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Dedicated to Anatole Katok on the occasion of his 60th birthday.

Abstra ct. We show that every compact smooth Riemannian manifold M of dim M � 3,
admits a volume-preserving Bernoulli 
o w with non-zero Lyapunov exponents except for
the Lyapunov exponent along the direction of the 
o w.

1. Intr oduction

In [DP], Dolgopyat and Pesinobtained an a�rmativ e solution to the long-standing prob-
lem of whether a compact smooth Riemannian manifold admits a volume-preservingergodic
(Bernoulli) di�eomorphism with non-zeroLyapunov exponents. In this paper we discussa
continuous time version of this problem and we prove the following result.

Theorem 1. Given a compact smooth Riemannian manifold M of dimM � 3, there exists
a C1 
ow f t such that for each t 6= 0,

(1) f t preservesthe Riemannian volume � on M ;
(2) f t has non-zero Lyapunov exponents (except for the exponent along the 
ow direc-

tion) at m-almost every point x 2 M ;
(3) f t is a Bernoulli di�e omorphism.

Ac kno wledgmen t. The �nal versionof this paper waswritten when Ya. P. wasvisiting
Research Institute for Mathematical Science(RIMS) at Kyoto University. Ya. P. wish to
thank RIMS for hospitalit y.

2. Constr uction of diffeomorphisms by Ka tok and Brin

In our construction of the 
o w we use a special di�eomorphism of the two dimensional
unit disc D2 constructed by Katok in [K]. We summarisethe description and properties of
this di�eomorphism in the following proposition.

Prop osition 2. There exists a C1 di�e omorphism g : D 2 ! D2 with the following proper-
ties:

(1) g preservesarea on D 2;
(2) g has non-zero Lyapunov exponents almost everywhere;
(3) g is a Bernoulli map;
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(4) dk (g � id) j@D2 = 0 for any k � 0, i.e., on the boundary of the disk g is the identity
map and has all its derivatives zero.

Let us sketch the construction of the di�eomorphism g. We begin with the automorphism

g0 of the torus T2 given by the matrix
�

13 8
8 5

�
. The map g0 has four �xed points

q1 = (0; 0) ; q2 =
�

1
2

; 0
�

; q3 =
�

0;
1
2

�
; q4 =

�
1
2

;
1
2

�
:

In a small neighborhood D i
r = f (s1; s2) : s2

1 + s2
2 � r g of each qi , 0 < r < 1, the map g0 is

the time-1 map of the 
o w given by

_s1 = � (log � )s1; _s2 = (log � )s2;

where � > 1 is the larger eigenvalue of g0 and f s1; s2g is the coordinate system in a neigh-
borhoods of each qi generatedby the eigenvectors of g0.

Then we considerthe map g1 that is conjugate to g0 via a conjugacy � 0 that slows down
the motion near qi . More precisely, g1 is the time-1 map of the 
o w given by

(2.1) _s1 = � (log � )s1 (s2
1 + s2

2); _s2 = (log � )s2 (s2
1 + s2

2)

in D i
r , and g1 = g0 otherwise, where  is a C1 function except at zero and such that

 (0) = 0,  (� ) � 0 for � � 0,  (� ) = 1 for � � r and
Z r

0

s
1

 (� )
d� < 1 :

The map g1 preservesa probabilit y measured� = � � 1
0 � dm, wherem is areaand the density

� is a positive C1 function de�ned by the formula

� (s1; s2) =

(
( (s1

2 + s2
2)) � 1 if (s1; s2) 2 D i

r :
1 otherwise:

Here

� 0 =
Z

T 2
� dm:

Note that � is in�nite at qi .
De�ne the map � 1 by the formula

� 1(s1; s2) =
1

p
� 0(s1

2 + s2
2)

 Z s1
2 + s2

2

0

du
 (u)

! 1=2

(s1; s2)

near each qi and then extend the map to T2 in such a way that � 1 is C1 , commutes with the
involution J (t1; t2) = (1� t1; 1� t2) on T2, and satis�es (� 1)� � = m. Hence,g2 = � 1 � g1 � � � 1

1
is a C1 area preserving map.

Let � 2 : T2 ! S2 be a double branched covering that satis�es � 2 � J = � 2, (� 1)� m = m,
and C1 everywhereexcept for the points qi , where it branchesand near qi ,

� 2(s1; s2) =
1

p
s1

2 + s2
2

(s2
1 � s2

2; 2s1s2):

The map g3 = � 2 � g2 � � � 1
2 is a C1 di�eomorphism of the sphereS2.
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Finally, let � 3 be a C1 map that blows up the point q4 into a circle and makes g =
� 3 � g3 � � � 1

3 to be the desired map of the disk. We refer the reader to [K] (seealso [DP])
for more details.

Note that the map g1 preservesmeasure� and the maps g2, g3 and g preserve area. The
desiredresult follows.

We call the map g Katok's map. We needsomeadditional properties of this map.
Sinceg has non-zeroLyapunov exponents, for almost every x there are global stable and

unstable manifolds, Ws
g(x) and Wu

g (x), at x.
Let Q = f q1; q2; q3g [ @D2 be the discontinuity set of g.

Prop osition 3. The following properties hold:
(1) periodic points of g are everywhere dense;
(2) g possessestwo one-dimensional continuous foliations which are extensionsof the

stableand unstableglobal foliations W s
g (x) and W u

g (x); we wil l use the samenota-
tions for thesefoliations;

(3) there exist neighborhoods U � U1 of @D2 and a vector �eld V in U1 which generates
an area-preserving 
ow gt : U ! D2, � 2 < t < 2 for which gjU = g1.

Proof. Note that the map g1 is topologically conjugate to g0 and Statement 1 follows. State-
ments 2 is proved in [K] (seeLemma 4.1). We prove the last statement. By construction,
near each point qi , the map g1 is the time-1 map of a vector �eld V1. Moreover, near each qi

we have V1(� x) = � V1(x) for any x, see(2.1). It follows that the mapsg2 and g3 near qi are
the time-1 mapsof the vector �elds given by V2 = d� 1 � V1 � � � 1

1 and V3 = d� 2 � V2 � � � 1
2 re-

spectively. Here we should stressthat V3 is well de�ned even though � 2 is a two to onemap.
In fact, near qi we have � 1(� x) = � � 1(x) and � 2(� x) = � 2(x). This givesV2(� x) = � V2(x)
and therefore, for any y near qi , � � 1

2 (y) has two preimagesx and � x at which

(d� 2)� x (V2(� x)) = (d� 2)� x (� V2(x)) = (d� 2)x (V2(x)) :

Now we seethat g is the time-1 map of the vector �eld V = d� 3 � V2 � � � 1
3 . �

The next result shows that the map g is di�eotopic to the identit y map.

Prop osition 4. There exists a map G : D 2 � [0; 1] ! D2 with the following properties:
(1) G(x; t) is C1 in (x; t);
(2) G(�; 0) = id and G(�; 1) = g;
(3) G(x; t) = gt (x) for any x 2 U and t 2 [0; 1], where gt (x) is the 
ow in Proposition 3;
(4) for any t 2 [0; 1] the map G(�; t) : D 2 ! D2 is an area-preservingdi�e omorphism;
(5) dk G(x; 1) = dk G(g(x); 0) for any k � 0.

Proof. Recall that in the neighborhood U of the boundary of D 2 the map g is the time-1
map of the 
o w generatedby the vector �eld V . We extend V to a smooth vector �eld bV
on the whole D2, and let bgt be the 
o w generatedby bV. Note that gjU = bg1jU. We need
the following result of Smale(see[S], Theorem B):

Lemma 5. Let A be the space of C1 di�e omorphisms of the unit square which are equal
to the identity in some neighborhood of the boundary. Endow A with the C r topology,
1 < r � 1 . Then A is contractible to a point.

The statement also holds if the unit square is replaced by the unit disk. Applying the
result to the di�eomorphism g � bg� 1, which is equal to the identit y on U, we obtain a
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homotopy eG : D2 � [0; 1] ! D2 such that eG(�; 0) = id jD2 and eG(�; 1) = bg� 1 � g. Moreover, eG
is C1 in (x; t), i.e., eG is a di�eotop y in A (see[S], Theorem 4). Therefore, for each t 2 [0; 1],
there is a neighborhood Ut of @D2 such that eG(�; t)jUt = id jUt . One can show that the set

U = int
\

t 2 [0;1]

Ut

is not empty and is a neighborhood of @D 2. Denote egt = eG(�; t). It follows that the map
G(�; t) = egt � bgt satis�es Statements 1- 3 of the proposition. To prove Statements 4 and 5,
we needthe following lemma.

Lemma 6. Let f 
 t
0g and f 
 t

1g be two families of volumeforms on D 2 that are C1 in (x; t).
Assumethat 
 t

0jU = 
 t
1jU for any t and 
 t

0 = 
 t
1 for t 2 [0; " ) [ (1 � "; 1]. Then there exists

a map �G : D2 � [0; 1] ! D2 with the following properties:

(1) �G(x; t) is C1 in (x; t);
(2) �G(�; 0) = �G(�; 1) = id;
(3) for any t 2 [0; 1] the map �G(�; t) : D2 ! D2 is a di�e omorphism with �G(�; t) � 
 t

1 =

 t

0;
(4) �G(x; t) = x for any t 2 [0; 1] and x in someneighborhood U0 � U of @D2.

Proof. The argument is a modi�cation of the proof of Moser's theorem ([M]). We follow
here the approach in [KH] (seeTheorem 5.1.27). Let 
 t = 
 t

1 � 
 t
0 and 
 t

s = 
 t
0 + s
 t for

s 2 [0; 1]. We know that 
 t jU = 0. We construct a family of one forms H t such that H t is
C1 in (x; t), dH t = 
 t and H t jU0 = 0 for someneighborhood U0 � U of @D2. Consider a
Euclidean coordinate system (x1; x2) such that D2 = f (x1; x2) : x2

1 + x2
2 � 1g. We have


 t = � t (x)dx1 ^ dx2

and

 t

s = � t
s(x)dx1 ^ dx2

with � t
s > 0. Note that � t jU = 0 and

R
� t dx = 0 for any t 2 [0; 1]. Given a C1 function

� t = � t (x), x 2 D2, t 2 [0; 1], let

E1(� t )(a) =
Z

D 2 \f x 2 = ag
� t (x1; a)dx1

and

E2(� t )(a) =
Z

D 2 \f x 1 = ag
� t (a; x2)dx2

be the expectation of � t along the lines x2 = constant and x1 = constant. We choosethe
function � t such that

E1(� t ) = E1(� t ); E2(� t ) = 0;

and � t jU0 = 0 where U0 � U is a neighborhood of @D 2. Such � t exists. Indeed, chooseany
positive C1 function � such that

R
� dx1 = 1, the support supp� � (� "; " ) for somesmall

" > 0, and then set � t (x1; x2) = � (x1)E1(� t )(x2). Now let

at (x1; x2) = �
Z

D 2 \f (x 1 ;y ): y<x 2 g
� t (x1; y) dy;

bt (x1; x2) =
Z

D 2 \f (y ;x 2 ): y<x 1 g

�
� t (y; x2) � � t (y; x2)

�
dy:
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The 1-forms
H t (x1; x2) = at (x1; x2)dx1 + bt (x1; x2)dx2

satisfy the desiredrequirements.
For each s 2 [0; 1], consider the vector �eld

V t
s = �

bt

� t
s

@
@x1

+
at

� t
s

@
@x2

:

It is well de�ned since � t
s > 0 on D2 and it is C1 in (x; t; s). We also have V t

s jU0 = 0
and 
 t

s(V t
s ; �) = � H t . Let ( �Gt )s : D2 ! D2 be the solution of the di�eren tial equation

dx
ds = V t

s (x) satisfying the initial condition ( �Gt )0 = id. We have that

(d �Gt )1�

 t

1 = (d �Gt )0�

 t

0 = 
 t
0

(see[KH], Theorem 5.1.27for more details). So �Gt = ( �Gt )1 is the desiredmap. �

We proceedwith the proof of the proposition. Consider the map �G as in the lemma with

 t

0 = dx1 ^ dx2 on D2 for any t 2 [0; 1] and 
 t
1 = d~gt � dĝt � 
 t

0. Let �gt = �G(�; t). Then the
map G : D2 � [0; 1] ! D2,

G(x; t) = �gt � ĝt � ~gt

satis�es Statements 1 { 4 of the proposition. If necessaryone can changethe map ~G(�; t) in
a small neighborhood of the set D 2 � 0 and D2 � 1 so that it will also satisfy Statement 5.
For example,one can choose eG in such a way that

eG
� bG(x; t); t

�
= eG

� bG(x; 0); 0
�
; t 2 [0; " ); eG

� bG(x; t); t
�

= eG
� bG(x; 1); 1

�
; t 2 (1 � "; 1]:

Hence,ĝt � ~gt is area-preservingfor any t 2 [0; " ) [ (1� "; 1]. Therefore, by Lemma 6, 
 t
1 = 
 t

0
and �G(�; t) = id for all t 2 [0; " ) [ (1 � "; 1], becausein this case
 t = 0, � t = 0, at = bt = 0
and V t

s = 0 for every s. �

We also need Brin's construction from [B2]. Given n � 5, let A : Tn � 3 ! Tn � 3 be a
hyperbolic automorphism of the (n� 3)-dimensionaltorus and ht : L ! L the suspension
o w
over A with the roof function H = 1, y 2 Tn � 3. The suspensionmanifold L is di�eomorphic
to Tn � 3 � [0; 1]= � , where � is the identi�cation (y; 1) = (Ay; 0). The 
o w ht preserves
volume on L and one can chooseA so that L can be embeddedinto Rn � 1 � S1 with trivial
normal bundle.

3. Pr oof of the theorem: the case dimM � 5

Consider the map
R = g � A : D2 � Tn � 3 ! D2 � Tn � 3;

where g: D2 ! D2 is Katok's di�eomorphism and A : Tn � 3 ! Tn � 3 is the automorphism
from Brin's construction. Consider the suspension 
o w over R with roof function H = 1
and the suspension manifold K = D 2 � Tn � 3 � [0; 1]= � , where � is the identi�cation
(x; y; 1) = (g(x); A(y); 0). In other words, K is the manifold D 2 � Tn � 3 � [0; 1] where the
points (x; y; 1) are identi�ed with the points (g(x); A(y); 0). Denote by Z the vector �eld of
the suspension
o w and by ' t

Z the suspension
o w itself.
For each point (x; y; t) 2 K consider the coordinate system

(3.2) (x1; x2; y1; : : : ; yn � 3; t) = (x; y; t)
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in its neighborhood where x = (x1; x2) 2 D2, y = (y1; : : : yn � 3) 2 Tn � 3 and t 2 [0; 1]. In
this coordinate system, Z = (0; 0; 1).

Set N = D2 � L , where L is the suspension manifold in Brin's construction (see the
previous section). Write N = D 2 � (Tn � 3 � [0; 1]= � ) where � is the identi�cation (y; 1) =
(A(y); 0) for all y 2 Tn � 3.

Consider the map F : K ! N given by

F (x; y; t) = (G(x; t); y; t);

where G : D2 � [0; 1] ! D2 is the di�eotop y constructed in Proposition 4. We have

F (x; y; 1) = (g(x); y; 1) = (g(x); A(y); 0) = F (g(x); A(y); 0):

Therefore, the map F is well-de�ned. It is easyto seethat F preservesvolume, is one-to-one
and continuous. Hence,it is a homeomorphism. Formal di�eren tiation yields

(3.3) dF (x; y; t) =

0

@
Gx (x; t) 0 Gt (x; t)

0 1 0
0 0 1

1

A :

It follows from Statement 5 of Proposition 4 that for every k � 1,

dk F (x; y; 1) = dk F (g(x); Ay; 0)

and hence,F is a C1 di�eomorphism.
Consider the vector �eld Y = dFZ on N and let ' t

Y be the corresponding 
o w. In the
coordinate system (3.2), we have

Y(G(x; t); y; t) =
� @G

@t
(x; t); 0; 1

�
; (x; y; t) 2 K :(3.4)

The vector �eld Y is divergencefree since it is the image of the divergencefree vector �eld
Z under the volume-preservingmap F .

Let us choosea C1 function � : D2 ! [0; 1] such that
(A1) � and all its partial derivativesof any order are equal to zero on @D 2;
(A2) � (x) > 0 for x 2 intD 2, � (x) = 1 for x 2 D2 n U.
De�ne the vector �eld X on N by

X (G(x; t); y; t) =
� @G

@t
(x; t); 0; � (G(x; t))

�
; (x; y; t) 2 K :(3.5)

Note that by Statement 3 of Proposition 4,
@G
@t

(x; t) = V (G(x; t)) for x 2 U. Therefore,

Equalities (3.4) and (3.5) imply that for (x; y; t) 2 N with x 2 U,

Y(x; y; t) = (V (x); 0; 1); X (x; y; t) = (V (x); 0; � (x)) :(3.6)

Let ' t = ' t
X be the 
o w on N generatedby the vector �eld X . It is easyto seethat X

is divergencefree and hence,' t is volume-preserving.

Lemma 7. All but one Lyapunov exponents of the 
ow ' t
X are non-zero almost everywhere.

Proof. We begin with a construction of a map which is similar to Katok's map: it has the
sametopological and hyperbolic properties but doesnot preserve area. It is better adopted
to the 
o w. We will also usethis map in the proof of the ergodicit y of the 
o w.

We assumethat the function � (x) is chosensuch that the following additional condition
holds:
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(A3) � (x) � 1V (x) ! 0 as x ! @D2, where V is the vector �eld de�ned in Statement 3 of
Proposition 3.

Consider the map g� : D2 ! D2 such that g� = g on D2nU and g� is the time-1
map of the 
o w g� t generatedby the vector �eld V � = � � 1V on U1 (seeStatement 3 of
Proposition 3). By (A1) � (A3), the map g� is well de�ned and is a di�eomorphism. It
also satis�es Statements 2 { 4 of Propositions 2 and 3. Note that the map g� preservesa
measure� � which is absolutely continuous with respect to area with positive density � � (x);
the latter is unbounded as x approaches@D 2.

We now proceedas before replacing g by g� . Namely, de�ne G� : D2 � [0; 1] ! D2 by
G� (x; t) = G(x; t) if x 2 X n U, and G� (x; t) = g� t (x) otherwise. Let � t

Z � be the suspension

o w over g� � A with the suspensionmanifold K � = X � Tn � 3 � [0; 1]= � , where � is the
identi�cation (x; y; 1) = (g� (x); A(y); 0) and Z � is the vector �eld of the suspension 
o w.
De�ne the map F � : K � ! N by

F � (x; y; t) = (G� (x; t); y; t)

and let Y � = dF � Z � . We have for x 2 U,

@G�

@t
(x; t) = � (gt (x)) � 1V (gt (x))

and hence,
Y � (G� (x; t); y; t)) = (� (g� t (x)) � 1V (g� t (x)) ; 0; t)

or equivalently ,
Y � (x; y; t) = (� (x) � 1V (x); 0; t):

SinceY � (x; y; t) = Y (x; y; t) for x =2 U, we obtain by (3.6) that X = �Y � .
De�ne the vector �eld ~Z on K � by

~Z (x; y; t) = (dF � )� 1X (F � (x; y; t)) (x; y; t) 2 K � :

It is easy to seethat � t
X = F � � � t

~Z
� F � � 1 and the vector �elds Z � and ~Z have the same

orbits. In other words, there is a function � : K � ! R+ such that for every (x; y; t) 2 K � ,

(B1) ~Z (x; y; t) = � (x; y; t)Z � (x; y; t);
(B2) � (x; y; t) = 0 if x 2 @D 2;
(B3) � (x; y; t) = 1 if x =2 U.

By construction, the 
o w � t
Z � hasnon-zeroLyapunov exponents almost everywhere. Denote

by E s
Z � (x; y; t), E u

Z � (x; y; t), E cs
Z � (x; y; t) and E cu

Z � (x; y; t) the stable, unstable, center-stable
and center-unstable invariant subspacesat the point (x; y; t) 2 K � repectively. Observe that
the subspacesE cs

Z � (x; y; t) and E cu
Z � (x; y; t) are also invariant under the 
o w � t

~Z
. Chosea

point (x0; y0; t0) and a vector v 2 E u
Z � (x0; y0; t0). Note that for almost every (x0; y0; t0) (with

respect to the Riemannian volume) the proportion of time the tra jectory f � t
~Z
(x0; y0; t0)g

spendsin the set f (x; y; t) : x =2 Ug is strictly positive. It follows that the Lyapunov exponent
� (v) at (x0; y0; t0) with respect to the 
o w � t

~Z
is positive. �

Almost every point (x0; y0; t0) 2 N hasstable, unstable, center-stable and center-unstable
global manifolds W s

X (x0; y0; t0), W u
X (x0; y0; t0), W cs

X (x0; y0; t0) and W cu
X (x0; y0; t0) with re-

spect to the 
o w ' t
X . Similarly, almost every point (x0; y0; t0) 2 K � has stable, un-

stable, center-stable and center-unstable global manifolds W s
~Z
(x0; y0; t0), W u

~Z
(x0; y0; t0),

W cs
~Z

(x0; y0; t0) and W cu
~Z

(x0; y0; t0) with respect to the 
o w ' t
~Z
. By Proposition 2 these
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foliations can be extendedto foliations which are continuous everywhereexcept for the dis-
continuit y set Q � Tn � 3 � [0; 1]= � . We will use the same notations for these foliations.
Observe that

(3.7) � x (W cs
~Z (x0; y0; t0)) = W s

g� (x0); � x (W cu
~Z (x0; y0; t0)) = W u

g� (x0)

and

(3.8) � y (W cs
~Z (x0; y0; t0)) = W s

A (y0); � y (W cu
~Z (x0; y0; t0)) = W u

A (y0);

where � x : K � ! D2 and � y : K � ! Tn � 3 are natural projections.
We say that two points z; z0 2 N are accessibleif there are points z = z0; z1; : : : ; z` � 1; z` =

z0; zi 2 N such that zi 2 W u
X (zi � 1) or zi 2 W s

X (zi � 1) for i = 1; : : : ; `. The collection
of points z0; z1; : : : ; z` is called a path connecting z and z0 and is denoted by [z; z0] =
[z0; z1; : : : ; z` ]. Accessibility is an equivalencerelation. We say that the time-t map of the

o w ' t

X has accessibility property if the partition into accessibility classesis trivial (i.e. any
two points z; z0 are accessible)and to have essential accessibility property if the partition
into accessibility classesis ergodic (i.e. a measurableunion of equivalenceclassesmust have
zeroor full measure). Similarly, onede�nes (essential) accessibility of the time-t map of the

o w ' t

~Z
using its global stable and unstable foliations.

Lemma 8. For every t the time-t map of the 
ow ' t
X has essentially accessibility property.

Moreover, for any set E of zero measure and almost any two points z; z0 =2 E one can �nd a
path [z; z0] = [z0; z1; : : : ; z` ] such that each zi =2 E.

Proof. It su�ces to establishessential accessibility property of the time-t map of the 
o w ' t
~Z
.

Note that the map g� has essential accessibility property, indeed, any two points outside
of the discontinuit y set Q are accessible. Note also that the automorphism A in Brin's
construction is accessible.Denote by Q� = f (x; y; t) 2 K � : x 2 Q; y 2 Tn � 3; t 2 [0; 1]g. Fix
t and consider the time-t map of the 
o w ' t

~Z
. Relations (3.7) and (3.8) imply that for any

two points (x; y) and (x0; y0) 2 D2 � Tn � 3 and any t 2 [0; 1] the point (x; y; t) is accessible
to a point (x0; y0; t0). In particular, any point (x; y; t) 2 K � n Q� is accessibleto a point in
� p;q = f (p;q; t0) 2 K � : t0 2 [0; 1]g for somep 2 D 2 and q 2 Tn � 3. It remains to show that
any two points in � p;q are accessible.

Let q 2 Tn � 3 be a periodic point of the automorphism A in Brin's construction and p,
p0 be two periodic points of g� such that the orbit of p and the orbit of p0 except for p0

itself (under g� ) lie outside the neighborhood U. Consider local stable and unstable leaves
(curves) at p and p0, V s

g� (p), V u
g� (p), V s

g� (p0), and V u
g� (p0). One can choosepoints p and p0

such that the local unstable leaf from p to V u
g� (p) \ V s

g� (p0), and the local stable and unstable
leavesfrom p to V s

g� (p) \ V u
g� (p0) also lie outside the neighborhood U.

For a point (p;q; t) 2 � p;q , let 
 u
p � W u

~Z
(p;q; t) and 
 s

p � W s
~Z
(p;q; t) be the curvessuch

that � x (
 u
p ) � V u

g� (p), � y (
 u
p ) = q and � x (
 s

p) � V s
g� (p), � y (
 s

p) = q. Since 
 u and 
 s lie
outside U and the point (p;q) is periodic, the t coordinate of a point remains unchanged
when this point moves along 
 u

p from (p;q; t) toward 
 u
p \ � � 1

x (V u
g� (p) \ V s

g� (p0)) \ � � 1
y (q).

Sodoesthe t coordinate of a point moving along 
 s
p from (p;q; t) toward 
 s

p \ � � 1
x (V u

g� (p0) \
V s

g� (p)) \ � � 1
y (q). On the other hand, for a point (p0; q; � ) 2 � p0;q , if we choose
 u

p0 and 
 s
p0

in a similar way, then the third coordinate � increaseswhen a point movesalong 
 u
p0 from

(p;q; � ) toward 
 u
p \ � � 1

x (V u
g� (p0) \ V s

g� (p)) \ � � 1
y (q) and the third coordinate � decreases

when a point movesalong 
 s
p0 from (p;q; � ) toward 
 u

p \ � � 1
x (V u

g� (p) \ V s
g� (p0)) \ � � 1

y (q) (we
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assumethat � (p0) < 1). We can now use the argument in [DHP] (seethe proof of Lemma
B.4) to obtain that the point (p;q; t) is accessibleto somepoint (p;q; t0) 2 � p with t0 < t,
and then any two points in � p are accessible.This show that for every t the time-t map of
the 
o w ' t

X has essentially accessibility property.
Let us note that for any zero measureset in the disk and almost any two points outside

this set there exists a path for Katok's map which consistsof points lying outside this set.
Similar statement holds for the automorphism in Brin's construction.

To complete the proof consider a set E of zero measure. For almost any two points
z; z0 =2 E and almost every points w and w0 closeto (p;q) one can �nd paths connecting the
point z to (w; s) and z0 to (w0; s0) for somes and s0 such that every point in thesepaths lies
outside E. Note that the quadrilateral path from (p;q; t) to (p;q; t0) in the above argument
can be replacedby a nearby paths from (w; s) to (w0; s0) such that both (w; s) and (w0; s0)
and all other points in the path do not belong to E. The desiredresult follows. �

Lemma 9. The 
ow ' t
X on N is Bernoulli.

Proof. By results in [P3], a 
o w with non-zero Lyapunov exponents is Bernoulli if it is a
K -
o w, i.e., the Pinsker algebraP, (the largest subalgebrafor which � t jP haszeroentropy),
is trivial.

Let B be the � -algebraof Borel subsetsin N and A � B a subalgebra. Denoteby Sat0(A)
the saturation of A by setsof measurezero, that is,

Sat0(A) = f B 2 B : there exists A 2 A such that � (A 4 B ) = 0g

(where � is volume). Let Ss (respectively, Su ) be the subalgebraof Borel sets that consist
of whole stable (respectively, unstable) leaves, that is, for E 2 Ss (respectively, E 2 Su )
and x 2 E we have W s

X (x) � E (respectively, W u
X (x) � E ). By [P2] (seeTheorem 2), the

Pinsker algebraP is contained in Sat0(Ss). Similarly, P is contained in Sat0(Su ). Therefore,
P is contained in Sat0(Su ) \ Sat0(Su ) and we wish to show that this intersection is the trivial
algebra.

Let A � Sat0(Su ) \ Sat0(Su ) with � (A) > 0. We shall show that � (A) = 1. Recall that a
point x 2 N is a density point of A if

lim
r ! 0

� (B (x; r ) \ A)
� (B (x; r ))

= 1:

Denote by D(A) the set of density points of A. By the Lebesgue-Vitali theorem D(A) = A
(mod 0) and hence, it su�ces to show that � (D (A)) = 1. Let E1 the complement of
D (A) [ D (N nA). Applying again the Lebesgue-Vitali theorem we obtain that � (E1) = 0.

Recall that the di�eomorphism g� : D2 ! D2 has non-zero Lyapunov exponents and
results of smooth ergodic theory applies (see [BP] for relevant notions and details). Let
R` � D2 be the regular set (of level `) for g� . The set

S
` R` has full measurein D2 and so

doesthe set R =
S

` D(R` ).
For x 2 D2 and outside the discontinuit y set let 
 s

g� (x; r ) and 
 u
g� (x; r ) be arcs in V s

g� (x)
and V u

g� (x) centered at x of length r .
Choosetwo points x and x0 outside the discontinuit y set which are su�cien tly closeto

each other. Consider the holonomy map � : V s
g� (x) ! W s

g� (x0) generatedby the family of
local leaves V u

g� (y); y 2 V s
g� (x). Since the foliation W s

g� is absolutely continuous the map
� moves the conditional measure(length) � s

x on V s
g� (x) to a measureon V s

g� (x0) which is
absolutely continuous with respect to � s

x 0. The Jacobian Jac(� )(y) is not bounded. It is
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however bounded if we allow y to run over the set V s
g� (x) \ R` . More precisely, for every

x 2 R` there is J = J (`) such that

(3.9) � s
x 0(� (V s

g� (x) \ R` )) � J � s
x (V s

g� (x) \ R` ):

Sincex0 2 D(R` ) without lossof generality we may assumethat for su�cien tly small r ,

(3.10) � s
x 0(
 s(x0; 3J r ) \ R` ) � 0:9� s

x 0(
 s(x0; 3J r )) :

We claim that

(3.11) � (
 s(x; r )) � 
 s(x0; 3J r )

for all su�cien tly small r . Indeed, if (3.11) doesnot hold then � s
x 0(
 0) � 3J r where
 0 = � (
 )

is the longer component of � (
 s(x; r )) n f 0g and 
 = � � 1(
 0) � 
 s(x; r ). By (3.10), we have

� s
x 0(
 s(x0; 3J r ) \ 
 0 \ (N n R` )) � 0:2� s

x 0(
 s(x0; 3J r ) \ 
 0):

It follows that

� s
x 0(� (
 s(x; r )) \ R` ) � � s

x 0(
 s(x0; 3J r ) \ 
 0 \ R` ) � 0:8� s
x 0(
 s(x0; 3J r ) \ 
 0)

� 0:8 � 0:5 � s
x 0(
 s(x0; 3J r )) � 0:4 � 3J � s

x 0(
 s(x0; 3J r )) > J � s
x (
 s(x; r )) ;

contradicting to (3.9).
Let E2 be the set of (x; y; t) 2 N , where x 2 D 2 with x =2 D(R` ) for any ` > 0, y 2 Tn � 3

and t 2 R. Clearly, � (E2) = 0. Let E = E1 [ E2. We have � (E) = 0.
Choosea point z 2 D(A) n E and a point z0 2 V u

X (z) n E (recall that V u
X (z) is a local

unstable manifold at z for the 
o w � t
X ). Consider the holonomy map � : V cs

X (z) ! W cs
X (z0)

generatedby the family of local unstable manifolds of � t
X (here V cs

X (z) is a local center-
stable manifold at z and W cs

X (z0) is the global center-stable manifold at z0 for the 
o w � t
X ).

Consider a small ball B cs(z; r ) � V cs
X (z) centered at z. By (3.11), the sizeof � (B cs(z; r )) in

the stable direction E s
g� (z) of the disc is bounded by C1r for someC1 > 3J independent of

r . Sincethe stable foliation W s
A of the torus is smooth, the sizeof � (B cs(z; r )) in the stable

direction E s
A (z) is bounded by C2r for someC2 > 0. Also, the size of � (B cs(z; r )) in the

central direction is bounded by C3r for someC3 > 0. Hence,the point z0 cannot belong to
D(N n A). Note that z =2 E implies z0 2 D(A) [ D (N n A) and hence,z0 2 D(A).

We shall now show that � (A) = 1. By Lemma 8, for almost every point z0 2 N n E one
can �nd a point z 2 D(A) n E such that z and z0 are accessiblethrough a path z0; : : : ; z`

such that zi =2 E. Repeating the above arguments we obtain that z1; : : : ; z` = z0 2 D(A).
Hence,� (D (A)) = 1. The desiredresult follows. �

By identifying someboundary points, it is easyto seethat the manifold N can be mapped
onto the n-dimensional disc D n via a map � : N ! Dn such that � (N ) = Dn and � jint( N )
is a di�eomorphism. Since X j@N = 0, d� (X ) is smooth on D n . There is also a mapping
 : Dn ! M (see [K]), and the vector �eld d d� (X ) generatesthe 
o w with the desired
properties.

4. Pr oof of the theorem: the case dimM = 3 and 4

In the casedimM = 3, the proof is essentially the same. Consider the suspension 
o w
over g with roof function 1. The suspension manifold K = D 2 � [0; 1]= � (where � is the
identi�cation (x; 1) = (g(x); 0)) is di�eomorphic to N = D 2 � S1 = f (x; t) : x 2 M ; t 2
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[0; 1]g= � (where � is the identi�cation (x; 0) = (x; 1)). Let Z be the vector �eld of the
suspension
o w. For each (x; t) 2 K we have Z = (0; 1).

Let F : K ! N be given by F (x; t) = (G(x; t); t) (seeProposition 4). We have

dF(x; t) =
�

Gx (x; t) Gt (x; t)
0 1

�
:

Consider the vector �eld Y = dFZ . Note that

Y (G(x; t); t) =
� @G

@t
(x; t); 1

�
:

De�ne the vector �eld X on N by

X (G(x; t); t) =
�

@G
@t

(x; t); � (G(x; t))
�

;

where � (x) is a C1 function on D2 satisfying Conditions (A1) { (A3). The vector �eld X
is divergence-freeand the 
o w � t

X has all the desiredproperties.
In the casedimM = 4 we start with a Bernoulli map with non-zeroLyapunov exponents

on a 3-manifold constructed in [DP]. More precisely, de�ne

S = g � id : D2 � S1 ! D2 � S1:

Let T(x; y) = (g(x); T
 (x )y) : D2 � S1 ! D2 � S1, where T
 (x ) is rotation by 
 (x). Here

 : D2 ! R is a nonnegative C1 function which is equal to zero in a small neighborhood of
the discontinuit y set Q = f q1; q2; q3; @D2g � S1 and is positive elsewhere.

It is shown in [DP] that the function 
 can be chosen so that the map T is robustly
accessible, i.e., any C1 perturbation R of T is accessibleprovided R coincideswith T in a
small neighborhood of the discontinuit y set Q. Moreover, there is a perturbation R of T
which has non-zero Lyapunov exponents and is of the form R = � � T . Here the map �
di�ers from id in a small neighborhood of a point z0 2 D2 � S1 which lies outside a small
neighborhood U of the set Q. To describe the perturbation � considerthe coordinate system
� = f � 1; � 2; � 3g in an open disc B (z0; � ) of asu�cien tly small radius � centred at z0 such that

(1) dm = d� ;
(2) E c

T (z0) = @=@� 1, E s
T (z0) = @=@� 2, E u

T (z0) = @=@� 3.
Let  (t) be a C1 function with support in (� �; � ). Set � = k� k2=
 2 and

� � 1(� ) = (� 1 cos(� (� )) + � 2 sin(� (� )) ; � � 1 sin(� (� )) + � 2 cos(� (� )) ; � 3):

Choosea function b (x; t) : R � [0; 1] ! R with the following properties

(1) b (x; 0) = 0 and b (x; 1) =  (x) for any x 2 R;
(2) b is C1 in x and t and b 0

t (x; t) = 0 for t = 0; 1 and x 2 R;
(3) k b (x; t)kr < � for all t 2 [0; 1].

De�ne the map 	 : D2 � S1 � [0; 1] ! D2 � S1 by the formula

	( x; y; t) = � t (x; y);

where

� t (� ) = (� 1 cos(� b (� ; t)) + � 2 sin(� b (� ; t)) ; � � 1 sin(� b (� ; t)) + � 2 cos(� b (� ; t)) ; � 3):

Note that 	 has the properties similar to those of the map G in Proposition 4. Namely,
(1) 	 is C1 in (x; y; t);
(2) 	( �; 0) = id and 	( �; 1) = � ;
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(3) for any t 2 [0; 1] the map 	( �; t) : D 2 � S1 ! D2 � S1 is area-preserving;
(4) 	 t (x; y; 1) = 	 t (� (x; y); 0);
(5) 	( x; y; t) = id for x 2 U.

Set
H = f (x; y; t) : x 2 D2; y 2 S1; t 2 [0; 1]g= � 1

with the identi�cation � 1: (x; y; 1) = (T(x; y); 0) = (g(x); T
 (x ) (y); 0) and

K = f (x; y; t) : x 2 D2; y 2 S1; t 2 [0; 1]g= � 2

with the identi�cation � 2: (x; y; 1) = (� � T (x; y); 0) = (� (g(x); T
 (x ) (y)) ; 0). Consider the
di�eomorphism ~G : H ! K given by

~G(x; y; t) = (	 � 1(x; y; t); t);

where 	 � 1(x; y; t) for each t is the inverseof 	. Note that T itself is di�eotopic to S. Let
�G be the di�eomorphism K ! K 0 where K 0 is the suspension manifold of the suspension

o w over S. The manifold K 0 is di�eomorphic to N = D2 � S1 � S1. If bG : K 0 ! N then
F = ~G � �G � bG : H ! N is a di�eomorphism.

Let Z be the vector �eld on H of the suspension
o w over R . Obviously, Z = (0; 0; 1) is
divergencefree. Set Y = dFZ . SinceF (x; y; t) = (G(x; t); y; t) for (x; y; t) in a neighborhood
~U of the boundary of H then for (x; y; t) 2 ~U,

Y(F (x; y; t)) = Y (G(x; t); y; t) =
�

@G
@t

(x; t); 0; 1
�

:

Let X be the vector �eld on N de�ned by the formula

X =
�

@G
@t

(x; t); 0; � (x)
�

;

where � (x) satis�es Conditions (A1) { (A3). Clearly, X is divergencefree and the 
o w
generatedby X has all the desiredproperties.
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