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ABSTRACT. In this paper we study a skew product map F' with a measure p of
positive entropy. We show that if on the fibers the map are C1+¢ diffeomor-
phisms with nonzero Lyapunov exponents, then there are ergodic measures of
intermediate entropies. To construct these measures we find a set on which
the return map is a skew product with horseshoes along fibers. We can control
the average return time and show the maximum entropy of these measures can
be arbitrarily close to hy (F).
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1. INTRODUCTION

Entropy has been the centerpiece in dynamics. It is related to the exponential
growth rate of divergence of orbits and reflects the complexity of the system. In
general, positive entropy implies some (partially) hyperbolic structure of the system,
which usually guarantees the existence of plenty of periodic orbits or invariant
measures. We would like to characterize this aspect of entropy for a large class of
systems. The work presented here is just another chapter of this story.

Let us consider a compact Riemannian manifold M and a C'*® (a > 0, this
means the derivative is a-Holder continuous) diffeomorphism f on M. f preserves
an ergodic measure y. Then there are real numbers \;, kK = 1,2, ...,[, such that for
p-almost every point x, there are subspaces Ej(x) of the tangent space T, M such
that for any vector v € Ej(z)\{0}, we have A(v) := lim,_, log||df™v|/n = Ax.
l is some integer number no more than the dimension of M and these subspaces
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are invariant of df, the derivative of f. These numbers Ay are called Lyapunov
exponents. We say u is a hyperbolic measure if all Lyapunov exponents are nonzero.
Years ago, A. Katok established a remarkable result as following;:

Theorem 1.1. (Katok, [5, 6]) If the metric entropy h,(f) > 0 and p is an ergodic
hyperbolic measure, then for any € > 0, there is a hyperbolic horseshoe A C M such
that h(f|A) > hu(f) — €.

This theorem has an interesting corollary: Under the conditions of the theorem,
there are ergodic measures pg such that h,,(f) = B for any real number § €
[0, h,(f)]. Since the horseshoe map is a full shift, these measures can be constructed
by taking sub-shifts or properly assigning weights to different symbols. Existence
of these measures of intermediate entropies exhibits the complicated structure of
the system with positive entropy.

So far it is not known whether every smooth system (C1*¢ diffeomorphism) on
compact manifold with positive (topological) entropy has this property. In general,
such a system may not have any hyperbolic measure. Herman constructed a well-
known example, which is a minimal C*° diffeomorphism with positive topological
entropy [3]. So even a closed invariant subset would not be expected. Fortunately,
minimality does not prevent the system from having measures of intermediate en-
tropies, at least in Herman’s example. Herman suggested the question that whether
positive topological entropy smooth systems are not uniquely ergodic. Katok con-
jectured a stronger statement: they have measures of arbitrary intermediate en-
tropies. We are working towards this statement.

In this paper we deal with skew product maps with nonzero Lyapunov exponents
along fiber directions. In precise, let F' = (g, f,) be a skew product map on the space
X XY preserving a measure u = [ oydv. By taking an ergodic component we may
assume p is ergodic. ¢ is an invertible (mod 0) measure preserving transformation
on the probability space (X,v). g is ergodic by the assumption. For every z € X,
fs is a C1+ diffeomorphism on the compact smooth manifold Y.

Theorem 1.2. (Main Theorem) Assume that h,(F) > 0 and h,(g) = 0. If for
almost every z = (z,y) € X XY and every v € T,({z} x Y)\{0}, the Lyapunov
exponent

log ||df ;n— <o d df v
A(v) = lim 8 o2 @) o Yo #0
n—o00 n
then F' has ergodic invariant measures of arbitrary intermediate entropies.

’

Our argument also works for h,(g) > 0. In this case it concludes that there
are ergodic measures of entropies between h,(g) and h,(F). We assume g has no
periodic point, or else the problem is reduced to Theorem 1.1. We have shown in
[8] that under the conditions there are measures of zero entropy. Some lemmas are
generalized and adapted in this paper.

Acknowledgements. The author would like to express great appreciation to Anatole
Katok for numerous discussions and encouragement.

2. ENTROPY AND SEPARATED SETS ON FIBERS

This section is devoted to the discussion on the entropy of a skew product dif-
feomorphism. We are aiming to get an estimate on the cardinality of the (m,¢)-
separated set on each fiber, which is analogous to the definition of metric entropy
by Katok [4].
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Let n be a measurable partition of the fiber Y with finite entropy H,(n) < oo
for almost every x € X, where Hy(n) = 3 ¢, 02(C)logo,(C). Let us put

n—1
nt =\ f ey
k=0

Theorem 2.1. (Abramov and Rohlin, [1]) For every n, put

The limit exists and it is finite. Let
h(f) = Sup h?(f:m)
h9(f) is called the fiber entropy. We have
hu(F) = hy(9) + h9(f)

Since for the skew product diffeomorphisms we considered, g is ergodic and, for
almost every ¢ € X, 0,0 f; 1 = Of(x), i-6. fz preserves the conditional measure on
the fiber, we have for almost every x,

WS(fm) = i L H () = h(f,n)

There is a version of Shannon-McMillan-Breiman Theorem from Random Dy-
namics theory which works for our setting.

Theorem 2.2. ([7], Theorem 1.1.4) Let C(y) be the element of 02 containing y.
Then for almost every (z,y) € X XY,

lim v, (CP(y)) = ~h3(f,m) = —h9(f,)

n—o00 N

Let df'(z,2') be an increasing system of metrics defined on X x Y by:
F(, ) _ i, it
d; (z,2") = pnox d(F'z, F'z")

If z and 2’ are on the same fiber {} x Y, then this metric induces a metric on the
fiber. For x € X and § > 0, on the fiber {z} x Y, let NX'(n,¢,6) be the minimal
number of e-balls in the df -metric needed to cover a set of o,-measure at least 1—4,
and let SI'(n, €, §) be the maximal cardinality of a (dZ, ¢)-separated set inside every
set of o,-measure at least 1 — 4.

We can follow exactly Katok’s argument for [4, Theorem 1.1] and get the anal-
ogous result:

Theorem 2.3. If F' is ergodic, then for almost every x € X and every 6 > 0,
1 B 0 1 F 0
B9(f) = Tim tim ing 28Ne (1 60) oy s 108N (6,9)
e—0 n—oo n e—0 0o n

And we also have

B9(f) = lim Tim inf 282 (00 i g 10855 (1:6,9)
n

e—=0 n—oo n e—=0 300
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3. PROPERTIES OF RECURRENCE

In this section we discuss some properties related to nontrivial recurrence of the
map. For the skew product, recurrence of points in a set other than unions of whole
fibers, can be very complicated. For example, points on same fiber may return to
different fibers. We need to control the recurrence as we wish.

Theorem 3.1 is a generalization of [8, Proposition 3.2]. We still use only the
special version in this paper.

Theorem 3.2 is crucial and is the most technical part of this paper. It reveals
a fact that, for a complicated return map on some set of positive measure, if the
return time is integrable, then this return map is one-to-one and measure preserving
on a subset of positive measure. Moreover, we have an estimate of the integral of
the return time on this invariant subset, which can be used to estimate the size
(measure) of the subset.

Theorem 3.1. (Integrability of Return Time) Let P C X x Y be a measurable
subset. B = w(P) C X is the projection of P on the base. For x € B, denote
Pn({z} xY) by P(x). Assume that v(B) = vy > 0 and there is o9 > 0 such
that for (almost) every x € B, o,(P(x)) > 09. Hence u(P) = po > vooo > 0. For
(almost) every z € P, denote by 7y(z) the l-th return time of z. Let

Py(x) = {z € P(z)|iu(z) > n}, Ni(z) = max{n|v,(P,(z)) > 0o}
Then

l
Ni(z)dv < — < o0
o0

Remark. Ni(x) is the longest return time for the I-th returns of the points in a
subset of conditional measure no less than o, (P(x)) — 0o in P(z). Or equivalently,
Nj(z) is the smallest number such that the set of points in P(z) with [-th return
times greater than N;(z) has conditional measure at most oyg.

Proof. Since p is F-invariant and p(P) > 0, we have:

0< [ = u(J PP <1

Jj=0
Hence
0< / ny(z)dp = l/ n1(z)dp <1
P P
Note
oo
[ fntydn =3~ )
P =

where P; = {z € P|ny(z) > j}.

For every x € B, let B; = {x € B\Nl( ) > j}. By definition, P! (z) = P, N P(z),
which implies that x € BJ iff 0,(P; N P(x)) > o0¢. So we must have pu(P;) >
v(Bj) - 09, and
/Nl(x)dy—iu <ii L
B =190

j=1
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Theorem 3.2. Let g be a measure preserving transformation on a probability space
(X,v). g is invertible and has no periodic point. B is a subset of X with v(B) =
vo > 0. N : B — N is a measurable function such that §(z) := ¢g"®)(z) € B for
almost every x € B. Assume fB N(z)dv = ¥ < co. Then there is a subset By
of B such that the following holds: v(B1) =v1 > 0, §g(B1) C By and g. = §|B, s
invertible and v-preserving. Moreover,

N(@)dv = v(| ] ¢°(B)
B kez
Remark. This theorem is nontrivial because the map g is not necessarily the first
return, but just some return. So g is just a measurable transformation on B which
may be neither injective nor surjective. However, we are able to find a subset of B
on which it is invertible, provided the integrability of return times.

We define a partial order on B: z1 < x2 iff there is n > 0 such that g% (z1) = 2,
i.e. x5 is an image of 7 under iterates of g. Since g is invertible and has no periodic
point, this partial order is well defined.

Let Ot (x) = {g*(z)|k € NU {0}} be the positive g-orbit of z. We define an
equivalence relation on B: z1 ~ x5 iff Q(z1,22) := O (x1) NOT(x2) # 0, i.e. there
are ny,ne > 0 such that g™ (x1) = ™2 (x2). Note 2 € OT(x1) or x5 € O (x1)
implies 1 ~ x2, but the converse is not true. Also note within an equivalence class
the partial order we defined is a total order. We showed in [8]:

Proposition 3.3. For almost every x € B, there is an element ' 2 © such that
z' ~ x. Consider the set

Ga)=JC N 0™ (x2))

T1~T ro~x and T2<T1

Then G(z) is a nonempty subset of B.

Proof of Theorem 3.2. For almost every z € B and Z € G(x), there are infinitely
many elements in B such that their positive orbits contain . However, by inte-
grability of return time ([ N(z)dv = £p < o0), the pre-image §~'(Z) consists of
finite number of elements. Let H(Z) = {2'|g(z") = Z and there are infinitely many
elements {z, }nen such that ' € OF(x,)}. Then H(Z) # 0. Define g(z) = %, if
there is such & € G(x) that §(&) = &; otherwise, §(Z) = min H(Z). Such & must be
unique since any element in G(z) "behind” (or ”greater” according to the partial
order) # must be contained in O" (). So g is a well defined and §o g = Id. With
the same argument we have H(g(Z)) # (), hence g™ (z) can be well defined for any
n €N,

Define G(z) as following: G(z) = G(z) if G(x) has no minimal element; G(z) =

G(z)U(U,2,{g"(z)} if Z is the minimal element of G(z). Note for every 2’ € G(x),
{z" € G(z)|z' < 2"} = Ot (a'). Let By = Usen G(x).

B is invariant under §. For 2’ € By, there is = € B such that 2’ € G(z). We
have §(z') € G(z) € By by definition of G(z).

|, is surjective. For 2’ € By, 2’ € G(z) for some z. If 2’ € G(x) and 2’ is not
the minimal element of G(x) (G(x) may have no minimal element), then there must
be 2" € G(z) and z” = 2’. By definition of G(z) we must have 2’ € OT (2”) since
they are both on the positive orbit of some element equivalent to . So z’ = §*(z")
and §g*~1(2”) € B;. If G(x) has a minimal element Z and 2’ = g*(Z) for some
k >0, then 2’ = §(g**1(z)) and g***(z) € B;.
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J|B, is injective. If for x1, o € By, we have g(z1) = g(x2), then x1 ~ 5. We
may assume 1 < xo. Note by definition if 7 ~ x5 then é(:z:l) = é(mg) So we
must have x5 € OF(21). §(z1) = §(z2) = §(§*(21)). k must be zero and z; = 5.

By has positive measure. Note By = |J, .5 G(x) = ;2 §°(B) is measurable.
By = U;2, ' (B2) is measurable. But |J,,c;, ¢"(B1) D B and B has positive mea-
sure.

In fact, let Dy = {zx € B1|N(z) = k} for k =1,2,---. Then consider

oo k-1

By = [J(lJ ¢ (Dw)
k=1 j=0
We must have By = (Jycz 9%(B). First note g*(Dy) C By C Bs, so Bs is g-
invariant. ¢g(Bs2) = Bs. By construction of Bj, for every x € B, there is | C N
such that g'(z) € By. Hence B C B;. and J;c; g"(B) C Ba. On the other hand,
Dy C By and By C ¢y, g*(By) C Ukez g*(B). Furthermore,

N(@)dv =3 k-v(Dy) = v(Bs) = v(| ] o*(B))
B k=1 kez
9« = §|B, preserves v. D;(\D; = 0 and g.(D;)()g«(D;) = 0 for ¢ # j, and
g+|p, = g* preserves v. For any measurable subset B’ C By, B’ = U1§n<o<J B!,
where B], = B'(\D,, C D,,. We have

v(g(B)) = Y vle(B))= Y v(B)=v(B

1<n<oco 1<n<oco

4. PROOF OF THE MAIN THEOREM

4.1. Regular Tube. If on the fiber direction we have no zero Lyapunov exponents,
then from Pesin theory [2, 6] we know for almost every point z there is regular
neighborhood on the fiber. Inside each regular neighborhood we can introduce a
local chart and identify a ”rectangle” with the square [—1,1]? (z with 0) in Euclidean
space (in higher dimension this should be recognized as the product of balls of radii
1 in dimensions corresponding to contracting and expanding directions).

Fix some small number v > 0, we can define admissible (s,~)-curves as the
graphs {(0,v(0))|0 € [—1,1]} and admissible (u,y)-curves as {(¢(0),6)|0 € [-1,1]},
where ¢ : [-1,1] — [-1,1] is a C' map with [¢)'| < 7. These admissible curves
are preserved under iterations of F~! and F respectively, we mean, there is some
0 < h < 1 such that if in addition |¢)(0)| < h then their images are also admissible
curves of the same types, respectively.

Consider admissible (s,y)-rectangles defined as the set of points

{(u,v) € [=1, = 1]|v = wipr (u) + (1 — w)¢ha(u), 0 < w < 1}

where ¢; and vy are admissible (s,~)-curves, and (u,y)-rectangles defined analo-
gously. Then these rectangles are also preserved by F~! and F, respectively (in
the sense described above).

Let us fix small numbers € > 0 and r > 0.

Proposition 4.1. There is a ”"Regular Tube” P, which is a measurable subset of
X XY satisfying the following properties:
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(1) p(P) =po>0.

(2) Let m : P — X be the projection to the base and let B = w(P). Then
v(B) =1y > 0.

(3) For every x € B, there is a rectangle R(x) on the fiber {x} X Y whose
diameter is less than €/2. R(z) C R(z) where R(z) is the Lyapunov regular
neighborhood of some point z = (z,y) € X XY on the fiber {x} x Y. Let
P(z)=Pn({x} xY). Then P(x) C R(z) for every x € B.

(4) There is some number og > 0 such that, for every x € B, o¢ < 05(P(x)) <
0’0(1 + 7").

(5) Applying Theorem 2.3, we may assume that there is some my > 0 such that
for every m > my and x € B, inside any set of o,-measure at least oo/2
on the fiber {x} x Y, we can find a (d%, €)-separated set with cardinality at
least expm(h,(F) — ).

(6) For every x € B and z € P(x), if for some n > 0, F"(z) returns to
P, i.e. F"(z) € P(g"(x)), then the connected component of the intersec-
tion F”(R( )) N R(g™(x)) containing F"(z), denoted by CC(F™(R(z)) N
R(g"™(x )) "(z)), is an admissible (u,y)-rectangle in R(g™(z)) and
CC(F~™(R(¢g™(z))) N R(x),z) is an admissible (s,v)-rectangle in R(x).
Moreover, for j =0,1,...,n, on the fiber {g7(z)} x Y we have

diamF7(CC(F~™(R(g"(z))) N R(z), 2)) < €

Proof. This regular tube can be obtained with the following steps.

(1) On almost every fiber, find a regular point z € {z} x Y and its regular
neighborhood R(z). Take R(z) € R(z) with diameter less than /2.

(2) Find P(z) C R(x) satisfying property (6). There is some oo > 0 such that
By = {z|o,(P(z)) > oo} > 0. For z € By, shrink the size of P(x) properly
such that og < 04(P(x)) < oo(1 + 7).

(3) Find m; and B C By such that P = |J
and v(B) > 0. P is as required. [

sc P(z) also satisfies property (5)

4.2. Control of Return Time. Now let us start with a regular tube P. Apply
Theorem 3.1, we can find a measurable section g : B — P, w o q¢ = Id such that

/ Ni(z)dv < L
B a0

where N;(z) is the first return time of ¢(x).
Denote by xp the characteristic function of the measurable set P. Consider the
sets
A, ={z € X x Y| For every k > n,

k k(1+7)
;XP(FZZ) < kpo(1+ - 3 ) and ; xp(F'z) > kuo(1+ 3 )

(throughout this paper, numbers like k(1 + r) are rounded to the nearest integer,
if needed). Since p is ergodic, by Birkhoff Theorem we have for almost every z,

1L iy N
nlgr;o;;xP(F z) = pu(P) = po

which implies
lim p(A,) =1

n—oo
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Let B,, = {z|o(P(z) N Ay,) > 0o(1 —r)}. Then

v(B\B,) — 0 and / N(z)dv — 0
B\B,,

So there is mg and a measurable subset B; C B with the following properties
(1) v(By) > vo(1 —7r). Let P, =7~ Y(B1) N P. u(P1) > po(l —r).
(2) For x € By, let Pi(x) = PN ({z} xY) and P/"(z) = Pi(x) N Apm,. Then
o(P]"(z)) > ao(1 — 7).
(3) Let By = B\Bi. Then [ Ni(z) <r.
Now let us fix m > max{mj,mg}. For convenience, denote by IC = [mpuo(1+ )]
the integer part of muo(1 + 5). For large m,

2
mpo(1 + %) <K <muo(1+ ET)

For every « € By, P{"°(x) > oo(1 —r) > 0¢/2, by property (5) of the regular
tube, there is a (d% , ¢)-separated set E(x) C P;"°(z) with cardinality
|E(z)| > expm(h,(F) —r)

For z € E(z) C A, the KC-th return time of z to P is an integer number between
m + 1 and m(1 + r). So there is V(z) C E(x) with cardinality

V()| = [ expm(hy(F) ~ )

and the IC-th return times for points in V(x) are the same, denoted by N(z). The
set U,cp, V() can be viewed as the union of [-Lexpm(h,(F) — r)] measurable
sections over Bj.

N(z) is measurable function on B;. We extend N(z) to a measurable function
on B: for x € By, let N(z) = Ni(z). Consider the map g.(z) = ¢V @ (z). g.(z) is
well defined on B and g¢.(B) C B. Moreover,

/ N(z)dv < N(z)dv + Ni(z)dv <m(l+71)-vy+1 <00
B By B>

Applying Theorem 3.2 we can find a set B3 C B of positive measure such that the
map g, restricted on Bj is invertible and preserves y. We can assume that g.|p, is
ergodic (with respect to the measure induced by v).

Let By = Bs N By and Bs = B3 N By. Let G(x) be the first return map on By
with respect to g,. Then G is invertible and preserves v. Define the measurable

function p and ! on By such that G(z) = g*(®)(z) = gi(w) (x). For x € By,
I(z)—1

p(z) = > N(gi(x))
j=0
So we have
/ p(z)dv = N(z)dv
By Bs

Let Cy = {x € B1|N(z) = k}. Similar to the argument in the proof of Theorem
3.2, we know

(@

k—1
c=UWJ @)
7=0

k

1
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is g-invariant. g is ergodic, so v(C) = 1. Hence

/ p(x)dv = N(z) = Zk v(Cy) >v(C) =1
Ba Bs k=1

But
/ N(z) < N(z)+ N(z)<m(l+7r) -v(By) +r
Bs Ba B
So 1—r
U<B4) Z m

and the average return time

1 1 -v(B
[ oyt < mOED B
By

v(B4) v(Bs)
B r m(l+7r)
_m(1+T)+V(B4)7 1 —r

4.3. Construction of Horseshoe. We are going to construct a skew product map
with base G on B, and horseshoes on fibers.
For every z € By, define the sets Si(z), k = 1,2,...,1(x) by induction as follows:

Siy) = R(G(2)) = R(¢:" (x))

Siay-1 = CC(R( ™ (@) 0 PN 60800, g(007 7 (2)))
For k < I(x) — 1, if Sy is defined, then

Sy = F N @) CO(R(gh (x)) N FNO @)(R(gh (),

FN@O) (g(gh ™ (2))) N Sk)
Now we can find a map u, : V(z) — P(z) such that for z € V(x), u,(2) is a
point inside the set
F=NE(CO(R(g. () N FN (R(2)), FN®(2)) 1 1)
Note
FN@) (uy(2)) € 84
and .
FN@@)(8,) € Spyq
for k =1,2,...,1(z) — 1, which implies

FP®)(uy(2)) C P(G())

Let U(z) = uy(V(x)).

For every © € By, z € V(x), consider the connected component of P(g.(z))
containing FN (z)(z). FN(z)(z) is the K-th return of z to P and N(x) > m. Since
points in V (z) are (d% | €)-separated, with property (6) of the set P, we can conclude
that the connected component

CC(R(g.(x)) N FNO (R(x)), FN@(2))

contains exactly one point in the set FV(*)(V(z)). Analogously, the connected
component
CC(R(z) N F~ N (R(g.(x)), 2)

contains exactly one point in V().
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So for z € U(x), the connected component
CC(R(G(2)) N FP@) (R(x)), F**)())
contains exactly one point in the set F*(*)(U(z)) and the connected component
CC(R(z) N F~"(R(G(2))), 2)

contains exactly one point in U(x). We may choose the points in U(x) such that the
union of these points form the union of [-1- expm(h,(F) — r)] measurable sections
over Bjy.

Let F(2) = FP("(2)(z). Then for z € B4, R(G(x)) N F(R(x)) consists of
[-Lexpm(h,(F) — r)] connected components and so dos R(z) N F*(R(G(x)).

Consider the set
A= (N FRG @)

rEBy n€EZ

Then A is invariant of F and F|x = (G, H), with the base G on Bs and # on the
fiber conjugate to the full shift on [-L- exp m(h,(F) — r)] symbols.

4.4. Estimate of Entropy. A carries many ergodic invariant measures for F|s of

the form
7.
—_ TdV
v(Ba) By

where 7, is supported on A(z) = (e F"(R(G " (z))). Entropies of these measures
vary from 0 to the topological entropy of the full shift which equals

togl—— expm(hu(F) )]

Measures of arbitrary intermediate entropies can be obtained by carefully assigning
weights to different symbols for the shift. These measures induce ergodic invariant
measures of F'. The average return time is

1 1
T80 Jy o P = iy [ o S it/ 0)

So the measures we constructed has the maximum entropy no less than
1—7r
' m(l+r)
which is arbitrarily close to h,(F) as r — 0 and m — co. This completes the proof
of Theorem 1.2.

logl—— expm{l, (F) 1)

REFERENCES

[1] L. Abramov and V. Rohlin, The entropy of a skew product of measure-preserving transfor-
mations. Amer. Math. Soc. Transl. Ser. 2, 48 (1966), 255-265.

[2] L. Barreira and Y. Pesin, Nonuniform hyperbolicity: Dynamics of systems with nonzero
Lyapunov exponents, Cambridge University Press, 2007.

[3] M. Herman, Construction d’un difféomorphisme minimal d’entropie topologique non nulle,
Ergodic Theory Dyn. Syst. 1 (1981), 65-76.

[4] A. Katok, Lyapunov exponents, entropy and periodic orbits for diffcomorphisms, Publ. Math.
ILH.E.S. 51 (1980), 137-173.

[5] A. Katok, Nonuniform hyperbolicity and structure of smooth dynamical systems, Proceedings
of the International Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983), 1245-1253, PWN,
Warsaw, 1984.



MEASURES OF INTERMEDIATE ENTROPIES 11

[6] A. Katok and L. Mendoza, Dynamical systems with nonuniformly hyperbolic behavior, sup-
plement to Introduction to the Modern Theory of Dynamical Systems, by A. Katok and B.
Hasselblatt, Cambridge University Press, 1995.

[7] Y. Kifer and P. -D. Liu, Random dynamics, Handbook of Dynamical Systems, vol. 1B, 379—
499, North-Holland /Elsevier, Amsterdam, 2006.

[8] P. Sun, Zero entropy invariant measures for skew product diffeomorphisms, to appear in
Ergodic Theory Dyn. Syst.



