipped with the following metric

def .
— ALt |z — g- .
IT(x) — 7(y)| x/c glgG{\w g-ylx}

13.1. Exercise. Check that [* — *|x,q is a metric on X/G.

The set X/G equipped with this metric is called the quotient space; for the
quotient space, we keep the same notation X/G.
Note that

° m(z) —7(y)| < |z -yl

for any z,y € X; i.e. m: X = X/G is a distance non-expanding map.

Examples:

o Z acts on R by shifts n-x 2L o+ x; in this case R/Z is isometric to
S! ¢ R? with the induced intrinsic metric.

¢ The set of all isometries of R which can be presented as a composition of
a finite number of shifts x — x + 1 and reflections z — —x forms a group,
say G; in this case R/G is isometric to the interval [0, 3].

o S acts on R? by rotations which fix the origin; in this case R?/S! is
isometric to the ray [0, 00).

13.2. Proposition. Let X be a proper intrinsic space such that a group G acts
on X by isometries and has closed orbits. Then X/G a proper intrinsic space.

Proof. Given Z and § in X/G, choose an arbitrary € X such that w(z) = Z.
Further, since X is proper and the orbits are closed, we can choose y such that
7(y) = g and
v —yl =7 — gl

Le. for any j € B,(z) there is y € B,.(x) such that 7(y) = ¥, or equivalently
7(B,(z)) = B,(z) for any r > 0. Since X is proper, B,(z) is compact; hence
B,(Z) C X/G is compact for any r > 0 because it is the continuous image of a
compact set, and therefore X/G is proper.
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It remains to show that X/G is intrinsic. Let z be the midpoint for 2 and
y; l.e.,
[z —al =|z—yl= 3]z —y|
(The existence of z follows from Exercise 4.8.) Consider z = 7(z). From @, we
get

[z -z < |z — | 7 -z <y —=|
All together, this implies that Z is the midpoint of Z and . O

13.3. Proposition. Let X € CBB[0] such that a group G acts on X by isome-
tries and has closed orbits. Then X/G € CBB[0]

Proof. Applying Proposition 13.2, we get that X/G is proper and intrinsic. By
Theorem 12.6b, it remains to show that

e Lpi)+4(pY)+ £(

Y

]l

ISR\
N
[\
3

holds for any p, Z, 7, Z € X/G.
Choose arbitrary p € X such that 7(p) = p. Since X is proper and orbits
are closed, we can choose z, y and z € X such that

m(z) =17, lp —z|x = [p— Z|x/c,
m(y) =¥, lp—ylx =1p—Ylx/c:
m(z) = Z, lp—zlx =[p— Z|x/q-

By the definition of metric in X/G, we have
|t —ylx > 1T —¥lx/q0 ly—z2lx 29— 2x/¢, |2 —2|x 22— Z|x/q-

Taking all this into account we get

6 Lpy) = L(05), LpY)=4(pL), £L(p3)>L(D]),
Since X € CBBJ0], the we have

LpE)+4L(pY)+L(pL) <2

This inequality plus @ implies ©. O

An application

Now we describe a simple application of Proposition 13.3, which relies on the
following problem in discrete geometry.
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Erdés problem

13.4. Problem. Assumexi,xs,..., Ty 18 a collection of points in n-dimensional
Euclidean space such that Z[x; 7] < 5 for any distinct i, j and k. Show that
m < 2" and moreover, if m = 2™ then the x; form the set of vertexes of a right
parallelepiped.

This problem was posed by Erdds and solved by Danzer and Griinbaum.

Proof. Let K be the convex hull of z1, xo, ..., x,,. Without loss of generality we

may assume that K is non-degenerate convex polyhedron. (Otherwise, instead

of R™ take the minimal subspace which contain K; its dimension has to be < n.)
First let us prove the following

O Lz;y)] < § for each i and any v,w € K.

Indeed, assume contrary. For fixed z; and v, the set of points H, containing
x; and all w € R™ such that £[z;},] < 7§ is a half-space. Thus, if £[z;},] > F for
some w € K then K ¢ H, and so z; ¢ H, for some j; i.e., £L[z;; | > § for some
j- Repeating the same argument for z; instead of v, we get that £[z; 7] > §
for some j and k, a contradiction.

For each x; denote by K; the dilation of K with center x; and coefficient %

® For any i # j, the polyhedra K; and K; have no common interior points. In
particular, vol(K; N K;) = 0.

Assume there is an interior point v of K; N K;. Without loss of generality,
we can assume that |v — 2;| # |v — x;|. Then there are points y;,y; € K such
that v is the midpoint of [z;y;] and [z;y;]. Hence x;y;y;2; is a parallelogram,
therefore £[z;y!] + £[z; %] = m. From @ we get that £[z;y] = L[z; 5] = 5.
Le., z;y;y;x; is a rectangle and therefore |v — z;| = |v — x|, a contradiction.

Clearly vol K; = QL vol K and K; C K for each i. From @, we get

> vl K; < vol K.
i—1
Hence the result. U

Counting isolated fixed points

Let X € CBBJ[0]. A point p € X is called extremal if £[py] < 5 for any hinge
[p?"j] in X.

For example if X [0,1] then both ends 0 and 1 are extremal points and
the remaining points are not extremal. Further in a n-dimensional cube, each
of 2" vertexes is an extremal point and the remaining points are not extremal.
In a regular triangle, the vertexes are the only extremal points, In a regular
pentagon there are no extremal points.

Let G act by isometries on R™. According to Proposition 13.3, R"/G €
CBBJ0]. Assume that the action of G on R™ is properly discontinuous; i.e.,

180
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given a compact set K C R™ and € R", there are only finitely many elements
g € G such that g-x € K.

In this case R™/G is a polyhedral space; it is not hard to prove, but we will
not give a proof here. In particular, we can talk about volume and dimension
of R"/G.

It tuns out that a point z € R"/G is extremal if and only if one (and
therefore any) point 2z € R™ such that m(x) = Z is an isolated fixed point for
some subgroup of G. More precisely, if G, is the subset of all isometries g in
G such that g-z = 2 " then for any y # z there is ¢ € G, such that g-y # x.
Therefore counting the number of such G-orbits is equivalent to the counting
extremal points in R™/G. All this means that the following theorem implies
some nontrivial information about the G-action.

13.5. Theorem. Suppose G acts by isometries on R™ and this action is
properly discontinuous. Then R™/G has at most 2™ extremal points.

Before going into proofs, let us consider a couple of examples which show
that R /G can have exactly 2™ extremal points.

Consider the set of all isometries which can be presented as a composition of
parallel translations z — = + v with a vector v with all integer coordinates, and
all the reflections in the coordinate hyperplanes. This defines a group action,
say G on R™ for which the quotient R"/G is isometric to the cube [0, ]". Note
that each vertex of the cube is an extremal point.

74The subset G is in fact a subgroup of G and it is called the stabilizer of x.
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14

Final exam

In the ticket you will see one theoretical question and three simple”™ problems
from the exercises and the homework problems from the lecture notes. You will
need to solve only 2 problems out of 3 (your choice).

Theoretical questions for the final exam

Ll e

13.
14.

15.

16.
17.

18.

19.

20

Compactness, nets and maximal packings. Theorem 1.25.

Lebesgue’s number lemma 4.12; Theorem 4.13.

Hausdorff convergence and Blaschke’s theorem (2.1).

Isoperimetric inequality in the plane. Theorem 1.27 = Theorem 1.26 +
Theorem 2.7; structure of the proof + details in you favorite part.
Gromov—Hausdorff metric; definitions of Gromov-Hausdorff convergence
via e-isometries, Theorem 2.17.

Gromov’s compactness theorem (Problem 3.A); structure of the proof +
details in you favorite part.

Intrinsic spaces; Semicontinuity of length 4.3; Exercise 4.5; Proposition 4.6
Hopf-Rinow theorem 4.11; Exercise 4.8

Nerves and partition of unity (5.5)

Polyhedral spaces, Zalgaller’s theorem 5.10 (compact 2-dimensional case).
. Brehm’s theorem 6.6; structure of the proof + details in you favorite part.
. Akopyan’s Theorem 6.10 (compact 2-dimensional case); structure of the
proof + details in you favorite part.

Corollary 6.3; structure of the proof + details in you favorite part.
Bezdek—Connelly theorem (Conjecture 7.7 in case dim = 2); structure of
the proof + details in you favorite part.

Bricard—Connelly theorem 8.11; structure of the proof + details in you
favorite part.

Arm Lemma 9.5.

Cauchy’s theorem 9.1 modulo Arm Lemma; structure of the proof + de-
tails in you favorite part.

Alexandrov existance theorem 10.1; structure of the proof + details in you
favorite part.

Different definitions of Alexandrov space (Theorem 12.6); statement -+
your favorite non-trivial part.

. Isometric group actions, propositions 13.2 and 13.3.
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A simple problem is one that is NOT considered hard. Here is the list of problems that

ARE considered hard:

hard
hard
10.7,

problems: 2.B, 3.A, 5.D, 9.C, 12.D
exercise is any exercise with word “try” inside plus the followng: 3.3, 3.6, 6.4, 7.14, 7.15,
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Procedure

Here is bit more info about the procedure; it is extracted from e-mail I got from
Sergei Tabachnikov:

The exams are oral, and a student has 1 hour for presentation. After that,
s/he is asked to wait outside, the grade is discussed by the committee, the
student is called back and informed about the grade. We use all shades of
letters, starting with A+ (not an official Penn State grade, but we use it for our
purposes). We do hope that the great majority of the grades are flavors of A
and B, but we can use lower grades if need be.

The student has 1 hour for preparation. S/he arrives at a reserved room,
draws a random “ticket” with theoretical question(s) and problem(s), and pre-
pares, in a proctored, closed book environment.

The examination committee consists of three people: the instructor, the TA,
and a guest.

Each exam consists of three parts: the answer to the ticket question, an
open-ended discussion with the committee (which may want to probe deeper or
ask other questions on the course material), and the presentation of the research
project (this part is prepared in advance and may use computer or slides).

The examination days are 12/08, 12/10, and 12/12. We shall need to meet
after the last exam on the 12th to discuss special awards and fellowships. On
12/13, at 10 am, we shall have an official graduation ceremony.
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Sample ticket

Theoretical question. Compactness, nets and maximal packings. Give a
proof the following theorem:
Theorem. Let X be a complete metric space. Then the following conditions
are equivalent:

a) X is compact;

b) pack. X is finite for any e > 0;

¢) X is totally bounded; i.e., for any e > 0 there is a finite e-net in X.

Problems. Do two of the following three problems:
A. Show that the set of (isometry classes of) intrinsic spaces in M is closed.

B. Let P be a (possibly nonconvex) polygon eqipped with the induced intrinsic
metric. Show that P admits a triangulation’® such that the set of vertexes of
the triangulation is the set of vertexes of P.

C. Let X € CBBJ0] and [z Y] be a hinge in X. Assume £[z¥] = 0. Show that
either [zy] C [z2] or [zz] C [xy].

76Recall that triangulations of polyhedral space are always assumed to be linear; in partic-
ular the sides of the triangles are formed by linesegments in the plane.
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