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This .paper contains the proofs of the results announced
in [I, § 17]. The reader is supposed to be familiar with the
definitions of Alexandrov'e spaces (this name iz used for i~
nitedimensional spaces with curvatures bounded from below,
PSCBB in [I}) (see [I, §2]), the basic examples - cones and
spherical suspensions ([I, 3.6, 3.7]), the generalised Topo-
nogov's theorem (I, § 4]), the notions and basiec properties
of strained points ( [I, ¢51), rough volume ([T, §§6, 9]),
spaces of directions and tangent cones ([I, § 71)» boundary

([T, 7+19)), and (directionally) differentiable functions
({1, 12.2-12,6) ). The topological tools from [S] concerning
- deformation of homeomorphisms are used as well, Our principal
results can be expressed as follows.

Os1. The Theorem on spherical neighborhood.

A sufficilently small spherdcal neighborhood of & point
in Alexandrov's space is homeomoxphlc to the tangent cone at
this point, |

0.2, Corollary. An Alexandrov'a space has a natural
gtratification into ftopological manifolds.

Qe3s The Stability Theorem,

A compact Alexandrov'a space M" has a neighborhood in
Gromov-~Hausdorff meitric, such that any complete Alexandrov*s
apace M™ in this neighborhood, with the same lowexr bound
of curvatures and the same dimension, is homeomorphic to M" .

§1 contains & topological conatruction showing that
a point in an Alexandrov's space has a conical neighborhood -
8 Morse-theoretic argunent, based on the deformation theorema
tand in 3, The tame 9tgwmant proves that opeT  Vhom -

from [S] I e properties of nofi~o0 cal maps; exand-
. rov'a apace o euclidean apace) is a (locally itrivial) bundle
projection (Theorem 1.4¢1)s ¢ 3 contains the definition of .
non=critical maps and proofs of their properties, used in ¢ 1.
Thig definition is (for technical resasons) rather complicated
and by no means canonicel., The admissible maps from [I. 17. 1]
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are particulax cases of these non~c¢critical mapa. ﬂ’2 contalina
preliminary lermas, which are used exstensively in ¢ 3, The
arguments of #f 2, 3 are purely geomatrical, based on the
comperison 1nequalitie§. §‘4 contains the proof of the theo-
rem 4.3, that generalize the atabllity Theorem 0.3. This
proof is essencially topological and based on the resulis
of ¢ 1, 3« The theorems 1.4,1 and 4.3 imply (by simple
argunents) the Theorem O.1 (Bee 4.4), a topological characte-
risation of boundary points of Alexandrov's space (4.6) and
a natural generalisation of the Dianeter sphere theorem of
Grove and Shiohama [ GSh] (44.5)s ¢5 contains the proof of
the Doubling Theorem, stating that the (naturally defined)
doubling of an Alexandrov's apace with boundary is also an
Alexandrov's space (with the same lower bound of curvatures).
§ 6 shows how to generalize the Soul Theorem of Cheeger and
Gromoll [ CG], and the Sharafutdinov's retraction [Sh] to
the cage of nonnegatively curved Alexandrov's spaces.

I am indebted to Yu.Bursgo for provoking my interest to
Alexandrov's spaces and for his interest {to my work, Ianm
grateful to M.Gromov for many helpful discussions. I would
like to thank A,Cernavskil and S.Weinberger for thelr ingi-
ructions concerning deformationef homeomorphiasms,

Notations and conventions. .
A*B means that A 1s homeomoxphic to B ,
BRO) ~ (XY2) means that there exists a homeomorphism
6:A—>X such that @B)=Y,0(C})=Z (B,CcA;ZYvcX)
Two meps 9,y (XY  are V -olose iff VxeX
L) p(xl <y

Amap ¢: X—Yy isa Y ~approximation iff V%,ZZEX ;
119 6 B(x, )}~ ‘x,_l,_\\ <y and V&EY FaxeX - ggwlc))

A map (A %)—-s(X Y) ia s y ~approximation iff

é{p)ecY and l ‘®@>Y is a V-approximation as well |

&g H.A‘-sX .
(M;,N;, p;)  converge o (M, N,p) in Gromov-
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Hausdorff sense iff for eny R>0, V>0 there exists A w0
such that for any (>A  there exists a V-approximstion

6. (M;n8p, (R), N DBp (R),p; ) — (MNB,(R), N1 8Bn(R],p)

K (M) may denote the topological open cone on M or the
metric cone on M , in case M 1is an Alexandrov's space with
curvatures 21 . In this case S(M) denotes the spherical
suspension on M . K (M) denotes the topological closed
cone on M , that i3 a join of M and a point. K‘o (M)
means the cone on M  with apex p.

B. (R) denotes the open metric ball of radius R, cente~

red at .

R - M'l:' denotes the space M" with metric multiplied by R.

By (X) denotes the maximal mnumber of points x;&X
such that lx:r,l ERS (_L-#J)

Vr denotes the L-dimensional rough volume,

Ze denotes the apace of directions at p . '

{¢)t) denotes the derivative of § at p in the direc-

tion teZp o

Q <Zp denotes the set of directions of all shortest lines

pQ (a shortest line PQ is & shortest line pq

such that qe@ and lpgle|p Q).

Q'€ Z, denotes the direction of some shortest line pl/ .

ZA g denotes the angle at in the comparison triangle
with sidelengths Inpi, VBpl, IAB) - 5 a2 ABL« [IApl~ iByl]
then Z ApB =0 « Clearly ZApB gatisfies the compari-
son inequality Z'APB <we’'l , AR 1< Zp.

T denotes a k -dimensional closed cube in suclidean
space, with edges parallel to (some) ooord:l.nata axes, eI"’
denotes the oorreaponding open cube, I (R] means the
cube { keR 3 Dy—-ple *151'4\;} I c::[ means in parti—
cular that the edges of I™ are parallel to some edges of 1%,

The distance in euclidean space R, denoted by I-,|
ia induced by the nomm lx[=m?k x| o

Positive constants are denoted by C. ¥We ignore in
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notation the dependence of such conatants on the lower bownd
of curvatures and the dimension-like parameters. @€(&) de-
notes a conatant depending on e parameter £, . We denote by 2
positivevaontinuous functions defined for sufficiently small
positive arguments, and tending to zZero when their arguments
tend to zero. The dependence of these functlons on dimension=-
1llke parametera and the lower bound of curvature is ignored
as well, The function X may depend on additional parameters
that are indicated explicitly. Any emergence of ¢ or &
means the statement of existence of such a conatant or funce
tion, and the assertions, which contailn ¢ or =2, are sup-
posed to hold only for sultably chosen ¢ and &£ .

1« The topological construction,

1¢1e Spaces with multiple conical singularities (MCS-
spaces).

Definition. A metrizable space X is an MCS-space of
dimension h (N =0) iff each point XxeX has a
neighbornood pointed homeomorphic to an open cone on a con
pact (n-4) -dimensional KCS-space. (We assume the empty C&f’"f
get to be the unique compact (-1) »dimensional MCS-space)s ~

Remark. An open conical neighborhood is unique up to
a pointed homeomerphism, see [ K |

It 18 clear that a join of two compact MCS-gpaces as
well as & product of any two MCS-apaces is an MCS-gpaoca,

There is a natural stratification of en MOS~apace; the

@ -dimensional airata consists of such points X +{hat the
conical neighborhood of X admite e splitting R"x K{Sm) 3
y\-tt S Ybeing a compact MCS-space, iff w¢{ o It is clear

that the { ~dimensionsl strata is an ¢ -dimensional to~
pological manifold, and an MCS)space is a WC3 set in the

| sense of (8, defe5e1]e
1¢2+ Background from topology. \
Theorem A, Let A be a metric space, —F:X N % be

,t((‘ )
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propen

a continuous¥open map, auch that for each point .'Xex
1) Thexe ia anproduct neighborhood U,dx " and a ho=

meomorphism f, U - (U § (L) x x 1 (W) respecting
(that is pzete=§ o where pr: (Uong- LC40) x §(Us )= £ (Ue)

denotes the projection);
2) {*({@® 1is a compact MCS-apace.
Then .ﬁ is a (locally trivial) dbundle map.
Complement to theorem A. Assume in addition that a2 pro-

duct neighborhood ’U satigfies JE(U,,)- {300- » and fix
a compact subset Kc:: Ug s+ Then there exists a homeomor-
phism : X—> 1(4¢ i'.'))y.]:l< such that S’IK —f;h( .

Theorem B. Let X be s compact metric MCS space,
fl.u be a finite open covering of X . Given a func-
tion aothere ex18ts a function % , depending on X ’ {ud
and %, , with the following property.

_If ‘5{ is a metric apace, such that any ti‘%;gbints X »
'Z‘ex can be comnected by a ourve in X of diameter <
<, (lxlﬂr,,l\ 5 {.uﬁt}déa ia an open cchering ot X , g::)(—»f
is & ¥ -~approximation, P! ¢—+u¢ L&l , are homeo-
morphiams, & -close to ¢ , then there existe a homeomor-
phism 'Z:X—-v? s L(5) »alose to [

Complement to theorem B . Given in addition continuous
maps $:X—->R* , )7."2’5(-* R« , kX¥-Rr ,K:¥-R
and a compact subset K< X suppose that for L{,,_ inter-
secting K (respectively, non-intersecting i‘(.) we have
(Thlep=(4h) ontf, (Toy, =P antt,) , and each such T, 1s
contained in a product neighborhood YL werets (fh)
(Waxete {— ) (we say that - V is a product neighborhood
weretse g:VsR™ if there exigt a point veg(V)  and
2 homeomoxphism % V—ag (v} I ( s such that gEP'lfgﬂ

P2 being the projection onto I~ , and g"(v) 48 an
MCS~-gpaca).

Then the homeomoxphism  :X-—»X in the conclusion

of theorem B can be chosen to satisty L=7o oh  om X and
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(¢W = ('E,T;) 173 on |< « (The function ¢ may now depend
on X,{u,Y, Xo, K,-@,L—-

Theorem A was proved by L.C.3iebenmann [ S, cor.6.14,
th.5.4), the complement follows from (Ss 6.9 ]s The follo-
wing proof of Theorem B exploits the same arguments,

e C—\/ _ Assgertion 1. Let X be a compact metric MCS-space,
P C;O VeVeUeX be open subsets. Then for anj-embedding \ x&j‘
\ U X y O =-close to the inclusion { , there exists , ./ ¢

Ni
anvembedding YU — X y () -close to { , such that (6(7
Yzg on W ana 9/5:{, on U\V o+ ( 22 depends on
W,V LX), | ]

Complement. If X=X X1 sy where X, is akcompaot
MCS~space, and 50 respects the projection onto I1° , then

qa can be chosen to respect this projection,

Proof. We can apply the deformation ttiforem [- 3, th.5.4]
to th¥embedding P| . ¢z and obtain afiembedding () :
(W =X s 25 wolose to the inclusion, which coin-
cldes with ( iIn some neighborhood of -V and is equal
to ¢ outside some compact subset of UNW . Now et

px) ,xeW
S(f(x)= { Py (), 2 VW . To prove the complement use
X xe WV

{8, th.6.1.] 1in addition to [S, th.5.4]. e

Agsertion 2. In conditions of Theorem B, if xeX ®eX
satisfy |9(x) K iPay , V> By (%6 +105) is an open
subset of X, ¢:VoX  is af®émbedding, &-close to ¢,
then % ¢ @ V) .

This ia ¢clear. wm

Now assume the conditions of Theorem B, and suppose
W 0l «2 . Let U @l U QU @y,

u,;é tl_; = u;' @LL;' < “4 be open subsets such that

PSS d.Lé Q\[ai,gj,"kc Ufuhl ;1 * . Assertion 2 i{mplies

y&(u;nu;)c;' nﬂz(%z) provided &  is smsll, Thus we may cone
o it aut which 1ig 25" -
aider th¢¥émbedding Golot iy AU -y, o vl
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open,

close to the inclusion { . By Assertion 1 there is anvembed-
ding @ (lau)—~ U, »  R(5)-close to { , such that
Y= %;‘ °og, ~ on U2 nuﬁ and =i on ujnuj \ufnuj,

+ Extend {p onto UF letting =i on
Ui unuf » and define ¢, = $,°Y » Now we can define
an immersion 50’:(1:' UUé‘ — X letting o'@)= l(‘ 9"3(_,«(%' , xely’

| - ¥, @, xe Ut
In fact g" ig clearly aﬁmbedding provided & is small,

Moreover, Aassetrion 2 implies K \ VU U co (usyput
' ey S F LT U

provided & is small, Now the proof of Theorem B can be
completed by induction. The proof can be generalized trivi-
ally to handle the complement, ®W rnf\- % 7 L
143+ Properties of non-critical maps. .. ST
Let LcM™ ve a domain i Alexandrov's space,
?zu —aR" (km) be a continuous map, Peu » We say that .f;
s non~critical at p iff it satisfies some conditionas,
ligted in 3.1, 3.7+ Now we need only the following proper-
ties of non-critical maps, that will be eastablished in ¢ 3.
1e3e1e A get of non-critical polntas of a mep 1s open,
and a map im open Pear its non-oritical point, .
16342, If .f : u_cM“—-»la“ is non=critical at Ps then
2. maps homeomorphically some neighborhood of p onto a cube I':@

) in Rno )

7¢3+¢3. Let -f:UcM“-—yR\‘ be non-oritical and incom-
plementable at P s that is for sny function #1 in a neigh-
: kol — phtt -
borhood of p the map (4, f;) to R**XR =R is eriti
cal at P . Then there exists a function Xy and for suffi-
ciently small R>0 and R'>0 , such that 24(2R7J<R ,
there exists a continuous funotion h: Ui, =8‘,(m 172 ( I};m(n’)]-.[‘qlz]
\\"

. with the following properties

adh) <lpx) —  1if lpel> R | R
v) { is injective on S = h i) T ek
¢) { . is complementable at any point of U,NS 7 & \'Q o
a) 1r %eU; satieties X[|fm) £(S)]) <hix) them x . &7

i__"\. T4 -"{Q Voo




is non-critical for the map ({)) :l.ti---a»l?jvri
Moreover, for each \/eI‘iH (r/) there exist a conti-
nuous function kv:l,{i—a [oR] and a point 0, € -f-i(vJﬂ U,
such that
e) hi=0 & 20, h, @=R & L= (xefvnll)
£) Bach point x¢ {*\{,]  is non-oritical for
(4 h): U, >R
Remark, It 1s clear that pe¢ S , and we may take
hvz-,;la, for ve¢ £(9).
1+4. Pormulations and reductions,

Our aim in this sectlion is to prove the following asser-
tion. o‘oeﬂ

Theorem 1,41+ A propexr map -@ .-l;lc:M“_,p“ without
eritical points is a (locally trivial) bundle map,

In order to prove this theorem we need also the two
following assertions.

Proposition 1.4.2. Let {- UecMPsRE  be nonmoriticsl
and incomplementable at p , Then

a) for R>( sufficiently small
(B, (R 472 (4(e), B (R4, p)

2 (Rp (08, (RN (#p)), 38, RN 47 (4631, p)
b) for R'>0 amall enough comparing to R , there is
‘& homeomorphisn

p: (Bp RINY 1(I (R ’))?BF(RJM"(IHP,( RY))—
(B, RN §™*(4(p)) x L;(,(R'J 28 RJnf L(4(») ))xIm,,(R’)

which respects g that is { =preQ.
¢) The map (¢, lP’ |) is non-critical at points of
"DB? (R)N -‘- (‘P P))

Proposition 1,43, A level set 07y} of emap }:
Ke Mre R“ 1g homeomoxrphic t0 an MCS-space provided

it does not. contain critiocal points,
The case k=v. of Teduly 1s4.2, 144.3 follows imme-
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,-f; dintely from 1,3.,2, Theorem 1.4.1 for '(-_-f, follows from
@ 14442, 1ede3 for k 2£ and Theorem Ao. Proposgition 1.4.3

e for k<{ follows from 1.4.2 for k=4 and 144.3 for

. ks . It remains to prove that 1.4.1, 1.4.2, 1.4.3 for

L k>d  imply 1.442 for k=l .

- 1¢5¢ Proof of 1,441, 14442, 14443, o
N Assume 1.441, 14442, 1.4+3 to be true for k>4  amnd o> 1~
%’ let §: NeM -t be non-critical and incomplementable

at P:take R’)R’Jxlz I'\.,L\v,ui‘s 88 in 1.3.3. Then 1.4.2.cC é“\fv

A - 18 clear. We prove first an assertion slightly generallzing

N\ Te4e2e8. Lot = £ 2R M0

™ Assertion 3. Let ye tl (p’) satlaly ;E{(Iv,.ﬁ () <RosR .

fv)a WwiloR] 8T, b %

> Then (§7)aWrhR] FEE)a MR > (R(z)2).

¢ ¢ If @, =R then the houneomorphimn above maps O, to the —
\ apex of the cone.

S Progfe 1.3.3.a, 4 dimply that (7, h) has no eritical

points in™ %98, (R)nU, 4 hence Lw. (R) T by 1e4.1
5 for k-£+4 .+ Furthermore 1.3:3.e, f imply that (4 h,)
hasa no critical points in -ﬁ I(V)n hi (O,R] + hence for any

\»’ 0<R, <R, ¢R we have
\\ LW tn W8 LR, R, D, £ Ak (R, FIA KL (R)) = (2xL2xded, Zx i),

' '\-I"

R ,‘ 'and therefore (i) n B ®),§'w n?g ®).0,) = (EI’[I)*EJ{]' At last,
M,? choose R, such that x( v, %(S)IVR (R , and obgerve that
" J‘ (£k) has no critical points in K¢ ER“RJH-F tv) 4 hence

(rte) aWiIR R] FAWIARE(R,), FiWn KR = (IXT, Exfo}, Exai)s
o (PMaRARRT, 7' a bR, £ ONWYR,))

and

o (PR R, T AR R 2 (8700 A 1oR), ik (R)) = (REE)Z).

£

B _"AJ-,{_.
R R
A From now on we may assume I +{ gince {(=n  other-
wiBe, \u)""* i g\.‘) \! -
‘-_:é}:\"_ : .‘ oo %\ \?‘*\\ [\ ,I.‘Q\I'._‘I.‘ [ '.{‘_‘ il- :, “.
Cogh T C ;.\I\ - \J \ N : li
_ e ‘
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In order to prove 1.,4,2.b we oconstruct a special cell
decompositi?n of U i\ S with cells homeomorphic to S x ™
or K(Z)xI™ v el » We use cella of 3 types,

The cella of type I are of the form C =K{R)n I (] ”‘i)
O<R <R , ]' < I{’()(Q) « We assume that ?»(IV{-’(SJI)<Q¢
for Ve I"'-‘ Y and let C =h* (R ) n f-i(l'r’;i

The cells of ype 1]‘_ are of the form CF’ k(R ,R.p)nf (T )
0<R <t%p, R, I CI% (R} o We agsume that

'aezuvgfs)l)a} “for ekt ana 1ot G=K1IRIRS ]n )

The cells of type I are of the form QK =t (E;Rx))“f T ""K)
{
O(Q <R, I‘r <1 (Q‘) « We let 3-'\‘1([092‘])“

€(e)
n §* (I ‘) and aasume that ’JC(lv M) <R,  for ve I
and that for any cell C / such that C‘r CJ" , WO have
a,. nS = o

o’ A
It f£ollows from 1.4+1 for k=€ +4 and 1.3.3,4 that a

closed cell CJ of type I 1is homeomorxphic to 2 -'l;:ﬂ"L
regpecting | , and a cloged cell qa of type T 1s homeo-
morphic to $x I'”‘P x1 respecting ({,l,) o At last
1e3e3sCy 14442 for k>l , Assertion 3, 1.4.3 for k={+4
and the complement to Theorem A imply that a cell Cx of
type &L aatiafiea (Ca G (K (2) A I, ¥ K(T) x f""r)
reapecting ,E

For preliminary oonstructions we need also cells of type
N 5 their only distinciion from the cells of type I 1is
that the very last assumption is replaced by the opposite
one: there exists a cell C‘ » such that E';,:D C and
Ca.! NS+

We proceed by an infinite sequence of steps, Before the
(-th step we have a decomposition of U, in%o i’initét%'f -
cells of types I- IV , such that |

the boundary C ~@ of any cell consists of whole celis
and all cells of type Jf have Ry=2¥‘R  and dliam I Vx:

=g g! (for m, >0 ), where h, are integers satisfying '

| ,) Indzed Asstnkion 3 impliy that (F 0N W oRT) x R(3). KZI I8 & Compact s

Simet, 2 i5 @ Mfa.c:b MCS  spaer f} 4.3, for kalssy. 1.3.3.¢ auwd 14,2.8 Mbé’
"r’; that each poiet of G has a preduct wighlovhood wrt §. At last, fix R{’
Suddt that x(lv3($)|)<k’f-R tor off veI" ad olseme Hat (™)
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=t oy, %2R 2R . Tt follows from our de-
finitions that the boundary of a cell of type [V ocontains
only cells of types I,V and any cell of type [V isa

contained in some closed top-dimensional cell of type B .,

To perform the (¢ -th step we first aubdivide each cell

k2 [0, 2" RN (1Y) of type ¥ into 2™ "mu) cells

Wt [o, 2" ) A £ f‘“&_’) in a regular way, and obtain se-

veral cells of types N,V . Second, we subdivide some cells

of type I in K¥(2'"R) to ensure (L)) + At last, we

subdivide each new cell ki [o, 2t R)ng-i (™) (osn‘u.su}of type IV

tato 3 cells K'Lo2RIn {2(178) | 11t (pir)n (79,

L"‘(z"‘k,z"‘R)ﬂ E-i(I;";f,g of types W 4 I » T respectively
!

The result of the infinite sequence of such steps is a lo=-
cally finite decompoaition of U Y  into cells of types
LTI , Satisfying (L) .
Now we are going to define the required homeomorphism

U, 5K(E) XI{FU (R) We may view Kk (T) as & quotient

iﬁsg)txeﬂ:‘jpe [a,R.]]/.V and define R(z):BL for 2 - @-‘,g)e
€ X(z) +_Thus we have naturally defined functions ¥ 7,....
T¢ on R(Z)HI&)(Q’J, fi»---f, being the coordinate func-
tions on T¢ (e » Define the corresponding cells in
R(Z) % If, (¥ by the same inequalities as in W, , with
Tx instead of [l . We obtain the corresponding cell
decompoai.tion of K(Z)} IF&(» (RON{FY » £(S) , where % denotes
the apex of K(X) . Now we define ¢ +to map a cell in
WS  onto the corresponding cell. Firat we define { on
the cells of type t in Ki(R) , then extend it to the
closed cells of type X in h“[ #,R] , starting Lrom
low-dimensional ones, next -~ extend it to the closed cells
of type I in KA[R, R4 1 , estece It is clear that
can be defined on the cells of types I I to veapect (fi),
At last we extend § vrespecting [ to the cells of type W
atarting from the low-dimensional ones. It remains only to
use 1.3.3«b and define p: 3= {FIx 4(S) respecting {.

The bijectivity and continuity of 50 are gbvious, =n
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2+ Preliminary lemmans
All functions & in this section may depend on the pa-

rameter, denoted by €& ,
2+1. Consecutive approximations.

2¢1.1. Let P L cpM™ Rk be a differentiable map from
e domain in Alexandrov's space, and let Jl-Il = denote a momm
on Rk. Suppoge that for any xe¢ll and Ve Rl‘ ’ such
that L(x)aw » there exists a direction teZ, such
that WE()-vlig (§)<-¢€ o Then ¢ is clearly ¢ -open
werets W.ll (that is, given xell and veR‘" such

that 8, (Mfu-vii-&™%) =L ,» there exists a point ¢ LL
guch that  }(y)=v and eyl <&t pag-vh  , c.2.°[1.5.3))
2.1,2, In particular suppose that f.{f, ..., {} U e M RE
satlsfies the following condition:
For any pell there are such directions ¥ 4¢isl,
E“ :I.n Z, that ”’J(Pl (5+)]<% for U£] '?‘(Pftf‘”)é .
.f (g") <-£ for all { .
Then § 18 <¢(¢) ~open w.r.t. euclidean norm in R » (‘F<cta)}
2¢7.3. Let [: UM >R%  be a differentiable & -open
map, let pell . , ze Z be such that 4}“@)—.—:0 .
Then given neighborhoods V' of ¢ and U, of p there
exists a point geU,n{ (f(p) such that ¢’c)’ + In
particular, given a finite set of differentisdle functions
g; il =R we can choose ¢ el n 173(f(p) to satisfy the

P

inequalities g; (:;) <2:(p) it g%p (§) <o  end
%:4)>9:0p) 12 g, (>0 ~ (o.fs [1.12.6]) |
202, Lemma, A complete K -dimensional Alexandrov's Tal )
space with ourvatures - { can not contain h+3 compact
subsets A; such that JA4 A7 -¥ for E  o [ A4>
S Th+ & for [ ®3,7 (B<cw)
Proof., We use induction on N , the case h=4i being
obvious. We may assume that Az is a point P ., Consider
the sets of directions A; CZ , 1L € pe 2 « We have

I,AJ\ £2% - er,|-1A1AJ}<1-c(£) Gey) s IApl g or- bA, 1= A4, Y em-cce),
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Hence the comparison theorem implies |A A l? ~2(8) (ivj) A/ AR
> 714,;;(5) {23 , and this ig a contradiction with the induc-
tional asaumption. -

2¢3e Lemma, a) Let M" be a complete Alexandrov's
space with curvatures 24 , {A;], Lsisksz (ockew)
be compact subsets of M™auch that [A¥AY)> -5 (%)),
\A,Al>T4+€ ((4#1) . Then there is a point x¢M™  guch
that IxA V= Wy (£23), IxA)>B+CCe) , [xAl < —ClE) (s<cie)

b) The assertion holds true if we replace the assuuption
AL >4 +E by 1AA,1>T -5 and the conclusion
le:‘_\ > Y+ e &)} by lXA'j_l > “‘é-—’é’@(ﬁ‘).

Proof of a)., We use induction on h , the case h=1
being obvious., First we move & point of A, towards A; to
get a point X, such that IxA;l= % (i>2}, (XQA;LI:» iyu;
M= c(€) « Next we construct inductively a sequence of
points x, € M™  and subsets I, < {3, ..., k+2 } (0elel) much
that #I, =¢ , L, 2T . and. the following set of ine=-
qualities is satisfied with =x, as x ;

(1) IxAl =%, for ieX, , Ixat2T% for (>2,id],, lxéilag-bmgi‘ln.l,

whant .= el€) iy Q.u..\ (2] hjjw
Assume that X, are slready oonstructed for m <l

(<k) and let CC = fxeM": x satisfies (1) } .
Choose any 4. >2 , Jﬁé T, and let x,, .  be the clo-
sest to A, point of I, + Then x, satisfies (1) with
I€+1= U{joﬂ in’atead of I + Indeed, we have [x, LAl
- c(¢) for all ¢ and therefore for any 4 in aoma
neighborhood of My, the comparison theorem implies
A Al ST -2 (8) (i#),ij42), INA N> Th +c(e) (i>2) in E& .
Hence the inductional assumption allows us to apply 2.1.2 and
conclude that the map {£()=(lAy,\, ..., 4,,.']) 18 c@/-open
in some neihgborhood of Fesy' * Again by the inductional
assumption we can find a direction J;e ., » such that
|At§\ My (F42,5), |A]{ yl»VN ri< % . Hence either
lx A, A= or, by 2.1.3, there :I.s a point near Xeos:

which satisfies {1) and is cloger to Aj ~ than Xeoy =
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a contradition.
Now we have a point X\ that satiafies all the requi-
rements of our assertion except the last one. Let 2C be the
set of all points XxeM" such that IxAl=" (i23),
% A1|~;1'4' t, and let X be the closest to A, point of X,
To prove that t'iAzk I ~c(&) it suffices to show that the
assunption I;’Azb% — 22 (5) leads to a contradiction, In-
deed, this assumption allows us to get a contradiction using
the argument above, with X,A, instead of X, , A;,
and (la,1,..., 1A ,']) instead of {() . (In case k=n
the reference to the inductional assumption in this argument
must be replaced by the reference t0 2.2:) e
Proof of b). We use induction on n and reverse induc-
tion on k while h ig fixed. Repeat the first part of the
proof of &) with = -2 (5) 1instead of = c(f) , to get
a point X, , such that bx, “‘£|=§' (iz3), (Xk"’u'”Eff&)'g/ztl*gﬁo‘-,}ﬁ.-ﬂﬁi,hmw.
It lxk Al < F-cig) e ;'vx?u%m done, Othexrwise we have
Ix A) > Z - x(yj’hmﬁﬁéﬂfore in case kan we can
take %, as A, and apply the assumption of the reverse
induction, and in case k=n we get a contradiction to |
242, .: " ' ;""&\;im“‘* i \:-._. R S _’.;ﬂ, K .;n.u.e. ,t. AN _' . ’ '.I'
2+¢4, gorollary. Under asgsumptions of 2.3.a) there is
a point xem* such that IxA \-Th (i>2), A>T vc @)
Indoed, consider the cone K(M") with apex p and
unit sphere identified with M™, It follows from 2.3.a) and

2.1.2 that §()=(In,, ... 1a, 1) i1sa dir:ierentiable ¢ ()=
open map near p . Take a sequence fvii cR* L vis L
guch that Vj' = |Aj“ ol (j22), ’ V,f - M,ﬂ s and let

pre K (M) be such that {(')=vi. c@) bhl <l .
Then any limit point of (Pi)" in Z=M“ satisfles our
conditions, m=

245 Volume estimates. ;
2.5.1, Let M* be a complete Alexandrov's space with'
curvatures »4, A<M | Alq,0,7= {xeM: a, dAxicq,}.

Let 0 g, <9,<d,<d,, otwg minfa~a, §~4 7.

!
f
n
: r
! - j
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Then

g (Al a)s e P30 6, (18,61

/]
Indeed, the general case followa easily from the case Q,-Qq, =

ch-bs0 o Let P ATC-w, 81 —Al,-w,2,) sends

a point X to a point () on a shortest line xA , such

that  |Apl = /g, [Ad o It follows easily from the compa-

rison inequalities that o) yl(y)l= %, Ixyl for any

%ye All-w, ¢&,] , and this is enough for our estimate.
2.5.2. 1% :followa from 245.,1 and [I.9.3] that there

exigts a constant C >0 4 such that Fgw (AL " % -5, /+SJ)£

¢ C. 5 w provided pcw<T

3+ The definition and properties of noncritical maps,

All functions X in this section may depend on the
parameter denoted by £, L

3e1. Definition. A map f=({,,.., 0 ):UcM* —R" (k=0)
is called ¢ 3 -noneritical at Peu. if it satisfies
the following set of conditions:

.. 4 ¢-1 ¢,
1. $: = “'\?4 By o & C) =g, ( Iﬁfcy.‘l)Jrc:Ei iy (£, (D« cy,

where ¢, ek ¢+ Ay are compact aubaeta o2 My o,
?‘J have right and left derifatives, y-d, are lipschitz
functions with lipschitz constants <4 ¢.y @&re inoréa-
sing functions, satisfying @, (v=0, cix-gls Iy OOy L) Je &£ ix-gl,

2+ The sets of indices Ii(p) ={y: {;(p)= %‘(Pl}
satisfy i E[P) £e1 end there exists p=p(p) >0 such
that for all i  §;0) <y, (W P for xeR(p), x4 T Gk

30 Z Aaphyp > -5 for i£]y A€ k), PETG).

4. There is a point W= Wip) eMr auch that
Z My pW >Tp+e  for  yeli(p) o

It is clear that the aet of (¢,5)=nonocritical points




of | is open and { is differentiable at any such point.
3+2+ Proposition. Suppose that {:lUC M“——)R“ has no
(¢3) ~eritical points in /U , Then kg¢h  and f is
C(¢)=-open, Furthermore, if k=n then f is a local
(vilipachitz) homeomorphisnm,
. Proof. Conditions 3.%1e3, 4 dimply that assumption
k> contradicts to 2.2, It follows from 2.3.a, 2.4 that
for any peU there arei such directions Ef , g{cz
{4¢i¢ lﬂ) that l Aj(” EL |=‘72' Li'ﬂ]) ) IA;'(?) E;l‘Té-C(E),

' - T ; _ ,
|Ag(r3 S fy +C(E) + Where AE(P" éé"zfp) Aly It. Therefore

we can apply 2.1.,1 to the noxm llvl| —--_f: 53‘|v1| onR".
L=f

Let k=n"' and assume that {(J={(y) , X#ty
for X,y 80 c¢loge to P that 34143, 4 hold for x
or y instead of p with the same W . Assume Wi <[Wyl.
It ;,3 are sufficiently olose comparing to |,Wl, |pA
(ye & (p)) then we have &L Wxy> -5, £ Ayxy > T -3
for y €I (x) o We get a contradiction to 2.2 for 2, .m

3.3« Proposition. A level set of nonoriticsl map has
locally an intrinsic metric which is equivalent to the indu-
ced one. More precisely, let §:Uuem™—sR" be  (¢3)-none
critical at pe W . Let M=27* ($p), po=min éiy(p),?-lwp)pl,,
$ . lA,;d.pl ( 153_5.[(,3@3:(91)} , 4xe€NnB (p) . Then there
is a ouxrve on 1 of length < c(&)lqzl with endpointa 9,7 .

Proof. Assume that IW(P)c}I ¢ 1Wep) <) o Then the compari-
son inequality implies that [ W'p) x| >Ty =2¢(5) 1in z1 . |
Moreover, we have |A';‘ wp) > Yo tele), ALvI>T -%6) (yen ),
and | Ay A:h‘-', > % ~oesr (4], o€ I (q) ,pel}(?)) o Wle apply

i |

2.3.b to X, and find a direction re such that

y = : = . d ! < W .
‘Ac’.(ci)g\ = v& (Atc?} X&'(?) Aag J an I El é’/ (¢)
Hence by 2.1.3 there is a point q, <l near 9  such

that leg, | < g1~ cle) 149,] « Now the comstruction of the
required curve on 1 is standard. w :
3e4s Lot § L eMt— RX Ye (,3) =nonoxrdtical at-







