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1. INTRODUCTION
1.1. Motivation.

1.1.1. Smooth ergodic system$he flows and maps that arise from equa-
tions of motion in classical mechanics preserve volume erptiase space,
and their study led to the development of ergodic theory.

In statistical physics, the Boltzmann—Maxwell ergodic bijgesis, de-
signed to help describe equilibrium and nonequilibriumteys of many
particles, prompted a search for ergodic mechanical systdm geome-
try, the quest for ergodicity led to the study of geodesic §an nega-
tively curved manifolds, where Eberhard Hopf provided thst fand still
only argument to establish ergodicity in the case of nontzonly nega-
tively curved surfacesy[/]. Anosov and Sinai, in their aptly entitled work
“Some smooth Ergodic Systemsl’(] proved ergodicity of geodesic flows
on negatively curved manifolds of any dimension.

With the development of the modern theory of dynamical systand
the availability of the Birkhoff ergodic theorem the impetio find ergodic
dynamical systems and to establish their prevalence grewgstr. Birkhoff
conjectured that volume-preserving homeomorphisms ofnapeat mani-
fold are generically ergodic.

1.1.2. Hyperbolicity. The latter 1960s saw a confluence of the investigation
of ergodic properties with the Smale program of studyingctiral stabil-
ity, or, more broadly, the understanding of the orbit stuoetof generic
diffeomorphisms. The aim of classifying (possibly genedgnamical sys-
tems has not been realized, and there are differing views hwthver it
will be. Current efforts in this direction are related to fRalis conjecture
(see I]). A promising step towards understanding generic smogstess
would clearly be an understanding of structurally stabkespand one of the
high points in the theory of smooth dynamical systems istthiathas been
achieved: Structural stability has been found to chareetéryperbolic dy-
namical systems’].

Structural stability implies that all topological proped of the orbit struc-
ture are robust. Of these, topological transitivity has digalarly natural
measurable analog, namely, ergodicity. On one hand, tbénst topolog-
ical transitivity of hyperbolic dynamical systems motedtthe search for
broader classes of dynamical systems that are robustlgitiken[30]. On
the other hand, this, and the fact that volume-preservipgtyolic dynam-
ical systems are ergodic (with respect to volume) may haddllegh and
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Shub to pose a question at the end=af that amounts to asking whether er-
godic toral automorphisms as¢ably ergodici.e., whether all their volume-
preservingC*-perturbations are ergodic. They later conjectured thedtlst
ergodicity is open and dense among volume-preservinggtigitiyperbolic
C?-diffeomorphisms of a compact manifold.

1.1.3. Partial hyperbolicity. In this chapter we aim to give an account of
significant results about partially hyperbolic systemse Plervasive guid-
ing principle in this theory is that hyperbolicity in the $gs provides the
mechanism that produces complicated dynamics in both gadgical and
statistical sense, and that, with respect to ergodic pti@selit does so in
essence by overcoming the effects of whatever nonhyperblgihamics
may be present in the system.

We should point out from the start that the desired dynantgoalities
(such as transitivity and ergodicity) are of an indecompdig type and
evidently fail, for example, for the cartesian product offamosov diffeo-
morphism with the identity. Accordingly, suitable extrgdogheses of some
sort will always be present to exclude this obvious redlitypand other
less obvious onessgction 7.

The ideas and methods in the study of partially hyperbolicadyical sys-
tems extend those in the theory of uniformly hyperbolic dyical systems,
parts of which are briefly presented i#][and go well beyond that theory
in several aspects. Outside of these Handbook volumesuatscof uni-
formly hyperbolic dynamical systems from many points ofwiabound;
[67] provides a textbook exposition that provides sufficientkgaiound. A
condensed version of the material fro6¥] on hyperbolicity is contained
in [31], which adds a useful account of absolute continuity anddigity
in that context. Partial hyperbolicity is also surveyedin,[79], with dif-
ferent emphasis. The one source that provides the mostgpadatsults
only stated here is’[/], which we recommend for further study of the sub-
ject. The study of partial hyperbolicity developed with telgjects in mind:
stable ergodicity and robust transitivity. We pay morerdtta to the first
of these, and the recent book by Bonatti, Diaz and Viana ¢overs the
second one in more detail.

1.1.4. Extensions of classical complete hyperboliciyhile classical hy-
perbolicity appeared in the 1960s, partial hyperbolicigswntroduced in
the early 1970s by Brin and Pesia(] motivated by the study of frame
flows, and it also arose naturally from the work of Hirsch, Pagd Shub
on normal hyperbolicity{q].

Partial hyperbolicity is but one possible extension of tb&an of classi-
cal (complete) hyperbolicity, or, in fact, a pair of extesrss. Classical hy-
perbolicity can be described as requiring that the possibiorm rates of
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exponential relative behavior of orbits come in two coliecs on either side
of 1 or by requiring that the Mather spectrum of the syst&nsection 2)3
consists of parts inside and outside of the unit circle. idlanyperbolicity
(in the broad sense&)efinition 2.1 merely requires that the Mather spec-
trum consists of two parts that are separated by some cieciteied at the
origin (not necessarily the unit circle), and partial hygeicity (in the now
prevalent narrower sensegfinition 2.7) requires that the Mather spectrum
has 3 annular parts of which the inner one lies inside theairtite and the
outer one lies outside of the unit circlé{eorem 2.1k

There has been some shift in terminology over time, and wkatthy
is meant by “partial hyperbolicity” without a further attrite often has to
be inferred from the context. Furthermore, there are siifianvariations
in naming the various “flavors” of this notion. Partial hypelicity in the
broad sense is the concept for which one can extend the tbé&oyariant
distributions and foliations from the context of classicamplete hyper-
bolicity in the most direct way (the corresponding results presented in
Sections2 and3). These are also the results that describe the stability of
trajectories and usually precede the study of topologicdlergodic prop-
erties of the system. Accordingly, in those early days, tipy hyperbolic”
by itself referred to the broader notionrefinition 2.1 (This notion is also
known in the study of ordinary differential equations as piesence of a
dichotomy We will not use this synonym.) The results on central and in-
termediate distributions and foliations as well as actdgyiare of interest
principally when one considers partially hyperbolic syssan the narrower
sense oDefinition 2.7 where a central direction is present (as well as two
more directions that have stronger contraction and expansspectively).
This therefore used to be called “partial hyperbolicityhe harrow sense”,
but recent work has so much focused on this situation thath&nnarrow
sense” is usually dropped. In this respect we conform to tineeat major-
ity choice, but retain the option of emphasizing greateregaiity by using
the notion of partial hyperbolicity in the broad senseéefinition 2.1,

One can weaken the notion of partial hyperbolicity in thedorcsense
to a semiuniform one, namely to that of havinglaminated splittind4],
the rates are separated by a uniform factor but the locatidheogap is
allowed to vary with the point (see pagé). Put differently, partial hyper-
bolicity directly constrains the Mather spectrum (sagbsection 2)8and
the presence of a dominated splitting does not. Since pasterbolicity
implies the presence of a dominated splitting, results gader dynamical
systems with a dominated splitting apply to those d3efinition 2.1 Dom-
inated splittings appear in work directed at the (strongdjsanjecture (that
the C'-generic diffeomorphism is eithél-stable or the limit of diffeomor-
phisms with homoclinic tangencies or heterodimensionelbs) /], but the
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objectives of this chapter versus those in that by PujalsSardbarino 4]
are fairly different. As one intriguing connection one ntigbint out that it
seems reasonable to suppose that the presence of a donsiphttaty may
be necessary for stable ergodicity [/9]; indeed, this is true for an open
dense set of such systems4], see also |9, Theorem 19.1]). On the other
hand, stably ergodic systems need not be partially hyperpol]. Close
on the heels of the introduction of partial hyperbolicityreaanother funda-
mental extension of the theory of uniformly hyperbolic dgmeal systems
in a different direction. Relaxing the assumption on umifaiates by hy-
potheses on the Lyapunov exponents leads to the study ofuble bmoader
class of nonuniformly hyperbolic dynamical systems, whiels flourished
since the 1970s and is presented’inl]. While this is an extension in a
different direction, there are significant points of inemrson with the the-
ory of partial hyperbolicity, some of which we mention in deeurse (see
Definition 6.3, and whose importance is likely to grow.

Indeed, it is natural to proceed further to the study of systén which
both uniformity and completeness of hyperbolicity are gegh, and this
theory of nonuniformly partially hyperbolic dynamical $gsis is described

in [1].

1.2. Outline. This chapter consists of three major portions, each of which
is summarized below. The first of these introduces the basinidons and
those parts of the theory that are most directly analogogst@sponding
ones in the theory of uniformly hyperbolic systems. The sdcpart ex-
amines the central and intermediate distributions anatiols, which has

a quite different character. The third part explores acb#iyg, ergodicity

and stable ergodicity.

1.2.1. Basic notions and results (Sectiohsind 3). We first (in Section 2
present various definitions of partial hyperbolicity as veed basic exam-
ples. Conceptually the most “compact” way of thinking abauaiform
partial versus complete hyperbolicity is in terms of the Matspectrum
(Subsection 2)3 where partial hyperbolicity amounts to having other pos-
sibilities for the radii and number of rings.

We then proceed to a discussion of the invariant structussscaated
with the various spectral rings. These come in two fundaailgndistinct
classes.Section 3is an unsurprising generalization of the stable manifold
theory for uniformly hyperbolic dynamical systems to paliyi hyperbolic
ones. It produces, in the presence of different rates ofraotibn or expan-
sion, a hierarchy of fast stable or fast unstable manifdidsd¢orresponds to
collections of “inner” or “outer” rings of the Mather spewtn, respectively.
We briefly discuss their regularity, including absolute tauity, which is
important for the ergodic theory of partially hyperbolicsggms. Neither
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the phenomena nor the methods here are particularly uneggiven any
familiarity with the classical stable manifold theory.

1.2.2. Central and intermediate foliations (Sectiofis). The study of the
central distribution turns out to be quite a different matt€he Hirsch—
Pugh—-Shub theory of normal hyperbolicity helps controhtibie (moder-
ate) regularity of its leaves and provide some robustnessnperturbation—
once the central foliation is known to exist. Existence isgner delicate
matter and is known only under several rather stringentrapsans, while
nonexistence is an open property. We present some weak tdrimegra-
bility that are more easily obtained. Here the integral rfdds for different
points may intersect without coinciding, i.e., one doesaiméin a foliation
in the proper sense.

Considering this as the study of the invariant structures@ated with
the central ring of the Mather spectrum, it is natural to de shme with
other rings in the Mather spectrum as well, and the assatciatermediate
distributions and foliations turn out to be even more dédica

Sectionst and5 study primarily topological aspects of these distribusion
and foliations, and irsection 6we turn to measurable aspects. We discuss,
using examples and general constructions, the possilledaif the central
foliation to be absolutely continuous. On one hand we pitassults to the
effect that even when the central distribution is integedbla foliation with
smooth leaves, absolute continuity may indeed fail in thestvpossible
way: There is a set of full measure that intersects almostydeaf in a
bounded number of points only. On the other hand, there deace to
support the widely held surmise that singularity of the carfoliation is not
only possible, but indeed typical. It would not be an oveestent to say
that for a partially hyperbolic system to be stably ergotticentral foliation
has to fail to be absolutely continuous in most cases.Sséeection 6.for
details.

1.2.3. Accessibility and ergodicityAs we will explain more carefully, the
previously mentioned Hopf argument to establish ergogiaties on the
local product structure; in a uniformly hyperbolic dynaalisystem any
two nearby points have a heteroclinic point, i.e., the Istable leaf of one
point intersects the local unstable of the other. In paldicwne can take a
short curve in the local stable leaf of the first point to theigection point
and concatenate it with a short arc in the unstable manifbttiesecond
point to join the points by what one then calls &path Qefinition 7.7). In
a partially hyperbolic system this certainly fails when thve foliations are
jointly integrable, such as in the case of (Anosowdentity). A priori there
could be a whole spectrum of intermediate possibilities:
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¢ the foliations are jointly integrable in some places butinaithers,
e the foliations are both subordinate to a common foliatioth\eaves

of dimension larger than the sum of stable and unstable diiroes,
e nearby points might only be connectabledypaths with long arcs,
¢ it might take multiple concatenations o$-paths.

Whether any of these possibilities are indeed realizalvianes to be seen.
But it is conjectured that generically only one possibibigcurs: Any two
points are accessible, i.e., can be connecteddy@ath with finitely many
legs.

Accordingly, the next 2 sections of this chapter are devtaetie notion
of accessibility which has become a central idea in the study of partially
hyperbolic systemsSection 7presents this concept, and this enables us to
present next the Pugh—Shub ergodicity theory of partiafigenbolic dy-
namical systems iection 8

Finally, we discuss Sinai—Ruelle—-Bowen measures (or ‘ghysnea-
sures”) in the last section.

It is a pleasure to thank Michael Brin, Keith Burns, Dmitry IBopyat,
Marcelo Viana and Amie Wilkinson for significant help withetlriting of
this chapter.

2. DEFINITIONS AND EXAMPLES

2.1. Definition of partial hyperbolicity. Our basic definitions require 2-
sided estimates of the norms of images of linear maps, anidl hevconve-
nient to have a compact notation at our disposal. SuppoHé are normed
linear spacesA: V — W alinear map and/ C V. Then we define the
normandconormof A restrictedto U by

[A T U = sup{[[Av[|/[]o]| | v € U~ {0}},
LA T U]|| == mf{[[Av[[/[[o]] | v € U~ {0}} .

2.1.1. Partial hyperbolicity in the broad sensé&he first and broader defi-
nition of partial hyperbolicity is modeled on that of hypelicity, where the
rates of exponential behavior are separated by the uniéclyg considering
separation by a different circle:

Definition 2.1. Consider a manifold//, an open subséf and an embed-
ding f: U — M with an invariant set\. Then f is said to bepartially
hyperbolic(in the broad sense) af, or A is said to be a partially hyper-
bolic invariant set off in the broad sense(] if A is closed and there exist
numbers) < A < u, ¢ > 0, and subspaces, () and E,(z) for all x € A,
such that
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(1) Ey(x) and E,(z) form an invariant splitting of the tangent space,
le.,

T.M =FE;(z) ® Ex(x),
d.fEi(z) = E\(f()), dofEx(z) = Ea(f(2));
(2) if n € Nthen|d,f" | Ei(z)]| < cAN"andc™ ™ < ||dof™ 1
Ey(x)]-
If A < 1 the subspacé’;(z) is stable (in the usual sensd) and will be

denoted byE*(z). If 1 > 1 the subspacés(x) is unstable, and we use the
notationE(z).

(2.1)

Clearly, either\ < 1 or u > 1 (or both) and without loss of generality we
assume the former.

Remark 2.2. In [55, p. 53] this is called (absolute) “pseudo-hyperbolicity”,
andin PZ], “ (A, p)-splitting”.

A diffeomorphismf of a smooth compact Riemannian manifold is said to
bepartially hyperbolic in the broad sensighe whole manifold is a partially
hyperbolic set forf in the broad sense.

2.1.2. Lyapunov metricslf 0 < A < X < /' < p define theLyapunov
inner productor Lyapunov metrig-, -)’ by
(v,w), = Z (df*v, dfk’IU)fk(m))\/_Zk for v, w € Ey(x),

k=0
00

(v,w), = Z (df v, df_kw)ffk(m),ulzl€ for v, w € Ey(x),

k=0
<U>w>; = 'U1>w1>; + <122, w2>;

forv =wv +vy € T,M andw = wy + we € T, M with v;,w; € Ei(x)

andwvy, ws € Es(z). The inducedLyapunov normin 7, M is denoted by
|- I Then£(Ei(x), Es(x)) = 7/2, |v]l./v2 < [0, < ¢llv]l., and
ldf T Ev(x)|" < N, [|df 1 T Ex(2)]]" < (/)71

Proposition 2.3. An embedding is partially hyperbolic in the broad sense
if and only if there are a (not necessarily smooth) Riemammietric|| - ||,
numbers

(22) 0< A < < Ay < Mo with < 1,
and an invariant splitting
(2.3) T.M = Ey(x) ® Ey(z), dfEj(x)=FE;(f(x))fori=1,2
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of the tangent bundle such that (x) L Es(x) for everyx € A and

A <[Ldf T EL @) < ldf T E(2)]] < g,
]

1T
A2 S|ILdf T Ea(z) )| < |ldf | Ea(2)]| < po-

2.1.3. Invariant distributions.A few basic observations are quite easy to
make:

Proposition 2.4. Consider a manifold\/, an open set/ ¢ M and an
embedding’: M — U with a compact partially hyperbolic invariant sat
Then, using the notations Bfefinition 2.7,
(1) Ey(z) ={veT,M|3a>0 ve[\uVneN |dfrv] <
ay"||v]l}.
(2) Ex(z) ={veT,M|3b>0, ke (A\NuVneN |dfrv] >
br"||v]|}.
(3) Ey(x) and Ey(x) are continuous, SO
(4) there existg > 0 such that{(F;(x), Ex(z)) > kforall x € A.
(5) There exists > 0 such that if C TM is an invariant distribution
for which dim £, (z) = dim E;(z) and £(E,(z), By (z)) < ¢ for
everyr € A thenE,(z) = E,(z), and likewise fot, ().

On the other hand, going beyond continuity is a rather mobstsmtial
achievement. This goes back to Anosov in the hyperbolic aadeto Brin
and Pesinj(] in the present context. The most general version i [

Theorem 2.5. FE;(x) and E,(z) are Holder continuous, i.e., there exist
C,a > 0 such thatd(E;(x), Ei(y)) < Cp(z,y)* for all x,y € A and

1 = 1,2. Indeed, the Klder exponent can be controlled through the hyper-
bolicity estimates: In the context Bfoposition 2.3any

log Ay — log 1y
a <
log o

admits aC' > 0 for which £(E,(x), E1(y)) < Cp(z,y)*, and there is an
analogous estimate for thedttler exponent of’,.

(2.4)

One should not expect the distributi@n to be smooth even in the case
of Anosov diffeomorphisms. The first example of a nonsmotdbls dis-
tribution was constructed by Anosov if][ Hasselblatt $1] has shown
that for a “typical” Anosov diffeomorphism the stable andstable distri-
butions are only Holder continuous with Holder exponeatlarger than
that in 2.4) (see alsoiZ”]). Moreover, high regularity has in several classes
of hyperbolic systems been shown to occur only for algelsgstems 7).
Nevertheless, there are situations where these distitsiireC! (see, e.g.,

[2, 51, 56]):
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(1) under thepinching COI’]dItIOHU;,ug < 1?

(2) if the distributionE); is of codlmen5|on one
Remark 2.6. Our definition of partial hyperbolicity (in the broad sense)
corresponds to what is also knownadssolute partial hyperbolicityabso-
lute pseudo-hyperbolicity in5p, p. 53]) as opposed to a weakedative
(or pointwise) partial hyperbolicityrelative pseudo-hyperbolicity irop,
p. 62f]). While for the former we have

sup ||df | By ()||(inf [|(df | Ex(z))7' )~ < 1,
zEM xeM
the latter is defined such that

jéljgjlldf [ Ev(@)|(I(df T Ea(2) ) < L.

See p6] where other refined versions of absolute and relative Hyglmity
are introduced. It should be stressed that one can devetemiealy the
whole stability theory of partially hyperbolic systems @ssng only rela-
tive partial hyperbolicity. However, the study of ergodiedatopological
properties of partially hyperbolic systems needs the ggoassumption of
absolute partial hyperbolicity.

2.1.4. Partial hyperbolicity. The study of partially hyperbolic systems with
a view to ergodicity has concentrated on those with a triplétsg that
includes a central direction of weakest contraction anéegon:

Definition 2.7. An embeddingf is said to bepartially hyperbolicon A if
there exist number§' > 0,

(25) O<)\1§,u1<)\2§u2<)\3§ugwith,u1<1<)\3

and an invariant splitting into stable, central and un&taliections
(2.6)
T.M = E*(z) @ E°(z) ® E*(z), d,fE™(z) = E7(f(z)), T=s,¢,u

such that ifn. € N then
CTIN" <o f™ T E*(@)]]| < Nldof™ 1 E*(2)]| < Cpa™,
CTIN" <o f™ T E(@) ]| < |dof" T E*(2)|] < Cpaa™,
CTIN" < ldaf™ 1 E*(@)]] < dof™ T E*(@)|| < Cpas™
In this case we set* .= E°® E° andE°" := E° @ E™.
There is a Lyapunov metric that is fully adapted to this gibra

1By (2.4, E is Lipschitz in this case.
2We would like to thank M. Viana for pointing this out to us.
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Proposition 2.8. An embedding is partially hyperbolic if and only if there
exists a Riemannian metric for which there are numbers,, i = 1,2,3 as
in (2.5 and an invariant splitting2.6) into pairwise orthogonal subspaces
E*(z), E¢(x) and E*(x) such that

M S ldef TE (@) < lldof T E*(2)]| <,
2.7) Xy < ldof TES@))| < [ldof | E)]| < p

As < ldof T E*(2)]| < [ldof T E*(2)[| < ps.
2.1.5. The cone criterion.Verifying partial hyperbolicity appears to require
finding the invariant distributions first, so it is useful taie a more ob-
viously robust criterion that is easier to verify. For hylpalic dynamical
systems this goes back principally to Alexeyey7].

Given a pointr € M, a subspacé& C T, M and a numbet > 0, define
theconeat x centered around of anglea by
Clz, B,a) ={veT,M| L(v,FE) <a}.

Proposition 2.9. An embedding is partially hyperbolic in the broad sense
if and only if there arex > 0 and two continuous cone familiés (z, o) =
C(z, Ei(z),a) andCy(z, o) = C(z, E2(x), o) for which
(2.8)

dof 7 (Ci(z,0)) € CL(f(2), ), dof(Ca(w,@)) C Colf(z),q)
as well as
(2.9) ldof T Cr(@, )] < g1 < Ao < lldof T Cof, ) ]|

The evident advantage of this definition is that one can yetihaving
only approximations off andF’ in Definition 2.1, and these approximations
need not be invariant in order for suitable cones around tesatisfy ¢.8)
and @.9).

Proposition 2.10. An embeddingf is partially hyperbolic if and only if
there are families of stable and unstable cones

Cé(z,a) = C(z, E*(x), ), C%(z,c0) = C(z, E*(x), @)
and of center-stable cones or center-unstable cones
C%(z,a) = C(z, E“(2),a), C“z,a)=C(z, Ex), ),
where
E®(z) = E°(z) ® E*(z), E“(x)=E‘(z)a E*(x),

such that
(2.10)
A f7H(C%(z,a)) C C*(f7H(2),a),  duf(C*(z,a)) C C(f(2), ),

dof7H(C%(x,0)) € C*(f7H(2),0), dof(C™(x,0)) C C(f(x), )
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and there aréd) < p; < Ay < o < A3 with g < 1 < A3 such that

ldof T C°(z, )| < 1y A < lldaf T C(z, ) ],

2.
LD s o) < pa Ao < ldof | Oz, a)]|

2.2. Examples of partially hyperbolic systems.

2.2.1. The timet map of a hyperbolic flowLet ¢, be a flow on a compact
smooth Riemannian manifoldl/ with a hyperbolic invariant sek. Given
t € R, the mapy; is partially hyperbolic oM\ with 1-dimensional central
direction generated by the vector field.

2.2.2. Frame flows.Let V' be a closed oriented-dimensional manifold of
negative sectional curvature ald = SV the unit tangent bundle df.
LetalsoN be the space of positively oriented orthonormdiames in7'V'.
This produces a fiber bundle: N — M where the natural projection
takes a frame into its first vector. The associated strugftoep.SO(n — 1)
acts on fibers by rotating the frames, keeping the first vdoted. There-
fore, we can identify each fibe¥, with SO(n — 1) whereg, is the geodesic
flow. Theframe flow®, acts on frames by moving their first vectors ac-
cording to the geodesic flow and moving the other vectors loglightrans-
lation along the geodesic defined by the first vector. For éagle have
thatm o ®; = ¢, o m. The frame flond,; preserves the measure that is lo-
cally the product of the Liouville measure with normalizeddid measure on
SO(n—1). The time¢t map of the frame flow is a partially hyperbolic diffeo-
morphism (fort # 0). The center bundle has dimensib# dim SO(n —1)
and is spanned by the flow direction and the fiber direction.

2.2.3. Direct products.Let f: U — M be an embedding with a compact

hyperbolic set\ C M andE%(z), Ef(z) the stable and unstable subspaces
atz € A. Also, letg: U’ — N be an embedding with a compact invariant
setK such that

max [|df [ Ef(x)|| < min |[dg(y) ]|l < max|ldg(y)|| < min [|[df T Ef(z)]-

ThenF: M x N — M x N, F(z,y) = (f(z), g(y)) is partially hyperbolic
onA x K.
Particular cases argbeing the identity map a¥ or a rotation ofV = S*.

2.2.4. Skew productsLet f: U — M be an embedding with a compact
hyperbolic set\ C M andE3(x), Ef(z) the stable and unstable subspaces
atx € A. Also, letg,: U, — N be a family of embeddings df, ¢ N
that depend smoothly an € A and have a common compact invariant set
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K such that
(2.12)

. o < : w( Il
max [|df [ E(x)]| < minmin [[dg.(y) ||| < maxmax[|dg, (y)|| < min [|[df T Ef(=)]|

The mapF: A x (), U, — M x N given by F(z,y) = (f(z), 9.(y)) is
partially hyperbolic om\ x K.

A particular case is obtained by taking= M, K = N = S', a: M —
M smooth andj, = R, (rotation bya(z)). The map

F=F,: MxS' — MxS', F(x,y) = (f(2), Raw(y)), z€M, yeSs
is partially hyperbolic with 1-dimensional central dinect.

2.2.5. Group extensionsAn “algebraic” version of the previous example is
a group extension over an Anosov diffeomorphism. &zéte a compact Lie
group andy: M — G a smooth function o/ with values inGG. Define
the mapF = F,: M x G — M x G by

Flz,y) = (f(x),(x)g), ze€M, ged.

The mapF is partially hyperbolic since left translations are isoriest of

G in the bi-invariant metric. Iff preserves a smooth probability measure
v thenF" preserves the smooth probability measure v wherevy; is the
(normalized) Haar measure 6h

2.2.6. Partially hyperbolic systems on 3-dimensional manifoldss an
open problem to describe compact smooth Riemannian mesifbht ad-
mit partially hyperbolic diffeomorphisms. To admit the ifjohg into sta-
ble, unstable and center distribution the dimension of tla@ifold must
be at least three, so it is natural to inquire first, which 3irfwdds support
partially hyperbolic diffeomorphisms. The tor(® does, because an au-
tomorphism given by an integer matrix with eigenvalued, \~!, where
|A| # 1, is partially hyperbolic, as is any sufficiently small peltation
(Corollary 2.17. Recently, Brin, Burago and Ivanov have begun a study
of partially hyperbolic dynamical systems on 3-manifoldsd interesting
results have already been obtained.

Theorem 2.11(Brin, Burago, lvanov?/]). A compact 3-dimensional mani-
fold whose fundamental group is finite does not carry a péytiayperbolic
diffeomorphism.

This implies that there are no partially hyperbolic diffemmphisms on
the 3-dimensional sphefs.

We should mention a result that can be viewed as a precursoetarem 2.11
L. Diaz, E. Pujals and R. Ures showed that a robustly traesitiffeomor-
phism of a 3-manifold\/ (i.e., a diffeomorphism all of whos€@" perturba-
tions are topologically transitive) is generically palttidnyperbolic in the
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broad sense, and if the center-unstable bundle is integthbh the funda-
mental group of\/ is infinite [4(]. This was extended to arbitrary dimension
by Bonatti, Diaz and Pujals.[]: Generically the homoclinic class of any
periodic saddle is either contained in the closure of anitefset of sinks or
sources (Newhouse phenomenon), or admits a dominatetingplin par-
ticular, robust transitivity implies dominated splittifgee also pagé5 and
[4, Section 5]).

One may ask a question complementary to the previous oneh@tftype
can patrtially hyperbolic diffeomorphisms of 3-manifolds? The known
robustly transitive or stably ergodic ones are

e perturbations of skew-products over an Anosov diffeomismpion
T2,

e perturbations of the time-1-map of a transitive Anosov flow,

e some derived-from-Anosov diffeomorphisms i

Pujals has speculated (se€]) that this is indeed a complete list, and recent
work by Bonatti and Wilkinson41] makes it plausible that such a classi-
fication of transitive partially hyperbolic diffeomorpinis of 3-manifolds
might hold: They show that the homoclinic geometry of a snggriodic
orbit can determine much of the global orbit structure. @\ibtat volume-
preserving such diffeomorphisms are generically traresity Theorem 7.9
andTheorem 7.129

Specifically, in the case of a skew product a periodic orbgesr from a
periodic point for the base diffeomorphism and hence com#s nearby
homoclinic periodic orbits that are also embedded circlgir first result
turns this observation around:

Theorem 2.12(Bonatti-Wilkinson P1]). Let f be a transitive partially hy-
perbolic diffeomorphism of a compact 3-manifald with an embedded
invariant circle v such that there is some (sufficiently largejor which
Ws(y) N Wi(y) ~ v has a connected component that is a circle. Then,
possibly after passing to on orientable covf,is a circle bundle oveil?
and f is conjugate to a topological skew-product over a linear smomap

A of T2, i.e., to a map of\/ that preserves the fibration and projects4o

In the case of the time-1-map of a transitive Anosov flow thebadinic
curves to an invariant circle are noncompact. The corredipgrresult is a
little less complete than the previous one.

Theorem 2.13(Bonatti-Wilkinson P1]). Let f be a dynamically coher-
ent Oefinition 4.9 partially hyperbolic diffeomorphism of a compact 3-
manifold M with a closed periodic center leafsuch that each center leaf
in W.(v) is periodic for f. Then the center foliation supports a continuous
flow conjugate to a transitive expansive flow.
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It is conjectured and seems likely to be true that the expariBws that
arise here are in turn topologically conjugate to Anosov flow

2.3. The Mather Spectrum. An embedding with a compact invariant set
A generates a continuous linear opergtoon the Banach spad& (T, M)
of continuous vector fieldg on A by the formula

(fev)() = dfv(f~}(@)).

The spectrun) = @ of the complexification off, is called theMather
spectrunof the dynamical systerfi on A, and it provides alternative ways
of expressing our various hyperbolicity conditions as vaslimore detailed
information about separation of expansion and contracttes:

Theorem 2.14(Mather [55, 77]). If nonperiodic orbits off are dense im\
then

(1) any connected component of the specteaiis a ring (or annulus)
Q:={z€C| N\ <|z| <} around0 with radii A; and ;, where
O< A <pp <---< X <ppandt < dim M,

(2) the invariant subspacél; € T'°(T'M) of f, corresponding to the
component); of the spectrum is a module over the ring of continu-
ous functions;

(3) the collection of the subspacés(x) = {v(z) € T, | v € H;}
constitutes alf-invariant continuous distribution o/ and

t
T,M = P Ei(x), forall z € M.
=1

Since density of nonperiodic orbits is an easy consequefttogerbolic-
ity assumptions, one can characterize various classesaiaigal systems
using their Mather spectra.

Theorem 2.15(Mather (5, 77)).

(1) A diffeomorphisnf is Anosov if and only if is not contained in its
Mather spectrund).

(2) A diffeomorphisny is partially hyperbolic onA in the broad sense
if and only if its Mather spectrum (ovek) is contained in a disjoint
union of two nonempty rings) C Q1 U Q2 with @, lying inside of
the unit disk o), lying outside of the unit disk.

(3) A diffeomorphisny is partially hyperbolic onA if and only if its
Mather spectrum (oved) is contained in a disjoint union of three
nonempty ringsy C Q1 U Q2 U Q3 with @, lying inside of the unit
disk and@; lying outside of the unit disk.



16 B. HASSELBLATT AND Y. PESIN

While [65, 77] state these results only foY = M, the proofs readily
extend to invariant subsets.

It is natural to expect that the Mather spectrum is stableeuschall per-
turbations of dynamical systems, and the most straightahapproach to
establishing this would be to show that the action inducedaemrtor fields
by a perturbation is close to the original such action. Unioately this is
always false. The expected result about the Mather speatau@rtheless
turns out to be true:

Theorem 2.16(Pesin |1, 77]). Let M be a compact manifold;: M — M
a diffeomorphism whose nonperiodic orbits are dense. Let

Qr = U Qri
i=1

be the decomposition of its Mather spectrum into nonempidt rings
Qy,; with radii

0<Ap1 <ppr < <Ay < figye
Let also

t
T™ =P Ey.
i=1

be the corresponding decomposition of the tangent buntthe/fininvariant
subbundled’;;, « = 1,...,t. Then for any sufficiently smadl > 0 there
exists a neighborhooglof f in Diff' (M) such that for any; € #:

(1) the Mather spectrurfy,, is a union of disjoint components, ;, each
being contained in a ring with radik, ; < 1, ; satisfying
|)‘f,i_)‘g,i| <e, |:uf,i_,ug,i| <e.
(2) the distribution£, ; corresponding to the componef,; satisfies

; ; < o<
rmrg}\flil(Ef,z(x)vEg,z(x)) = L =6,

whered = dci(f,g) and L > 0, « > 0 are constants.

As usual Diff?( M) is the space of'? diffeomorphisms with th€'? topol-
ogy.

Corollary 2.17. Anosov systems, partially hyperbolic systems, and par-
tially hyperbolic diffeomorphisms form open subset®it? (A1), g > 1.

Remark 2.18. While a component);,; of the spectrum off may be a
ring, the corresponding compone®t ; of the spectrum ofy may consist
of several rings. To illustrate this situation consider amgov flowy; on
a smooth manifold/ and observe that the Mather spectrumpgf= 1d is
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the unit circle while the Mather spectrum of for ¢ # 0 (which is partially
hyperbolic) contains at least two more additional rings.

Remark 2.19. There are 3 general situations in which partial hyperbolic-
ity is known to be stable. First, we just saw that this is theecwhen
the entire manifold is a partially hyperbolic sé&tdqrollary 2.1%. Second,
Theorem 2.16extends to partially hyperbolic attractors because dtirac
are stable under perturbation, so partially hyperboli@ators are also sta-
bly partially hyperbolic. Finally, when the partially hyyelic set is a nor-
mally hyperbolic manifold themheorem 4.®elow together witifheorem 2.16
gives persistence of partial hyperbolicity.

There are also some particular cases when partially hyperets sur-
vive under small perturbations, such as when a partiallyehyglic setA is
the direct product of a locally maximal hyperbolic set andmpact mani-
fold. IndeedA is foliated by leaves of its center foliation and can be vigwe
as a normally hyperbolic lamination in the sense || Its stability fol-
lows from Theorem 4.11 Partially hyperbolic sets of this type appear in
bifurcation theory (seelf, 59)).

3. STABLE AND UNSTABLE FILTRATIONS

3.1. Existence and subfoliation. For hyperbolic dynamical systems the
classical Stable-Manifold Theorer¥i [establishes that the stable and unsta-
ble distributions are each tangent to a unique foliation. @derate adapta-
tion of the Stable-Manifold Theorem yields analogous buterimely strat-
ified information when the Mather spectrum consists of adargumber of
rings (see [7] and the references therein). We should mention that thd wor
foliation is used here in a looser sense than in differegaimetry. Even

in the case of Anosov diffeomorphisms these foliations anitpons into
smooth manifolds that may only admit (Holder) continucalgation charts;

for hyperbolic sets the foliation locally only fills a Cantset times a disk
(see P, 80)).

Definition 3.1. A partition W of M is called afoliation of M with smooth
leavesor simplyfoliation if there existd > 0 and/ > 0 such that for each
z e M,

1. the elementV (z) of the partitionl/ containingz is a smooth/-
dimensional injectively immersed submanifold; it is celtee(global)
leaf of the foliation atx; the connected component of the intersec-
tion W (xz) N B(x,¢) that containg: is called thdocal leaf atz and
is denoted by/(x);

2. there exists a continuous map: B(z,8) — C'(D, M) (where
D C R’ is the unit ball) such that for every € M N B(z,6) the
manifold V' (y) is the image of the map..(y): D — M.
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The functiony,.(y, 2) = ¢.(y)(2) is called thefoliation coordinate chart
This function is continuous and has continuous derivaﬁ;\gel.
A continuousk-dimensional distributio” on M is said to be

(1) weakly integrabldf for each pointz € M there is an immersed
completeC! manifold W (z) which containsr and is everywhere
tangent to£, i.e., T,W(y) = E(y) for eachy € W(x) [27]. We
call W (z) an integral manifold of throughz (note thata priori
the integral manifold$V (z) may be self-intersecting and may not
form a partition ofM);

(2) integrableif there is a foliation whose tangent bundlefis

(3) uniquely integrablef there is a foliation|V with k-dimensional
leaves such that ar)* curves: R — M satisfyings(t) € E(o(t))
for all ¢, is contained iV (¢ (0)) (in particular, 7, W (z) = E(z) for
all x € M);

(4) locally uniquely integrablé for eachxz € M there is &-dimensional
smooth submanifoldloc(x) anda(x) > 0 such that a piecewigg!
curveo: [0,1] — M is contained iV, (z) so long as7(0) = =,
o(t) € E(o(t)) fort € [0,1] and lengtly < «a(z). (In this caser
is integrable and the integral foliation is unique.)

Theorem 3.2(Hirsch, Pugh Shubi3], Brin, Pesin B(], [77]). Supposef
is an embedding with a compact invariant 8ebn which the tangent space
admits adf-invariant splitting

(3.1) T\M =P E;
with
(3.2) Ao < lLdf T Es(2)]| < [ldf T Ei(@)|| < p,

forall z € A, where
(3.3) O0< A < g <o <A < g

(1) If ux < 1then the distribution

is uniquely integrable and the maximal integral manifoldstius
distribution generate a foliatioml’;y of /. The global leafi’?(x)
throughz € M is aC*'-immersed submanifold af.
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(2) If A\, > 1 then an analogous statement holds for the distribution

t
F =P E;
1=k

the corresponding foliation i8/}* and its leaves arél/}(z), = € M.
(3) The foliationW} is f-invariant and contracting, i.e., for any €
M,y e Wi(z)andn > 0,

(M), M) < Cw + )iz, y),

wheres is such thad < ¢ < min{ g1 —pg, 1—p}, C = C(e) >0
is a constant independent of y andn, and p; is the distance in
W¢(x) induced by the Riemannian metric.

(4) The foliationi¥ is f-invariant and contracting undef .

(5) If fisC?thenW(z) and W (z) are C1.

Thus, in this case the two filtrations of distributions
FyCcFyC---CF}, Fp>---DF!
integrate to filtrations of foliations
wicWyc---CcW;, Who...DWH

where/ is maximal andn is minimal such that, < 1 and),, > 1 (note
thatm = ¢ 4+ 1 or ¢ + 2). W,/ is called thek-stable foliationandW}* the k-
unstable foliatiorfor f. If f is partially hyperbolic the foliation®* = W/
andIW* = W are called thetableandunstablefoliations.

Theorem 3.3(Hirsch, Pugh, Shubo, Theorem 6.1]) Under the assump-
tions of Theorem 3.2and with1 < k < ¢ (respectivelym < k < 1),
the foliation1V;; subfoliatesthe foliation\W;;, ; (respectivelyJV;" ; subfo-
liates W}"). For everyx € M the leavedV;(y) dependC™ smoothly on
y € Wi (x), wheren,, is the largest integer such thay, < A\%,. An
analogous statement holds far;".

3.2. Absolute continuity. The fact that the stable and unstable foliations
may not admit smooth local foliation charts prevents us fepplying the
classical Fubini theorem to conclude that a set that intésseach local
leaf in a set of full (leaf-) measure must itself be of full maee. Anosov

[9] identified this as the central technical point in the ergdtieory of hy-
perbolic dynamical systems (in the Hopf argument, see 10, 31] and
Section 7 p. 35). In this subsection and the next we explain that while, due
to the absence of smooth foliation charts, it seems postiblethe folia-
tions might be singular in the measure-theoretic senseSsegon ¢, the



20 B. HASSELBLATT AND Y. PESIN

needed property of absolute continuity still holds for thebe and unsta-
ble foliations. We will later see that the central directieimuch less well
behaved.

The first step is absolute continuity of the holonomy maps.

Definition 3.4. Let W be a foliation of a manifold/ with smooth leaves
and forz € M, r > 0 consider the family

(3.4) L(z) ={V(w):w e B(z,r)}

of local manifolds, wheré’/(w) is the connected component containing
of W(w) N B(z,r) andB(x, r) is the ball centered at of radiusr.

Choose two local disk®' and D? that are transverse to the famiby(z),
and define thdolonomy mapr = «(z, W): D! — D? (generated by the
family of local manifolds) by setting

m(y) = D*NV(w)if y=D'NnV(w)andw € B(z,r).

The holonomy mapr is a homeomorphism onto its image.

Let m denote the Riemannian volume. Given a submanifolth M,
let mp be the Riemannian volume ab induced by the restriction of the
Riemannian metric t@®.

Theorem 3.5(Brin, Pesin 0], Pugh, Shub {6, 77], [13, 77]). Let f be

a partially hyperbolicC? diffeomorphism of a compact smooth manifold
M. Givenz € M and two transverse disk3' and D? to the familyL(x) of
local stable manifold¥ (y), y € B(x,r), the holonomy map is absolutely
continuous (with respect to the measures: andmp2) and the Jacobian
Jaqm) := dmp2/d(m.mp:) (Radon—Nikodym derivative) is bounded from
above and bounded away from zero.

The Jacobian of the holonomy map at a paint D' can be computed
by the following formula

o1 9a0(d g (e [ Tt £1(D?))
Jac(d i) f~H Ty f5(DY))

In particular, the infinite product on the right hand-sidewerges.

The issue of absolute continuity as it affects the ergoddoth of hyper-
bolic and partially hyperbolic dynamical systems can beptiis form: If
E C B(x,q) is aBorel set of positive volume, can the intersectitmV’ (y)
have zero Lebesgue measure (with respect to the Riemanaiame on
V(y)) for almost every € E?

Theorem 3.5s the main step towards ruling out this pathology for the
stable and unstable foliations.

Jac(m)(y) =
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Theorem 3.6. Let f be a partially hyperbolic? diffeomorphism of a com-
pact smooth manifold/, » a smoothf-invariant probability measure on
M. Then the conditional measures on e&ttw) are absolutely continuous
with respect to the induced Riemannian volume, and likefeisgansver-
sals.

To state this more precisely, let- (w) be the conditional measures on
V(w) for w € B(x,r) and consider the measurable partitfoof
= |J Vw
weB(x,r)
into local manifolds, identifying the factor spa@gx) /¢ with an open trans-
verse diskD. Denote byy, the factor measure generated by the partition
(supported oD), by my (w) the Riemannian volume o (w), and bymp
the Riemannian volume oP. ThenTheorem 3.Gs meant to say that
(1) the measures, (w) andmy (w) are equivalent for-almost every
w € B(z,r);
(2) the factor measun, is equivalent to the measunep,.
As a consequence

dvy (w)(y) = K(w, y)dmy (w)(y)
for everyw € B(x,r) andy € V(w), wherex(w,y) is continuous and
satisfies the homological equation

Jaddf | E(y)
K(F0), F0) = Taqgr T B 59

It follows that
H Jac{df /')
Jagdf | ( )

By the Holder continuity of the dlstrlbutloE (seeTheorem 2.} the prod-
uct converges.

The absolute continuity property of local stable manifolsctibed in
Theorem 3.6follows from absolute continuity of the holonomy map (see
Theorem 3.2 However, the converse does not hold.

4. CENTRAL FOLIATIONS

4.1. Normal hyperbolicity. The notion of normal hyperbolicity in dynam-
ical systems was introduced by Hirsch, Pugh and Shub(§ee also}4];

a particular case of normal hyperbolicity was considere®bgacker §7]

in his work on patrtial differential equations). The thesrw normal hy-
perbolicity and partial hyperbolicity are closely relatiedheir results and
methods. Moreover, the former provides techniques to stotggrability
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of the central distribution and robustness of the centiation for partially
hyperbolic systems (setubsection 4.andSubsection 4 4

Definition 4.1. Let¢ > 1, M aC'? compact connected Riemannian mani-
fold (without boundary)lJ ¢ M open,f: U — M a(C? embedding, and
N = N; acompactC? f-invariant submanifold of\/, i.e., f(N) = N. The
map f is said to benormally hyperbolic taV if f is partially hyperbolic on
(or “along”) N, i.e., there is an invariant splitting
(4.2)
T.M = E*(z)®T,NOE"(z) with df E*(x) = E*(f(x)) anddf E*(x) = E*(f(x))
for everyx € N, such that

M <lLdf T E ()] < [ldf T E*(2)]] < g,
(4.2) No <IIldf 1 TN < ldf T ToN]| < ps,

N <[ldf T E* (@)l < ldf T E*()] < s
wherel < A\ < 1 < Ay < g < A3 < pgandu; <1 < As.

Similarly to Theorem 2.5the splitting ¢.1) is Holder continuous.

By the Local-Stable-Manifold Theorem one can constructefeeryz €
N, local stable and unstable manifold&’(z) andV*(z) respectively, at,
such that

(1) z € Vi(x), z € V¥(x);
(2) T,Vs(x) = E5(x), T,V*(x) = E*(x);
(3) if n € Nthen
p(f" (@), ["(y)) < C(p +€)"p(,y), fory € V*(x),
p(f (@), [ (y) < C(As —€)"plx,y), fory € V()
whereC > 0 is a constant and > 0 is sufficiently small.
Set
(4.3) VO(N) = | V*(z) andV*(N) = | V"(x).
zeN TzeN

These are topological manifolds called lostdbleandunstablemanifolds
of N. They aref-invariant and

N = V*(N) 0 V"(N).

Theorem 4.2 (Hirsch, Pugh, Shub5p, Proposition 5.7, Theorem 3.5])
Vue(N) andV*°(N) are Lipschitz continuous and indeed smooth submani-
folds of M.

In [56], Hirsch, Pugh and Shub used the Hadamard method for cafstru
ing local stable and unstable manifolds throu§yh Their approach does
not rely on the existence of local stable manifolds througtiMidual points
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x € N but instead, builds local stable and unstable manifoldsuipn N

as a whole. Of course posteriorione can derive4.3). Hirsch, Pugh
and Shub obtained more complete information on local stahdeunstable
manifolds throughV. In particular, they showed that a normally hyperbolic
manifold V survives under small perturbation of the system, thus gskab
ing stability of normal hyperbolicity.

Theorem 4.3(Hirsch, Pugh, Shubofs, Sections 4-6])Let f be aC? em-
bedding withy > 1 that is normally hyperbolic to a compact smooth mani-
fold NV,

ly :=max{j € {0,....q¢} | p < N},
(o :=max{j € {0,...,q} | ) < A3},
where)\; and;, ¢ = 1,2, 3, are as inDefinition 4.1 Then

(1) Existence: there exist locallfrinvariant submanifold$*°(N') and
VUe(N) tangenttoE® & TN and E* & T'N respectively.

(2) Uniqueness: iV’ is an f-invariant set which lies in an-neighborhood
U.(N) of N, for sufficiently smalk, thenN’ C V*°(N) U V*°(N).

(3) Characterization: V*°(N) (respectively,VV*°(NN)) consists of all
pointsy for which p(f"(y), N) < r for all n > 0 (respectively,
n < 0) and some smalt > 0; indeed,p(f"(y), N) — 0 exponen-
tially asn — +oo (respectively, ag — —o0).

(4) Smoothnesst/*°(N) and V“°(N) are submanifolds i/ of class
C* and C* respectively; in particular)V is a C* submanifold.

(5) Lamination:V*°(N) andV“°(NN) are fibered by *(x) and V*(x),
x € N; see(4.3).

For every$ > 0 there exist > 0 ande > 0 such that

(6) for every embedding of classC? with dc:(f, g) < €, there exists
a smooth submanifold¥,, invariant underg, to whichg is normally
hyperbolic; N, lies in anr-neighborhood/, (Ny) of Ny.

(7) V°(N) € C*, V,**(N) € C* andN, € C* (where the numbers,
¢, and/ are given by(4.4)); they depend continuously gnin the
C' topology;

(8) there exists a homeomorphidin U, — M which isj-close to the
identity map in the> topology and such tha/ (N;) = N,,.

(4.4) ¢:=min{l,, 0, },

4.2. Integrability of the central foliation and dynamical coherence. Let
M be a compact smooth Riemannian manifold ghddM — M a dif-
feomorphism that is partially hyperbolic withdi-invariant splitting of the
tangent bundlex.6) satisfying €.7). The central distributio’* may not, in
general, be integrable &bsection 5.below illustrates. Nonintegrability
is an open propertylheorem 4.}
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We describe some conditions that guarantee integrabifithe central
distribution. In fact, these conditions guarantee thengfen property of
unique integrability, which we introduce now.

Definition 4.4. A partially hyperbolic embedding is said to Hgnamically
coherentif £°¢ and E<* are integrable to foliation®/ < and W <*, respec-
tively.

In this caseb* is integrable to theentral foliationiV < for whichW¢(z) =
Wweu(z)NWe(x), each leaf o#l/* is foliated by leaves off’© andiV*, and
each leaf of/“* is foliated by leaves ofl’© and/*.

Note that these assumptions do not imply that the integtaitions are
unique, so it is not clear whether the central subbundle iquaty inte-
grable in this case.1[f] demonstrates that Holder continuous distributions
may have many different integral foliations. On the othendhahere is no
known example in which a central subbundle is integrablerantdiniquely
integrable.

Brin communicated the following result, whose proof is esisdly con-
tained in P7]:

Theorem 4.5. If the central subbundle is uniquely integrable then the sys
tem is dynamically coherent, and the center-stable andecamnistable sub-
bundles are also uniquely integrable.

Definition 4.6. A foliation WW of M is said to bequasi-isometricif there
area > 0 andb > 0 such thabpy (z,y) < a- p(z,y) + b for everyz € M
and everyy € W(x), wherepyy is the distance along the leaveslt

A patrtially hyperbolic embedding is said to becenter-isometridf it acts
isometrically in the central direction, i.€|df (z)v|| = ||v|| for everyx € A
andv € E(x).

Denote by the universal cover ai/ and bylV* andiV* the lifts of the
stable and unstable foliations id.

Theorem 4.7 (Brin [25, 77]). Let M be a compact smooth Riemannian
manifold andf: M — M a diffeomorphism which is partially hyperbolic
with a df-invariant splitting of the tangent bund(&.6) satisfying(2.7).

If W# and W*" are quasi-isometric in the universal covéf, then the
distributionsE<*, E“* and E¢ are locally uniquely integrable.

If fis center-isometric then the central distributiéh is locally uniquely
integrable.

As we mentioned above the central distribution may not begirable.
However, it is often weakly integrabl®gfinition 3.1), and this weak inte-
grability persists under small perturbations:



PARTIALLY HYPERBOLIC DYNAMICAL SYSTEMS 25

Theorem 4.8(Brin, Burago, Ivanov17]). Let f be a partially hyperbolic
diffeomorphism ofi/. Assume the distributiors¢®, £¢* and E'; are weakly
integrable. Then there is @' neighborhood! of f such that every € U
is a partially hyperbolic diffeomorphism whose distritmrts £5°, £ and
E are weakly integrable.

So long as one stays safely within the partially hyperbotintext this
weak integrability is also a closed property:

Theorem 4.9(Brin, Burago, Ivanov 7]). Let {f,}.>0 be a sequence of
partially hyperbolic diffeomorphisms @ff. Assume that

(1) f. — gintheC" topology;
(2) the distributions*, £ and £ are weakly integrable for alh;
(3) all f,, have the same hyperbolicity consta(its).

Theng is partially hyperbolic and the distributiong’®, ¢ and £ are
weakly integrable.

4.3. Smoothness of central leaves via normal hyperbolicityTheorem 4.3
gives a fair amount of information about normally hyperbaslibmanifolds.
Since the center foliation, if defined, is “essentially” mally hyperbolic in
that the strong contraction and expansion act transvetsety one would
like to apply Theorem 4.3o0 this situation. Hirsch, Pugh and Shub devel-
oped a construction which allows one to do this.

Let f be a partially hyperbolic diffeomorphism withdg-invariant split-
ting of the tangent bundl&(6) satisfying ¢.7) and with £ integrable. For
r > 0letU,(W¢(x)) C M be the tubular neighborhood of radin®f the
leaf W¢(z). Consider the manifold that is tltsjointunion

(45) M, = [ U(We(@)).

zeM

For sufficiently smalk, 0 < ¢ < r, the mapf induces a diffeomorphism
F: M. — M, which is normally hyperbolic to the submanifold

N =] W) c M..

zeM

The manifoldsM. and N are not compact but complet€éheorem 4.3x-
tends to this situation because the proof relies only on fietence of a
tubular neighborhood of the normally hyperbolic manif@diniform lower
bound for the radius of injectivity of the exponential mapgdainiform es-
timates ¢.2). We have all this at our disposal since the maniféidis
compact and the central foliatidi is integrable. This yields a corollary
of Theorem 4.3
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Theorem 4.10.Let f: M — M be a partially hyperbolic embedding with
integrable central distribution. TheW<(x) € C* for everyx € M, where
Cisasin(4.4).

4.4. Robustness of the central foliation. A far less straightforward appli-
cation of the Hirsch—Pugh—Shub construction can be usedoidupe ro-
bustness of the central foliatidi© under small perturbation of the system;
the subtlety of the matter is evidenced by the requiremextittiis foliation
be smooth.

Theorem 4.11(Hirsch, Pugh, Shubsp, Theorem 7.5]) Assume that the
central distributionE* for f is integrable, that the corresponding foliation
We is smooth and thag is a C'? diffeomorphism sufficiently close foin
the C'-topology. Thery is partially hyperbolic with integrable central dis-
tribution £.

The direct approach suggested above is carried outipput this result
is usually obtained as an immediate corollary of Theordmigand4.15
below, whose proofs exploit plaque expansivity and pseurntbits.

In general, we do not have a smooth central foliation. Moegosven if
the central foliation forf were smooth, the central foliation for a “typical”
perturbation off would not be. Thus the assumptions of integrability and
smoothness are not jointly robust; only integrability pessif we assume
both at the outset. In5F], Hirsh, Pugh and Shub introduced a property
of the central foliation forf calledplaque expansivityhat is weaker than
smoothness (seeheorem 4.1delow) but still guarantees integrability of
the central distribution for sufficiently small perturlmais of f and further-
more persists itself under small perturbations (Beeorem 4.1%helow).

Definition 4.12. Let W be a foliation of a compact smooth manifold
whose leaves ar€” smooth immersed submanifolds of dimensiorGiven
apointz € M, we call the seP(x) C W(z) aC" plaqueof W atz if P(x)
is the image of a&C" embedding of the unit balD c R into W (z). A
plaquation? for 1V is a collection of plaques such that every paint M
is contained in a plaqug € P.

Let {x, }.cz be a pseudo-orbit fof (see B, 2]). We say that the pseudo-
orbit respectsa plaquatiori for IV if for everyn € Z the pointsf(x,,) and
Zn41 lie ina common plaqué € P.

Assume that the foliatioll” is invariant under a diffeomorphisyhof M.
We say thatf is plaque expansiverith respect tdV if there exists > 0
with the following property: if{x,},cz and{y, }.cz ares-pseudo-orbits
which respectV and if p(z,,,y,) < ¢ for all n € Z thenz,, andy,, lie in a
common plaque for alb € Z.
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Note that plague expansivity does not depend on the choieghddr the
Riemannian structure in/ or the plaquatior® for . It is indeed weaker
than smoothness:

Theorem 4.13(Hirsch, Pugh, Shub5f, Theorem 7.2]) Let f be a par-
tially hyperbolic diffeomorphism. Assume that the centliatribution £
is integrable and the central foliatiol/’¢ is smooth. ThedV ¢ is plaque
expansive.

Remark 4.14. If df | E°(x) acts as an isometry for everyc M then the
central distribution®* is integrable byrheorem 4.7and the central folia
tion V¢ is plague expansive (se&d, Section 7]).

Theorem 4.15(Hirsch, Pugh, Shubsp, Theorem 7.1))Let f: M — M.
If f is partially hyperbolic with the central distributiof’; for f integrable
and f plaque expansive with respect to the central foliatiii then the
same holds for any sufficientty!-close diffeomorphism (with respect to
E;andVy).

5. INTERMEDIATE FOLIATIONS

The central distribution we studied in the previous sectiomesponds to
the central ring in the Mather spectrum, and it is now nattoatudy the
structures associated with other intermediate rings (pssga to the inner-
and outermost ones, which figuredSection 3.

Consider a diffeomorphistryfi of classC'? of a compact Riemannian man-
ifold M admitting adf-invariant splitting 8.1) satisfying 8.2) and @.3).
Givenl < k < t with pu < 1 we now discuss the integrability problem for
the invariant distributiort;,, called thentermediatedistribution.

5.1. Nonintegrability of intermediate distributions. In generalE}, is not
integrable as we now illustrate with an example that goek tteSmale $6]
and appears ircp, Section 17.3] as well ag, p. 1549], where it provides
an example of a diffeomorphism that is normally hyperbolitwespect to
a smooth, 1-dimensional foliation and not conjugate toitnetone map of
any Anosov flow (and can be shown to be stably ergodic usingtbods

of [45]).

Consider theHeisenberg groupf matrices

1 = =z
H = 01 y]:(r,y,2)€R
0 01

with the usual matrix multiplication: iz, y, z) coordinates it is given by

(1,91, 21) X (X2, Y2, 22) = (X1 + T2, Y1 + Y2, 21 + 22 + T1Y2).
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The center offf is the 1-parameter subgroup

1 0 2
010
0 0 1

Thus, H is a 3-dimensional, simply connected, nonabelian nilpcgeoup.
Its Lie algebra is

0 = =
L(H) = 0 0 y|:(z,y,2) €R
0 0 O

000 0 01
001)], Z=(000
000 000
Then[X, Y] = Z while all other Lie brackets of generators are zero.

Let G = H x H be the Lie group with generators,, Y1, Z1, Xs, Ys, Z
such thatfX;, Y;] = Z; and all other brackets of generators are zero. Its Lie

algebra is
L(G) = {(‘5‘ g) A Be L(H)}.

The groupH has an obvious integer lattice of matrices with entrieZ.in
which generates an integer latticeGh We need another lattice i how-
ever.

Consider the number fiell = {a + /5 | a,b € Q}. It possesses a
unique nontrivial automorphism such that (a + bv/5) = a — bv/5.

Let I' be the subgroup afr given byexp,, v, whereexp,: L(G) — G
is the exponential map and

0
0], v=
0

0 o(A)
with o(A);; = o(A;;). Itcan be shown thdtis a lattice (b2, Section 17.3]).
Define a Lie algebra automorphisbtnon L(G) by
O(Xy) =MXy, O(Y) =M1, O(Z4)=NZ,
D(Xo) = A\ ' Xo, B(Y2) = \?Ya, ®(Zy) = A\[*Zs,

where)\;, = 3*—2\/5 and )\, = 3‘7\/5 There exists a unique automorphism
F: G — G with dFj,, = ®. Since\; and ), are units inK, that is integers
whose inverses are also integers, afd;) = \, we haveF'(I') = I'. Thus,

F projects to an Anosov diffeomorphisynof I'\G.

vi= {(A 0 ) | A € L(H) with entries in the algebraic integersml} C L(G)
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The invariant splitting forf is 7' (I'\G) = E* & E", whereE® is the
3-dimensional distribution generated b, Y; and Z, and E* is the 3-
dimensional distribution generated B4, Y; andZ;. Observe that" =
P & @ whereP is the 2-dimensional distribution generated ¥y, Y; and
Q is the 1-dimensional distribution generated by The distributionP is
intermediate and is not integrable. To see this note thagémeratorsX,
Y1 and Z; induce three vector fields;, y; andz; on g € T'\G such that
z1(9),y1(g9) € P(g) andz(g) € Q(g) foranyg € I'\G. Since the distri-
bution P is smooth, by the Frobenius theorem, its integrability wiaoiply
that the Lie brackefr,, y;] of vector fieldsz, andy, lies in P, contrary to
(X1, Y] = Z,.

It follows from Theorem 4.%hat nonintegrability in this example is an
open property.

5.2. Invariant families of local manifolds. Positive results are available,
however. After all, ifl < k < t then the intermediate distributiaty,, is the
central distribution in the splitting

k—1 t
™= (@E)ebe (D 5)
j=1 j=k+1
so we can apply results &fubsection 4.andSubsection 4.4
First, Theorem 4.1(gives the class of smoothness of the leaves of the

foliation W, when I}, is integrable:

Theorem 5.1. With the notations of3.2) and(3.3), suppose), andm, are
the largest integers such thaj,_, < \* andy;, < A/}, respectively, and
letn, = min{n, my}. If E} is integrable then the leaves of the correspond-
ing intermediate invariant foliatiom/,, are C"*.

Note that the assumptions are closely related to thos@ebrem 3.3but
the conclusion is complementary. The present result asserbothness of
leaves, whereaBheorem 3.3s about smooth dependence of the leaves on a
base point (when those leaves are known to be as smooth asftoendr-
phism byTheorem 3.%.

As to robustness of the integral foliatid¥,, we wish to applyrheorem 4.15
This requires the additional assumption that; > 1, which means thaf
is an Anosov diffeomorphism.

Theorem 5.2. AssuméV/;, is plague expansive (e.g., smooth) and that, >
1. Letg be aC? diffeomorphism sufficiently close foin the C'* topology.
By Theorem 2.16¢ possesses an invariant distributio,), correspond-
ing to E,. This distribution is integrable and the correspondingdtibn
(W), is plaque expansive.
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Since the diffeomorphisryi in the last theorem is Anosov, sogsBy the
structural stability theoreny, andg are topologically conjugate by a Holder
homeomorphism which is close to the identity map. It follows thiatiV},)
is ag-invariant foliation whose leaves are Holder continuauisrsanifolds.
Theorem 5.2shows that the leaves of this foliation are indeed smooth of
classC*.?

Even if the distributionF), is integrable its leaves may not i&. To
explain this phenomenon consider the linear mHp,y) = (Ax, uy) of
the plane, wher® < A\ < u < 1. The origin is an attracting fixed point.
The z-axis can be geometrically characterized as consistingioteP for
which

p(0, A"P) < X"p(0, P).

On the other hand any curve: = {(z,y) : © = Cy'°e*/1°e#} is invariant
underA and consists of point® for which

p(0, A"P) < " p(0, P).

Note that forlog A/ log 1 ¢ N (nonresonance) these curves are only finitely
differentiable except for thg-axis (corresponding t¢' = 0). Therefore,
there is no “obvious” choice of a local leaf and it seems wellikhat the
intermediate foliation will happen to include the leaf tiwinfinitely differ-
entiable.

However, if u, < 1 and some specialonresonanceondition holds,
smooth leaves are realizable: the distributignadmits an invariant family
of local manifolds{V}(x)}.cn Which are as smooth as the maps—but
they may not constitute a foliation.

Theorem 5.3(Pesin ['1]). Fix k such thad < A\, < u;, < 1and assume the
nonresonance conditiali := [log \;/log x| +1 < gandifj =1,..., N,
1 <i<kthen[(An), ()] N [N, ] = 2.
Then for every: € M there exists a local submanifold.(z) such that:
(1) z € Vi(z) andT, Vi (z) = Ex(x);
2) f(Vi(x)) C Vi(f(2));
(3) Vk(l') € Cq;
(4) for anyxz € M the collection of local manifold$Vy(z)}.ens IS
the only collection of>” local manifolds that satisfies, V,(z) =
Ei(x), f(Ve(z)) C Vi(f(x)), and

sup sup ||d*Vi(z)|| < const
1<s<N zeM

3h(Wk) is an integral foliation because by a lemma of Hirsch—PuglibSnormally
hyperbolic manifolds are unique and robust in &f&topology.
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Remark 5.4. The nonintegrable intermediate distributiérfor the diffeo-
morphism inSubsection 5.8does not satisfy the nonresonance condition.

5.3. Lack of smoothness of the intermediate foliations.The following
example illustrates the possible lack of smoothness otleésr intermedi-
ate distributions. Consider an automorphignof the torusT® with eigen-
values);, i = 1,2,3, suchthath < \; < XAy < 1 < A3. We have an
invariant splitting

3
TT = P Ei.a.
=1

Assumeéog A/ log Ay ¢ Z (nonresonance), and I8t = [log A,/ log Ao]+1.
Consider the foliatioiV, 4 associated td’, 4. By Theorem 5.J-any C*°
diffeomorphismf sufficientlyC''-close toA possesses an invariant foliation

W, ; tangent toF, ; and withCY~! leaves. In general, the leavé$ ;(x)
cannot be more thafi’¥ ~! smooth for a “large” set of points € M. Hence,
they are different from the local submanifolds given by theceding theo-
rem, since these submanifolds are of cla$s(indeed, of clas€> in this
particular case).

Theorem 5.5(Jiang, de la Llave, Pesiw{]). In any neighborhood of A
in the spaceiff'(T?) there exist<y € 1 such that

(1) G is aC* diffeomorphism and topologically conjugateA¢
(2) G admits an invariant splitting

3
T =P Eic
i=1

with E; ; close toF; 4 and integrable; the integral manifold’; ()
passing throughr is of classC™¥~! but notC" for somer € T3;

(3) the set of point§z | W; () is not of classC" } is a residual sub-
set of T3.

6. FAILURE OF ABSOLUTE CONTINUITY

Let W be a foliation of M with smooth leaves antl (z), = € M, the
local leaf passing through. In our discussion of the stable and unstable
foliations inSection 3we discussed the question of absolute continuity:

If £ C B(z,q) is a Borel set of positive volume, can the
intersectionE' N V(y) have zero Lebesgue measure (with
respect to the Riemannian volumeBfy)) for almost every

y e E?
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6.1. An example of a foliation that is not absolutely continuous.We
describe a scheme due to Katok for producing partially Hyplés maps
whose central foliation fails to be absolutely continuonghe strongest
possible way: there is a set of full measure that intersemth éeaf of the
foliation in at most one point. This phenomenon is known asbiRi’'s
nightmare” since the Fubini theorem fails with respect tig fbliation in
the strongest possible way. (An example of this constraaiman annulus
was widely circulated from 19923, and in 1997 a version on the square
was publisheddf]). We thank Keith Burns for providing the presentation
rendered here.

Let A be the hyperbolic automorphism of the torfi$ defined by the

matrix
2 1
1 1/)°

There is a family{ f; | t € [0, 1]} of diffeomorphisms preserving the area
and satisfying the following conditions:

(1) f;is asmall perturbation ol for everyt € [0, 1];

(2) f; depends smoothly an

(3) I'(t) # 0, wherel(t) is the larger eigenvalue of the derivative fof
at its fixed point.

The diffeomorphismg; are all Anosov, conjugate td, and ergodic with
respect ton. For anys andt in [0, 1], the mapsf, and f; are conjugate via
a unique homeomorphishy, close to the identity, i.e,f, = hy o fs o h;'.
The homeomorphisrh,; is Holder continuous. Let,; be the pushforward
of m by h,. Thenmy is an ergodic invariant measure fér. Using the
condition oni(t) and the following lemma, we see that # m unless
s =1t.

Lemma 6.1 (de la Llave p4]). Supposef, g: T? — T? are smooth area-
preserving Anosov diffeomorphisms that are conjugateviaraa-preserving
homeomorphisrh. Letp be a periodic point forf with least period:. Then
Df*(p) and Dg*(h(p)) have the same eigenvalues up to sign.

Proof. Let A and )\’ be the eigenvalues dP f*(p) and Dg*(h(p)) respec-
tively that lie inside the unit circle. Sincgandg are area-preserving, the
other eigenvalues db f*(p) and Dg*(h(p)) are1/X and1/\ respectively.
Chooser € W .(p; f) ~ {p} andy € W;.(p; f) ~ {p} that are not equal
to p. Let R,, be the smallest “rectangle” bounded by (partsidf),.(p; f),
Wiao(F75(@); £), Wiko(p: £), and W (f"(y); f). Let R, be the small-
est “rectangle” bounded by (parts dfy;:.(h(p); g), Wi (h(f 7 (x)); g),
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Wie.(h(p); 9), andWi (R(f*"(y)); g). Then

ared R/
lim are&(Rn+1) _ )\2k and lim d n+1) _ )\/2]6.
n—oo aredR,) n—oo aredR,)
On the other hand, the conjugakytakesR, to R/, for anyn. Sinceh is
area-preserving, it follows that= +.\'. O

A point is genericwith respect to an invariant measure if the forward and
backward Birkhoff averages of any continuous function aéned at the
point and are equal to integral of the function with respedhe measure.
If = is generic forf, with respect tan, thenh(x) is generic forf, with
respect tom, and hence is not generic fgf with respect tom, unless
s = t. (To see this, note that the Birkhoff averages of a contisuanction
v along thef,-orbit of h (z) are the same as the Birkhoff averages ot
along thef, orbit of z.)

Now consider the diffeomorphisi: T2 x [0,1] — T2 x [0, 1] given
by F(z,t) = (fi(z),t). We have just observed that for amyc T? the set
H(z) = {(hot(z),t) | t € [0,1]} contains at most one element of the Set
of points(y,t) € T? x [0, 1] such thaty is generic forf; with respect ton.

Now, F'is a small perturbation of x id|, ;; and thus partially hyperbolic.
It follows from Theorem 4.11hat F' has a center foliation whose leaves are
small perturbations of the intervajs:} x [0, 1] for x € T?. SinceF maps
the tori T? x {t} into themselves, it is easily seen that the leavedlf
are (-normally hyperbolic for any, and hence aré' by Theorem 4.10
On the other hand, for each € T?, the leaf of iW§ that passes through
(,0) € T? x [0, 1] is H(z).

The set§ of generic points forr" has full measure with respect to in
each torug® x {t} and hence has full Lebesgue measur&?rx [0, 1], but,
as observed above, it intersects each center leaf in at megiant.

To construct an analogous example®hx S* use two periodic points
simultaneously instead of the one fixed point. The exampte igcon-
structed in such a way thadf{t) = I(s) = t = s. For a continuous
parametrization using € S! this won’t work, but starting from the map
A? instead, which has several fixed points, we use perturtmfimmwhich
the largest eigenvaluds(t) andly(t) at two fixed pointse;(¢) and xo(t)
satisfyl;(t) = [1(s) andiy(t) = ls(s) = t = s (mod 1). For example,
makel;(t) > 0on(0,1/2),11(t) <0on(1/2,1)andl,(t) =0on(0,1/2),
Ii(t) >0o0n(1/2,3/4),15(t) <0on(3/4,1).

6.2. Pathological foliations. We saw earlier that even in terms of exis-
tence, uniqueness and smoothness of leaves the centadidiolis a rather
more delicate entity than the members of the stable andhiedilrations,
and the preceding example shows that if there is a centraltifoh at all
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it may fail to be absolutely continuous. It turns out thastls not at all
exceptional.

Let A be an area-preserving linear hyperbolic automorphism ef2th
dimensional torug™?. Consider the map’ = A x Id of the 3-dimensional
torusT? = T? x S*. Any sufficiently smallC! perturbationG' of F is
uniformly partially hyperbolic with 1-dimensional cenltidistribution. The
latter is integrable to a continuous foliatidri“ of A/ with compact leaves
(they are diffeomorphic t&?; this foliation can be shown to be Holder
continuous §0]). There is a perturbatiotr of F' which preserves volume
and has nonzero Lyapunov exponents in the central diregtigr(see also
[41]). In this case the central foliation is not absolutely aonbus: for
almost every: € M the conditional measure (generated by the Riemannian
volume) on the leafV“(z) of the central foliation passing throughhas
finite support §1].

We describe a more general version of this result.(lX&tv) be a proba-
bility space andf: X — X an invertible transformation that preserves the
measurer and is ergodic with respect te. Let M be ann-dimensional
smooth compact Riemannian manifold andX — Diff'**(M). Assume
that the skew-product transformation

F: X xM—XxM, Fa,y) = (f(z), p.(y))
is Borel measurable and possesses an invariant ergodicinregas X x M
such thatr, i = v, wherer: X x M — X is the projection.
Forz € X andk € Z definepl™ : M — M by

PED = 0oy 0 ),

wheregpgo) = Id. Since the tangent bundle fd is measurably trivial the
derivative map ofp along the)M direction gives a cocycle

A: X x M xZ — GL(n,R),

whereA(z,y, k) = dyot. If log* ||de|| € L*(X x M, ) then the Mul-
tiplicative Ergodic Theorem and ergodicity pfimply that the Lyapunov
exponentsy; < --- < x, of this cocycle are constant far-almost every

(7,9).

Theorem 6.2(Ruelle, Wilkinson §1]). If for somey > 0 the functiony
satisfies

(6.1) log* [|dll, € L'(X,v),

where|| - ||, is the~-Holder norm, and ify, < 0 then there exists a set
S C X x M of full measure an@ € N such thatard(SN ({z} x M)) =k
for almost every: € X.
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This phenomenon is rather typical.

Definition 6.3. A partially hyperbolic diffeomorphism that preserves a sitho
measure is said to haveegative central exponentisthe Lyapunov expo-
nents in the central direction are negative almost everyavhe

Conjecture 6.4. The central foliation of a "typical” partially hyperbolic
diffeomorphism with negative central exponents is not kibsly continu-
ous.

Mafié proved (unpublished) that if the central foliatismhe-dimensional
and has compact leaves then this foliation is not absolatatyinuous pro-
vided the Lyapunov exponent in the central direction is mooon a set of
positive measuré.Hirayama and Pesirb[] showed that the central folia-
tion is not absolutely continuous if it has compact leaves Airs “central
dissipative”, i.e., the sum of the central exponents is pomodn a set of
positive measure (here, negative, positive or zero exgerwam be present).
Note that partially hyperbolic central dissipative diffeorphisms whose
central foliation has compact leaves form an open set in pages ofC'*
diffeomorphisms and that any partially hyperbolic diffeanphism whose
central foliation has compact leaves can be perturbed torbecentral dis-
sipative.

This motivates the question whether one can perturb a partigper-
bolic system with all central Lyapunov exponents zero to steay with
negative central exponents. This has been shown to be tagme partic-
ular cases (see[42, 12, 15]) but remains unknown otherwise.

Conjecture 6.5. Given a partially hyperbolic dynamical systefrwhose
central Lyapunov exponents are zero, there exists a pirtigerbolic dy-
namical system with negative central exponents arbityaribse tof.

7. ACCESSIBILITY AND STABLE ACCESSIBILITY

We now begin our study of the ergodic theory of partially hyjodic
dynamical systems. The strategy for establishing ergiydisibased on
suitable extensions of the Hopf argument]| see also§2, p. 217], and we
describe it here in order to explain the main object of tha@nésection.

The Hopf argument establishes ergodicity of a uniformlydmpolic dif-
feomorphism as follows. By the Birkhoff Ergodic Theoremgadicity
means that for everj!-functiony (by L!-densityy is without loss of gen-
erality continuous, hence uniformly continuous by compass) the time
averages or Birkhoff averages, := % Zfz‘ol p o f" converge to a constant
a.e. Uniform continuity ofp and the contraction of stable leaves imply that

“We thank A. Wilkinson for providing us with this information
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the limit function is constant on stable leaves, and likevies “backwards”
time averages (obtained analogously frgm) on unstable leaves. Since
the Birkhoff Ergodic Theorem implies that the forward andkward limits
exist and agree a.e., one deduces that these are constafibmnéehe fact
that this holds on stable and unstable leaves separat@ig, alssolute con-
tinuity: “Almost everywhere on almost every leaf” is the saas “almost
everywhere”.

For partially hyperbolic dynamical systems the same arguman be at-
tempted, but first of all, one cannot use all three foliatibesause the Hopf
argument relies on contraction in either forward or backixtane to con-
clude that an invariant function is constant on leaves. Tdrgear foliation
lacks this feature (and may, moreover, fail to be absoluwehtinuous as we
have seen, which would cause problems in the later stage @rjument).
On the other hand, in this case it is not clear that any twolygawints have
a heteroclinic point. Put differently, in the hyperbolitusition one can join
any two nearby points by a path consisting of two short segsnene each
in a stable and an unstable leaf. (We call such a pathpath.) This may
not be the case in a partially hyperbolic system, as one fmesxample,
in the case of cartesian products of a hyperbolic dynamysdaesn with the
identity, which are evidently not ergodic. More to the pojaint integrabil-
ity of the stable and unstable foliations limits these catioas to pairs of
points that lie in the same joint stable-unstable leaf. Tinigivates interest
in how joint integrability can fail. It is conceivable, foxample, that there
are situations in which the foliations are jointly integein some places
but not in others, or cases in which they are not jointly inébde but nev-
ertheless both subordinate to a common foliation the dimensf whose
leaves is larger than the sum of stable and unstable dinresMyhether
these are possible is not very well understood, and theiquesitwhich of
these situations may occur in examples is of interest invits g ht.

In terms of salvaging the Hopf argument, say, it would be rato make
the assumption that any two nearby points can be joinedby@ath con-
sisting of two short segments in a stable and unstable kesgectively (“ac-
cessibility by aus-path with short legs”). This should be relatively easy to
use. Under the name of “local transitivity” it was imposeddn and Pesin
[30], but it turned out to be too restrictive to be widely apphta There-
fore one wishes to explore weaker assumptions that aresstlhg enough
to yield topological or measurable irreducibility. One catax this assump-
tion by allowing “long legs”, i.e., by requiring only that tanearby points
be connected by as-path whose stable and unstable pieces may be rather
long. On the other hand, one may allow the connection to labkshed by
a path consisting of a multitude of pieces that lie altenwyi in stable and
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unstable leaves. If one simultaneously drops the requinethat the legs
be short, one obtains the notion of accessibility that is mouse.

While it is intuitive to present this notion in terms of pathsd these are
used in proving topological transitivity, they are not eoy#d in proofs of
ergodicity. The most obvious technical difficulty with tieesould be that
the transition points between stable and unstable segmaugs have the
same forward and backward Birkhoff averages for the funcéibhand in
order for the Hopf argument to work. But this may be tricky toaage.
Therefore one argues directly with the algebras of setsarptbofs of er-
godicity, as explained in the next section.

7.1. The Accessibility property.

Definition 7.1. Let f be a partially hyperbolic diffeomorphism of a compact
Riemannian manifold/.

Two pointsp, ¢ € M are said to baccessiblgif there are points; € M
with zy = p, 2z, = ¢, such that; € V*(z;,_,) fori =1,...,fanda = s or
u. The collection of pointsy, z1, . . ., z, is called theus-path connecting
andq and is denoted variously by, q]; = [p.q] = [20,21,- ., 2. (Note
that there is an actual path fromto ¢ that consists of pieces of smooth
curves on local stable or unstable manifolds with thas endpoints.)

Accessibility is an equivalence relation and the collettid points ac-
cessible from a given pointis called theaccessibility classf p.

A diffeomorphismf is said to have thaccessibility propertyf the ac-
cessibility class of any point is the whole manifald, or, in other words, if
any two points are accessible.

If f has the accessibility property then the distributioh® E* is not
integrable (and therefore, the stable and unstable fotiatiil’* and W,
are not jointly integrable). Otherwise, the accessibitigss of any € M
would be the leaf of the corresponding foliation passinguighp.

There is a weaker version of accessibility which providesetul tool in
studying topological transitivity of.

Definition 7.2. Givene > 0, we say thalf is c-accessiblef for every open
ball B of radiusz the union of accessibility classes passing throBgh ).

An equivalent requirement is that the accessibility clasrty point
should enter every open ball of radissi.e., bes-dense. Clearly, iff is
accessible then it is-accessible for any. It is not hard to check that a
perturbation of an accessible dynamical systemascessible:

Proposition 7.3. If a partially hyperbolic diffeomorphisnfi has the acces-
sibility property ance > 0 then
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(1) there exist > 0 and R > 0 such that for any, ¢ € M one can find
a us-path that starts ap, ends within distance/2 of ¢, and has at
most/ legs, each of them with length at madst

(2) there exists a neighborhoadof f in the spaceiff*>( M) such that
everyg € U is e-accessible.

Often, an “almost-everywhere” accessibility notion is quigte:

Definition 7.4. We say thatf has theessential accessibility property
the partition of M by the accessibility classes is trivial in the measure-
theoretical sense, i.e., any measurable set that conkatsessibility classes
has measure zero or one.

7.2. Accessibility and topological transitivity. It is not hard to see that
accessibility plus volume-preservation produce a fair amof recurrence.

Definition 7.5([3]). Givene > 0 we say that an orbit is-denséef the points
of the orbit form are-net. Clearly, a trajectory f"(z)},cz is everywhere
dense inM if and only if it is e-dense for every > 0.

We say that a point € M is forward (respectivelybackward recurrent
if for any r > 0 there exists: > 0 (respectivelyn < 0) such thatf"(x) €
B(z,r). If a pointz is forward (respectively, backward) recurrent then for
anyr > 0 there exists a sequeneg — -+oo (respectivelyn, — —oo)
such thatf"+(x) € B(x,r).

Theorem 7.6(Burns, Dolgopyat, PesirsP]). If a partially hyperbolic dif-
feomorphisny is e-accessible and preserves a smooth measure then almost
every orbit off is e-dense.

Proof. Fix an open ballB of radiuss. Say that a point igoodif it has a
neighborhood of which almost every point has an iterat&inWe must
show that every € M is good.

Fix p € M. Sincef is e-accessible, there isw@s-path |z, . .., z;] with
20 € B andz, = p. Thenz, is good, and we show by induction grthat
eachz; is good.

If z; has a neighborhood such thatO(z) N B # o for almost every
x € N let S be the subset oV consisting of points with this property
that are also both forward and backward recurrent. By thed2oé Recur-
rence Theorem3, Theorem 3.4.1]5 has full measure iv. If z € S and
y € Wé(x) UW¥(z) thenO(y) N B # @. The absolute continuity of the
foliationsWW* andW* means thaJ, .o (W*(z) U W*(x)) has full measure
inthe selJ, .y (W?*(x) U W"(z)), which is a neighborhood af , ;. O

Corollary 7.7 (Brin [23]). Let f be a partially hyperbolic diffeomorphism
of a compact Riemannian manifold that preserves a smooth measure on
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M and has the accessibility property. Then for almost evemgtpoe M
the trajectory{ /" (x)},.cz is dense inM. In particular, f is topologically
transitive.

Remark 7.8. In fact, Brin proved this using only that every point is nomaa
dering. This holds in particular when the map preserves afmmeasure
as well as when periodic points are dense.

One can relax accessibility to essential accessibility:

Theorem 7.9(Burns, Dolgopyat, PesirsP]). If a partially hyperbolic dif-
feomorphismf is essentially accessible and preserves a smooth measure
then it is topologically transitive.

The assumption that preserves a smooth measure cannot be dropped in
general.

Theorem 7.10(Nitica, Torok [57]). ConsiderF = f x Id: M x S' —

M x S* where f is a C' Anosov diffeomorphism aof/. There exists a
C' neighborhood of” whose elements are accessible but not topologically
transitive.

Proof. By Theorem 7.1below (see alsdheorem 7.1Bthere is a''-open
andC'-dense set of accessibl¢'-small perturbations of”, so it suffices

to construct an open set of nontransitive diffeomorphisi@ioosehr €
Diff'(S') as close to the identity as desired withaving an attracting fixed
point. There are open neighborhodds/ c S! of this point withh(U) C
VcVcU. Ifg:=fxhtheng(M x U) c M x V and any map that

is C? close tog has the same property. Note that such a transformation is
not topologically transitive because each positive seiibias at most one
element in the open sétf x (U \. V). O

7.3. Stability of accessibility. Accessibility allows one to salvage the Hopf
argument for ergodicity. Since we are also interested iblstargodicity, it
is natural to begin by looking at stable accessibility.

Definition 7.11. A diffeomorphismf is said to bestably accessiblé there
exists a neighborhodd of f in the spac®iff' (M) (or in the spac®iff* (M, v)
wherev is an f-invariant Borel probability measure) such that any diffeo
morphismg € U has the accessibility property.

7.3.1. General theory.The study of stable accessibility is based on the
guadrilateral argumenffirst introduced by Brin $4]. Roughly speaking
it goes as follows (we assume for simplicity that the centliatribution
E° is integrable). Given a point € M, consider ad-leggedus-path
(20, 21, 22, 23, 24] Originating atz, = p. We connect;_; with z; by a ge-
odesic~y; lying in the corresponding stable or unstable manifold ared w
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obtain the curvd’, = |J,.,., 7. We parameterize it by € [0, 1] with
I'p(0) = p.

If the distributionE® & E* were integrable (and hence, the accessibility
property for f would fail) the endpoint, = I',(1) would lie on the leaf of
the corresponding foliation passing throughTherefore, one can hope to
achieve accessibility if one can arrange a 4-leggegath in such a way that
I',(1) € We(p) andI',(1) # p. In this case the path, can be homotoped
through 4-legged:s-paths originating ap to the trivial path so that the
endpoints stay ifil¢(p) during the homotopy and form a continuous curve.
Such a situation is usually persistent under small pertimbs of f and
hence leads to stable accessibility.

We note that all current applications of stable accessytalie to dynam-
ically coherent systems.

The first substantial result is that the accessibility propis C* generic
in the space of partially hyperbolic diffeomorphisms, vokrpreserving or
not.

Theorem 7.12(Dolgopyat, Wilkinson {2]). Letq > 1, f € Diff?(M) (or

f € Dift?(M, v), wherev is a smooth invariant measure ad) be partially
hyperbolic. Then for every neighborhotdc Diff' (M) (respectivelyll ¢

Diff* (M, v)) of f there exists a*? diffeomorphismy € U which is stably
accessible.

An outline of the proof of this theorem in the special casemie central
distribution E< is 1-dimensional and integrable can be found/id |

In the special case when the partially hyperbolic diffeopimism has 1-
dimensional center bundle, accessibility can be shown tnbapen dense
property in the space of diffeomorphisms of clags(see B9).

7.3.2. Results in special case3heorem 7.1Zcan be improved in some
special cases. In the remainder of this subsection we cemnsi@éw products
over Anosov diffeomorphisms satisfying.( 2, time+ maps of suspension
flows and group extensions over Anosov diffeomorphisms.sétsystems
are partially hyperbolic and hence so are small perturbatid heir central

distribution is integrable and the corresponding centrhafion has com-

pact smooth leaves. The proofs of accessibility exploiioues versions of

Brin’s quadrilateral argument, and outlines can be found k.

7.3.3. Skew products over Anosov diffeomorphisinghe context oSubsubsection 2.2.4
we get

Theorem 7.13(Nitica, Torok [67]). If M is a connected manifold then there
is a neighborhood of in Diff?(M x S') or Diff?(M x S*, v x m) in which
stable accessibility is open and dense.
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7.3.4. Suspension flows.

Theorem 7.14(Brin [26], Talitskaya B€], [77]). LetT; be the suspension
flow (seq[3, Sections 1.3j, 2.2j, 5.2, 6.5dpver aC? Anosov diffeomor-
phism with roof functiorff : M — R*. There exists an open and dense set
U of C7 functionsH : M — R* such that the suspension fldiyvis stably
accessible.

7.3.5. Group extensionsLet G be a compact connected Lie groyp,M —
M aC? Anosov diffeomorphism, ang: M — G aC" function. Consider
the G-extension

F=F,MxG—MxG, Fyz,y)=(f(z),o(x)y)
of f. SeeSubsection 2.2

Theorem 7.15(Brin [24], Burns, Wilkinson B7]). For every neighborhood
U C CYM,G) of p there is ayp € U such thatF, is stably accessible. In
other words, stably accessible group extensions are dendieeispace of
C'? group extensions over the Anosov diffeomorphfsm

7.3.6. Timet maps of an Anosov flow.et p; be an Anosov flow on a com-
pact smooth Riemannian manifold. It turns out that stable accessibility
of the time4 diffeomorphism depends on whether the distributtond £
is integrable, i.e., whether the stable and unstable fohat /¢ and W*,
of the timed map are jointly integrable. First, let us comment on joinéin
grability.

Fix ¢ > 0. Given a pointz € M, consider a local smooth submanifold

Nz = | U e

yeBU (z,e) —e<r<e

throughz. Forz, a2’ € M letr, . : II(z) — II(2’) be the holonomy map
generated by the family of local stable manifolds. The tadias 1¢ and
W are jointly integrableif for every y € Il(x) the image of the local
unstable leai’(y) underr, . is the local unstable ledf"(r, .. (y)).

Theorem 7.16(Burns, Pugh, Wilkinsond5]). Assume the stable and un-
stable foliations of the flow are not jointly integrable. Ththe timet map
1 Is stably accessible.

By verifying the hypotheses ofheorem 7.16ne can establish stable
accessibility of the timd-map for

(1) geodesic flows on negatively curved manifolds (more galyecon-
tact flows; Katok, Kononenko{[));

(2) C? volume-preserving flows on compact 3-manifolds that are not
special flows with a constant height function (Burns, Pughkiv
son, [35]).
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We close this section with two conjectures about acceggibil

Conjecture 7.17. A partially hyperbolic dynamical system with the acces-
sibility property is stably accessible.

This conjecture fails if one replaces accessibility by asakaccessibility
due to an example by Brirs[).

Conjecture 7.18. The space of stably accessible partially hyperbolic dy-
namical systems is open and dense in@fi¢opology for any- > 1. (This
is known forr = 1 by[43].)

8. THE PUGH—SHUB ERGODICITY THEORY

8.1. Conditions for ergodicity. Let f be aC? diffeomorphism of a smooth
compact Riemannian manifolt! that is partially hyperbolic and that pre-
serves a smooth measureTo study ergodicity off one uses a version of
the Hopf argument, 62, 31, 77] adapted to the case of partially hyperbolic
systems.

Let B be the Boreb-algebra ofM. Say thatr, y € M are stably equiva-
lent if

p(f"(x), f"(y)) — 0 asn — +oo,

and unstably equivalent if

p(f"(x), f*(y)) — 0 asn — —oo.

Stable and unstable equivalence classes induce two pastitf //, and we
denote bys andU, the Borelo-algebras they generate. Recall that for an
algebraA C B its saturated algebra is the set

Sat(A) = {B € B : there existsA € A with v(AAB) = 0}.
It follows from the Hopf argument that is ergodic if
(8.1) Sat(8) N Sat(U) = T,

whereT is the trivial algebra.

For an Anosov diffeomorphisni the stable equivalence class containing
a pointz is the leaflV*(z) of the stable foliation. Similarly, the unstable
equivalence class containingis the leaflV*(z) of the unstable foliation.
Theo-algebraS consists of those Borel sefsfor whichW*(z) C S when-
everx € S, and thes-algebrall consists of those Borel sets for which
W(z) C U wheneverr € U. The relation 8.1) holds by absolute conti-
nuity of stable and unstable foliations, which proves ergbgdfor Anosov
diffeomorphisms.

If a diffeomorphismf is partially hyperbolic the stable and unstable fo-
liationsW* andW™" of M also generate Borel-algebrasMv®* andM*, re-
spectively, soS ¢ M* andU C M" (nhote that stable and unstable sets
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containing a point: may be larger tham’*(z) andW"(x) due to possible
contractions and expansions along the central directidri)lows that

Sat(8) N Sat(U) C Sat(M?) N Sat(M*).

If f is accessible thefat(M®* N M*) = 7. In fact, essential accessibil-
ity (Definition 7.9 is enough. Iff is essentially accessible then ergodicity
would follow from

(8.2) Sat(M?) N Sat(M") C Sat(M* N M)

(the opposite inclusion is obvious). We describe condgithat guarantee
this.

Theorem 8.1. A volume-preserving essentially accessible dynamicaly c
herent partially hyperbolic diffeomorphism with absolyteontinuous foli-
ationsW< andW<* (seeDefinition 4.4and Subsection 3)ds ergodic.

Proof. (8.2) follows from the conditions of the theorem. O

The assumption that the foliatiomg“* and1¥/<* are absolutely continu-
ous is very strong. It holds for example, when the centeafiain is smooth
(more generally, Lipschitz continuous). However, “typigathe center fo-
liation is not even absolutely continuous (seebsection 6)2 Here is a
more “practical” yet still technical assumption.

Definition 8.2 ([3€]). We say thatf is center-bunched max{yu;, \;'} <
Ao/ o in (2.7).
This definition due to Burns and Wilkinson imposes a much weakn-

straint than earlier versions; they show ] that this assumption suffices
to get the following:

Theorem 8.3. A partially hyperbolic (essentially) accessible dynartica
coherent center-bunched diffeomorphism is ergodic.

Grayson, Pugh Shulz§] proved this theorem for small perturbations of
the time one map of the geodesic flow on a surface of constayatine
curvature. Wilkinson in her thesis extended their resulirt@ll perturba-
tions of the time-one map of the geodesic flow on an arbitrarfase of
negative curvature. Then Pugh and Shubin, [7&] proved the theorem
assuming a stronger center bunching condition. The protbfeofheorem in
the form stated here (with a weaker center bunching comgiti@s obtained
by Burns and Wilkinson ind€].

The way to establisiB(2) without absolute continuity of the center-stable
and center-unstable foliation is through the use of a ctiiecof special
sets at every point € M calledjuliennes J,,(x) (they resemble slivered
vegetables). We shall describe a construction of thesendgth assures
that
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(J1) J,(x) form a basis of the topology.
(J2) J,(x) form a basis of the Boret-algebra. More precisely, léf be
a Borel set; a point € 7 is said to bgulienne densd

. v(h(z)N 2)
nl—lgloo I/(Jn(l’))
Let D(Z) be the set of all julienne dense pointsf Then
D(Z)=Z (mod 0).
(I3) If Z € Sat(M*) N Sat(M*), thenD(Z) € Sat(M* N M™).
Properties (J1)—(J3) implB(2).
Note that the collection of ballB(z, 1/n) satisfies requirements (J1) and
(J2) but not (J3). Juliennes can be viewed as balls “distbitg the dy-

namics in the following sense. Fix an integer> 0, a pointz € M and
numbersr, o such that) < 7 < ¢ < 1. Denote by

By (w,7) = {y € W*(x) | p(f " (2), f"(y)) < 7°},
Bi(x,7) = {y € W*(x) | p(f*(x), f*(y)) < 7"}
and define the julienne
Jn(x) =[S (x) x By (z,7)| N [B)(z,7) x J*(x)],
where the local foliation products
JP(x) = By (x, 1) x BS(z,0"), Ji*(x)= By(x,T)x B(x,0")

are thecenter stable@ndcenter unstable julienneandB¢(x, c™) is the ball
in W¢(z) centered at: of radiuse™. One may think of/,,(z) as a substitute
for B: (z,7) x B¢(x,0™) x BY(z, T), which is only well-defined if the stable
and unstable foliations are jointly integrable.

The proof of (J1)-(J3) is based on the the following properof juli-
ennes:

(1) scaling If £ > 0 thenv(J,(z))/v(Jnsr(x)) is bounded, uniformly
inn eN;

(2) engulfing there is¢ > 0 such that, for any,y € M, if J,.(z) N
J,H_g(y) 7& 1) thean+g(1’) U J,H_g(y) C Jn(l'),

(3) quasi-conformality there isk > 0 such that ifx,y € M are con-
nected by an arc on an unstable manifold that has leagththen
the holonomy mapr : V*(x) — V(y) generated by the family
of local unstable manifolds (s€ibsection 3 Psatisfies/;* , (y) C
m( 5 (x) C Jpi(y).

The properties (1) and (2) are possessed by the family of maEuclidean
space and they underlie the proof of the Lebesgue Densitgréhe One

=1
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can use these properties to show that juliennes are desi&sbThe center-
unstable juliennes are a density basidBft'(x) with respect to the smooth
conditional measurey, .. on W (z), the center-stable juliennes are a den-
sity basis o/ “*(x) with respect to the smooth conditional measuge-

on W< (x), and the juliennes are a density basisMnwith respect to the
smooth measure.

Juliennes,J,,(z), are small but highly eccentric sets in the sense that the
ratio of their diameter to their inner diameter increasethwi (the inner
diameter of a set is the diameter of the largest ball it cosdailn general,
sets of such shape may not form density bases, but juliernesahuse their
elongation and eccentricity are controlled by the dynamicarticular,
they nest in a way similar to balls.

Quasi-conformality is what is needed to prove Property.(Jpughly
speaking it means that the holonomy map (almost) presemeeshape of
juliennes.

Conjecture 8.4. A partially hyperbolic dynamical system preserving a srhoot
measure and with the accessibility property is ergodic.

8.2. The Pugh—Shub Stable-Ergodicity Theorem.

Definition 8.5. Let ¢ > 1. A C? diffeomorphismf of a compactC? Rie-
mannian manifold\/ preserving a smooth measuras said to bestably
ergodicif any C!'-small perturbation of preserving is ergodic.

Stable ergodicity imposes some conditions on the map. Bd&hyad
and Pujals [5] showed that there is an open and dense sét'of* stably
ergodic (with respect to a smooth measure) diffeomorphisittsnonzero
Lyapunov exponents (this answers a problem posed4). [

A stably ergodic diffeomorphisrfineed not be partially hyperbolic, Tahz-
ibi, [87]. However, it possessegdaminated splittingi.e., the tangent space
splits into two invariant subspacésand F' such that fom € N,

ldf* T E@)|lldf™ T F(f" (@) < CA"

with uniform C' > 0 and0 < X\ < 1. This was proved by Arbieto and
Matheus assuming that is C'*< and volume preserving {[]). On the
other hand iff is a symplectic stably ergodic diffeomorphism theémust
be partially hyperbolicid].

To establish stable ergodicity of a partially hyperbolifebmorphism
f one can check whether the hypotheseSloforem 8.3are stable under
small perturbations.

(1) If fis dynamically coherent and the central foliatidff is of class
C' then every diffeomorphisng which is sufficiently close tof
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in the C'! topology is dynamically coherent (sé&eorem 4.1%and
Theorem 4.1h

(2) If fis center-bunched then every diffeomorphigwhich is suffi-
ciently close tof in the C' topology is center-bunched.

Thus, for dynamically coherent center-bunched partiajigerbolic diffeo-
morphisms, stable ergodicity follows from stable accabsib

Theorem 8.6([ 78, 79]). A dynamically coherent center-bunched stably (es-
sentially) accessible partially hyperbolic diffeomorgim that preserves a
smooth measure and has a smooth or plague-expansive center foliation is
stably ergodic (and stably K52, Sections 3.6k, 3.7j[37, Corollary 1.2).

Conjecture 8.7. A partially hyperbolic dynamical system preserving a srhoot
measure and with the accessibility property is stably ergo¢lrhis would
follow from Conjecture’.17and Conjectures.4.)

Conjecture 8.8. Stably ergodic diffeomorphisms are open and dense in the
space ofC" partially hyperbolic dynamical systems for> 1. (This would
follow from Conjecture’.18and Conjectures.4.)

CombiningTheorem 8.@with the results irBubsection 7.%e obtain sev-
eral classes of stably ergodic systems:

8.2.1. Skew product maps over Anosov diffeomorphisiing. = f x Id :
M x S' — M x S' then there is a neighborhoadof F in Diff*(M x S')
or Diff*(M x S*,v x m) such that stable ergodicity is open and dengé in
(herem is the length).

8.2.2. Suspension flows over Anosov diffeomorphishteere exists an open
and dense set @ functionsH: M — R* such that the suspension flow
T, with the roof functionH is stably ergodic. Field, Melbourne and Torok
[47] strengthened this result.

Theorem 8.9. For > 0, there exists & open and dense subsétin the
space of strictly positivé’” (roof) functions such that for evey € A the
suspension flow; with the roof functionf is stably mixing. Ii- > 2 then
A is open in theC? topology and”> roof functions areC'"! dense inA.

8.2.3. Group extensions over Anosov diffeomorphisihg:,: M x G —
M x G is a group extension then for every neighborhdlod C?(M, G) of
the functiony there exists a functiogp € U such that the diffeomorphism
F, is stably ergodic.

Burns and Wilkinson obtained a complete characterizatiostable er-
godicity for group extensions over volume-preserving Anodiffeomor-
phisms. Namely, we say thatthe map M xY — M x Y of classC7"* is
analgebraic factorof the C7"* group extensiotf, if Y = H\G, whereH
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is a closed subgroup @f, and there exists @?t* function®: M — G/H
for which the following diagram is commutative

M x G e, M x G

| |

M x H\G —— M x H\G

whererg(z,9) = (z,®(z)"tg) (and®(z)~! = {g7|lg € ®(x)} is an
element ofH\G).

Theorem 8.10.Let f: M — M be aC?"* volume-preserving Anosov dif-
feomorphism of an infranilmanifold; a compact, connected Lie group and
p: M — G aC?™ map. If the group extensioR, is not stably ergodic
then it has an algebraic factds: M x H\G — M x H\G, where one of
the following holds:

(1) H # G, andh is the product off with Id\¢;

(2) his normal,H\G is a circle, andh is the product off with a rota-
tion;

(3) his normal, H\G is a d-torus, andh = f, wherey is homotopic
to a constant and map&/ into a coset of a lower dimensional Lie
subgroup of thel-torus.

If £, has an algebraic factor of type (1), it is not ergodic; Af, has an
algebraic factor of type (2) but none of type (1) then it isasfig, but not
weakly mixing; otherwisé’, is Bernoulli. In addition F, is stably ergodic
if and only if it is stably ergodic within skew products.

Applying this result to the case when the gratifis semisimple, one can
show thatF, is stably ergodic if and only if it is ergodic.

Field, Melbourne and Torok![/] studied stable ergodicity of group exten-
sions over hyperbolic sets and generalized earlier results 48, 69, 89).
Let f be aC? diffeomorphism of a compact smooth manifald possess-
ing a locally maximal hyperbolic set which is not a periodic orbit. Let
1 be the unique equilibrium measure arcorresponding to a Holder con-
tinuous potential (s¢g|A is ergodic with respect tp). Consider a compact
connected Lie group: with the Haar measure.

Theorem 8.11.For » > 0 there exists a" open and dense subsét C

C"(M, G) such that for every € A the group extensiof,, is ergodic with
respect to the measure= ;. x m. If f|A is topologically mixing ther, is
mixing with respect to.

In other words, iff|A is topologically transitive (respectively, topolog-
ically mixing) then the stably ergodic (respectively stablixing) group
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extensions form an open and dense set in the spaCé gfoup extensions
for anyr > 0.

8.2.4. Time+ maps of Anosov flowdf the stable and unstable foliations of
an Anosov flow are not jointly integrable then the timeyap fort = 0 is
stably ergodic.

Theorem 7.1@provides a strong dichotomy between joint integrability of
the strong foliations and (stable) accessibility. The pape&vhich this the-
orem is proved also produces a clean dichotomy betweenijgagrability
and (stable) ergodicity:

Theorem 8.12(Burns, Pugh, Wilkinsoni5]). The time-one map of a volume-
preserving Anosov flow is stably ergodic unless the stroagjstand strong
unstable foliations for the flow are jointly integrable.

The proof follows the line of argument ir§] and uses the crucial fact
that the holonomy maps are not just continuous but indedddfd@ontinu-
ous with the Holder exponent closeltgsee B0]) so that these maps do not
distort juliennes too much.

In the special case of flows on 3-manifolds one can strengthismesult
and show thathe time-one map is stably ergodic if and only if the flow is
not a suspension flow over an Anosov diffeomorphism with staohroof
function In particular,the time-one map of a volume-preserving topologi-
cally mixingC? Anosov flow is stably ergodi@s a corollary one has that
the time-one map of geodesic flows on a closed negativelyeduRiemann-
ian surface is stably ergodic (this result was earlier ola@iby Wilkinson

[90D.

8.2.5. Frame flows.There are also several cases in which the frame flow
and its timet maps are known to be ergodie]:

Theorem 8.13. Let &, be the frame flow on an-dimensional compact
smooth Riemannian manifold with sectional curvatures betw-A? and
—)\2. Then in each of the following cases the flow is ergodic]&,(Sec-
tions 3.6k, 3.7j] [5, Section 4.3), and even Bernoulli[{, Sections 6—7]
and the time-one map of the frame flow is stably ergodic anol\st&

(1) if the curvature is constant (Brif23]);

(2) for a set of metrics of negative curvature which is opet @@nse in
the C? topology (Brin,[23]);

(3) if nis odd andn # 7 (Brin and Gromov[2d]);

(4) ifnisevenn # 8, and\/A > 0.93 (Brin and Karcher[29])

(5) ifn="TandA/A > 0.99023 ... (Burns and Pollicott[34]);

(6) ifn =8and\/A > 0.99023... (Burns and Pollicott[34]).
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Ergodicity of the frame flow was proved by the authors citeelanh case;
[34] pointed out the K and Bernoulli property and usé&d,[Corollary 1.2]
(which relies on $()]) to deduce those of the time-1-maps across all cases.

8.3. Ergodicity and stable ergodicity for toral automorphisms. Theorem 8.13
has as a particular consequence that the time-one map afine flow of
a manifold with negative curvature is stably ergodic in @bkes where it
is known to be ergodic. At the end oi{] Hirsch, Pugh and Shub posed
a question that might be interpreted as asking whether eargndic auto-
morphism of the:-torus is stably ergodic. In this context ergodicity is &asi
characterized by the property that the automorphism hagyeowalue that
is a root of unity p0].

The dissertation of Rodriguez Hertz3] answers the question in the af-
firmative for dimension up to 5:

Theorem 8.14(Rodriguez Hertz$3]). Every ergodic linear automorphism
of a torus of dimension up to 5 is stably ergodic. (But for disien 4 only
with respect ta”?2-perturbations.)

This result arises, in fact, as a consequence of rather neorergl ones.

Definition 8.15. An automorphism ofl” none of whose eigenvalues is a
root of the unity and whose characteristic polynomial isducible over the
integers and not a polynomial if for any: > 2 is said to be a pseudo-
Anosov automorphism.

Theorem 8.16(Rodriguez Hertz53]). If n > 6 then any pseudo-Anosov
automorphism off™ with dim £¢ = 2 is stably ergodic with respect to the
C5-topology, and if» = 4 then any pseudo-Anosov automorphisriois
stably ergodic with respect to the**-topology.

Rodriguez Hertz derive§heorem 8.14rom Theorem 8.1ty showing
that ergodic automorphisms @f are either Anosov or pseudo-Anosov and
ergodic automorphisms @ are Anosov (and hence clearly stably ergodic).
In fact, the odd-dimensional case is much simplified by hiseotation that
if nis odd andA € SL(n,Z) has irreducible characteristic polynomial then
Ais Anosov. The remaining substance of the work therefosdti¢he cases
n = 4 andn > 6, in each of which Rodriguez Hertz studies a dichotomy
concerning accessibility. He considers the accessilulégses (lifted to the
universal cover) for such a perturbation and shows thaethes either all
trivial (they intersect each stable leaf in a point) or elsestrall be equal
to R" [53, Theorem 5.1]. The latter implies accessibility, and infibrener
case an application of KAM-theory (or, for = 4, a separate theorem of
Moser) then establishes smooth conjugacy of the foliattorthose of the
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linear system, which yields essential accessibility. Rpdz Hertz can then
apply Theorem 8.3n either case.

His result prompted Pugh and Shub to make their earlier gurestore
explicit in the following form:

Problem ([79]). Is every ergodic toral automorphism stably ergodic in the
C"-topology for some?

9. PARTIALLY HYPERBOLIC ATTRACTORS

A partially hyperbolic set\ for a diffeomorphismf of a compact mani-
fold M is called apartially hyperbolic attractorif there is a neighborhood
U of A such thatf(U) c U and

A=) ).
nez
An important property of a partially hyperbolic attracteras follows.

Theorem 9.1. W*(x) C A for everyz € A.

Any diffeomorphisny sufficiently close tof possesses a patrtially hyper-
bolic attractor which lies in a small neighborhood/of

An invariant Borel probability measuygeon A is said to be a-measure
if the conditional measures*(z) generated by: on local unstable leaves
V*(z) are absolutely continuous with respect to the Riemanniaumve on
Ve(x).

Consider a smooth measureon U with the density function) with
respect to the Riemannian volume i.e.,

suppy C U, / Ydm = 1.
U

The sequence of measures

1 n—1
Vp = E ZZ:; f*l/
is the evolution of the measureunder the systenf. Even if the sequence

v, does not converge, any limit measurés supported on\.

Theorem 9.2 (Pesin, Sinai, {3]). Any limit measure of the sequence of
measurey,, is an f-invariantu-measure or\.

We describe another approach for constructingneasures om. For
x € A andy € V*(x) consider the function

S I T EY(fi(y)))
r(a,y) = 11 J(df 1 E*(fi(x)))’
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Define the probability measurg,, onV,,(x) = f"(V*%(x)) by
dmn(y) = Cn/{(fn(x)v y)din(m)v for RS Vn(flf),

wherec, is normalizing factor andny,, ) is the Riemannian volume on
V,.(x) induced by the Riemannian metric. We define the Borel measyre
onA by

mn(A) = m,(ANV,(2)),
whenA C A is a Borel set. One can show thaf,(A) = mo(f~"(A)).

Theorem 9.3 (Pesin, Sinai, {3]). Any limit measure of the sequence of
measuresn,, is an f-invariantu-measure on\.

While Theorem 9.2describesu-measures as a result of the evolution
of an absolutely continuous measure in a neighborhood ofttractor,
Theorem 9.3letermines;-measures as limit measures for the evolution of
an absolutely continuous measure supported on a localhlestanifold.
One can deducé&heorem 9.4rom Theorem 9.3and the proof of the latter,
presented in'{3], exploits a method which allows one to avoid the use of
Markov partitions — the classical tool to prove existenc&RBB-measures
for hyperbolic attractor (in general, a partially hypeib@ttractor does not
have any Markov patrtition).

Assume now that the unstable distributibf splits into the sum of two
invariant subdistribution&™ = E; @ E, with £, expanding more rapidly
thanE,. One can viewf as a patrtially hyperbolic diffeomorphism witk
as the new unstable distribution (afg® £¢ as the new center distribution)
and constructu.-measures, associated with this distribution, according t
Theorem 9.3

Theorem 9.4. Any u-measure associated with the distributiéi¥ is a u-
measure associated with the distributiéi.

The proof of this theorem can be easily obtained from the ttaat the
leaves of théV/, (y) depend smoothly onp € W*(x), seeTheorem 3.3

If A is a hyperbolic attractor and | A is topologically transitive then
there exists a unique-measure. This may not be true for a general partially
hyperbolic attractor and some additional strong cond#iare necessary to
guarantee uniqueness.

Let us denote by(x, v) the Lyapunov exponent at the pointce A and
the vectorw € T, M.

Let v be an invariant Borel probability measure AanWe say that\ has
negative central exponentgth respect ta if there exists a set ¢ A of
positive measure such thatz, v) < 0 for everyz € A andv € E°(z).



52 B. HASSELBLATT AND Y. PESIN

Theorem 9.5(Burns, Dolgopyat and Pesin;j)). If v is au-measure with
negative central exponents then every ergodic componeft ot of posi-
tive measure is opefimod 0).

Using this result one can provide conditions which guamntgaqueness
or at most finite number af-measures.

Theorem 9.6(Burns, Dolgopyat and Pesin;j]). Assume that there exists
a u-measurer with negative central exponents. Assume, in addition, that
for almost everyr € A the trajectory{ f"(z)} is everywhere dense ih.
Thenf | A is ergodic with respect to.

One can show that if for every € A the global strongly unstable mani-
fold W*(z) is dense then almost every orbit is dense. Moreover, unger th
assumption there is a uniguemeasure which is also an SRB-measure for

f.

Theorem 9.7(Bonatti and Vianaf(]). Let f be aC? diffeomorphism pos-
sessing a partially hyperbolic attractok. Assume that for every € A
and every diskD*(x) C W"(zx) centered atr, we have thai(y,v) < 0
for a positive Lebesgue measure subset of pairdksD* and every vector
v € E(y). Thenf has at most finitely many-measures.

Theorem 9.8(Alves, Bonatti and Viana]])). Assume thaf is nonuniformly
expanding along the center-unstable direction, i.e.,

n—oo

: 1 . — cu
(9.1) lim sup — > loglldf Tt T ES )l <0
j=1

for all x in a positive Lebesgue measure dett M. Thenf has an ergodic
SRB-measure supported (ifi2, f/(M). Moreover, if the limit in(9.1) is
bounded away from zero thetis contained(mod 0) in the union of the
basins of finitely many SRB-measures.

Let A = A, be a partially hyperbolic attractor fg. It is well-known that
anyC'" diffeomorphismy which is sufficiently close t¢ in the C'* topology
possesses a partially hyperbolic attractgrwhich lies in a small neigh-
borhood ofA;. The following statement shows thatmeasures depend
continuously on the perturbation.

Theorem 9.9 (Dolgopyat, [11]). Let f,, be a sequence af? diffeomor-

phisms converging to a diffeomorphignn the C? topology. Let alsw,, be

a u-measure forf,,. Assume that the sequence of measugaonverges in
the weak topology to a measureThenv is au-measure forf.

The following statement describes a version of stable ecggdor par-
tially hyperbolic attractors.
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Theorem 9.10. Assume that there exist@measurer = vy for f with
negative central exponents. Assume also that for everyA ; the global
strongly unstable manifoléV“(x) is dense in\;. Then anyC? diffeomor-
phismg which is sufficiently close t¢ also has negative central exponents
on a set that has positive measure with respectenaeasure/,; this mea-
sure is the only SRB measure fpand g | A, is ergodic with respect to
Vg.

The following statement provides conditions which guagantniqueness
of u-measures.

Theorem 9.11(Bonatti and Viana(]). Let f be aC? diffeomorphism
possessing a partially hyperbolic attractdr Assume that

(1) there existz € A and a diskD*(z) C W*"(x) centered atc for
whichx(y, v) < 0 for a positive Lebesgue measure subset of points
y € D" and every vectov € E(y);

(2) every leaf of the foliatiom* is dense im\.

Thenf has a unique:-measure and it is ergodic. The support of this mea-
sure coincides with.

The measure in this theorem is a Sinai-Ruelle-Bowen (SRB) measure
(for the definition and some relevant results on SRB-meassee [, Sec-
tion 14]).
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