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Abstract We consider coupled map lattices of hyperbolic type, i.e., chains of weakly
interacting hyperbolic sets (attractors) over multi-dimensional lattices. We describe
the thermodynamic formalism of the underlying spin lattice system and then prove
existence, uniqueness, mixing properties, and exponential decay of correlations of
equilibrium measures for a class of Holder continuous potential functions with a suf-
ficiently small Holder constant. We also study finite-dimensional approximations of
equilibrium measures in terms of lattice systems (Z-approximations) and lattice spin
systems (Z4-approximations). We apply our results to establish existence, uniqueness,
and mixing property of SRB-measures as well as obtain the entropy formula.

Introduction

Coupled map lattices form a special class of infinite-dimensional dynamical systems.
They were introduced by K. Kaneko [Ka] in 1983 as simple models with essential features
of spatio-temporal chaos. These systems are built as weak interactions of identical local
finite-dimensional subsystems at lattice points. Such systems are proven to be useful in
studying qualitative properties of spatially extended dynamical systems. They can easily
be simulated on a computer, and many remarkable results about coupled map lattices were
obtained by researchers working in different areas of physics, biology, mathematics, and
engineering.

Bunimovich and Sinai initiated the rigorous mathematical study of coupled map lat-
tices in [BuSi]. They constructed special Sinai-Bowen-Ruelle (SRB)-measures for weakly
coupled expanding circle maps (under some additional assumptions that the interaction is
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of finite range and preserves the unique fixed point of the map). SRB-measures are invari-
ant under both space and time translations and have strong ergodic properties including
mixing, positive entropy, and exponential decay of correlations. ;From the physical point
of view this is interpreted as evidence of spatio-temporal chaos. In [BK1]-[BK3], Bricmont
and Kupiainen extended the results of Bunimovich and Sinai to general expanding circle
maps. In [KK], Keller and Kiinzle studied the case when the local subsystems are piecewise
smooth interval maps. A detailed survey can be found in [Bu].

The first attempt to analyze coupled map lattices with multidimensional local subsys-
tems of hyperbolic type was made by Pesin and Sinai in [PS]. They constructed conditional
distributions for the SRB-measure on unstable local manifolds assuming that the local sub-
system possesses a hyperbolic attractor. In [J1], [J2], Jiang considered the case when a
local subsystem possesses a hyperbolic set and obtained some partial results on the ex-
istence and uniqueness of Gibbs distributions. In this paper we extend these results and
establish the existence and uniqueness of Gibbs distributions for arbitrary chain of weakly
interacting hyperbolic sets.

Our main tool of study is the thermodynamic formalism which is applied to the lattice
spin system of statistical mechanics associated with a given coupled map lattice. We point
out that the lattice spin systems corresponding to coupled map lattices are of a special type
and have not been studied in the framework of the “classical” statistical mechanics until
recently. The study of Gibbs distributions for these special lattice spin systems required
new and advanced technique which was developed in [JM] and [BK2, BK3].

In [JM], the authors considered two-dimensional lattice spin systems. Using polymer
expansions of partition functions they found an explicit formula for Gibbs states in terms
of the potentials and thus proved existence and uniqueness of Gibbs states for a special
class of potentials obtained from the corresponding coupled map lattices (which are gen-
erated by Holder continuous functions with sufficiently small Holder constant). They also
established continuity of Gibbs states over such potentials. In [BK2, BK3|, the authors
considered general multidimensional lattice spin systems. Using expansions of the corre-
lation functions they also established existence and uniqueness of the Gibbs states as well
as the mixing property for the same type of potentials. In this paper we include a detailed
discussion of lattice spin systems and their relation to coupled map lattices. The appendix
contains a concise description of polymer expansions. This makes the paper relatively
self-contained and thus more accessible for specialists in dynamical systems who are not
very familiar with this highly specialized area of statistical physics.

The paper is divided into five sections. In the first three sections we generalize results
of [J1] on the topological structure of coupled map lattices of hyperbolic type. Our main
result is that these systems are structurally stable (Theorem 1.1). This result allows us to
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obtain a complete description of topological properties of coupled map lattices of hyperbolic
type as well as construct their symbolic representations.

When the interaction is short ranged and thus the coupling is exponentially weak, the
conjugacy map allows one to use Markov partitions for the uncoupled map lattice to build
Markov partitions for the coupled map lattice. This leads to a symbolic representation of
the lattice system as a lattice spin system of statistical mechanics. In [JM] (see also [BK3])
the authors established uniqueness of Gibbs states and exponential decay of correlations
for these lattice spin systems. We use their results (as well as results in [BK3]) to establish
uniqueness and the exponential mixing property of equilibrium measures. Our main result
is Theorem 3.6.

In Section 4 we construct “natural” finite-dimensional approximations of equilib-
rium measures. There are two different types of approximations. One results from 7Z-
approximations by finite volumes in the lattice while the other is obtained from Z?*1-
approximations by finite volumes in the lattice spin systems. Our main results are stated
in Theorems 4.2 and 4.3.

In Section 5 we apply our results to establish the existence, uniqueness, and mixing
property of SRB-measures for chains of weakly interacting hyperbolic attractors. We show
that these measures are Gibbs states for Holder continuous functions and we describe
them in terms of their finite-dimensional approximations using lattice spin systems (see
Theorem 5.1). One direct consequence of our construction of SRB-measures is a formula for
the Z4+1-measure theoretic entropy (see Remark (5) in Section 5; see [J3] for the detailed
proof). This generalizes the well-known formula for the entropy of SRB-measures in the
finite-dimensional case.
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I. Coupled Map Lattices

1.1. Definition of Coupled Map Lattices.
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Let M be a smooth compact Riemannian manifold and f a C"-map of M, r > 1.
Let also Z% d > 1 be the d-dimensional integer lattice. Set M = ®;czaM;, where M;
are copies of M. The space M admits the structure of an infinite-dimensional Banach
manifold with the Finsler metric induced by the Riemannian metric on M, i.e.,

[9]] = sup [[vi]]. (1.1)
iczd

The distance in M induced by the Finsler metric is given as follows

p(i‘, g) = sup d(xw yi)? (1'2)
iezd
where T = (z;) and y = (y;) are two points in M and d is the Riemannian distance on M.

We define the direct product map on M by F' = ®,_,a4fi, where f; are copies of f.

Consider a map G on M which is C"-close to the identity map id. Set ® = F o G.
The map G is said to be an interaction between points (space sites) of the lattice Z¢ and
the map & is said to be a perturbation of F. Iterates of the map ® generate a Z-action on
M called time translations.

We also consider the group action of the lattice Z¢ on M by spatial translations S*.
Namely, for any k € Z¢ and any z = (z;) € M, we set (Sk(f))z = L1k

The pair of actions (®,S5) on M is called a coupled map lattice generated by the
local map f and the interaction G. If G commutes with the spatial translations S*, i.e.,
Sk oG = G o S* we call G spatial translation invariant. In this case the pair (®,.9)
generates a Z%!-action on M. If G = id, the lattice is called uncoupled.

One can also define the perturbation in the form ® = G o F. If F' is invertible (and
in what follows we will always assume this) the study of perturbations of such a form is
equivalent to the study of perturbations in the previous form since GoF' = Fo(F~toGoF)
with F~! o G o F being close to the identity.

1.2. Coupled Map Lattices of Hyperbolic Type.

We consider a special type of coupled map lattice assuming that the local map is
hyperbolic. More precisely, let U C M be an open set, f : U — M a C'-diffeomorphism,
and A C U a closed invariant hyperbolic set for f. The latter means that the tangent
bundle TA M over A is split into two subbundles: ThM = E*& E* , where E* and E“
are stable and unstable subspaces. They are both invariant under the differential D f, and
for some C' >0 and 0 < A < 1,

|Df || < CX*||v|| for n >0, v e E? (1.3)
|IDf"w| < CA"||w|| for n >0, we E“.
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The hyperbolic set A is called locally maximal if there exists an open set U D A such that
A =,ez ["(U), where U is the closure of U.

For any point x in a hyperbolic set A one can construct local stable and unstable
manifolds defined by

Vi(x) ={y € M : d(z,y) <€ d(f"(x), ["(y)) = 0, n — +oo};

Vi(z) ={y € M : d(x,y) <€ d(f"(x), f"(y)) = 0, n — —oc}. (1.4)

It is known that these submanifolds are as smooth as the map f.

The definition of hyperbolicity can easily be extended to diffeomorphisms of Banach
manifolds. Suppose that H is a C''-diffeomorphism of an open set U of a Banach manifold
N (endowed with a Finsler metric) and a set A C U is invariant under H (note that A
may not be compact). We say that A is hyperbolic if the tangent bundle TAN over A
admits a splitting TaAN = E* @ E* with the following properties:

1) E° and E" are invariant under the differential DH;

2) for any continuous sections v valued in E*® and w valued in E* we have

IDH™ || < CX*[[v]| and  [[DH™"w] < CX"[Jw],

for some constants C' > 0 and 0 < A\ < 1 independent of v and w;
3) there exists b > 0 such that for any z the angle between E*®(z) and E"(z) is bounded
away from zero, i.e.,

inf{[|§ —nll : € € E°(2), n € E“(2)|, ¢l = lInll = 1} = b. (1.5)

Note that in the finite-dimensional case the last condition holds true automatically.
It is easy to see that the map F'is hyperbolic in the above sense, i.e., it possesses an
infinite-dimensional hyperbolic set

AF = ®i€ZdAi’

where A; is a copy of A. Moreover, for each point Z = (x;) € Ap the tangent space Tz M
admits the splitting T M = E*(Z) & E*“(Z), where the stable and unstable subspaces are
E¥(Z) = ®,cpa % (2i), E"(T) = ®,cpa " (7:). (1.6)
Furthermore, for each point # = (x;) € Ap the local stable and unstable manifolds passing
through z are
Vi(Z) = ®,ca Vi (23), Vi (Z) = ©,caVi* (1) (L.7)



where V*(z;) and V;*(z;) are the local stable and unstable manifolds at z; respectively. If
the hyperbolic set A is locally maximal, so is Ap.

1.3. Short Range Maps.

The goal of this paper is to investigate metric properties of coupled map lattices of
hyperbolic type. In the finite-dimensional case one uses thermodynamic formalism (see
[Bo], [Ru]) to construct invariant measures and then studies the ergodicity of hyperbolic
maps with respect to these measures. The extension of this formalism to the infinite-
dimensional case faces some obstacles. The most crucial obstacle is non-compactness of
the hyperbolic set Arp. One of the ways to overcome this obstacle is to introduce a new
metric on M with respect to which the space becomes compact. This metric is known as
a metric with weights and is defined as follows: given 0 < ¢ < 1 and Z,y € M, we set

pg(Z, ) = sup ¢'ld(z;, i) (1.8)
iczd

where |i| = |i1] + |ia] + -+ + |ial, i = (i1, 42, -, 4q) € Z.

For different 0 < ¢ < 1 the metrics p, induce the same compact (Tychonov) topology
in M.

Although working with p,-metrics gives us some advantages in studying invariant
measures for the maps F' and &, it also introduces some new problems. For example, the
set M is no longer a differential manifold and the maps F' and ®, while being continuous,
need not be differentiable. In particular, the set Ar being compact is no longer hyperbolic
in the above sense but only in some weak sense. More precisely, this set is topologically
hyperbolic, i.e., for every point in A the local stable and unstable manifolds (1.7) are, in
general, only continuous (not smooth).

We will restrict to the class of perturbations to be able to keep track of the hyperbolic
behavior of trajectories for the perturbation map ®. More precisely, we consider the
special class of perturbations called short range maps. The concept of short range maps
was introduced by Bunimovich and Sinai in [BuSi] and was further developed by Pesin and
Sinai in [PS] (see also [KK]). We follow their approach.

Let Y be a subset of M and G : Y — M a map. We say that G is short ranged if G
is of the form G = (G;),.za, where G; : ¥ — M; satisfy the following condition: for any
fixed k € Z% and any points Z = (z;),9 = (y;) € Y with z; = y; for all j € Z%,j # k we
have

d(Gi(@), Gi(9)) < COMMd(wk, yi) (1.9)

where C' and 6 are constants and C' < 0, 0 < # < 1. We call 6 the decay constant of G.
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If G is spatial translation invariant then G can be shown to be short ranged with a
decay constant 6, if and only if

d(Go(z), Go(9)) < COFld(zy, yr), (1.10)

for any = = (z;),y = (y;) € Y with x; =y, for all j € Z, j # k.
In the following Propositions 1.1-1.3 we collect some basic properties of short range
maps. The proofs can be found in [J1].

Proposition 1.1. Let G be a C'-diffeomorphism of an open set U C M onto its
image. Assume that G is short ranged with a decay constant 6. Then

(1) the differential of G' at every point &, DzG : Tz M — Tz M, is a short range linear
map with the same decay constant 0;

(2) the bundle map DG is short ranged with the same decay constant 6.

Moreover, if the map G is continuous with respect to a p,-metric then either of state-
ments (1) or (2) implies that G is short ranged.

Proposition 1.2. For any 0 < 6 < 1, there exists ¢ > 0 such that if G : M — M is
a short range C'*®-diffeomorphism with the decay constant 0 and distc1 (G, id) < € then
G~! is also a short range map.

Short range maps are well adopted with the metric structure of M generated by
pq-metrics as the following result shows.

Proposition 1.3. (1) Let G : M — M be a short range map with a decay constant
6. Then G is Lipschitz continuous as a map from (M, p,) into itself for any q > 0.

(2) If G is a Lipschitz continuous map from (M, p,) to (M, py, ), with some 0 < ¢; < 1,
then GG is short ranged with the decay constant 6 = q.

(3) For any e > 0 and 0 < § < q < 1, there exist § > 0 such that if G is a C*T-spatial
translation invariant short range map of M with the decay constant 6 and distc: (G, id) <
0, then G is Lipschitz continuous in the p,-metric with a Lipschitz constant L <1 + e.

1.4. Structural Stability.

We consider the problem of structural stability of coupled map lattices of hyperbolic
type (M, F). It is well-known that finite-dimensional hyperbolic dynamical systems are
structurally stable (see for example, [KH], [Sh]) and so are hyperbolic maps of Banach
manifolds which admit a partition of unity (see [Lang]). We stress that the Banach manifold
M = ®;ezaM; does not admit a partition of unity and this result cannot be applied
directly. In order to study structural stability we will exploit the special structure of
the system (M, F') as the direct product of countably many copies of the same finite-
dimensional dynamical system (M, f). This enables us to establish structural stability by
modifying arguments from the proof in the finite-dimensional case.
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From now on we always assume that the interaction G is short ranged.

Theorem 1.1. (1) For any e > 0 there exists 0 < 6 < g such that, ifdistc1 (P, F') < 9,
then there is a unique homeomorphism h : Ap — M satisfying ® o h = h o F|a, with
distco (h, id) < e. In particular, the set Ag = h(Ap) is hyperbolic and locally maximal.

(2) For any 0 < 6 < 1 there exists § > 0 such that if G is a C*-spatial translation
invariant short range map with a decay constant 6 and distc: (G, id) < §, then the conju-
gacy map h is Holder continuous with respect to the metric pq, 0 < g < 1. Moreover,

h = (hi(Z));cza satisfies the following property:

d(ho(Z), ho(9)) < C(6)d™(xk, yi) (1.11)

for every k # 0 and any Z,9 € M with x; = v;,i € Z% i # k, where 0 < a < 1 and
C(9) > 0 is a constant. Furthermore, C(6) — 0 as distc1 (G, id) — 0.

Proof. We describe the main steps of the proof of Statement 1 recalling those argu-
ments that will be used below (detailed arguments can be found in [J1]). Let U(Afg) be
an open neighborhood of Ar and CY(Ag,U(AF)) the space of all continuous maps from
Ap to U(Ap). Consider the map

G:CU AR, UAR)) — C°(Ap, M) (1.12)

defined by 3 +—— ® o 3o F~!. We wish to show that G has a unique fixed point near the
identity map. Let T'9(Ag, TM) be the space of all continuous vector fields on Ap. We
denote by Z the identity embedding of Ap into M, by B,(Z) the ball in C*(Ap, U(AF))
centered at Z of radius v, and by A : B,(Z) — I'’(Ap,T’M) the map that is defined as
follows:

AB(H) = (exp,’ Bi(9))icz. (1.13)
When ~ is small A is a homeomorphism onto the ball D (0) in I'°(Ap, TM) centered at
the zero section 0 of radius 7. Set

G =AcGoA': D,(0) = T(Ap, TM). (1.14)

If a section v € D.(0) is a fixed point of G/, then AoGo A~ v = v, and hence the preimage
of v, A~'v € B (), is a fixed point of G.

To show that G’ has a fixed point in D, (0) we want to prove that the following
equation has a unique solution v in D (0):

—((DG" o — Id)" (G'v — (DG")|gv) = v. (1.15)

Note that T°(Ag, T'M) is a Banach space and the map G’ is differentiable in D.,(0). In
fact, DG’ is Lipschitz in v since the exponential map and its inverse are both smooth.
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Since the map G is short ranged, so are the maps G’ and (DG’)|g. Therefore, we can use
weak™® bases to represent (DG’) in a matrix form. This enables one to readily reproduce
the arguments in [KH] (see Lemma 18.1.4) and, exploiting hyperbolicity of F', to show
that:

1) the operator —((DG")|o — Id)™! is bounded;

2) the map K : D, (0) — I'°(Ap, T M) defined by

Kv=—~((DG")lo — Id)~"(¢'v — (DG)|ov) (1.16)

is contracting in a smaller ball D., (0) C D,(0) C T°(Ap, TM);

3) IC(D’YO (O)) - D’YO (0)

Thus, K has a unique fixed point in D, (0).

We now proceed with Statement 2 of the theorem. In order to establish (1.11) we
need to show that the section v has such a property. Let w be a section satisfying (1.11).
Since the map K is short ranged and sufficiently closed to an uncoupled contracting map,
it is straightforward to verify that the section Kw also satisfies (1.11).

Since the map G is spatial translation invariant, so is h. The Holder continuity of
h was proved in [J1] by showing that stable and unstable manifolds for ® vary Hélder
continuously in the p,-metric. In Section 5, we describe finite-dimensional approximations
for h which can be also used to establish an alternative proof of the Holder continuity. [J

The hyperbolicity of the map ®|a, enables one to establish the following topological
properties of this map:

1) the manifolds V§(h(z)) = h(Vi(z)) and VE(h(z)) = h(VE(Z)) are local stable
and unstable manifolds for ®. They are infinite-dimensional submanifolds of M and are
transversal in the sense that the distance between their tangent bundles is bounded away
from 0.

2) stable and unstable manifolds for ® constitute a local product structure of the set
Ag. This means that there exists a constant ¢ such that for any z,y € Ag with p(z, ) < 0,
the intersection Vi (Z) N V§ (y) consists of a single point which belongs to Ag.

Furthermore, in [J1] the author proved the following result.

Theorem 1.2. If the map f|p is topologically mixing then so is the map ®|a, -

Although the space M equipped with the p,-metric is not a Banach manifold and
the maps F' and ® are not differentiable, Theorem 1.1 allows one to keep track of the
hyperbolic properties of these maps. More precisely, the following statements hold:

1) The local stable and unstable manifolds are Lipschitz continuous with respect to
the p,-metric. The map ® is uniformly contracting on stable manifolds and the map ®~! is
uniformly contracting on unstable manifolds. The contracting coefficients can be estimated
from above by (1 + €)A with e arbitrary small.
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2) The local stable and unstable manifolds are transversal in the p,-metric in the
following sense: for any points z, y € V§(Z), and z € V§(z),

IOCI('%?Q) + pq(i',i) < C:OQ(gwg)? (1'17)

where C is a constant depending only on the size of local stable and unstable manifolds
and the number q.

The first property was originally proved in [PS] based upon the graph transform
technique. The second property was established in [J2]. These properties allows one to
say that the map ® is “topologically hyperbolic”.

I1. Existence of Equilibrium Measures

Let 2 be a compact metric space and 7 a Z%*!-action on €2 induced by d+1 commuting
homeomorphisms, d > 0. Let also U = {U;} be a cover of Q. For a finite set X C Z*!
define

UX = VeexT "U. (2.1)

Denote by | X| the cardinality of the set X.
The action 7 is said to be expansive if there exists € > 0 such that for any &, 7 € €,

d(t7¢,77n) < e for all z € Z*T! implies & = .

A Borel measure p on 2 is said to be T-invariant if p is invariant under all d + 1 homeo-
morphisms. We denote the set of all 7-invariant measures on Q by I(12).
Let p € 1(2) and U = {U;} be a finite Borel partition of 2. Define

Z w(U;) log u(U;) (2.2)

and then set

he(p,U) = lim H(p,UX@),  (2.3)

H(p,UX@ f
ar,..., g1 —00 ‘X( )‘ (/1’7 ) in

1
a |X(a)|

where X (a) = {(i1...ig41) € Z¥ : a=(ay...a441), ar >0, |ig| < ap, k=1,...,d+1}.
The (measure-theoretic) entropy of p is defined to be

he(p) =sup hy(u,U) =  lm  h(u,U), (2.4)
u diamu/—o0

where diamU = max;(diamU;).
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Let U be a finite open cover of €2, ¢ a continuous function on €2, and X a finite subset
of Z4*1. Define

Zx(o,U) = min { D exp [ dnf > e(r o)}, (2.5)

rzeX

where the minimum is taken over all subcovers {B;} of U¥. Set

1
P.(p,U) = limsup ———1logZx ) (p,U). 2.6
(,U) , Jmsup e los Zx ) (o, U) (2.6)
The quantity

P.(p)= lim P-(p,U)=sup P (p,U) (2.7)
diamu/—0 u

is called the topological pressure of ¢ (one can show that the limit in (2.7) exists).
For any continuous function ¢ and any v € I(€2) the variational principle of statistical
mechanics claims that

P (¢) = sup (h (v)+ /gpdy). (2.8)
vel(Q)

A measure p € 1(9) is called an equilibrium measure for ¢ with respect to a Z4*1-action

T if

Pr(¢) = h-(p) + / edy. (2.9)

In [Ru], Ruelle shows that expansiveness of a Z4*!-action implies the upper semi-continuity
of the metric entropy h,(u) with respect to p. Therefore, it also implies the existence of
equilibrium measures for continuous functions. For uncoupled map lattices one can easily
check that the action (F,S) is expansive on Ap in the p,-metric. The expansiveness of the
action (®,5) on Ag is a direct consequence of the structural stability (see Theorem 1.1).
Thus, we have the following result.

Theorem 2.1. Let 7 = (®,5) be a Z4 ! —action on Ag, where ® = F oG and G
is short ranged spatial translation invariant and sufficiently C*-close to identity. Then for
any 0 < ¢ < 1 and any continuous function ¢ on (Ag,p,) there exists an equilibrium
measure (i, for ¢ with respect to 7. The measure ., does not depend on q.

While this theorem guarantees the existence of equilibrium measures for continuous
functions (with respect to pg,-metrics), it does not tell us anything about uniqueness and
ergodic properties of these measures. One can show that uniqueness of equilibrium mea-
sures implies their ergodicity (see [Mané]) and usually some stronger ergodic properties
(mixing, etc.).

Ruelle [Ru] obtained the following general result about uniqueness which is a direct
consequence of the convexity of the topological pressure on the Banach space C°(Ag) of
all continuous functions in a p,-metric.
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Theorem 2.2. Assume that the map f is topologically mixing. Then for a residual set
of (continuous) functions in C°(Ag), the corresponding equilibrium measures are unique.

III. Uniqueness of Equilibrium Measures

Ruelle’s theorem does not specify the class of functions for which the uniqueness
takes place. In this section we establish uniqueness for Holder continuous functions with
sufficiently small Holder constant. Our main tool is the thermodynamic formalism applied
to symbolic models corresponding to the coupled map lattices.

3.1. Markov Partitions and Symbolic Representations.

One of the main manifestations of Structural Stability Theorem 1.1 is that the conju-
gacy map h is continuous in p,-metric and is even Holder continuous. Therefore, the study
of existence, uniqueness, and ergodic properties of an equilibrium measure p, correspond-
ing to a (Holder) continuous function ¢ on Ag for the perturbed map ® is equivalent to
the study of these properties for the equilibrium measure pyop for the unperturbed map
F.

We shall assume that f is topologically mixing and the hyperbolic set A is locally
maximal. For any € > 0 there exists a Markov partition of A of “size” e. This means that
A is the union of sets R;, i = 1,..., m satisfying:

1) each set R; is a “rectangle”, i.e., for any x,y € R; the intersection of the local
stable and unstable manifolds V*(z) N V*(y) is a single point which lies in R;;

2) diamR; < € and R; is the closure of its interior;

3) RiNR; =0R; N OR;, where OR; denotes the boundary of R;;

4) if z € R; and f(z) € intR; then f(V*®(x,R;)) C V*(f(x),R,); if v € R; and
f~1(z) € intR; then f~1(V¥(z, R;)) C V¥(f(x),R;); here V*(z,R;) = V*(z) N R; and
Vi (x,R;) = V*(z) N R;.

The transfer matriz A = (a;j)1<i j<m associated with the Markov partition is defined
as follows: a;; = 1 if f(intR;) NintR; # 0 and a;; = 0 otherwise.

Let (X4,0) be the associated subshift of finite type (where o denotes the shift).
For each { € ¥4 the set (), __ f~"(Re¢wn)) contains a single point. The coding map
T ¥4 — A defined by 7§ = (2" _ [ "(Re(n)) is a semi-conjugacy between f and o,
ie, for=moo.

We consider Zﬁd as a subset of the direct product QZd+1, where Q = {1,2,...,m}.
The elements will be denoted by & = 5(i7j)iezd,j62’ or sometimes by & = & (j)iczd jez-
This symbolic space is endowed with the distance

pg(&,7) = sup ¢ FVIEG, ) — 7, )] (3.1)
(i,7)€724+1
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which is compatible with the product topology. Let o; and o be the time and space
translations on Zﬁd defined as follows: for £ = (&;) € Eﬁd, & =&() € Xa,

(0F8)i(j) =&+ k), k€Z; (058); = &iyn, k € Z°. (3.2)

d
We define the coding map 7 = ®,_,47 : Y4 — Ap. It is a semi-conjugacy between the
uncoupled map lattice and the symbolic dynamical system, i.e., the following diagram is

commutative:
Ap DA,
Tr T
d (0¢,05) d
>4 >4 (3.3)

The following statement describes the properties of the map 7. Its proof follows from
the definitions. We denote the boundary set of the Markov partition for f by OR and the
boundary set of the induced Markov partition of Ar by B. The set B can be written in
the form of a countable union: B = UczaB(k), where B(k) = {Z = (z;);c,qa : xx € OR}.

Proposition 3.1. (1) 7 is surjective and Lipschitz continuous with respect to the
pq-metric for any 0 < g < 1.
. _

(2) ooy =Fof®, Toos=Som i.e, ToT*=ToT.
(3) © is injective outside the set Jycgar: T (771(B)).

3.2. Coupled Map Lattices and Lattice Spin Systems.

The coding map 7 enables one to reduce the study of the uniqueness and ergodic
properties of equilibrium measures corresponding to a (Holder) continuous function ¢ on
(Ap, pg) for the Z4H 1 action 7 = (F, S) to the study of the same properties of equilibrium

d
measures corresponding to the function p* = po7 on X4 for the action 7* = (04, 05). In
statistical physics the latter is called the lattice spin system. We describe the reduction in
the following series of results.

Theorem 3.1. (1) Let ¢ be a continuous function on Ag. Then P« (p*) > P.(p).
(2) Let p* be a T*-invariant measure on Zﬁd and p = p*or L. Then h,(u) < ho«(u*).

As in the case of finite-dimensional dynamical systems it is crucial to know that the
projection measure g = p* o 7.1 of the equilibrium measure p* corresponding to the
function ¢* is not concentrated on the boundary B of the Markov partition, i.e., that

W (7 (B)) = 0. (3.4)
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Theorem 3.2. Let ¢ be a continuous function on Ap. Assume that the condition
(3.4) holds for any equilibrium measure p* corresponding to ¢* = ¢ o . Then,
(1) the pressure Pr«(¢*) = P (p);

1 is an equilibrium measure corresponding to ;

(2) the measure = p* o 7w,
(3) if ., is an equilibrium measure for ¢ on Ap, then there exists an equilibrium
measure p* for ¢* = @ o @ with the property p,(E) = p*(7~'(E)) for any Borel set

EC Arp.

Theorem 3.1 and Statements 1 and 2 of Theorem 3.2 follow directly from the definitions
of topological pressure and metric entropy for the Z%-actions and the variational principle
(see (2.4) and (2.7)). Statement 3 of Theorem 3.2 can be proved using arguments similar
to those in the finite-dimensional case (see [Bo]). Let A be the set of continuous functions
on Eﬁd of the form g o 7, where g is a continuous function on Ag. Clearly, A is a closed
linear subspace of the space of all continuous functions on Eﬁd. Define a linear functional
F on A by the formula go7 — [ gdp and extend it then to the entire space by the Hahn-
Banach theorem. Consider a new functional F* which is a weak*-accumulation point of
the average of translations of F over finite volumes of the lattice. Let u* be the measure
corresponding to F*. One can see that p* is a translation invariant measure. Finally, one
can use the variational principle to show that p* is an equilibrium measure.

In the finite-dimensional case Condition (3.4) holds provided the potential function
is Holder continuous. This is due to the fact that the equilibrium measure is unique and
hence is ergodic [Ma]. In the infinite-dimensional case the ergodicity of p* with respect to
time translations is still sufficient for (3.4) to hold.

Theorem 3.3. [J1] Let u* be an equilibrium measure corresponding to a Hélder

d
continuous function on ¥4 . Assume that p* is ergodic with respect to the time translation
ot+. Then it satisfies Condition (3.4).

The proof of this theorem is similar to the argument in the finite-dimensional case
(see [Bo]). The boundary B can be represented as the union B = UpczaB(k), where
B(k) = {z = (x;) : x lies on the boundary of the Markov partition for f;}. Each B(k)
can be decomposed into “stable” and “unstable” parts, Bt (k) and B~ (k) (depending on
whether z lies on stable or unstable local manifolds). The stable part is invariant under
F and is a closed subset. Thus, its preimage in Zﬁd, 7Bt (k)) is a closed subset and is
invariant under time translations. By ergodicity, its measure is either zero or one. Since
every equilibrium measure is a Gibbs state and takes on positive values on open sets (see
below) the measure of the stable part 7= 1BT (k) is zero. Applying the above arguments to
the inverse of F', we conclude that the measure of the unstable part #7187 (k) is also zero
and hence the equation (3.4) holds for the whole boundary set.
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Uniqueness of the equilibrium measure implies its ergodicity with respect to the Z4+1-
action induced by (F,S). This is weaker than ergodicity with respect to the time trans-
lation. In [J1], the author proved directly that for a class of Holder continuous functions
Condition (3.4) holds.

Recall that a function ¢ on Ap is Hélder continuous in the p,-metric if

o(z) — 0(H)] < epg(z,7),

where T = (z;),y = (v;) € Ap. Note that if the function ¢ is Hélder continuous on Ap
(in the p,-metric) then the function ¢p* = ¢ - 7 on Zﬁd is also Holder continuous. The
following statement enables one to reduce the study of the uniqueness problem for coupled
map lattices to the study of the same problem for lattice spin systems.

Theorem 3.4. [J1]| Let ¢ be a Holder continuous function on (Ap, p,). Assume in
addition that

|o(z) — ()] < epg(z,7),

where T = (;),5 = (v;) € AF, 1o = Yo, and c is sufficiently small. Then, p*(7~(B)) =0
holds for any equilibrium measure p* for ¢* on Eﬁd. Therefore, for this class of potential
functions, the uniqueness of equilibrium measure for ¢* implies the uniqueness of equilib-
rium measure for .

In the next section we shall actually show that the equilibrium measure for ¢* is
unique and exponentially mixing for the class of Holder continuous functions satisfying
the condition of Theorem 3.4.

3.3. Gibbs States for Lattice Spin Systems.

We remind the reader of the concept of Gibbs states for lattice spin systems of statis-
tical physics.
An element £ € Zﬁd c QL s called a configuration. For any subset X C Z%*! we
set
Qx = {7 € Q¥ : there exists £ € Eﬁd such that (i) = £(4), i € X }.

The elements of Qx will be denoted by £x, or sometimes by £(X). One can say that Qx
consists of restrictions of configurations & to X.
. . . d . .
Let ¢ be a Holder continuous function on X% with respect to the p,-metric (see (3.1)).

For each finite subset X C Z4*! define the function py (£) on Zﬁd by

_ 1
_ __ 3.5
P 3 n(R)=e(®) P (Daezan #(771) — @(r7€)) )
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where 7% is the action (0;) o (04)7, X = 7d+1 \ X, and z = (i,5), i € Z%, j € Z.
A probability measure p on Zﬁd is called a Gibbs state for ¢ if for any finite subset
X C Zd+1,

i (@) = [ px(@dug (3.6)
X

where 1 and ju are the probability measures on {2x and 1¢ respectively that are induced
by natural projections. This equation is known as the Dobrushin-Ruelle-Lanford equation.

There is an equivalent way to describe Gibbs states corresponding to Holder continuous
functions on symbolic spaces. Let ¢ be such a function. For each finite volume X we define
a conditional Gibbs distribution on {2x under the given boundary condition 5* by

1

e x (E(X)) = NEY S

where £(X) + ﬁ*()A( ) denotes the (admissible) configuration on X U X whose restrictions to
X and X are £(X) and 77*(X) respectively. The set of all Gibbs states for ¢ is the convex
hull of the thermodynamic limits of the conditional Gibbs distributions.

The relation between translation invariant Gibbs states and equilibrium measures can
be stated as follows (see [Ru]).

Theorem 3.5. If the transfer matrix A is aperiodic then p is an equilibrium measure
for ¢ if and only if it is a translation invariant Gibbs state for .

In statistical mechanics Gibbs states are usually defined for potentials rather than for
functions. We briefly describe this approach.

A potential U is a collection of functions defined on the family of all finite configura-
tions, i.e.,

U={Ux: Xz Ux:Qx — R}.

Gibbs states for a potential U are defined as the convex hull of the thermodynamic limits
of the conditional Gibbs distributions:

— ~

eXp(ZVmX?g@ Uy (£(X) +n*(X))
Zﬁ,ﬁ(}?)zﬁ*()?) exp(Yynx.p Uv (M)

pe x (8(X)) = (3.8)

where n* is a fixed configuration.
We describe potentials corresponding to Holder continuous functions (in the p,-metric
(see (3.1)). Let ¢ be such a function. We write ¢ in the form of a series

Y = Z Pn- (3'9)
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Here the value of ¢,, depends only on configurations inside the (d 4 1)-dimensional cube
Q@ centered at the origin of side 2n x --- x 2n. We also set Qp = (0,0). We define the
functions ¢,, as follows. Fix a configuration n* and set

0o(€) = v(£(Qo) +7*(Qv))- (3.10)

Continuing inductively we define

90n+1(5) = Qo(g(QnJrl) + ﬁ*(@nJrl)) - 90(5(6271) + ﬁ*(@n))7 n=12.... (3.11)

It is easy to see that ||, || — O exponentially fast as n — co. We define the potential U,
associated with the function ¢ on @, by setting

Up (E(Qn)) = ¢n(€(Qn))- (3.12)

For other (d+ 1)-dimensional cubes that are translations of ),, we assign the same value of
U,. For other finite subsets of 791! we define the potential to be zero. Thus, we obtain a
translation invariant potential whose values on finite volumes decrease exponentially when
the diameter of the volume grows.

If o9 = 0, the value of the corresponding potential U, is bounded by the Holder
constant of the function ¢. More generally, let us set

Fla,q.€) ={e: |p(&) — @] < epf(€,1)} (3.13)

1Ug, = sup |Ug,(&(Qn))l, (3.14)
£(Qn)€EQq,,

P(g,e) ={U: Sup q "lUq,. |l <€} (3.15)

It is easy to see that, if ¢ € F(a, g, €), then U, € P(¢*,€). On the other hand, U, € P(q, €)
implies p € F(1/2,q,¢).

The definition of Gibbs states corresponding to potentials is consistent with the one
corresponding to functions. More precisely, Gibbs distributions corresponding to a Holder
continuous function ¢ are exactly the Gibbs distributions corresponding to the potential
U,.

As we have seen the problem of uniqueness of equilibrium states on symbolic spaces can
be reduced to the problem of uniqueness of translation invariant Gibbs states provided the
function ¢ is Holder continuous. This problem has been extensively studied in statistical
physics for a long time. In the one-dimensional case (when d = 0) Gibbs states are always
unique and are mixing with respect to the shift provided the potential decays exponentially
fast as the length of intervals goes to infinity (see [Ru]). In the case of higher dimensional
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lattice spin systems the well-known Ising model provides an example where the Gibbs
states are not unique even for potentials of finite range (see [Sim]). We first describe the
two-dimensional Ising model in the context of spin lattice systems.

Example 1: The Ising Model (d = 1). Define the potential function ¢ on Q by

(&) = B(£(1,0)€(0,0) +£(0,0)€(0,1)). (3.16)

Then the following statements hold:

(1) (&) depends only on the values of £ at three lattice points: (1,0), (0,0), and (0, 1)
and is Holder continuous;

(2) there exists 3y > 0 such that for 3 > [y Gibbs states corresponding to the potential
U, generated by ¢ are not unique.

Based upon this Ising model we describe now an example of a coupled map lattice
and a Holder continuous function with non-unique equilibrium measure.

Example 2: Phase Transition For Coupled Map Lattices. Let M be a compact
smooth surface and (A, f) the Smale horseshoe. One can show that the semi-conjugacy
7 between M = ®;ezM and {0,1}% induced by the Markov partition can be chosen
as an isometry. Thus, the function v = ¢ o 7~ ! is Hélder continuous on Ap, where the
function ¢ is chosen as in Example 1. Since the boundary of the Markov partition is empty
Condition (3.1) holds. We conclude that there are more than one equilibrium measure for
the function .

The following statement provides a general sufficient condition for uniqueness of Gibbs
states. Let U be a translation invariant potential on the configuration space QZd+1, where

Q={1,2,...,m}.
(1) ( Dobrushin’s Uniqueness Theorem [D1], [Sim]): Assume that
Y (XI=-DlUX)] < 1. (3.17)
X:0eX
Then the Gibbs state for U is unique.
(2) ([Gro], [Sim]): There exist r > 0 and € > 0 such that if
Y er"INUX)||<e (3.18)
X:0eX

(d(X) denotes the diameter of X ) then the unique Gibbs state is exponentially mixing

with respect to the Z3+1-action on Q%"

The proof of Dobrushin’s uniqueness theorem exploits the direct product structure of
the configuration space Q2" This result cannot be directly applied to establish unique-
ness of Gibbs states for lattice spin systems, which are symbolic representations of coupled
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map lattices, because the configuration space Eﬁd is, in general, a translation invariant
subset of Q2" In [BuSt], the authors constructed examples of strongly irreducible sub-
shifts of finite type for which there are many Gibbs states corresponding to the function
@ = 0. In order to establish uniqueness we will use some special structure of the space
Zﬁd: it admits subshifts of finite type in the “time” direction and the Bernoulli shift in
the “space” direction.

We now present the main result on uniqueness and mixing property of Gibbs states
for lattice spin systems which are symbolic representations of coupled map lattices of
hyperbolic type. In the two-dimensional case (d = 1), it was proved by Jiang and Mazel
(see [JM]). In the multidimensional case it was established by Bricmont and Kupiainen
(see [BK3]).

A potential Uy on X% is called longitudinal if it is zero everywhere except for configu-
rations on vertical finite intervals of the lattice. A potential Uy is said to be exponentially
decreasing if

Uo(§(D))| < Ce M (3.19)

where C' > 0 and A > 0 are constants, [ is a vertical interval (i.e., in the time direction),
1] is its length, and £(I) is a configuration over I. Exponentially deceasing longitudi-
nal potentials correspond to those potential functions whose values depend only on the
configuration £(0,5), j € Z.

We say that a Gibbs state is exponentially mixing if for every integrable function on
the configuration space the Z*!-correlation functions decay exponentially to zero.

Theorem 3.6 (Uniqueness and Mixing Property of Gibbs States). For any
exponentially deceasing longitudinal potential Uy and every 0 < q < 1, there exists € > 0
such that the Gibbs state for any potential U = Uy + Uy with Uy € P(q, €) is unique and
exponentially mixing.

Proof. We provide a brief sketch of the proof assuming first that Uy = 0 and d = 1.
We may assume that the potential is non-negative (otherwise, the non-negative potential
U'(n(Q)) = U(n(Q)) +max, ) |U(n(Q))| defines the same family of Gibbs distributions).

We introduce a new potential U which is defined on rectangles and is equivalent to the
potential U. The latter means that both potentials generate the same conditional Gibbs
distributions. Consider a square ) and a rectangle P and denote by b(Q) = (b1(Q), b2(Q))
and b(P) = (b1 (P),ba(P)) the left lowest corners of @) and P, respectively. Fix L > 0 (its
choice will be specified later) and define a rectangular potential U(7(P)) in the following
way. For every rectangle P with bo(P) = nL, n € Z of size [(P) x LI(P) we have

UmP) = > UmQ)), (3.20)



where the sum is taken over all squares () associated with P (we write this as @ ~ P) i.e.,
the following condition holds: @ is of size I[(P) x I(P) and b1(Q) = b1(P), ba(P) < b2(Q) <
bo(P) + L. Tt is easy to show that U € P(g,d), where § = 6(e) — 0 as € — 0.

Let V C Z2 be any finite volume. Fix a boundary condition 77*(V). For any config-
uration £(V) such that (V) + 77*(V) is a configuration in Z2 a conditional Hamiltonian
specified by the potential U(7j(P)) is defined as follows (see A2.3)

Hy (Wl (V) == Y T@P)EWV) +7°(V)).

PNV #()

The expression U (n(P)E(V ) (‘A/)) means that the potential U(7(P)) is evaluated under
the condition that (V) + (V) is fixed. It is easy to see that

HyEMT (V) == > U@MQIEW)+7()— > > U@QEV)+7*(V))
Q:QNV#D POV#D S:Q~E
Hy (§(V) - > Y U@QIEWV) + 7 (V). (3.21)

POV#0 897

The conditional Gibbs distributions defined by (3.8) for the potential U can be expressed
in terms of the conditional Hamiltonian as follows

w, . (EV) = , (3.22)

where

is the partition function for the potential U in the volume V with the boundary condition
7*(V) (see (A2.2) and (A2.4)). It follows from (3.21) that

exp (Hu V)" (V) e (Hp V)7 (V)
oy exp (Ho@W)Ia (V) X exp (Hg (7(V)[77(V)))

Therefore, the potentials U and U generate the same conditional Gibbs distributions on
any finite volume V' C Z2.

Let B C V C Z? We use (3.22) to compute the probability [T (£(B)) of the
configuration £(B) under the boundary condition and wish to show that it has a limit as
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V — Z2 independent of 77*. The latter is the unique Gibbs state for the potential U. Using
(3.22) we obtain the following formula for the conditional measure [y o (£(B)):

p, .. (E(B) = > ",

7(V):1(V)|5=E(B)

o (V).

We wish to use the Polymer Expansion Theorem (see Appendix) and decompose the above
expression in the form of (A4.3). Namely,

w,, . (EB)) =

NB)exp | Y U@P)+ D wlpleB) +q (V) ~ > weli (V)|
PCB PNV \ B#£0) PNV £

(3.23)
where N (B) is the normalizing factor determined the volume B (see (A4.4)), w(p|i7*(V))
and w(p|€(B) + 77(V)) are the statistical weights for the polymer o (see (A4.3)), and P
is a rectangle. If the parameter L in the definition of the rectangles is chosen sufficiently
large and e is sufficiently small by the Polymer Expansion Theorem, each sum in (3.23)
converges to a limit uniformly in P(q,9).

The above argument can be extended to the general case when Uy is an exponentially
decreasing longitudinal potential (see [JM] for detail). The case d > 1 is considered by
Bricmont and Kupiainen in [BK3| and is treated in a slightly different way by obtaining
polymer expansions of correlation functions. 0

Theorems 3.4 and 3.6 enable us to obtain the following main result about uniqueness
and mixing property of equilibrium measures for coupled map lattices.

Theorem 3.7. Let (®,S5) be a coupled map lattice and ¢ = g + 1 a function
on Ag, where ¢ is a Holder continuous function depending only on the coordinate xg
and ¢ is a Hélder continuous function with a small Holder constant in the metric p,.
Then there exists a unique equilibrium measure ji, on Ag corresponding to ¢. This
measure is mixing and takes on positive values on open sets. Furthermore, the correlation
functions decay exponentially for every Holder continuous function on Ag satisfying the
above assumptions.

IV. Finite-Dimensional Approximations

In this section we describe finite-dimensional approximations of equilibrium measures
for coupled map lattices. One should distinguish two different types of approximations: by
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Z9+ 1 _action equilibrium measures and Z-action equilibrium measures. The first come from
the corresponding Z?*!-dimension lattice spin system while the second one is a straight-
forward finite-dimensional approximation of the initial coupled map lattice.

In order to explain some basic ideas concerning finite-dimensional approximations we
first consider an uncoupled map lattice (M, F). Let ¢ be a Holder continuous function
on M which depends only on the central coordinate, i.e., p(Z) = ¥(xg), where 9 is a
Holder continuous function on M (whose Holder constant is not necessarrily small). Tt is
easy to see that the equilibrium measure p, corresponding to ¢ is unique with respect to
the Z*!-action (F,S) and that Pp = ®,;czd by, Where py is the equilibrium measure on
A C M for ¢ with respect to the Z-action generated by f. One can also verify that for
any finite set X C Z? the measure ux = ®jex [y 1S the unique equilibrium measure on
the space Mx = ®;ex M corresponding to the function ¢x = Y. ¢(S"Z) with respect
to the Z-action Fy = ®;cx f. Clearly, ux, — p, in the weak*-topology for any sequence
of subsets X,, — Z? (i.e., X,, C X,,41 and UnZO X, =7%).

It is worth emphasizing that the sequence of the functions ¢y, does not converge to
a finite function on M as n — oo while the corresponding Z-action equilibrium measures
ey, approach the Z% 1 -action equilibrium measure [

On the other hand, one can consider ¢ as a function on the space Mx provided
0 € X. The unique equilibrium measure with respect to the Z-action generated by Fx is
Ly X Qiex i+0 Vo, Where vg is the measure of maximal entropy on M.

This simple example illustrates that the Z%*!-action equilibrium measures correspond-
ing to a function ¢ may not admit approximations by the Z-action equilibrium measures
corresponding to the restrictions of ¢ to finite volumes.

4.1. Continuity of Equilibrium Measures Over Potentials.

In this section we show that equilibrium measures for coupled map lattices depend
continuously on their potential functions in the weak*-topology.

Fix 0 < ¢ < 1 and consider the space of all Hélder continuous functions on Ag with
Holder exponent 0 < o < 1 and Holder constant € > 0 in the metric p,. We denote this
space by F(a, q,€). It is endowed with the usual supremum norm |/¢||. We also introduce
the ¢®-norm on this space by

l¢llge = max{supg~*" sup |p(z) —&(@)], [loll}, (4.1)
n>0 RIS

where the second supremum is taken over all points Z,y for which z; = y; for |i| < n.

The following statement establishes the continuous dependence of equilibrium mea-
sures for coupled map lattices for potential functions in F (a, q,€). We provide a proof in
the case d = 1 using an approach based on polymer expansions. If d > 1 the continuous
dependence still holds and can be established using methods in [BK3].
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Theorem 4.1. There exists € > 0 such that the unique equilibrium measure fi,
on Ag depends continuously (in the weak*-topology) on ¢ € j-:(a,q,e) with respect to
the norm || - ||4o, i.e., for ¢, € Fla,q€), |tom — ¢|lqe — 0 implies iy, — p, in the
weak*-topology.

Proof. Observe that the convergence |9, — ¢|q« — 0 implies the convergence of
corresponding potentials on the symbolic space. Therefore, we need only to establish the
continuity of the Gibbs state for the corresponding symbolic representation. For a potential
U on ¥Z its norm || - ||, is defined as

1Ullq = sup ¢ "IUq. (Sa.)ll; (4.2)

where 0 < ¢ < 1. By Theorem 3.6 the Gibbs state is unique when ||U||, is sufficiently
small. We denote the Gibbs state for U by p;;. We show that for any cylinder set E C ¥4,
py(E) depends on U continuously in a neighborhood of the zero potential in the set
Plg,1) = {U : U], < 1.

For this purpose we use the explicit expression of p;;(£) in terms of the potential U
provided by the Polymer Expansion Theorem (see (A4.5)). Namely, for a non-negative
potential U € P(q, €) and any finite volume B C Z? we have that

po€(B)) =N(B)exp | Y UEP)+ > wplB)—- >  wl,
PCB o:dist(s, By<1 e:dist(p,B)<1
dist(s,5)=0

(4.3)
where N(B) is a normalizing factor determined by the volume B (see (A4.4)), w(p) and
w(p|€(B)) are the statistical weights for the polymer p (see (A4.5)), and P is a rectangle.
By the Polymer Expansion Theorem the statistical weights w(p) and w(p|(B)) (B is
fixed) depend continuously on U(n(P)) with respect to the norm || - ||;. This implies that

iy depends weakly continuously on U.
To show that p;, depends on U continuously for all (not necessarily non-negative)

potentials U € P(q, €/4) let us consider the potential U, defined as U(£(Q,,)) = €¢™. Then,
for any U € P(q,€/4) we have that

U+Ue/4 > 0, U+Ue/4 EP(Q71/2€)

Note that given @Q,,, U, is a constant potential on @,,. Therefore, Gibbs distributions for
U and U + U, 4 coincide and hence,

Hu = Hutu, ., (4.4)
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This implies the desired result. U

4.2. Finite-Dimensional Z?T!'-Approximations.

We now describe finite-dimensional Z4*+!-approximations of equilibrium measures for
coupled map lattices.

Let ¢ € jE(a,q,e) be a Holder continuous function on Ag. Fix a point z* = (x})
which we call the boundary condition. Given a finite volume V C Z% consider the function

on Ag
Pn- (7) = 0(@v, o). (4.5)
One can see that
lon,z+ — @llgg — 0 (4.6)

as n — oo for any ¢; with 0 < ¢ < ¢;. The following result is an immediate corollary of
Theorem 4.1.

Theorem 4.2. g, . weak i, independently of the boundary condition * (recall

that p,, .. is the unique equilibrium measure corresponding to the function ¢y, z« and p,
is the unique equilibrium measure corresponding to the function ).

4.3. Finite-Dimensional Z-Approximations I: Uncoupled Map Lattices.

We describe some “natural” finite-dimensional approximations of equilibrium mea-
sures for coupled map lattices by Z-action equilibrium measures. We first consider an
uncoupled map lattice (F,S) in the space (M, pg).

For every volume V C Z% we set My = ®icy M;, Fyv = Qev fi, and Apyv = Qicv ;.
One can see that My is a smooth finite-dimensional manifold, Fy is a C"-diffeomorphism
of My, and Apy is a locally maximal hyperbolic set for Fy .

Fix a point * = (x}) € Ap (the boundary condition) and consider a Holder continuous
function ¢ € .7::(04, ¢,€) on Ap. Define the function ¢y z+ on Agpy by

bva (1) = 3 (S (@, 0" x—). (4.7)
%
Consider the Z-action equilibrium measure vy, corresponding to the function ¢y z-. We
can view these measures as being supported on M. Let u, be the Z* _action equilibrium
measure corresponding to ¢. This measure is concentrated on Ap and thus can also be
viewed as being supported on M.

Theorem 4.3. There exists ¢y > 0 such that if 0 < € < ¢y then p, is the limit (in
the weak*-topology) of equilibrium measures vy, as V — Z in the sense of van Hove, i.e.,

for any fixed a € 7.2,

Y]
T T
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Proof. We consider only the case d = 1. For d > 1 the arguments are similar. It is
sufficient to prove the convergence of the measures v{, = vy to the measure p* = pg-
(p* = @ o7) on the symbolic space ®z¥4 as V — Z.

Let us fix a configuration 7* on Z2. Given n > 0 and m > 0, consider the rectangle
Vom = {x = (i,§) € Z* : |i| < n,|j| < m} and define the Gibbs distribution on V,,,, as
follows: for any configuration &(V,,,,,) over the volume V., we set

€xp Z " (Tx(g(vnm> + ﬁ*(?nm))

pinn (€ (Vi )) (4.8)

TS e Y o (V) + 7 (V)

Given a finite volume W C Z2, for sufficiently large n and m we have that W C V,,,,.
Therefore, the set configurations £(W) over W is a subset of the configuration space (V)
over Vym. We denote by fi,,,, (£(W)) the measure on this set where ji,,,, is defined by (4.8).

By the definition of Gibbs states and the uniqueness of y* the measure p* is the ther-
modynamic limit of measures fi,,,, i.e., for any finite volume W C Z? and any configuration
E(W) over W,

pEW) = | tim_ pon(EOW))
where V},,, converges to Z? in the sense of van Hove.

We observe that for each n > 0, there exists the limit v = lim,, o ftnm Which is the
Z-action Gibbs state for the function ¢y, ,. on V, = ®;._,¥4. Thus, for each fixed n
there exists m(n) such that

S|

for every W C V. Notice that Vi, ) — Z? in the sense of van Hove. This implies that

lim,, 00 v = limy, oo Hnm(n) = He- U

4.4. Finite-Dimensional Z-Approximations II: Coupled Map Lattices.

We consider a coupled map lattice (®,S) in the space (M, p,) and define its finite-
dimensional approximations as follows.

Fix a point Z* € Ag (the boundary condition). For any finite volume V C Z¢ consider
the map on My

(@ (2)), = (@((z.2°]3)),. (4.9)
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where (); denotes the coordinate at the lattice site i. One can see that if the perturbation is
sufficiently small then ®y, is a diffeomorphism of My . It can be written as ®, = Gy o Fy,
where GGy, is the restriction of G to My :
Gv(z) = G(Fp(2%[), o). (4.10)

Since the diffeomorphism ®y, is closed to the diffeomorphism Fy by the structural stability
theorem it possesses a locally maximal hyperbolic set which we denote by Ag y. Moreover,
there exists a conjugacy homeomorphism hy : Apy — Ag y which is close to identity.

The maps ®y and hy provide finite-dimensional approximations for the infinite-
dimensional maps ® and h respectively. In order to describe this in a more explicit way
we introduce the following maps:

Oy (7) = (Pv(zlv), Fp(2ly)),  hv(Z) = (hv (Zlv), id5 (2]5))-

We denote by dy and d the C” and respectively C" distances in the space of diffeomor-
phisms induced by the p,-metric. We also use d(0,0V) to denote the shortest distance
from the origin of the lattice to the boundary of the set V.

Theorem 4.4. There exist constants C > 0 and 8 > 0 such that for any V. C V' C Z¢,
(l) dcll(q)v, (I)V/) S Ce—ﬁd(o,&V) and q)v — P,
(2) dd(hv, hy') < Ce=PU09Y) and hy — h.

Proof. The first statement is obvious since ® is short ranged. The proof of the second
statement is based on arguments in the proof of structural stability (see Theorem 1.1). We
recall that the conjugacy map h is determined as a unique fixed point for a contracting
map K acting on a ball D.,(0) contained in the Banach space I'’(A g, TM) of all continuous
vector fields on Ap (see (1.16)).

In order to obtain the conjugacy map hy one needs to find a (unique) fixed point for
a contracting map Ky acting in D, (0) by a formula similar to (1.16):

Kyv=—((DGy)lo — Id)~*(Gyv — (DGy)lov),

where Gi, = Ao Gy o A~" (see (1.14)) and Gi,3 = @y 0 Bo F~1. One can show that the
contraction coefficient of Fy is uniform over V and that Fy converges exponentially fast
to F. Therefore, the corresponding fixed point hy converges exponentially fast to h. [

For a Holder continuous function ¢ € F(a, ¢, €) on Ag consider the function @ = @oh
on Ap, where h : Ap — Ag is a conjugacy homeomorphism. Let 7y be the Z-action
equilibrium measure on Apy corresponding to the function ;/;V@* which is determined by
(4.7) with respect to the function ¢. Finally, we define the measure vy, = (h;,')* o Iy on
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Ag v. It also can be considered as a measure on M. As a direct consequence of Theorem
4.3 we conclude the following result

Theorem 4.5. If € is sufficiently small then the measure ., is the limit (in the
weak*-topology) of the measures vy as V — 72,

V. Existence, Uniqueness, and Ergodic Properties of SRB-Measures

In this section we discuss the problems of existence and uniqueness of Sinai-Bowen-
Ruelle measures for coupled map lattices as well as some of their ergodic properties (includ-
ing mixing and decay of correlations). The first construction of these measures appeared in
[BuSi]. In [BK2], Bricmont and Kupiainen constructed these measures for general expand-
ing circle maps. Their approach is based upon the study of the Perron—Frobenius operator.
In [PS], Pesin and Sinai developed another method for constructing SRB-measures for cou-
pled map lattices assuming that the local map possesses a hyperbolic attractor.

In this section we develop a new approach and obtain stronger results under more
general assumptions.

Let f be a C"-diffeomorphism of a compact finite-dimensional manifold M possessing
a hyperbolic attractor A. The latter means that A is a hyperbolic set and there exists an
open neighborhood U of A such that f(U) C U. In particular, A = N, f"(U) and is a
locally maximal invariant set. We assume that the map f is topologically mixing. Then
an SRB-measure 1 on A is unique and is characterized as follows:

1) the conditional distributions generated by p on the unstable manifolds are abso-
lutely continuous with respect to the Lebesgue measure;

2) for any continuous function g and almost all x € U with respect to the Lebesgue
measure in U,

n—1

1
lim — Fe) = [ gdu; 5.1
nLH;onkZ:()g(fx) /gu, (5.1)

3) p is the unique equilibrium measure corresponding to the Holder continuous func-
tion @"(z) = —logJac" f(x), where Jac" f(z) denotes the Jacobian of f at x along the
unstable subspace.

In the infinite-dimensional case we construct a measure on Ag which has similar
properties. This is an SRB-measure for the coupled map lattice. Our construction is
based upon symbolic representations of the finite-dimensional approximations of the lattice
constructed in the previous section.

Let V € Z? be a finite volume. Consider the diffeomorphisms Fy and ®y,. Since @y
is close to Fy it has a hyperbolic attractor Ag v .
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Since we assume that the map f is topologically mixing then so are the maps F, @, Fy/,
and ®y. Therefore, the map ®y possesses the unique SRB-measure py that is supported
on Ag y. This measure is the unique equilibrium measure corresponding to the Hoélder
continuous function ¢y (z) = —logJac" ®y (z), where Jac" ®y () is the Jacobian of the
map Py at x along the unstable subspace. We can consider the measure py to be supported
on the compact space (M, p,). Our main result is the following.

Theorem 5.1. The SRB-measures 1y weak® converge to a measure on M which is
a unique equilibrium measure u = [, corresponding to a Hélder continuous function ¢
on M and is mixing. Furthermore, the correlation functions decay exponentially for every
continuous function on M satisfying the assumptions of Theorem 3.1.

Remarks. (1) It is clear that for an uncoupled map lattice the SRB-measures ji,, con-
verge to the measure ®;cza ity which is the equilibrium measure for the potential function
vo(Z) = —log Jac" f(xg). The potential function ¢(z) of the SRB-measure for a coupled
map lattice is a small perturbation of ¢o(Z). More precisely, p(Z) = vo(Z) + ¢1(Z) where
©1(Z) is a Holder continuous function with sufficiently small Hélder constant. Its precise
description is given by (5.15).

(2) We follow the approach suggested in [BK2|, [BK3]. We thank J. Bricmont who
suggested to use the formula (5.8) to expand the Jacobian.

(3) To avoid some technical obstacles we assume that f is an Anosov map. In this
case Ap,, = Ap, = My. The general case of hyperbolic attractors can be treated in a
similar way with the use of Theorem 4.4.

(4) Another approach for the existence of SRB-measures was suggested in [PS]. It is
based upon a delicate analysis of conditional measures generated by measures py on finite-
dimensional unstable manifolds for ®y. Combining results in [PS] and Theorem 5.1 one
can show that these conditional measures determine the conditional measures, generated
by the SRB-measure p, on infinite-dimensional unstable manifolds for ® in a unique way.
This justifies one of the main characteristic features of SRB-measures.

(5) Using the finite-dimensional approximations approach developed in the proof of
Theorem 5.1 one can show that the Z*!-topological pressure P, (p) = 0, where ¢ is the
potential function for the SRB-measure. Since the SRB-measure is an equilibrium measure
in view of (2.9) we obtain the entropy formula for the SRB-measure

hr(pe) = —/sod/w

(see detailed arguments in [J3]).
(6) Another interesting manifestation of our construction of the SRB-measure is the
continuous dependence of the entropy on the perturbation ®. Using arguments in the proof

28



presented below one can show that the potential function depends continuously on the map
® in the p,-metric. Moreover, the SRB-measure as a Gibbs state is also continuous in the
weak sense with respect to the potential function (see Section 4.1). Therefore, the entropy
formula gives the continuous dependence.

Proof of Theorem 5.1. Let my = ®;cym; be the semi-conjugacy map between
the symbolic dynamical system (o4, ®;cyXa) and (Fy, My ) (here m; are copies of the
coding map 7). Define the measure vy on EX = ®icv 24 by the following relation puy =
(hymy)*vy. Tt is easy to see that the following statement holds.

Lemma 1. The measures py converge in the weak™ topology to a measure on M if
the measures vy converge in the weak™ topology to a measure on ZIZ; asV — Z4.
The desired result is now a consequence of Lemma 1 and the following lemma.

Lemma 2. The measures vy, converge in the weak™ topology to a measure on the
(d + 1)-dimensional lattice spin system Eﬁd which is the unique Gibbs state for a Holder
continuous function. It is also exponentially mixing with respect to the Z*'-action of the
lattice.

Proof of the lemma. Note that the measure vy is the unique Gibbs state for the
Holder continuous function

v (€v) = —log Jac" @y (hy 7y (§v)) (5.2)

on XY . We express the Jacobian Jac"®y (zy), zv € My as a product

Jac" @y (zy) = det(DOv|Wg  (zv)) = det(I + Ay (zv))( H Jac" f(z)), (5.3)
eV

where [ is the identity matrix and Ay is a matrix whose entries are submatrices satisfying
some special properties which we specify later.

Let Eg  (zv) be the unstable subspace at xy for the map ®y. One can see that
Eg., (zy) is close to the direct product ®2~€VE}‘(Q:¢). We choose a basis {u;(z;), s;(z;), i €
V'} in the space

®RievTe,M = (@icv E}(2:)) ® (Qiev E3(x:))

such that u;(x;) and s;(z;) are bases in E¥(x;) and Ef(z;) respectively, and we assume
that they depend Holder continuously on the base point xy. The derivative D®y (zy) can
now be written as follows:

vt~ (4 b)) (- (500 S0D)
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where we arrange the elements of the basis {u;(x;), s;(z;), ¢ € V} in an arbitrary linear
order, u; first, followed by s;. Since ® is C''-close to F' and is short ranged the submatrices
(aj;(zv)) satisfy the following conditions (we use * to denote one of the symbols uu, us, su,
or ss):

(1) [[(a};(zv))| < ee™Pli=l, where |i — j| is the distance between the lattice sites i
and j and constants € > 0 and § > 0 are independent of the volume V as well as of the
base point xy;

(2) each submatrix aj;(zv) depends Hélder continuously on xy:

||a:j(xv) - a;'kj (yV)H < eeiﬁliikldé(l‘ka yk)a (55)

where zy = (z;) and yy = (y;) are such that z; = y; for i # k (recall that d is the
Riemannian distance on M).
The constant € > 0 can be chosen arbitrarily small as the C'-distance between ® and
F goes to zero. The constant ¢§ is independent of the volume V and the base point xy .
Using the graph transform technique one can identify the unstable subspace Eg (zv)
with the graph of a linear map H,,, : ®2~€VE}‘(3:1-) — ®2~€VE?(I¢>, ie.,

Eg, (zv) = (®iev Ef(7i), Hyy Qicv Ef(z:)). (5.6)

The linear map H,,, has a unique matrix representation (c}’) in the basis {ui(z;), si(z:)},
H, u;(x;) Zc s;j (), (5.7)

where each submatrix c“f

(3) lles ]l < ee Pl

(4) e (zv) — e (yv)ll < ee Pkl % (2, yx), where zy = (2;) and yy = (y;) are such
that x; = y; for i # k.
To prove Condition (3) one can use the graph transform technique in the form de-

satisfies conditions similar to Conditions (1) and (2):

scribed in [JLP] and combine it with the fact that the linear map H,,, is short ranged. Con-
dition (4) follows from the fact that distributions Eg  (zv), ®iev EY(2:), and ®;ev £ (7;)
depend Holder continuously over the base point xy .

Moreover, the entries ¢;¥ satisfy the following crucial condition which allows one to
pass from a finite volume to a bigger one:
(5) e (xv) — i (yv/)[l < ceBALIV) for any finite volume V C V' and any point gy

satisfying yy |y = zy.

In order to prove (5), we apply the graph transform technique to the map ®y- on
My with the pg,-metric restricted to My/. Note that the p,-distance between @y~ and
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@y @ Fy\ v is proportional to eeBAV)  Therefore, using results in [PS] we obtain that the
pq-distance between subspaces Eg,“j (zy) and By (zv) @iev\v E?’s(yi) is also proportional
to ee=PaV), Hence, so is the p,-distance between linear operators H, , and H,, . This
implies (5).

We choose {u;} = {u; + Hui} = {u; +>_; ¢}’s;} as a basis in Eg (zy) and we write
the derivative D®|Eg (zy) in the new basis {1;,s;,7 € V'} into the following matrix form:

DO|Eg, (vv) = (D" f(2:))(I +ajj*(zv)) + (ajf (zv))(cif (xv)).
The latter expression can be rewritten in the form

(D" f(@:)(I + (aij(xv))),

where Ay (z,) = (a;;(xy)) is the matrix whose submatrix entries a;;(xy) satisfy the
following conditions (which follow immediately from (1)—(5)):

(6) flaijl| < el

(7) Jlasj(@v) — aij(yv)|| < ee Pk dd(zy, yx), where 2y = (x;) and yy = (y;) are
such that x; = y; for i # k.

(8) llai;(zv) — ai; (yv)|| < ee™ P4V for any V C V.

Next, we apply the well-known formula:

det(exp(B)) = exp(trace(B)).
In our case, exp(B) = I + Ay (zy) and hence,

det(I + Ay) = exp(trace(In( + Ay )) = exp(— Z wy;), (5.8)

where

trace (al(xy)) (5.9)

%)
sz JJV g

and af;(ry) are submatrices on the main diagonal of (Ay)™.

Sublemma. The functions wy;(zy) satisfy:

(1) lwyi(zv)| < Ce

(2) lwvi(zv)—wvilyy)| < Ceexp(—Z|i—k|)d’ (zy, yx), where 2y = (z;) and yv = (y;)
are such that z; = y; for ¢ # k;

(3) if V. C V' then |wy;(x) — wy;(y)| < Ceexp(—2 5d(i,0V));

(4) there exists the limit ¢; = limy _ 74 wy;(z) Wthh is translation invariant in the
following sense: ¢;(Z) = 1(c'Z). Moreover, v is Holder continuous with Hélder constant
which goes to zero as € — 0.
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Proof of the sublemma. The proof is a straightforward calculation. We first show
the following inequality, )
Jal;|| < (Ce)me Pl (5.10)

where (3 is a number smaller than 3 and C' = C(f3) is a constant.
We use the induction. For n = 2 we have

;]| = HzazlalgH <Ze exp(—B3(|i — 1] + |l — 4]))

lev lev

<Ze exp(— |z—l|—|—|l—]|) (6—5)|l—jl)

lev

<e2e_5|z J‘Zexp (6 — ﬁ)]l—j])<Ce e Bli- il (5.11)
lev

where C' = C(5) = Y ez eXp( (B = B)I)). i
Let us assume that [Ja};"!|| < C"~ 2"~ exp(—f|i — j|). Then

lagill =11 ai tayl < Y C" 2 exp(=B(li — U] + |1 = jl) — (8= B)IL — jI)

lev lev

< " Le exp(—i — jl). (5.12)

Therefore, Statement 1 follows directly from the definition of wy;.
To prove Statement 2 we need only to show the following inequality:

_Bi—
a; (zv) —af; (yv) || < (Ce)"e™ 7 M (a, i),

where xy = (x;) and yy = (y;) are such that x; = y; for i # k. We again use the induction.
For n = 2,

|aZ; (zyv) — af;(yv)|| = Zau(l‘v)au(ﬂfv) —ag(yv)ay(yv)
lev

= > aulzyv)lay(@v) —ay(yv)] +ay (yv) [aulzy) — au(yy)]
lev

<D Elexp(=B(L = k| + i — 1)) + exp(=B(|L = j| + i — k))]d" (zx, )
lev

< Cé exp(—gﬁ — k| d® (zk, i) (5.13)
where C' =23, /4 eXp(—g\l\).
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For n > 2 we argue similarly using Statement (1):

la(zv) — aly(yv)l = Y al (av)ay(zv) — af " (yv)ay (yv)

leV
= al (av)[ay(zv) —ay(yv)] + ay (yv) [l (zv) —al)  (yv)]
leV
< SO0 eexp(— i — 1| — BlL K~ BlL — | — i — k)d (ar. ue)
eV
< (Ce)" exp(—§|z' — k|)d5(ack, Yk)- (5.14)

Statement 3 follows from Condition (8) while Statement 4 is a consequence of Statements
2 and 3 and our assumption that the map & is spatial translation invariant. 0

We proceed with the proof of the theorem. Let V' be a d-dimensional cube centered
at the origin. Choose any finite volume V5 C V and numbers 0 < m < n. We have that

vy (Evo,my) = B vy (§vo,m) In57)-

In order to obtain the desired result we shall show that the one-dimensional Gibbs distribu-

tions vy (5(‘/”)\7}/\)) has a unique thermodynamic limit as V' — Z*! and n — oo. This
thermodynamic limit is precisely the unique d 4+ 1-Gibbs state for the potential function

¢ (&) = (¥ — log Jac" f)(h#()) (5.15)

on Zﬁd, where 1) is defined in Statement 4 of Sublemma.
Note that the function ¢* is the sum of two functions, ¢* = ¢ + ¢J, where

vy = —logJac" fom

and
0t = (v — log Jac® f) o h o7 + log Jac" f o 7.

By Statements 1, 2, and 4 of Sublemma and Theorem 1.1 the function ¢7 is Holder con-
tinuous with a small Holder constant in the metric p, provided e is sufficiently small. The
function ¢ is also Holder continuous and depends only on the coordinate £y. Therefore,
by Theorem 3.7 the Gibbs state corresponding to this function is unique.

Since the measure vy is the unique Gibbs state for the Holder continuous function
0 (€y) on BY (see (5.2)) it satisfies the following equation [Ru]: given a configuration
nexy,
"))

(Vin)

exp Y ez O (0F (Evim) + (V )
va y EXP > wez €y (O (eviny + n—

v (Ewom ) = (5.16)

) Y
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where §(v,,,) is a configuration over the finite volume (V,n) = V x [-n,n] C Z! and

77*/\) is the restriction of the configuration n* to m = Z3HNV x [-n,n].

(Vin

Using (5.3) and (5.8) we rewrite (5.16) in the following way

)
Vin)
)

Vi)

exp ZkeZ SOV(hV”VUt (f(vn) + U(V )

ZU(V,n) exXp ZkGZ SOV(hVﬂ-VUt (n(V,n) +n=

(g(Vn)’n(Vn)) ))

exXp Y ez D iev (wyi — log Jac" ) (hymy ol (f(Vn)+77(V )

Dy EXP Dz 2iev (wvi —log Jac” ) (hymvof (v, +

)
The rest of the proof is split into the following steps.

Step 1: We wish to rewrite the last expression for the conditional distributions
Vv(f(vn)’??/—\)) in terms of potentials (see Section 3). The potential U corresponding to

the function (¢ — log Jac" f)(h7) can be constructed using (3.9)—(3.12).

Given a finite volume V and ¢ € V, consider the function (wy,; — logJac” f)(hymy).
In order to construct the potential UY? corresponding to this function we again follow
the procedure described in Section 3 and use (wy; — logJac” f)(hymy) for each Z4+1-
cube centered at (i,k) € V x Z. Not that the resulting potential is invariant under time
translations but may not be invariant under spatial translations.

Step 2: We now rewrite the distributions vy, (§(v,n) \nZ‘/V\)) in terms of potentials UV
n

exp ZQO(Vn);AQ) UQ (f(vn) + 77(V ))
277(V n) exXp ZQH(VTL)?é(Z) UQ (n(Vn) + n(V"n)) .

vy €)= (5.17)

Step 3: By Statement 3 of Sublemma wy,; — ¢; = ¥(c’) exponentially fast. Using
the fact that hy — h exponentially fast in the p,-metric (see Theorem 4.4) we obtain that
for any Z4*t1-cube Q centered at (i,k) € V x Z,

UVH(£(Q)) — UE(Q))] < CeePHHOV), (5.18)

By Statement 2 of Sublemma both potentials UY?|g and U|g go to zero exponentially fast
as the side length of @) increases.

Step 4: Take a larger volume (V',n’) C Z%*! such that

(V,n) C (V',n)/2=(V'/2,n/2)
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where V' /2 is the d-dimensional cube centered at the origin of the side length equal to 1/2 of
the side length of V. We follow the approach elaborated by Ruelle in [Ru] (see Section 1.7).
(For the reader’s convenience we provide the correspondence between Ruelle’s notations
and ours: M = (V',n/), A= (V,n), X =Q, and ® = UV? U).

We first decompose the numerator of (5.17) (for volume (V’,n')) into two terms.

exp Z ng (ﬁ(v,n) + 77%/%) = eXp (H(V,n) (f(v’n)) + B(V’,n’)(f(V’,n’))) ,
NV’ ,n")#0

where the main term H vy, (§(v,n)), the Hamiltonian in volume (V,n), is given by

Hym(Evm) = > Uol€wm + Ny
QC(Vn)

while the boundary term is given as follows:

By (Evrnny) = Z ch vy + ﬁ:m)) U m) + 77:‘77”\,))
QN(V7,n’)£0

+ ) Ueléwrmy + 1)

QN(V/,n")#0
RNV ,n")#0
By (5.17) and results in [Ru] (see Section 1.6) we now only need to verify that the boundary
term satisfies the conditions stated in Section 1.7 of [Ru].
We first split By n)(§(vr,n)) into two terms By 0y (§vr nry) = B'(0)+B" (§v,n)+n),
where v/ )y = §(v,n)+n and B’(n) collects the terms depending only on ) € Qv ni\ (vin)»

ie.,
Bm= > (U5 € + )~ Ualévrmn + i)
Xﬁ(z//,n)/);é@ ’ '
QN (V,n)=

+ Vol + 7))
Q

while the second term is given as follows:

B"(&n +1) = , (Z#@ <U5 (Ewr + )~ Ua(§wr + ”Z‘mﬂ)
N(V,n

+> U (vr iy + 77:‘77”\,))-
Q
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Here 3 runs over {Q: QN (V',n') #0,QN (V/,n') #0,QNA =0} and >/ runs over

(Q: QN (V') #0,QN (V/,n') #0,QNA # 0}

According to [Ru] in order to show that the thermodynamic limit of vy, ((v,) \77%\))

goes to a Z3T1-Gibbs state of U, we only need to check that for any fixed (V, n), B"(§vn)+
n) as a function of 7 € Qs y)\ (v,n) goes to zero uniformly in Qs i\ (vin) as (V/,n') —
Z%*1. The second sum in B”, Zg*, goes to zero uniformly since the potential U de-
cays exponentially. The first sum in B” can be further decomposed into two sums. Let

(i(Q), k(Q)) € Z4+! denote the center of Q. We may assume that (V',n’) is a Z9!-cube
with equal sides. Then,

Z ch "y + U:m)) —Uq(&vrnny + U:m))
QN(Vin)£0 ’ ’

o V/. X *
= ( Z + Z )UQ “Ermny + U(m)> —Uq v my + n(m))-
H(QEWV /2 @&V nl)/2
QN (V,n)#£D QN(V,n)#£D

By (5.18) we have

Y U G 1) — Uy + 1))l
i(Qe(V!,n)/2 ’ ’
QN (V,m)£0

< C'el(Von)[|(V7, ) f2]e= 24m0),
where |(V,n)| and |(V’,n")/2| are the cardinalities of the corresponding sets and d((V’,n’))
is the side length of (V’,n’). The sum

V/' * *
> U G + ) = Uo(&vmy + i)
W(QIE(V! n')/2

QN(V,n)#0

also goes to zero uniformly as d((V’,n)) — oo since both potentials UY"¢ and U go to zero
exponentially fast as d((V',n)) — oo.
This completes the proof of the theorem. O

Appendix: Spin Lattice Systems

1. Abstract Polymer Expansion Theorem.

Consider a finite or countable set ©. Its elements are called (abstract) contours
and denoted by 6,6, etc. Fix some reflexive and symmetric relation on © x ©. A pair
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0,0" € © x O is called incompatible (6 « 6') if it belongs to the given relation. Otherwise,
this pair is called compatible (6 ~ 6"). A collection {6} is called a compatible collection
of contours if any two of its elements are compatible.

A statistical weight w is a complex function on the set of contours. For any finite
subset A C © an abstract partition function is defined as

Z(h) = > JJwy), (A1.1)

{0;3CA g

where the sum is extended to all compatible collections of contours #; € A. The empty
collection is compatible by definition and it is included in Z(A) with statistical weight 1.

A polymer o = [07"] is an (unordered) finite collection of different contours 6; € ©
with positive integer multiplicity «;. For every pair #’, 0" € @ there exists a sequence
0 =0;, 0iy,...,0;, =0" € pwith 6;, #£6;,,,,7=12,...,5s—1. The notation p C A
means that 6, € A for every 6; € p.

With every polymer p we associate an (abstract) graph I'(p) which consists of >, «;
vertices labeled by the contours from p and edges joining every two vertices labeled by
incompatible contours. It follows from the definition of I'(p) that it is connected and we
denote by r(p) the quantity

r(p) =[Je)™ > (), (A1.2)

i I'"CI(p)

where the sum is taken over all connected subgraphs I of I'(p) containing all of >, oy
vertices and |I”| denotes the number of edges in I. For any 6 € p we denote by a(0, )
the multiplicity of # in the polymer p.

The polymer expansion theorem below is a modification of results of [Se|] and [KP]
proven in [MSu] (see also [D2] for closely related results).

Abstract Polymer Expansion Theorem.

Suppose that there exists a function a() : © — R™ such that for any contour

> fw(®)]e”®) < a(o). (A1.3)

0': 6’20

Then, for any finite A,
log Z(A) = ) w(p), (A1.4)

PCA
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where the statistical weight of a polymer p = [05"] equals to
= r(p) [Jw(®:)*. (A1.5)

Moreover, the series (A1.4) converges absolutely in view of the estimate

Y allp)lw(p)] < fw@)e®, (A1.6)

o ©D0
which holds true for any contour 6.

2. Gibbs States.

Let S ={1,2,---,p} and A be a p x p transfer matrix with entries a;; equal to either
0 or 1. Assume that A is transitive, i.e., there is a constant ng such that every entry of A™°
is positive. For any volume V C Z? a configuration in V is an element n(V) of SV with the
value 1, (V) at point z = (i,7) € V. A configuration 7 is called admissible if a,, ,, =1
for any pair 1 = (4,7),22 = (1,7 + 1) € V. For the family of configurations n(V;) in
mutually disjoint volumes V; we denote by >, n(V;) the corresponding configuration in
U;V; provided such a configuration exists (i.e., is admissible). When V = Z? we have the
configuration space ¥4 = ), X4, where X4 is the subshift generated by the matrix A.

Let @ be a square in Z2 and 1(Q) its side length. Consider a potential U satisfying

0<UM(Q)) <exp [-(Q)] (42.1)

for every square Q C Z2.

Take a finite volume V and fix a configuration 1’ over V = Z?\ V. The configuration
n' (V) is called a boundary condition.

Conditional Gibbs distributions over V under the boundary condition n' (V') are defined
by

oy = H(u(V)ln' (V)] .
’ 7] = —_ - . .

7 =EVin'(V))

Here 5(V) is a configuration over V such that (V) +1/(V) is also a configuration in Z2,

HoMl' (V) == > Um@)- > Um@nNV)+1(QNV))  (A2.3)

QCV QNV#£D, QNV#£0

[ —

Hy

is the conditional Hamiltonian, and the denominator in (A2.2) is the partition function for
the potential U in the volume V with the boundary condition ' (V):

SV (V) = D exp [~BHmV) (V)] (42.4).

n(V)
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3. Contour Representation of Partition Functions.

We shall show that the partition function Z(V |/ (V)) can be represented in the form of
an abstract partition function (A1.1). It has a polymer expansion (A1.4) if 3 is sufficiently
small. We shall describe the terms in (A1l.1) in our specific context.

We first introduce a new potential which is equivalent to the original one (A2.1)—
(A2.4). This means that the new potential defines the same Gibbs distributions over any
finite volume under a fixed boundary condition.

Let b(Q) be the leftmost lower corner of (). Take an integer L > ng and consider a
rectangle P of size n(P) x Ln(P) such that its leftmost lower corner b(P) = (b1 (P), ba(P))
has by(P) = rL, where r and n(P) are integers. We say that the square ) with b(Q) =
(b1(Q),b2(Q)) is associated with the rectangle P if b1(Q) = b1(P), L[b2(Q)/L] = ba(P),
[(Q) = n(P) and hence @ C P (here [ - | denotes the integer part). For any rectangle P
we define

= Um(Q)), (43.1)
Q

where the sum is taken over all squares () associated with the rectangle P. Clearly,
0 < U(n(P)) < Lexp [-n(P)] (43.2)

and absorbing L in (3 one can assume that the potential is defined on rectangles P (instead
of squares ) and satisfies

0<Um(P)) < exp [-n(P)]. (43.3)

Set 0’V = {z € V| dist (z,V) = 1}, 8FV = {z € V| dist (z,V) = 1}. We call 8V and
OFV an internal and an external boundaries of V respectively. Observe that every finite
volume V' can be uniquely partitioned into vertical segments V,, with each segment being a
connected component of the intersection of V' and some vertical line. We denote by a(V,,)
and b(V},) the points of ¥V adjacent to V;, from above and from below, respectively. The
collection of such elements will be denoted by a(V') and b(V'). In addition, we restrict our
considerations to the volumes with

L{a(V,)/L] = a(V,,) and L[b(V,) +1/L] —1 =b(V,,). (A3.4)

As we still allow arbitrary boundary conditions it is sufficient to prove the uniqueness of
the limiting Gibbs state when the limit is taken over volumes of the special shape described
above.

3.1. Definition of contours.
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A precontour v = {P;} is a family of rectangles which satisfy the following conditions:
(1) ¥ = U, P; is a connected subset of Z?;
(2) every P; contains a point which does not belong to any other rectangle of ~.

Consider a finite family of rectangles I' = {P;} such that I' = U;P; is a connected
subset of Z2?. This family of rectangles v(I'") will be a precontour by our definition. It is
called the precontour of I'. We describe an algorithm which produces a unique minimal
covering (T') of T.

(i) Fix the leftmost lower point in T'. Among all rectangles of I that begin at this
point choose the rectangle P;, with the maximal linear size n(P;,) and include it in v(T').
(ii) Suppose that the rectangles P;,, ..., P;, are already selected to (I") during the
previous steps of the algorithm. Fix the leftmost lower point « € I'\ (U¥_, P;)). Consider
all rectangles of I' covering . Among them choose the rectangles with the maximal right
upper corner (here maximal means rightmost upper). From this family of rectangles include

in 7(I") the rectangle P;, ., which has the maximal linear size.

k+1 - ”
(iii) Repeat step (ii) until I" will be totally covered, i.e. I' = U; ;.

We say that a rectangle P is compatible with precontour v = {P;} and denote it by
P < vif for I' = {P;} U{P} one has y(I') = . Obviously, any P < ~ belongs to 4 and
any P embedded into some P; € v is compatible with «. It is also clear that some of the
rectangles P C 4 can be incompatible with ~.

A collection of precontours {v;} is called a compatible if for any ~;,,v:, € {7:} either
dist (%i,,%i,) > 1 or %, €74, \ 874,. For V C Z2, the inclusion I' C V means that every
rectangle of I is contained in V. Furthermore, ' NV # () mean that P NV # () for every
P CT. A collection of precontours {I';} NV # @ if I'; NV # () for each i.

A contour is a triple Q = ({v;}, {7;}, 1), where

(i) either {7;} NV # 0 is a compatible collection of precontours or {I';} is an empty
set;

(ii) {r;} C V \ (U;0'5;) is a collection of mutually disjoint finite vertical segments
with a(7;), b(r;) € U; (014, N V) U dFV;

(iii) n is a configuration in U;(97; N V);

(iv) either {v;} is non empty and for every 7; at least one of its ends (a(7;) or b(7;))
belongs to U;(074; N V) or {v;} is empty and {7;} consists of a single segment 7 with
a(t), b(T) € OFV;

(v) for every pair vy and ~; there exists a sequence vir = Yi,, Tjy s+, Vie» Tjo» Vieps =
7; such that for any 1 < k < s either a(r;,) € 0'%;, and b(r;,) € 8'7;,., or b(r;,) € 8'%;,
and a(7;,) € 017, ., -

The contour clearly depends on V. In the special case when V = Z? we obtain so called
free contours.
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Given a contour Q = ({v;}, {7}, 1), we set
Q" =Uj7, Q' =UF, Q=Q"UQ, Q=Q7 U (U;0'%).

A collection {Q;} is compatible if for any Q;, and Q;, one has Q;, N, = 0 and the total
collection {7;(€2,), 7:(,)} is a compatible collection of precontours.

A contour €2 belongs to the volume V if the corresponding precontours v; € V' and
Q) C V. A contour © has non empty intersection with the volume V if {7;} NV # ) and
QT CV.

3.2. Definition of statistical weight for contours.

We partition the finite volume V' into vertical segments V,, and denote the distance
between a(V;,) and b(V,,) by ||V,,|| = |Va|+ 1. The number of configurations in V' with the

A~

boundary condition n'(V') can be calculated as

NV ©0°V)) =TTV (Valrlv, thirs ) (43.5)

where N (Vn\n;(vn), 7712(%)) is the entry of the matrix AllV»Il indexed by n;(vn), né(vn). By
the Perron-Frobenius theorem both matrices A and its adjoint A* have a unique maximal
eigenvalue A > 1. Let e and e* be the corresponding eigenvectors with positive components
en and e;. We normalize e and e* in such a way that Zn eney = 1.

n
Using the Jordan normal form for matrix A one can show that

a(Vn) Mo(vy)

where for some 0 < p(A) < 1 and v(A4) >0

P (Valthv, s how,y )| < v(A)p(a) 75 (43.7)

We define
L(V) = =2 IVl (A3.8)

Y

1 1
*
ena(vn)> (H 677b<vn>> ’
n n

E*(n(@EV)):<He;;a<Vn)> <Hem(m> . (A3.9)
E

Similarly, we define E(n(87V)) and
V,, instead of a(V,,) and b(V},).

n(0TV)) by using the top and bottom elements of
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Given a precontour 7 and a fixed configuration (0?4 N V), we define a precontour
partition function by

E(y, 705 N V)| (V) = L((7\ 8'3) n V) E* (n(d'7 N V) E( 07V n 7))

x Y [[Tum@nv)+4' (V) -1 [ UREPAV)+7/(PAV)). (43.10)
n(\orynv) e P
Set

= (VI (0°V) = LOV)E@ 0°V) Y ] (1 +U(B, n(P))).
The statistical weight of precontour is defined by

) = Z(y,n(@F N V)| (V)

W (v, @30 V)| (V) = ——— - - — . (A3.11)
( | = (YN V)\"3[n(d™y N V) + 1/ (9FV N 7))
For any contour Q@ = ({v;}, {;}, n), the statistical weight is
Q|77 HW Yis M ’}/Zﬂv)’n HF T]"r]a(T]) nb(T] ) (A312)

where 1" = n’(aEV\ (Ui %)) +>, 77(81% N V).
4. Polymer Expansion Theorem (see [JM]). Let U(n(P)) be a potential which
is defined on rectangles of size n(P) x Ln(P). Assume that U € P(q,€) satisfies (A3.3).

Then there exists a constant ¢y > 0 such that for any 0 < € < €y, any finite volume V'
satisfying (A3.4), and arbitrary boundary condition n'(V') the following equation holds:

LV)E@ @"V)EVIF (V) = Y W@ (), (A4.1)

{Q;3nVv#£0

where the partition function Z(V|n/(V)) on the left-hand side is defined by (A2.1)~(A2.4)
with U(n(P)) replacing U(n(Q)) and the right-hand side is the abstract partition function
over contours defined in the previous sections. Thus, the partition function has the polymer
expansion
LOV)E@ (QPV)E(VIn (V) =exp( > w(p)), (A4.2)
PNAF£D

where the statistical weight w(p) is defined in (A1.5)

For a polymer p = [Q], ¢ = U;€;, a potential U € P(q, ¢) satisfying (A3.3), and
every sufficiently small € the conditional Gibbs distributions (see (A2.2)) can be computed
by the following formula

,(€(B)) =

42
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NB)exp | > UmP)+ > welB +a ()~ > wlpl'(V)],

PCB p:NV\B#) PNV #D
(A4.3)
where P is a rectangle, B C V C P are finite volumes (V satisfies (A3.4)) and
L(B)
N(B) = =——+— A4.4
B B eos) ALY

is the normalizing factor (recall that L(B) and E*(£(0B)) are defined by (A3.8)).

One can show that the infinite sums on the right-hand side in the above formula are
convergent uniformly for all B in Z? and obtain an explicit formula for the Gibbs state in
terms of the potential U independent of the boundary condition 7'

n(&(B)) =

NB)exp | > UEP)+ Y wlpleB)— Y wp)|. (A45)

PCB o dist(p,B)<1 p: dist(p,B)<1
dist(g,B)=0
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