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Dedicated to Anatole Katok on the occasion of his 60th birthday.

Abstra ct. We show that every compact smooth Riemannian manifold M of dimM 3,
admits a volume-preserving Bernoulli o w with non-zero Lyapunov exponents except for
the Lyapunov exponent along the direction of the o w.

1. Intr oduction

In [DP], Dolgopyat and Pesinobtained an a rmativ e solution to the long-standing prob-
lem of whether a compact smooth Riemannian manifold admits a volume-preservingergodic
(Bernoulli) di eomorphism with non-zeroLyapunov exponerts. In this paper we discussa
cortinuoustime version of this problem and we prove the following result.

Theorem 1. Given a compact smaoth Riemannian manifold M of dimM 3, there exists
aC! ow f! suchthat for eacht 6 0,

(1) ft preservesthe Riemannian volume on M

(2) f! hasnon-zem Lyapunov exmnents (except for the expnent along the ow direc-
tion) at m-almost every point x 2 M ;

(3) f'is a Bernoulli di e omorphism.
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2. Constr uction of diffeomorphisms by Katok and Brin

In our construction of the ow we usea special di eomorphism of the two dimensional
unit disc D? constructed by Katok in [K]. We summarisethe description and properties of
this di eomorphism in the following proposition.

Prop osition 2. There existsa C! die omorphismg:D?! D? with the following proper-
ties:

(1) g preservesarea on D?;

(2) g hasnon-zem Lyapunov expnents almost everywhee;

(3) gis a Bernoulli map;
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(4) d(g id)j@?= 0for anyk 0, i.e., on the boundary of the disk g is the identity
map and has all its derivatives zero.

Let us sketch the construction of the di eomorphism g. We beginwith the automorphism

do of the torus T2 given by the matrix 1; g . The map go hasfour xed points
1 1 11
ql_(olo)' qz_ é!o ’ q?,— O,E , q4— §'§

In a small neighborhood D! = f(s;;s;) :s3+ s3 rgofeadh g, 0< r < 1, the map g is
the time-1 map of the ow given by

s1= (log )si; s2= (log )sz;

where > 1is the larger eigenvalue of gy and f s3; spg is the coordinate systemin a neigh-
borhoods of eadh g generatedby the eigervectors of gp.

Then we considerthe map g; that is conjugateto gy via a conjugacy o that slows down
the motion near . More precisely g; is the time-1 map of the o w given by

(2.1) s;= (log )sy (s2+ s3); sp;=(log )s, (s?+ s3)

in D!, and g; = go otherwise, where is a C! function except at zero and suc that
©)=0, () Ofor 0, ()= 1for r and

0 () '
The map g; preseresa probability measured = | 1 dm, wherem is areaand the density

is a positive C' function de ned by the formula

( (s1?+ s2%) ' if(s1;82) 2Dl

S1;S) = ;
(8152) 1 otherwise

Here d

T2
Note that isinnite at g.

De ne the map 1 by the formula
|

550 1 Z g 2,,2 au 1=2 -
) — ;
Heh o(s12+ $2) o (u) e

nearead ¢ and then extend the map to T? in such away that ; is C' , commutes with the
involution J(ty;t2) = (1 t1;1 ty)onT?, andsatises( ;) = m. Hence,gp= 1 01 11
isa C! areapreserving map.

Let ,:T?! S? be a double branched covering that satises , J= 5, ( 1) m=m,
and C! ewverywhere except for the points g, whereit branchesand near g,

1 2 2
(1150 = Ps(s] S5 25130)

Themapgs= 2 @ ,'isaC! dieomorphism of the sphereS?.
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Finally, let 3 be a C' map that blows up the point g into a circle and makesg =
3 O3 3 ! to be the desired map of the disk. We refer the readerto [K] (seealso [DP])

for more details.

Note that the map g; presenesmeasure and the mapsg, g3 and g presene area. The
desiredresult follows.

We call the map g Katok's map. We need someadditional properties of this map.

Sinceg has non-zeroLyapunov exponerts, for almost every x there are global stable and
unstable manifolds, W§(x) and Wg(x), at x.

Let Q = fau;p; Q[ @2 be the discontinuity set of g.

Prop osition 3. The following properties hold:

(1) periodic points of g are everywhee dense;

(2) g possessedwo one-dimensional continuous foliations which are extensionsof the
stable and unstable glotal foliations Wg(x) and W¢'(x); we will use the same nota-
tions for thesefoliations;

(3) there exist neightorhoods U~ U; of @2 and a vector eld V in U; which geneates
an area-preserving ow g': U! D2, 2<t< 2for whichgjU = g¢'.

Proof. Note that the map g; is topologically conjugateto go and Statemert 1 follows. State-
ments 2 is proved in [K] (seeLemma 4.1). We prove the last statemert. By construction,
near eat point g, the map g; is the time-1 map of a vector eld V;. Moreover, near eac g
wehaveVi( x) = Vi(x) for any x, see(2.1). It followsthat the mapsg, and gz near g are
the time-1 mapsof the vector elds givenby Vo=d ;1 Vi ,Y'andVa=d , Vo ,'re-
spectively. Here we should stressthat V3 is well de ned eventhough , is atwo to onemap.
In fact, nearg wehave 1( X) = 1(X)and o( x) = 2(x). This givesVo( x) =  Va(X)
and therefore, for any y near g, , (y) hastwo preimagesx and x at which

(d2) x(Va( x)) = (d 2) x( Va(x)) = (d 2)x(V2(x)):
Now we seethat g is the time-1 map of the vector eld V=d 3 V; 31.

The next result shows that the map g is di eotopic to the identity map.

Prop osition 4. There existsamap G : D2 [0;1]! D? with the following properties:
(1) G(x;t) is C in (x;1);
(2) G(;0)=id and G(;1) = g;
(3) G(x;t) = g'(x) for any x 2 U and t 2 [0; 1], wher g'(x) is the ow in Proposition 3;
(4) for any t 2 [0;1] the map G( ;t) : D?! D? is an area-preservingdi e omorphism;
(5) d“G(x;1) = d“G(g(x);0) for any k 0.

Proof. Recall that in the neighborhood U of the boundary of D? the map g is the time-1
map of the ow generatedby the vector eld V. We extend V to a smooth vector eld "
on the whole D?, and let ' be the ow generatedby V. Note that giu = g*juU. We need
the following result of Smale (see[S], Theorem B):

Lemma 5. Let A be the space of C! di e omorphisms of the unit squae which are equal
to the identity in some neightorhood of the boundary. Endow A with the C" topology,
1<r 1. Then A is contractible to a point.

The statemert also holds if the unit squareis replaced by the unit disk. Applying the
result to the di eomorphism g B !, which is equal to the identity on U, we obtain a
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homotopy & : D? [0;1]! D? suchthat €(;0)=idjD?and&(;1)=8 * g. Moreover, &
isC! in (x;t), i.e., Gisadieotopy in A (see[S], Theorem4). Therefore, for ead t 2 [0; 1],
there is a neighborhood U; of @?2 sud that @\( ;)jUr = id jU;. One can show that the set

U= int U;
t2[0:1]

is not empty and is a neighborhood of @?2. Denote g = &(;t). It follows that the map
G(;t) = g B satis es Statemerts 1- 3 of the proposition. To prove Statemerts 4 and 5,
we needthe following lemma.

Lemma 6. Letf fgandf !g betwo families of volumeforms on D? that are C! in (x;t).
Assumethat §jU = l%jUforanytand §= Y fort2[0;")[ (1 ";1]. Then there exists
amapG:D? [0;1]! D? with the following properties:
(1) G(x;t) is C in (x;1);
(2) G(;0)=G(;1) = id;
(3) for any t 2 [0;1] the map G( ;t) : D?! D? is a di e omorphism with G(;t) } =
t.

0
(4) G(x;t) = x for any t 2 [0;1] and x in someneighwrhood U° U of @?2.

Proof. The argumenrt is a modi cation of the proof of Moser's theorem ([M]). We follow
herethe approach in [KH] (seeTheorem 5.1.27). Let '= ! tand L= 4+ s tfor
s 2 [0;1]. We know that !'jU = 0. We construct a family of oneforms H' such that H! is
Cl in(x;t), dH' = 'and H'ju®= 0 for someneighborhood U° U of @?2. Considera
Euclidean coordinate system (x;;X2) such that D2 = f(x1;X2) : X5 + X3 1g. We have

U= Y(x)dxy ~ dx»
and
s T;{ s(x)dxy A dx;
with L > 0. Note that 'jy = Oand ‘'dx = Ofor any t 2 [0;1]. Givena C! function
t= Y(x), x 2 D?,t2[0;1], let

Ei( )(a) = '(x1; @)dxa
D2\f xp=ag

and Z
Ea( ')a) = '(a; x2)dxz
D2\f xi=ag
be the expectation of ' along the lines x, = constart and x; = constart. We choosethe
function ' suc that
Ei()=Eu ") E2()=0
and 'ju®= OwhereU® U is angighborhood of @?2. Such ' exists. Indeed, chooseany
positive C! function sud that dx; = 1, the support supp (" ") for somesmall
"> 0, and then set '(x1;X,) = (Xi)El( Y)(x2). Now let

(x1;y) dy;
7 D2\ (X13y)1y<X 29

Hy;x2)  U(y;x2) dy:
D 2\f (y;X2):y<X 19

a'(x1;X2)

b (x1; X2)
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The 1-forms
HY(x1;%2) = a'(x1;x2)dxy + B (x1;X2)dxo
satisfy the desiredrequiremerts.
For each s 2 [0; 1], considerthe vector eld

t
VSt = E_@ + i_@
Lt Lo
It is well dened since { > 0on D2 andit is C! in (x;t;s). We also have V}ju®= 0
and (Vi) = HU Let (GY)S: D?! D2 be the solution of the dierential equation
& = VJ(x) satisfying the initial condition (G')° = id. We have that

(d6Y' §=(d6")° §= §
(see[KH], Theorem 5.1.27for more details). So G! = (G')! is the desired map.

We proceedwith the proof of the proposition. Considerthe map G asin the lemma with
L= dx; M dxp onD? forany t 2 [0;1]and § = dgf dg' §. Let g' = G(;t). Then the
map G:D? [0;1]! D?,
Gxt)=g ¢ ¢
satis es Statemerts 1 { 4 of the proposition. If necessaryone can changethe map G( ;t) in
a small neighborhood of the setD? 0and D? 1 sothat it will also satisfy Statemert 5.
For example, one can choose® in such a way that

€ B(x;t);t =6 B(x;0);0;t2[0"); 6 B(xt);t =6 Bx;1);1;t2@ "1

Hence,§' ¢ isarea-preservingforanyt 2 [0;")[ (1 "; 1]. Therefore,by Lemma6, {= 1}
and G(;t)=id forallt 2 [0;")[ (1 " 1], becausein thiscase '=0, '=0,a=0=0
and V¢ = 0 for every s.

We also need Brin's construction from [B2]. Givenn 5,let A:T" 31 T" 3pea
hyperbolic automorphism of the (n  3)-dimensionaltorus andh': L ! L the suspension ow
over A with the roof function H = 1,y 2 T" 3. The suspensionmanifold L is di eomorphic
to T" 2 [0;1]= , where is the identi cation (y;1) = (Ay;0). The ow h' presenes
volume on L and one can chooseA sothat L can be embeddedinto R" 1 St with trivial
normal bundle.

3. Proof of the theorem: the case dimM 5

Considerthe map
R=g A:D?> T" %I D* T3

whereg: D? ! D? is Katok's di eomorphism and A: T" 31 T" 3 is the automorphism
from Brin's construction. Consider the suspension ow over R with roof function H = 1
and the suspension manifold K = D? T" 3 [0;1]= , where is the identi cation
(x;y;1) = (9(x);A(y);0). In other words, K is the manifold D2 T" 3 [0;1] where the
points (x; y; 1) areidenti ed with the points (g(x); A(y); 0). Denote by Z the vector eld of
the suspension ow and by ' &, the suspension o w itself.

For eacth point (x;y;t) 2 K considerthe coordinate system

(3.2) (X1 X2; Y1500 Y0 351) = (X y5t)
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in its neighborhood wherex = (x1;X2) 2 D2,y = (y1;:::y¥n 3) 2 T" 3andt 2 [0;1]. In
this coordinate system,Z = (0;0;1).

SetN = D? L, wherelL is the suspension manifold in Brin's construction (seethe
previous section). Write N = D2 (T" 3 [0;1]= ) where is the identi cation (y;1) =
(A(y);0) forally2 T" 3,

Considerthe map F: K ! N given by

FOyit) = (G(x1); y: t);
whereG : D? [0;1]! D? isthe dieotopy constructed in Proposition 4. We have
FOy;i1) = (9(x);y: 1) = (9(x); Aly); 0) = F(g(x); A(y); 0):

Therefore, the map F is well-de ned. It is easyto seethat F presenesvolume, is one-to-one
and continuous. Hence, it is a homeorgorphism. Formal di erenltiation yields

Gx(x;t) 0 Gi(x;t)
(3.3) dF(x;y;t) = @ 01 0A:
00 1

It follows from Statemert 5 of Proposition 4 that for every k 1,
d“F(x y;1) = d“F(g(x); Ay;0)
and hence,F isa C! di eomorphism.

Consider the vector eld Y = dFZ on N and let ' |, be the corresponding ow. In the
coordinate system (3.2), we have

(3.4) Y(G(x; t);y;t) = %(x;t);o;l; (X y;t) 2 K:

The vector eld Y is divergencefree sinceit is the image of the divergencefree vector eld
Z under the volume-preservingmap F.
Let us choosea C! function :D?! [0;1] such that

(A1) and all its partial derivativesof any order are equal to zeroon @?;
(A2) (x)> Oforx2intD2, (x)= 1forx2 D?nU.

De ne the vector eld X on N by

(3.5) X(G(x;1);y;t) = %(x;t);O; (G(x; 1)) ; (xy;t) 2 K:

Note that by Statemert 3 of Proposition 4, @(x; t) = V(G(x;t)) for x 2 U. Therefore,
Equalities (3.4) and (3.5) imply that for (x;y;t) 2 N with x 2 U,
(3.6) Y(Gyit) = (V(x);0;1); X(xy;t) = (V(x);0; (x)):

Let ' '="1% bethe owon N generatedby the vector eld X. It is easyto seethat X
is divergencefree and hence,' ! is volume-preserving.
Lemma 7. All but one Lyapunov exmnentsof the ow '} are non-zero almost everywhee.

Proof. We begin with a construction of a map which is similar to Katok's map: it has the
sametopological and hyperbolic properties but doesnot presene area. It is better adopted
to the ow. We will alsousethis map in the proof of the ergadicity of the ow.

We assumethat the function (x) is chosensud that the following additional condition
holds:
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(A3) (x) 'V(x)! Oasx! @?, whereV isthe vector eld de ned in Statemert 3 of
Proposition 3.

Consider the map g : D? ! D? such that g = g on D?nU and g is the time-1
map of the ow g ' generatedby the vector eld V = 1V on U; (seeStatemert 3 of
Proposition 3). By (Al) (AS3), the map g is well de ned and is a di eomorphism. It
also satis es Statemerts 2 { 4 of Propositions 2 and 3. Note that the map g presenesa
measure  which is absolutely continuous with respect to areawith positive density  (x);
the latter is unbounded as x approadhes @?2.

We now proceedas before replacing g by g . Namely, dene G : D? [0;1]! D? by
G (x;t) = G(x;t) if x 2 X nU, and G (x;t) = g '(x) otherwise. Let Y be the suspension
owoverg A with the suspensionmanifold K = X T" 2 [0;1]= , where s the
identi cation (x;y;1) = (g (x);A(y);0) and Z is the vector eld of the suspension ow.
Dene themapF :K ! N by

F (Gyit) = (G (xt);y:t)
andletY =dF Z . Wehavefor x 2 U,

E (= (@) VEK)
and hence,
Y (G (x1):y;it) = ( (g '(x) V(g '(x):0;t)
or equivalertly,
Y (6yit) = ( () TV(x);0:1):
SinceY (x;y;t) = Y(x;y;t) for x 2 U, we obtain by (3.6) that X = Y
De ne the vector eld Z on K by

Z(xy;t) = (dF ) IX(F (xyit)  (xyt) 2K

It is easyto seethat % = F tz F ! and the vector elds Z and Z have the same
orbits. In other words, there is a function : K ! R* suc that for every (x;y;t) 2 K ,

(B1) Z(x;y;t) = (y;1)Z (Xy;:t);

(B2) (x;y;t)=0if x 2 @3

(B3) (xy;t)=1lif x 2U.
By construction, the ow % hasnon-zeroLyapunov exponerts almost everywhere. Denote
by E3 (x;y;t), EY (x;y:t), ES® (x;y;t) and ESY (x; y; t) the stable, unstable, certer-stable
and certer-unstable invariant subspacest the point (x;y;t) 2 K repectively. Observe that
the subspacesES® (x;y;t) and ES" (x; y;t) are also invariant under the ow tz Chosea
point (Xo; Yo; to) andavectorv 2 EY (Xo; Yo; to). Note that for almost every (Xo; Yo; to) (with
respect to the Riemannian volume) the proportion of time the trajectory f ‘Z(xo;yo;to)g
spendsin the setf (x; y;t): x 2 Ugis strictly positive. It followsthat the Lyapunov exponert

v) at (Xo;Yo;to) With respectto the ow is positive.
t Yot th respectto th > is posit

Almost every point (Xo;VYo;to) 2 N hasstable, unstable, certer-stable and certer-unstable
global manifolds Wy (Xo; Yo; to), Wy (Xo; Yo: to), Wx®(Xo; Yo; to) and Wy (Xo; Yo; to) with re-
spect to the ow ' . Similarly, almost every point (Xo;Yo;to) 2 K has stable, un-
stable, certer-stable and certer-unstable global manifolds W;(xo;yo;to), W;(xo;yo;to),

W;S(xo;yo;to) and W;“ (Xo0; Yo;to) with respect to the ow ' tZ By Proposition 2 these
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foliations can be extendedto foliations which are contin uous everywhere except for the dis-

cortinuity setQ T" 3 [0;1]= . We will usethe same notations for these foliations.
Obsene that

(3.7) x (W25 (x0;Yo; t0)) = Wy (Xo);  x (W3 (Xo; Yo; to)) = Wy' (Xo)

and

(3.8) y (W22 (X0; Yo t0)) = WR(Yo);  y(W3"(Xo:Yoito)) = WA (Yo);

where c:K ! D?and y:K ! T" 3 arenatural projections.

We say that two points z;z°2 N are accessibleif there are points z = zg;z1;:::;2 1,2 =
2% z 2 N sud that z 2 Wi (zi 1) orzi 2 Wy (z 1) fori = 1;:::; The collection
of points zq;zy;:::;2 is called a path connecting z and z° and is denoted by [z;z9 =
[z0;2z1;:::;2]. Accessibility is an equivalencerelation. We say that the time-t map of the

ow ' hasaccessibility property if the partition into accessibility classeds trivial (i.e. any
two points z;z° are accessible)and to have essential accessibility property if the partition
into accessibility classess ergadic (i.e. a measurableunion of equivalenceclasseamust have
zeroor full measure). Similarly, one de nes (essetiial) accessibility of the time-t map of the
ow' tz using its global stable and unstable foliations.

Lemma 8. For everyt the time-t map of the ow ' ! hasessentialy accessibility property.
Moreover, for any set E of zero measure and almost any two points z;z°2 E onecan nd a

Proof. It suces to establishessetial accessibility property of the time-t map ofthe ow ' !
Note that the map g has essetial accessibility property, indeed, any two points outside
of the discortinuity set Q are accessible. Note also that the automorphism A in Brin's
construction is accessible.Denote by Q = f(x;y;t) 2 K :x2 Q;y2 T" 3;t 2 [0;1]g. Fix
t and considerthe time-t map of the ow' tz Relations (3.7) and (3.8) imply that for any
two points (x;y) and (x%y%) 2 D2 T" 3 andany t 2 [0;1] the point (x;y;t) is accessible
to a point (x%y%t9. In particular, any point (x;y;t) 2 K nQ is accessibleto a point in

pg = (P t) 2 K 1 t92 [0;1]g for somep2 D? and g2 T" 3. It remainsto show that
any two points in 4 are accessible.

Let g2 T" 2 be a periodic point of the automorphism A in Brin's construction and p,
p° be two periodic points of g sud that the orbit of p and the orbit of p® except for p°
itself (under g ) lie outside the neighborhood U. Consider local stable and unstable leaves
(curves)at p and p° Vg (p), Vy' (), Vg (P9, and Vy' (p9). One can choosepoints p and p°
sudh that the local unstable leaf from p to V' (p)\ Vg (P9, and the local stable and unstable
leavesfrom p to Vg (p)\ V' (P9 also lie outside the neighborhood U.

For a point (p;q;t) 2 pq, let W;(p;q;t) and W;(p;q;t) be the curvessuc
that x( 5) Vg'(P, y(p)=9gand x(5) Vg, y(p) =g Since “and ° lie
outside U and the point (p;q) is periodic, the t coordinate of a point remains unchanged
when this point movesalong 5 from (p;q;t) toward 5\, *(Vy'(D\ Vg () \ , H(a).
Sodoesthe t coordinate of a point moving along 5 from (p;q;t) toward §\ l(Vgu (P9 \
_Vgs (p)_) \_ y 1(g). On the other hand,_for a pqint (P%a )2 g , if we choose 4 and So
in a similar way, then the third coordinate increaseswhen a point movesalong g from
(p;g; ) toward 5\ (Vg (P)\ V5 (p) \ , *(@) and the third coordinate  decreases
when a point movesalong 5 from (p;qg; ) toward g\, *(Vg'(p)\ Vg (P , H(a) (we
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assumethat (p% < 1). We can now usethe argumert in [DHP] (seethe proof of Lemma
B.4) to obtain that the point (p;q;t) is accessibleto somepoint (p;q;t) 2, with t°< t,
and then any two points in  , are accessible.This show that for every t the time-t map of
the ow ' { hasessetially accessibility property.

Let us note that for any zero measureset in the disk and almost any two points outside
this set there exists a path for Katok's map which consistsof points lying outside this set.
Similar statemert holds for the automorphism in Brin's construction.

To complete the proof consider a set E of zero measure. For almost any two points
z;z°2 E and almost every points w and w° closeto (p;q) onecan nd paths connectingthe
point z to (w;s) and z°to (W% s% for somes and s® such that every point in thesepaths lies
outside E. Note that the quadrilateral path from (p;q;t) to (p;q;t9 in the above argumert
can be replacedby a nearby paths from (w;s) to (w%s% sud that both (w;s) and (w%s9
and all other points in the path do not belongto E. The desiredresult follows.

Lemma 9. The ow '} on N is Bernoulli.

Proof. By results in [P3], a ow with non-zero Lyapunov exponerts is Bernoulli if it is a
K - ow, i.e., the Pinsker algebraP, (the largest subalgebrafor which !jP haszeroertropy),
is trivial.

Let B bethe -algebraof Borel subsetsin N and A B asubalgebra. Denote by Satg(A)
the saturation of A by setsof measurezero, that is,

Satp(A) = fB 2 B : there existsA 2 A suchthat (A4 B) = Og

(where is volume). Let S° (respectively, S*) be the subalgebraof Borel setsthat consist
of whole stable (respectively, unstable) leaves, that is, for E 2 S° (respectively, E 2 S")
and x 2 E we have Wg (x) E (respectively, W{ (x) E). By [P2] (seeTheorem 2), the
Pinsker algebraP is cortained in Saty(S°). Similarly, P is contained in Saty(S"). Therefore,
P is contained in Saty(S")\ Saty(S") and we wish to shaow that this intersectionis the trivial

algebra.

Let A Saty(S')\ Satp(S') with (A) > 0. We shall shawv that (A) = 1. Recall that a
point x 2 N is a density point of A if

o (BOGH)VA) _

i, B(xr) L
Denote by D (A) the set of density points of A. By the Lebesgue-Vitalitheorem D (A) = A
(mod 0) and hence, it suces to show that (D(A)) = 1. Let E; the complemen of
D(A)[ D(NnA). Applying againthe Lebesgue-Vitali theorem we obtain that (E;) = 0.

Recall that the di eomorphism g : D? | D? has non-zero Lyapunov exponerts and
results of smooth ergodic theory applies (see [BP] forsrelevant notions and details). Let
R D? bethe r%gular set (of level ) for g . The set . R hasfull measurein D? and so
doesthe setR= . D(R).

For x 2 D2 and outside the discortinuity set let g (x;r)and § (x;r) bearcsin Vg (x)
and V' (x) certered at x of length r.

Choosetwo points x and x° outside the discortinuity set which are su cien tly closeto
eadt other. Considerthe holonomy map : Vg (x) ! Wg (x9 generatedby the family of
local leaves V' (y); y 2 Vg (x). Sincethe foliation Wg is absolutely continuous the map

movesthe conditional measure(length) § on Vg (x) to a measureon Vg (x9 which is
absolutely continuous with respect to §,. The Jacobian Jac( )(y) is not bounded. It is
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however bounded if we allow y to run over the set Vg (x) \ R . More precisely for every
x 2 R thereisJ = J(°) sud that

(3.9) o (Vg ()VR)) 3 3(Vg )\ R):

Sincex®2 D(R’) without lossof generality we may assumethat for su cien tly smallr,
(3.10) So( S(x%3Ir)\ R)  0:9 So( S(x%33r)):

We claim that

(3.11) (*06r)  °(x%33r)

for all su cien tly smallr. Indeed, if (3.11) doesnot hold then S$o( 9  3Jr where °= ()
is the longer componert of ( S(x;r)) nfOgand = 1( 9 S(x; r). By (3.10), we have

So( S(x%3Ir)\ O\ (NnR)) 02 So( s(x%33r)\ O:
It follows that
S( (MY R) Sl S(x%3In)\ O\ R) 08 S S(x%3Ir)\ 9
0:8 0:5 Sof S(x%33r)) 04 33 So( S(x%33r)) > J S( S(x;1));

cortradicting to (3.9).

Let E> be the setof (x;y;t) 2 N, wherex 2 D? with x 2D(R ) forany ~> 0,y 2 T 3
andt 2 R. Clearly, (E;)=0.LetE= E [ E;. Wehave (E)= 0.

Choosea point z 2 D(A) nE and a point z°2 V(z) nE (recall that V,!(z) is a local
unstable manifold at z for the ow ). Considerthe holonomy map :V$s(z) ! Wg (29
generated by the family of local unstable manifolds of | (here V\{(z) is a local certer-
stable manifold at z and Wg3(z9) is the global certer-stable manifold at z°for the ow §).
Considera small ball B(z;r)  V(z) certered at z. By (3.11), the sizeof (B®(z;r)) in
the stable direction E§ (z) of the disc is bounded by C;r for someC; > 3J independert of
r. Sincethe stable foliation Wj of the torus is smooth, the sizeof (B®(z;r)) in the stable
direction E3(z) is bounded by C,r for someC, > 0. Also, the sizeof (B®(z;r)) in the
certral direction is bounded by Csr for someCs > 0. Hence,the point z° cannot belong to
D(N nA). Note that z 2 E implies z°2 D(A)[ D(N nA) and hence,z°2 D(A).

We shall now show that (A) = 1. By Lemma 8, for almost every point z°2 N nE one

such that z 2 E. Repeating the above argumerts we obtain that z;;:::;z- = z°2 D(A).
Hence, (D(A)) = 1. The desiredresult follows.

By identifying someboundary points, it is easyto seethat the manifold N canbe mapped
onto the n-dimensionaldiscD" viaamap :N ! D" sucththat (N)= D" and jint(N)
is a di eomorphism. SinceXj@N = 0,d (X) is smooth on D". There is also a mapping

;D" 1 M (see[K]), and the vector eld d d (X) generatesthe ow with the desired
properties.

4. Pr oof of the theorem: the case dimM = 3 and 4

In the casedimM = 3, the proof is essetially the same. Consider the suspension ow
over g with roof function 1. The suspensionmanifold K = D? [0;1]= (where is the
identi cation (x; 1) = (g(x);0)) is dieomorphic to N = D? St = f(x;t) :x2 M; t 2
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[0;1lg= (where s the identication (x;0) = (x;1)). Let Z be the vector eld of the
suspension ow. For ead (x;t) 2 K we have Z = (0;1).
Let F :K I N begivenby F(x;t) = (G(x; t);t) (seeProposition 4). We have
= Gx(xt) Gi(xt)
dF(x;t) = 0 1
Considerthe vector eld Y = dFZ. Note that
Y (G(x; t);t) = %(X;t);l :

De ne the vector eld X on N by

X@XDD= SeD: (GxD)

where (x) isa C! function on D? satisfying Conditions (A1) { (A3). The vector eld X
is divergence-freeand the ow § hasall the desired properties.

In the casedimM = 4 we start with a Bernoulli map with non-zeroLyapunov exponers
on a 3-manifold constructed in [DP]. More precisely de ne

S=g id:D? st D% st
Let T(x;y) = (9(X);T y) : D2 S'1 D2 S whereT (4 is rotation by (x). Here
:D?! Risa nonnegative C! function which is equalto zeroin a small neighborhood of
the discortinuity setQ = fou;p; 0s; @329 S' and is positive elsewhere.

It is shown in [DP] that the function can be chosenso that the map T is robustly
accessible i.e., any C! perturbation R of T is accessibleprovided R coincideswith T in a
small neighborhood of the discortinuity set Q. Moreover, there is a perturbation R of T
which has non-zero Lyapunov exponerts and is of the form R = T. Here the map
diers from id in a small neighborhood of a point zo 2 D?  S' which lies outside a small
neighborhood U of the setQ. To describethe perturbation  considerthe coordinate system

=f 1; 2; 3gin anopendiscB(zp; ) of asu cien tly small radius certred at zy sud that
(1) dm=4d;
(2) Ef(20) = @@, Ef(20) = @@2, Ef(20) = @G@;.
Let (t) beaC! function with support in ( ; ). Set = k k?= 2 and
()= (aco ( )+ 2sin( () asin( () + 2cod ()); a):
Choosea function b(x; t) :R [0;1]! R with the following properties
(1) bx;0)= 0and b(x;1)= (x) for any x 2 R;
(2) bisc! inxandtand P(x;t) = 0fort= 0;1andx 2 R;
(3) kP(x; )k, < for all t 2 [0;1].
Dene themap :D? St [0;1]! D? S' by the formula
(xy;t)= ')
where
()= (acog P+ zsin( PCst); asin( BCst) + 2co (1) a):
Note that  hasthe properties similar to those of the map G in Proposition 4. Namely,
(1) isCl in(xy;t);
2 (;0=idand ( ;1)= ;
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(3) forany t 2 [0;1]the map ( ;t):D? S'! D? S'isarea-preserving;
(4 (xy;1) = o (%y).0);
B) ( x;y;t) =1id for x 2 U.
Set
H=f(;yt):x2D2%y2Sht2][0;1]g=
with the identi cation  1: (x;y;1) = (T(X;y);0) = (9(x); T (x)(y);0) and
K=f(xy;t):x2D%y2S:t2][0;1]g=
with the identi cation 2. (X;y;1) = ( T(x;y);0) = ( (9(X); T (x)(¥));0). Considerthe
di eomorphism G:H ! K givenby
Gxy;t) = ( xyit)sn);
where  1(x;y;t) for eadh t is the inverseof . Note that T itself is di eotopic to S. Let
G be the di eomorphism K ! K °%where K %is the suspension manifold of the suspension
ow over S. The manifold K ®is di eomorphic to N = D2 S! Sl f 8:K% N then
F=G G B®:H! Nisadi eomorphism.
Let Z bethe vector eld on H of the suspension ow over R . Obviously, Z = (0;0;1) is
divergencefree. SetY = dFZ. SinceF (x; y;t) = (G(x;1);y;t) for (x; y;t) in aneighborhood
U of the boundary of H then for (x;y;t) 2 U,

YEYD) = YEk 0= Sxnion
Let X bethe vector eld on N de ned by the formula
@s
X = —(x1);0 (x) ;
@( ):0; (%)

where (x) satis es Conditions (A1) { (A3). Clearly, X is divergencefree and the ow
generatedby X hasall the desired properties.
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