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Abstract

We study Pesenti—Szpiro inequality in the case of elliptic curves byér) which occur as
subvarieties of Jacobian varieties of Drinfeld modular curves. In general, we obtain an upper-
bound on the degrees of minimal discriminants of such elliptic curves in terms of the degrees
of their conductors and. In the special case when the level is prime, we bound the degrees of
discriminants only in terms of the degrees of conductors. As a preliminary step in the proof of
this latter result we generalize a construction (due to Gekeler and Reversat) of 1-dimensional
optimal quotients of Drinfeld Jacobians.
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1. Introduction

1.1. Statement of results

The aim of this paper is twofold. The initial motivation comes from a question about
a possible refinement of Pesenti—Szpiro inequd®y] when we restrict the attention
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to a special class of arithmetically important elliptic curves. To give an answer to this
question we first will generalize the construction of 1-dimensional quotients of the
Jacobian varieties of Drinfeld modular curves given[18]. This generalization seems
to be interesting in its own right.

Let [, be a finite field withq elements and le¥ := [, (). This latter field is
the field of rational functions orEP%q. Let E be a non-isotrivial elliptic curve ovefF.

This means that thg¢invariant of E is a non-constant rational function dﬁ%q, and

hence gives a finite mapg : P%q — P%q. We define thenon-separable degree gfz,
deg(jE), to be the non-separable degree of this morphism. In particulag,(dgy is
equal to some power of the characterigticof F. We will say that thej-invariant is
separableif deg.¢(jg) = 1. Let Dg be the divisor of the minimal discriminant &,
and letng be the divisor of its conductor. The main result[88] in the case oﬂP’%

can be stated as follows: !

Theorem 1.1 (Pesenti—Szpijo With previous notation we have
degDr <6-deg(jr) - (degng — 2).

This theorem (which the authors prove for general global fields of positive charac-
teristic) is the function field analogue of a famous conjecture of Szpiro which asserts
a certain inequality between the discriminants and the conductors of elliptic curves
over (0. Due to its relation to theABC conjecture Szpiro’s conjecture is extremely
important for Diophantine problems and is wide open in general. The above theorem
is not important for Diophantine questions over function fields, but the statement (and
the techniques of its proof) are quite interesting from the geometric viewpoint. In this
paper we will complement Theoreth1 with extra information concerning dgd;r)
when the elliptic curves in question are subvarieties of certain modular Jacobians.

In general, there are elliptic curves overwith arbitrarily large deg(/), and the
inequality in Theoreni.1is false without deg(;) in it. More precisely, ded@g cannot
be uniformly bounded only in terms of some fixed power of dgg This easily can be
seen by fixing a non-isotrivial elliptic curvE and considering its Frobenius conjugates
EW®.

Let A = [,[¢] be the ring of polynomials with coefficients if,. Let n be an ideal
in A. Consider theDrinfeld modular curveXo(n)r which is the compactified coarse
moduli space of DrinfeldA-modules of rank 2 ovelF with an n-cyclic subgroup.

It is known that Xo(n)r is a smooth projective geometrically connected curve over
F. Denote byJo(n) the Jacobian variety oKo(n)r. Let E be an elliptic curve over

F which is F-isomorphic to a 1-dimensional subvariety d§(n). Such an elliptic
curve necessarily has split multiplicative reduction over the place= 1/¢ of F and
conductorng = m - oo for somem|n. We will call such curvesoptimal It was Barry
Mazur who in private communication brought to my attention the question of refining
Theoreml.1 for the case of optimal curves. That such a refinement might be possible
can be motivated by the observation that the analogous curvesCp\#rat is, those
elliptic curves which occur as subvarieties of classical modular Jacolng)) tend
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to have small numerical invariants, like regulators or Faltings’ heights, compared to
other curves in the sam@-isogeny class; cf[6]. Hence over function fields one might
expect that deg(j) of optimal curves tend to be “small”. The main results of this
paper are the following theorems.

Let E be an optimal elliptic curve ovefF with conductorng = n - cc.

Theorem 1.2.If n is prime thenjz is separable. In particular
degDg <6- (degng — 2).

This theorem can be considered as the function field analogue of the main result in
[19]. It is proved as Theorerf.1

Theorem 1.3. There is a bound
degis(jr) < ¢°(L+q)(1+ q degm*degm)®.
In particular,
degDr < 13- ¢°(degm)®.

This is proved as Corollarng.7. (To see the last inequality note that+1q<%q
and 1+ qdegngéq degn sinceg >2 and, from the Grothendieck—Ogg—Shafarevich
formula, degn>3.) The following example shows that thénvariants of optimal curves
need not always be separable.

Example 1.4. Consider the Drinfeld modular curves which have genus 1, i.e., are
elliptic curves. This happens essentially only twice and only whea 2. The first
case is whem = ¢3:

Xo(n) = E: y2+txy =x34+ 12

One computes thatz = r* and hence deg(j) = 4.
The second case is when= 2(t + 1). Now

Xon) = E : y2+txy+ty =x3

and jr = 18/(t + 1), Hence degy(j) = 2.

The upshot of Theorems.2 and 1.3 is that both Szpiro’s conjecture ové&r and the
provable result oveF, (¢) take essentially the same form when we restrict the attention
to optimal curves. It is knowrjl5] that everyF-isogeny class of elliptic curves with
split multiplicative reduction abo contains an optimal curve (this is the analogue of
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the Shimura—Taniyama—Weil conjecture ovg). Hence our theorems apply to a wide
class of curves.

1.2. Outline of the proofs and organization of the paper

We want to show that deg(j) of an optimal curve is “small” (desirably equal to
1). For any placep of F, deg,(j)|(—ordy(j)). On the other hand, if is a place of
multiplicative reduction ofE then it is known that-ord, () is the order of the group
@, of connected components of the geometric fibre of the Néron mod&l over
[P’%q at p. Thus, one can try to bound® ,, or to show that it is coprime to the

characteristiqp in some favorable situations, to conclude thatis separable.

As we already mentioned, the place is always a place of split multiplicative
reduction of our optimal curv&. To prove Theorenl.3 we use a formula fronj21]
which relates #¢ », to the value ofL(Syn? E, s) at s = 2; see Subsectiof.2 One
needs a bound on this special value of théunction to complete the proof. Such an
estimate is carried out in Appendi.

Now let p # oo be a prime which strictly divides (so thatE has multiplicative re-
duction atp). In this case, to get a handle o®# , we study the ma® jou,p — P p
induced from the quotient magp(n) — E with connected smooth kernel. Whether
this homomorphism of component groups is surjective or not is a rather subtle issue,
closely related to level-lowering questions. In general it will not be surjective, due to
the existence of congruences between automorphic forms. Neverthelessnwhen
one should expect, in analogy with the situation o@y that the map between the
component groups is surjective. Ov@r this is proved in[19], using the full force
of Mazur’'s Eisenstein ideal theory and Ribet’s level-lowering results. In absence of a
comprehensive theory of the Eisenstein ideal over function fields we are able to prove
only a partial result in this direction but which is, nevertheless, sufficient to deduce
Theorem1.2 We show that #cok&® ),» — £ p) is coprime top; see Theorems
4.9 and 6.1 It is known that # ., is coprime top, hence the same must be true
for #0f ,,. Since degy(j) is a p-power, we conclude that optimal curves of conductor
p - oo have separablginvariants.

Theorem4.9 mentioned above follows from a careful study of the polarization in-
duced onE by the canonical principal polarization ofp(p), and calculation of its
degree. This involves a construction of the analytificatiof' of E over the comple-
tion F,, as a 1-dimensional quotient df(p)@". This construction is the analogue over
p of a construction of Gekeler and Revergab] over co. The construction if15]
uses the theory of theta functions on Mumford curves, and some parts of it crucially
depend on a good understanding of the discrete groups involved. Such information is
available when one works over the completion fofat co. Over F, the analogous
groups are quite mysterious. We use instead the analytic description of Grothendieck’s
monodromy pairing[16, Exp. IX] and the moduli interpretation of the reduction of
Drinfeld curves.

We review the rigid-analytic uniformization of totally degenerate abelian varieties
in Section2, and the monodromy pairing in Sectié The construction of£a" and
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the proof of Theoremd.9 are carried out in Sectiod. Finally, after some prelimi-
nary results in Sectiorb, we present the proofs of main theorems of this paper in
Section6.

1.3. The situation over general function fields

The conclusion of Theorerh.2 is valid in few other cases, and this can be proven by
the same method. L&t be the function field of a smooth, projective, and geometrically
connected curve over [, of genusg. Fix a placeco on C of degrees, and letA =
HO(C — 00, O¢). Let 1 be an ideal ofA, and letp be a prime dividingn. Let E be an
optimal elliptic curve ovelF of conductorn - co. Thej-invariant of E will be separable
whenever #; ,, is coprime top and Jo(t) has purely toric reduction ovet,. For n
square-free we list all the cases when these last two conditions hold:

g=0 n=p, 0<3;
g =0, degn/p) =1 <2;
g =0, degn/p)<2,6=1,;
g=1 n=p, 6=1

Once g >2 then the Drinfeld Jacobians do not have purely toric reduction away from
oo. This is related to the fact thato(1) has genus larger than 0. In this paper we
have restricted to a single case (hamgly= 0, 6 = 1, n is prime) to avoid discussing
the small nuances for different cases listed above, and to simplify the notation. The
full proof is given in[22].

Theorem1.3 holds for an arbitrary base curv@ and an arbitrary choice ofo,
except that the universal constant appearing in the theorem, begidés depends on
g and 6. The only missing ingredient needed in the proof is a formula simila6td) (
for general function fields. This will be published elsewhere; see [@28p

2. Review of rigid-analytic uniformization of abelian varieties

The proof of Theorenmi.2 will use rigid-analytic uniformizations of abelian varieties
with purely toric reduction. For the convenience of the reader, in this section we
recall how such uniformizations are constructed and we recall some of their functorial
properties. We will follow[1].

Let R be a complete discrete valuation rink§, be its field of fractions,m be a
uniformizer ofK, andk be the residue field. We denote by grthe canonical valuation
on K normalized by org (w) = 1, and by| - | the norm associated to this valuation.
We also letG = (G;’]K)g be a split rigid-analytic torus ovelk and A a free discrete
subgroup ofG(K) of full rank g. In particular, for each open affinoid in G, U N A
is finite (equivalently, under-log|-|: G(K) — RS, A maps bijectively onto a lattice
of rank g in R$).

Let A be an abelian variety ovek with split toric reduction overR. This means
that the connected component of the identity in the reduction of the Néron model of
A over R is a split torus ovek.
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2.1. Uniformization of degenerate abelian varieties

Given a locally finitely presented schem¥eover R there are two ways to associate
a rigid-analytic space to it; cfl4, Section 5.3] First, we could consider the generic
fibore Xx := X xx K of X, which is a locally finite typeK-scheme, and take its
analytificationX". Second, we could consider the formal completinf X along its
closed fibre (i.e., the formal completion &fwith respect to an ideal of definitiofw)
of R), and then take its rigidificatiox"9; see[2]. For example, ifX = Spf(S), then
X"9 = Sp(S ®x K). In general there will be a quasi-compact morphism

ix:X"9 5 (X xg K)™, (2.1)

which is an isomorphism for propexX over R, and an open immersion wheX is
separated and admits a locally finite affine covering; [deerheorem 5.3.1]

Example 2.1. The most important example for us is whéh= G,, r is a split torus
overR, so (X xg K)®" = Gf'y is the analytic one-dimensional torus owerand X =
Spf(R{T, T~1}). HenceX"9 = Sp(K (T, T~1)). In this caseix is the open immersion
of the “unit circle” into the “punctured plane”.

We apply the previous construction wid taken to be the relative connected com-
ponent of the identityA° of the Néron model ofA. Since AO = A, on the right
side of @.1) we have the analytificatiom@" of A. On the other handAO:Gg xis
a split torus. The rigidity of tori[9, Exp. IX, Theorem 3.6Jimplies that the formal
completlon of A% along its closed fibre is uniquely isomorphic to a formal split torus

= (Spf(R{T, T~1}))8 respecting a choice of |somorph|sa4f~<[5g . Thus, we get
an open immersion of analytic groupsgo : (S(K(T, T~ 1))& < A2 As in Example
2.1, we also have the analytic torus = (G?,l"‘K)g associated t((@ﬁ,)”g, and an open
immersion(@,gn)rig — G. The key fact is thai 40 extends uniquely to a rigid-analytic
group morphismr: G — A", whose kernel is a latticd c G(K) of rank g, and we
have an isomorphism of analytic groups/’A =~ A2"; see[1, Theorem 1.2]

2.2. Functorial properties of the uniformization

Let
v = Homangrps(/\, G%‘?K) and /\v = Homangrps(G, GJSJ?K)

be the dual groups, which we call tieplit dual torusand thedual lattice Since all
characters ofG3", are algebraicA” is a free Z-module of rank equal to ditG).
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There is a canonical bilinear pairing
A x G — Gy (2.2)

given by evaluation of characters i’ on the points ofG. For any fixed) € AY, the
above bilinear pairing gives by restriction a homomorphidm> K>, i+ 2'(4), and
hence aK-valued point inG". If we vary /' over AY, we obtain a canonical homomor-
phismAY — GY(K) which is easy to check is an injection. This latter homomorphism
has the property that via canonical isomorphisths: (GY)Y and A~ (AY)Y, for 2’ e

AY and/ e A we havel' (1) = A(A). It follows immediately that\¥ — GV is a lattice

of rank g, and this homomorphism is the dual af< G. The quotientG"/A" is a
proper analytic group space which we denote Ay Consider the trivial line bundle
on G xx GY with an action ofA x AY defined by

(4, 2):G xg G x Al - G xg G¥ x Al
x,x"sa)— (L-x, 2 -x', x)- V) -x' (D) -a).

The quotient by this action yields a line bundfeon A2"x ¢ A’ which has the properties
of a Poincaré bundle, and hence identif@$/A" with (AY)a" [1, Theorem 2.1]Here
AY is the dual abelian variety of. This isomorphism is functorial and compatible
with base change.

Let f:A — B be a homomorphism of abelian varieties owerwith split toric
reduction, and letf¥: BY — AV be the dual homomorphism. Let®" and (fV)2" be
the induced maps on the analytification8"=~G /A4, B3"~Gp/Ap. It is a theorem
of van der Put[27, (3.3)] that given two split analytic toriG, and G, over K, and
A1 C G1(K), A2 € G2(K) two full-rank lattices, there is an isomorphism

HOoMangrps(G1/A1, G2/A2) <—{¢:G1 — G2 | ¢(A1) € Az} (2.3)

By this isomorphismya" and ( £¥)@" lift uniquely to morphisms between the analytic

tori which map lattices to lattices, and we denote these Iifts}ﬁ/and (?)/a“. There
is a commutative diagram

AX xGy — (]331”[(

Vv an
AB xGp —> Gm,K’

(2.4)

where the horizontal maps are the canonical pairing2i8).(



368 M. Papikian/Journal of Number Theory 114 (2005) 361-393
2.3. Weil pairing

We would like to use the analytic uniformization Afand its dual to make the Weil
pairing

e ALL"] x AV[L"] — lpn (2.5)

explicit, where¢ is a prime not equal to the characteristiof the residue fieldk.
There is an exact sequence of finite étale groups, compatible with change in

0— G[{"'] — A?[¢"] — A/C"A — 0. (2.6)

Since on the level orf”-torsion we have a canonical isomorphism of G&i*F/K)-
modules A3 ¢~ A[£"], taking the projective limit oven we get an exact sequence
of Gal(K*®"/ K)-modules

0— T/(G) — Ty (A) - A® Zy — O, 2.7)

where Ty (A) is the ¢-adic Tate module of. Taking projective limits in 2.5) gives the
perfect¢-adic Weil pairing(-, )¢ : Te(A) x T;(AY) — T;(G,,). By the universal property
of Néron modelsA(K) = A(R) = A(R). Since formation of Néron models commutes
with étale base change aﬂi@I(A,?) — Ty(Ag) is an isomorphism, the description of the
uniformization ofA in Subsectior2.1 makes it evident that the part @} (A) fixed by
the inertia subgroup of GatseP/K) is exactly 7, (G). SinceA is also assumed to be
purely toric, in terminology of16, Exp. IX, Section 2}the finite part of7,(A) equals
its toric subgroup. Thus, Grothendiecl®thogonality Theoreniil6, Exp. IX, Theorem
2.4] implies that under the Weil pairind@;(G) and T,(G") are exact annihilators of
each other, so2(5 and @.6) induce a canonical pairing

e :AJO'A < GV "] — . (2.8)

For x' € GV, define [x’]d=6fx’m0d/\v. As one easily checks, the restriction of the

Poincaré bundlé? to A2" x {[x']} is obtained as the quotient of the trivial line bundle
G x Al = G x {[x']} x Al by the action ofA = A x {0} via

(x,a) = (A-x,x'(2)-a). (2.9)

Now supposelx’] € GY[€"]. Since GY[£"] = HoMangrps(A/L"A, G;‘;{]K), the action

of ¢”A along At in (2.9) will be trivial. Thus, the line bundle descends to the trivial
rigidified bundle onG/¢" A with an action ofA/¢" A given by (x, a) — (4-x, x'(2)-a).

From the definition of the Weil pairing20, p. 183]we conclude thag, in (2.8) is
given by evaluation. By taking projective limits, one obtains an analogous description
of the £-adic Weil pairing onT;(A) x T;(AY).
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3. Monodromy pairing

In this section we recall the description of Grothendieck’s monodromy pairing in
terms of analytic uniformization of abelian varieties. Using this description we give
analytic proofs of the main properties of monodromy pairing. This pairing plays a key
role in the construction of quotients of certain Jacobians in Seatiowe keep the
notation of Sectior?.

3.1. Analytic realization of monodromy pairing

We have a naturaZ-valued pairing betweerh and AY given by

Ax A — 7Z,
()G > ordg (D). 3.1)

(Note that//'(4) € Gf;‘l’],((K) = K*.) We call this pairing themonodromy pairing (For

the choice of terminology see Subsecti®r2) It plays a role in the non-archimedean
setting similar to that of a Riemann form in the theory of analytic uniformization of
complex tori overC. The following theorem summarizes the main properties of the
monodromy pairing. We interchangeably denote this pairing\an A" either by (, )4
Olruyp.

Theorem 3.1. (i) For a local extensionR — R’ with ramification degree:(R’/R), we
haveu g = e(R'/R)ua g for A/ = A x R'.

(i) The pairingu, is non-degenerate.

(i) The pairinguy4 is bi-functorial in A that is if f:A — B is a morphism of
abelian varieties over Kwith B also split purely toricand f¥: BY — AV is the dual
morphism then fora € A, f € Ap, o/ € A and ' € Ay, we have

(F), BYp = (ot FY(B))a.

(iv) If 6: A — AY is a polarization then

1><5 Ua
ugg:AxA —= AxAV—— 7,

is bilinear, symmetri¢c and positive-definite
(v) There is a functorial exact sequence

0— A4 Hom(AY,Z) — ®, —> 0,

where ®, is the component group of the reduction of the Néron madebf A.
Moreover @4 is a constant group scheme over k
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Proof. (i) By [3, Corollary 7.4/4] the formation of the identity componemt® of the
Néron model of an abelian variet over K with toric reduction is compatible with
faithfully flat extension of discrete valuation ring&/R. As this underlies the relation
between formation of analytic uniformization &f over K and K’, cf. Subsectior?.1,
the claim follows from the identity org = e(R’/R)ordk.

(i) Suppose ordi'(1) = 1 for a fixedA’ and all1 € A. Since/’ is a character of the
torus G it is of the form 2/(z) = z}* - z5%, » € Z¢; see[11, VI.5.2]. The assumption
that A is a lattice of full rank implies that under the homomorphignik) — R$
defined by(z1, ..., zg) = (=loglzil, ..., —l0g|z,]) the image ofA contains a basis
of R&. On the other hand}’ becomes the linear fornzle o;x; on R&, and since this
vanishes on the image o we geto; = 0 for all i. Dualizing, we get thaii4 is also
non-degenerate in.

(iii) This follows from (2.4).

(iv) This is the non-archimedean analogue of the existence of a Riemann form on
G/A; see[l, Theorem 2.4]

(v) (cf. [13, Corollary 2.11]) BecauseA c G(K) and the quotient magr — G/A
is étale surjective, we have an exact sequence of discreigk &8l K)-modules

0— A— G(K®® = (G/AN)(K®®H = 0.

Since H(Gal(K$®%/K), A) = Homeon(Gal(KSe%/ K), 7¢) = 1, taking the long exact
sequence of cohomology gives(K)/A —>(G/A)(K) Let G be the formal comple-
tion of AY along its closed fibre. CIearIﬁ(R) o> G”g(K) = G(K) is identified
with (R*)$ < (K*)8 upon tnwahzmg A0~G§, « SO we see thaG(R) {z €

G(K) | ordg (X' (z)) =0 for all i/ € A¥}. We get a commutative exact diagram

0
G(R)
0 A G(K) ——= A¥K) —> 0.
lw
Hom(AY,Z) —— Hom(AY, 2)




M. Papikian/Journal of Number Theory 114 (2005) 361-393 371

An easy diagram chaise gives the exact sequence
0— A4 Hom(AY, Z) — A?(K)/G(R) —> O.
Since A2(K) = A(K), and by the Néronian property(K)=~A(R), we get
AM(K)/G(R) = A(R)/A°(R).

We have A(R’)/A%R')~®, (k) for an appropriately large finite étale local extension
R’ of R On the other hand, the quotient HofY, Z)/u4(A) is insensitive to such
extensions and the preceding construction commutes with base charife ence
®, is a constant group scheme oveand cokefu ) ~®,4 functorially in A. O

3.2. Relation with the algebraic theory

Let G = A° be the split formal torus over SER) as in the proof of TheorerB.1(v).
Let M be the character group of the split toru.';? overk, soM is functorially isomor-
phic to AV since M = Hom(Gy, G,,.x) and AY = Hom(G, G;a,{]K);Hom(’G\, Gm,R).

In [16, Exp. IX, Section 9]Grothendieck defines a pairing betwebhand MY =
Hom(A®, G, k) as Galk/k)-modules

(Y Mxz MY — Z, (3.2)

which he calls themonodromy pairing Canonically identifyingM and AY, we will
treat his monodromy pairing as a pairing between the latticemnd A”. Using @.7),
the extension of scalars of the monodromy pairing to Z, is defined as follows:

Let KU be the maximal unramified extension Kf Consider the natural homomor-
phismz: 1 = Gal(K3¢F/K'"") — T;(G,, k) given by

i€l lim i(@/")/a"", (3.3)

where we takew also to be the uniformizer ok Forx € A ® 7, lifting to x” € T;(A)
andy e AV ® Z, lifting to y’ € T,(AY), define (x, y)¢ by the condition

(G —Dx', y)e = (i)™, (3.4)

where (-, -)¢ is the ¢-adic Weil pairing. Observe thai — 1) sendsTy(A) into Ty(G),
since @.7) is compatible with base change amdis a constant group over §f).
Hence the orthogonality theorem shows thaty), is independent of the choices of
andy’. Moreover, Grothendieck proved that), restricts to aZ-valued pairing between
A and AY which is independent of. This defines 3.2).
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On the other hand, in3(1) we defined another naturd@-valued pairing betweerk
and A", which we again called monodromy pairing, given by the valuationgafeh).
The next theorem, which is the non-archimedean analogue of Theorem 1 on p. 237
in [20], says that there is no ambiguity in our terminology. The theorem relates the
Weil pairing on abelian varieties with analytic uniformization to a pairing given by the
“Riemann form” @.1).

Theorem 3.2. The pairings betweerh and AY given by(3.1) and (3.2) coincide.

Proof. Let [A] € A/€"A and [/] € AY/e"AY. Write /. = ¢"g for g € G(K') and
likewise /' = ¢"g’ for ¢’ € GY(K'), where K’ is a sufficiently large finite separable
extension ofK. As we explained in Sectiog.3

- it pps 1
er((i —Dg.g)=2((1—-Dg) = l(”&-
(&)
Since //(g) is £*-th root of 1'(1) € K*, by definition ofz(i) in (3.3) we get
é@"((i _ 1)g’ g/) — Z(Z)Ol’dk/l/(;)

as desired. O

Remark 3.3. Theorems3.1 and 3.2 give an analytic proof of all of the main properties
of Grothendieck’s monodromy pairing in the special case whénhas purely toric
reduction. Grothendieck’s original proof of properties (i)—(iv) in Theorérh uses the
well-known properties of the Weil pairing. Property (v) is comparatively harder to prove
algebraically, it is Theorem 11.5 if16, Exp. IX].

3.3. Optimal quotients

Let A and B be two abelian varieties ovek with split toric reduction, and let
their corresponding uniformizations be given 6y /A4 and Gg/Ap respectively. Let
¢:B < A be a closed immersion. According t2.8) ¢ lifts uniquely to a morphism of
analytic tori¢; : Gp — G 4. Since by[5, Theorem 8.2}he induced ma, : B,? — Ag
on the closed fibre tori is also a closed immersion, from the construction of the analytic
uniformization in SubsectioR.1 it is clear that¢ is a closed immersion. Hence by
applying Hom(—, Gf‘n’jk) to ¢; we get an exact sequence of fréemodules

YV

Ap 25 Ap =0, (3.5)

Definition 3.4. We will say that the abelian variet€ is an optimal quotientof the
abelian varietyA if there is a faithfully flat morphismf: A — C whose functorial
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kernel is represented by an abelian subvarietyAofthat is, kerf is connected and
smooth).

Let 0:A — C be as in the definition. From the dual exact sequence[2ff,
Section 13] we have a closed immersiah’ : CV — AV, and B.5 gives asurjective
homomorphismip : Ax — Ac.

Remark 3.5. It is well-known that overC the optimal quotients of abelian vari-
eties0: A — C are characterized by the property that the induced homomorphism
on the integral homology groupstd, Z) :Hi(A, Z) — H1(C, Z) is surjective. The
condition onf, being surjective is a non-archimedean analogue of this.

Consider the diagram induced Iyon the sequence in TheoreBil(v)

UAp

0 Ay HOTT](/\AV7 Z) Dy 0
lg iHom(ﬁv,Z) i(%
uc
0 Ac Hom(A¢v, Z7) Oc 0.

Since the left vertical arrow is surjective, we get

#ooke @y - D¢) = #ExtS (Axv /0 (Acv). 2)
= #(Aav /0" (Ac)or. (3.6)

This allows to reduce the questions about homomorphisms between component groups
to questions about homomorphisms between lattices which are easier to handle. We
will apply this trick in the proof of Theorerd.9 (which is the main technical entry in

the proof of Theoremni.2).

4. Analytic construction of elliptic curves

We keep the notation of Secticgh Let J be the Jacobian variety of some projective
smooth geometrically connected cur¥eover K, and assumd has split purely toric
reduction. Hencel has an analytic uniformization as in Subsectihi

0—->A—>G—J"—>0, (4.1)

where G is a split analytic torus oveK and A ¢ G(K) is a lattice.
Let E be a one-dimensional optimal quotient &f cf. Definition 3.4. By [3, 7.4/2]
E has split multiplicative reduction oveR. In this section we are primarily interested
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in studying the mapb; — ®f induced byn:J — E. Even thoughr is an optimal
guotient, the map on the component groups in general will not be surjectivd3see
Section 7.5] Nevertheless, in some special cases one can say something about the
cokernel of this map.

Later on we will restrict our attention to the case wiidkis the Jacobian of a Drinfeld
modular curveXp(n). Since the arguments we are about to present are more general
(for example, they apply in the case of classical modular curves too, and other moduli
problems), to clarify the main ideas we will make several assumptions dband in
Subsectiorb.2 verify that these assumptions hold for Drinfeld Jacobians. Some of our
arguments are motivated by the ideas of Gekeler and Rever$ab,ih3]

For simplicity, in this section we write) to denoteJ2". Given aZ-module or a
Z-algebraM, we will denoteM ®7 Q by Mg.

4.1. Assumptions

By (2.3) every endomorphisna of J lifts in a unique way to an endomorphistn
of G such thatz(A) € A. We make the following assumptions:

Al. There is a commutative (necessarily finite) fiéesubalgebral in Endx (J) such
that dimp T = dimg Aqg, and Tq acts faithfully onAqg. (To be accurate we
should denotel acting onA as T <€ Endz(A), but no confusion seems to arise.)

A2. The action ofT on A is symmetric with respect to, y in the notation of Theorem
3.1, where@ is the canonical principal polarization df

Lemma 4.1. Assumptiond and 2 imply thatAg has a basis consisting of simultaneous
eigenvectors for the operators ifi, and Ag is a free Tg-module of rank one.

Proof. Indeed, according to TheoreBil u; ¢ is a positive definite symmetric bilinear
form. The spectral theorenfor commuting operators implies thatg is semi-simple,
so Ag has a basis of simultaneous eigenvectors. Now is semi-simple and, by the
first assumption, acts faithfully ong which is of the same dimension ov@r asTq.
HenceAq is a free Tg-module of rank one. [

Let E be an elliptic curve which is an optimal quotient &fAssume that the kernel
of the quotient mapr:J — E, as an abelian subvariety df is invariant under the
action of T. As we already mentioned has split multiplicative reduction oveR. That
is, E is a Tate curve, so it has no CM and hence the induced actioh of E must
be via multiplication by integers. Considering the dual map to the optimal quotient
one observes thal contains an abelian subvarietyomorphicto E. This determines
a 1-dimensional subtorus @ in (4.1) and also a 1-dimensional subspace/qf on
which T acts by multiplication by the same integers as EBnConversely, given a
1-dimensional eigenspace dfg with integer eigenvalues, in the next subsection we
will construct an optimal elliptic quotient o on which T acts by multiplication by
these eigenvalues.
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4.2. Analytic construction of E

Suppose we are given a one-dimensional eigenspaceyofor the action of T and
the eigenvalues are integers. Lete A be a primitive eigenvector of this subspace;
i.e., A/vZ is torsion free. Thisv is well-defined up to a sign. Starting with, in
this subsection we construct a 1-dimensional optimal quotiend. @efore we give
the construction we need a more explicit description of the polarized monodromy
pairing. This naturally leads to a question about describing the line bundles on a totally
degenerate abelian variety in terms of its analytic uniformization. With the notation as
in Section2, we have the following analogue of thppell-Humbert theorerover C.

Proposition 4.2. There is a functorial isomorphism of groups
Pic(A) ~HY(A, O(G)™),

where O(G)* = {f - zilmz;g | B € K* and o € 78} is the multiplicative group
of nowhere-vanishing holomorphic functions on &d A c G(K) acts through its
translation action on G

Proof. The proof is essentially the same as 0@ef20, Chapter 1] using the fac{11,
VI.3.5] that the line bundles o are trivial. [

Next, we can explicitly describe the cocycles if(A, O(G)*) in analogy with the
lemma on p. 20 0f20].

Proposition 4.3. Every element inH(A, O(G)*) can be uniquely represented by
Z,(z) = d(A)H (A)(z), where

H:A— A = ("2 | we 75)
is a group homomorphism and: A — K* is a map satisfying
d(Ja/2)d(21) " d(22) ™ = H(32) (Ja).

Proof. See[11, VI.5.2]. The key for the second half of the proposition is thahas
an admissible affinoid covefU;} over whichG — A is totally split (this uses that
is discrete inG(K)). O

To summarize, the analytification of every line bundleon A corresponds to a
cocycle Z,, and every such cocycle is given by a péH, d). Thus, every line bundle
corresponds to a paifH, d), and we will denote this line bundle b¥(H, d). One
easily checks thal.(Hq, di) = L(H>, d>) if and only if H1 = H, and d1(1) = 1%d(A)
for somea € 78.
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Following [20, I1.6], consider the functorial homomorphisagy : A — Pic‘fVK ~AY

given by x — TL ® L~1, where T :a + a + x. By (2.3), ¢3" lifts uniquely to a
homomorphismp, : G — GV such thatp, (A) C A".

Lemma 4.4. If L3~ L(H,d) then @, restricted toA is equal to H. Moreoverif L
is ample then H is injective.

Proof. Let zo € G(K) be fixed. As in[20, p. 83]one easily verifies that

T} o L(Z,(8)) = L(Z;(208))-
Since Z;(z0g) = Z,(g)H(A)(20), ¢ (z0) as aK-point of G¥ = Hom(A, G&"y) is
given by @; (z0)(4) = H(A)(z0). Thus, forzo = 4o € A, we get thatg; restricted to
A is given by @, (20)(4) = H(2)(4g). On the other hand, from Propositieh3 it is
clear thatH (1)(lo) = H(lo)(4). Hence@, (lo)(4) = H(lo)(A) as claimed.
If L is ample thenp; is an isogeny, s@; obviously has torsion kernel. Singe is
torsion free,¢; | = H must be injective. O

Now let us return to the original situation of this section. By passing to a finite
unramified extension oK we may assume that the canonical principal polarization

0:J = JY is equal top; for some amplel = L(H, d) on J. Using Lemma4.4, the
polarized monodromy pairing; o on A x A is given by
(,): 21, 22 = ord H(J1)(A2). (4.2)

Moreover,H induces an isomorphisi : A~ A" = Hom(G, Gf;{]K) and the uniformiza-
tion of J can be written as

0— A — Hom(A, G3'x) — J — 0.

Proposition 4.5. The action of the algebrd is symmetric with respect to the pairing
A x A — Gi'y defined by

21, 22 = H(71)(42),
i.e, if T €T then H(T41)(J2) = H(1)(T 7).
Proof. Indeed, using4.2), Assumption 2 of Subsectiof.1 can be interpreted as
ord H(T1)(J2) = ord H(A1)(T 2)

for all A1, A2 € A. Moreover, regarding as an endomorphism &, H(T 11)(—) and
H(21)(T (-)) are functions in HortG, Gf‘n’]K). Now we can use the same argument
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as in the proof of Theoren3.1(ii): a character of the toru& with values in R*
when restricted to a full-rank lattice i (K) must be trivial. Hence H(T A1)(—) =
H)(T(=)). O

Proposition 4.6. Define the subgroup
F={H)®W) | Le A} S G (K) =K*.

There existsw € I' with ord(w) = min{ord H(4)(v) > 0 | A € A} and a positive
integer d such thal” = yu,(K) x w? inside K *.

Proof. First observe that since the latticke lies in G(K), the groupI is indeed a
subgroup ofK*. Next, by Lemmad.1l, Ag is a free Tg-module of rank 1. Thus the
Z-lattice A contains a sublatticd’ of full rank which is cyclic undefT; i.e., A" = T/
for some/’ € A and[A : A'] is finite. Let 1 € A’ be written additively

J= Z nTi(2), nieZ.

By Proposition4.5,

HOYw) = HO) (3 mTiw) = HE)mw) = HOH )™

for somen; € Z, sincev is an eigenvector for th&; with integral eigenvalues.

Hence (H(A)(v) | 4 € A’} = (w)% with w' = H(X)(v). Using the facts that
|[H()(v)| <1 and[A : A'] is finite, we conclude that there i € I" with |w| < 1
such thatw? has finite index inl". Taking |w| maximal, yields the claim. O

Note thatl" in Propositiond.6 uniformizes the Tate curve Tate?) overK with period
wd, since G&", /T =62, /w”. Thus, using the eigenvectar we have constructed

an elliptic curveE, ~Tatgqw?) together with a mapr: J — E, which is given by the
diagram

0 —= A —> Hom(A, Gf‘n’?,() 7 0

]

0 r Gk E, 0,

(4.3)
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where the second row is the Tate uniformizationKf and ev is the map “evaluation
at v". The top row is T-equivariant. Indeed, the action df on G ~Hom(A, G;’]K)
is induced from the action off on J and A — Hom(A, G3y) is T-equivariant by
Proposition4.5. Hence each operatdr induces an endomorphism &f, which agrees
with the multiplication by the eigenvalue df acting onv. On the other hand, if we
defineG" := Hom(A/vZ, G§'y) and A" = AN G’ then the kernel oft is G'/A’. Since
v is assumed to be primitivéy/vZ is a freeZ-module, and hencé&’ is a split subtorus
of G. Moreover,A’ is a full rank sublattice ofG’. One way to see this is to observe
that vt = (v € A | (v,v') = 0} maps injectively intoA’ with finite index. Since
the quotient mapG’ — G’/A’ = ker(rn) is étale surjective, két) is connected and
smooth, so, by the definition of optimali®.4, E, is optimal. Moreover, by GAGAxn
is an algebraic homomorphism of abelian varieties.

4.3. Calculation ofdegr o 7V)

Let E := E, be as in Subsectiod.2, with v being its corresponding primitive
eigenvector inA (which is unique up to a sign). Consider the dudl: EY — JV to
the optimal quotient map in (4.3). Since Jacobians of curves are canonically self-dual,
the image ofr" is a copy ofE embedded inl. The compositero ¥ is a polarization
of E, and is necessarily a multiplication by some positive integers an element of
End(E). In this subsection we compute = degr o 7¥)¥/2 in two different ways.
Comparison of these two expressions easily implies the main theorem of this section
(Theorem4.9). Denote

d := #I'tor, as given in Propositiod.6,

vhi={ e A | (v,v) =0},

m :=min{[(v, )] | v/ & v"},

r::[A:Zv@vJ‘]:M.
m

This last equality is an elementary fact concerning symmetric bilinear positive-definite
Z-valued pairings on freZ-modules.

Proposition 4.7. We haven - #®r = d?(v, v).

Proof. The subvarietyr" : E < J corresponds to the subtorus Hofyv', Ga'g) of
Hom(A, G§'y). Hence viarn,

0— A — Hom(A/vt, G&') — E — 0,
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where A = A NHom(A/vt, G2') = {4 € A | H(A)|,. = 1}. Therefore by 4.3, the
mapron”:E — E is given by the right column in

0 —>= A —— HomA/vh, GYy) —= E ——= 0

0 r G,?{j]( E o,

where ev is the map induced from the evaluatiorvalNow e\, is injective. Indeed,
if H(J) is in the kernel therH (1) = 1 on Zv @ v+, and the latter is a lattice of full
rank in G, so H(A) = 1. SinceH is an isomorphismH (1) = 1 implies 1 = 1.

Next, if 2 € A then H(J)|,. = 1, so (,vt) = 0. Hence’ € Zv sincev is a
primitive vector. We also havé? (v)|,. = I'tor = uy(K) is cyclic of orderd, so by
writing 4 = £ - v we see thatd (1)|,. = 1 if and only if d|¢. Thus

ev(A) ={H(WHw) | Le A, HA|,L =1} = H(v)(v)*,

Using thatv is primitive, it is easy to see from the proof of Propositii6 that, up to
an element inCyor, H(v)(v) = w’. Finally, eA) = w47 inside of I' = pu,(K) x w’.
ThusT/Ax~p,(K) x Z/rdZ.

Clearly kerev) = Hom(A/Zv @ v+, Gi'x) = 1, as a finite flat group scheme, and
ev is surjective. Thus, working rigid analytically, the snake lemma yields an exact
sequence of finite flat group schemes

0— . — E[n] - py; x Z/drZ — 0.

This immediately impliesn = d - r. Next, by Proposition4.6, m = ord(w). On
the other handE is a Tate curve with periodv?. Hence #; = ord(w?) = dm, as
follows from Theorems 1V.9.4 and V.3.1 if25]. Sincer -m = (v, v), the proposition
follows. 0O

Now we computen in a different way. Letc = coken(rn, : ®; — ®p).
Proposition 4.8. We haven - #®r = ¢?(v, v).

Proof. Let Ag be the lattice associated with We choose a generatprof this infinite
cyclic group. The natural map*: Ag — A induced byn" sends this generator to a
multiple of the primitive vectorv in A. According to 8.6), n*(p) = ¢ - v. There is
a second natural map,: A — Ag induced by=n, and the endomorphism, o n*
of Ag is multiplication by n. Using the bifunctoriality of the monodromy pairing



380 M. Papikian/Journal of Number Theory 114 (2005) 361-393

(Theorem3.1(iii)) and its relation with component groups (Theor&ri(v)), we have

n-#0p =nlp,p)g = (n-p,p)r = (W7p, p)E

= (n*p, w*p)y = (c-v,c )y = (v, V). O

Theorem 4.9.If charK) = p > 0 thencoken(rn, : ®; — ®f) has vanishing p-torsion.
In particular, #0g[p>] <#D;[p*°].

Proof. Combining Propositiond.7 and 4.8, we can conclude that #coket,) is equal
to the order of a finite subgroup of the group of roots of unitykifi. If char(K) = p
this latter group is trivial, and hence the cokernel is of order coprimp. ta]

5. Drinfeld modular curves

In the next section we will apply the construction of Sectibmo the Jacobians of
Drinfeld modular curves of prime level. From this, more precisely from Theote3n
Theorem1.2 will easily follow. To apply Theoren#.9 we first need to check that the
assumptions Al and A2 of Subsectidri hold for Drinfeld Jacobians. It is the purpose
of this section to verify the assumptions in this case.

Notation Let F = [F,(¢z) be the field of rational functions oﬁ’%q. Let oo be a

rational closed point oﬁph. Let A = HO(P%[I — 00, Op1). Without loss of generality
we can takeco = 1/t and A = [,[¢]. For a prime ideab of the Dedekind domaim

we denote the completion & at p by A, and the residue fieldi/p by F,. We also
let p = chanF).

5.1. Preliminaries

Let Sbe a scheme ovek with the canonical ring homomorphism A — HO(S, Os)
and choose € N. A pair D = (G, ¢) consisting of anF,-vector space scheng over
S and anf,-algebra homomorphism

¢:A— Ends(G), ar ¢,

from A into the ring of[,-linear Sendomorphisms of is called aDrinfeld module of
rank r over Sif the following conditions are satisfied. The group schefhies Zariski-
locally isomorphic to the additive group scherfig ¢ over S, for each non-zera € A,
¢, is finite flat of degreela|,,, and the induced action on the tangent space at the
identity is via the structure map.

An ni-cyclic subgroupZz,, = (Z, ) of D = (G, ¢) is a finite flatSsubgroup scheme
Z of G and a homomorphism oA-modulesy/: A/n — G(S) such that there is an
equality of relative effective Cartier divisors @, 3,4 ¥(m) = Z.
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The functor which associates to @schemesS the set of isomorphism classes of
pairs (D, Z,,), whereD is a Drinfeld module of rank 2 ove$ and Z,, is an n-cyclic
subgroup ofD, is not representable but possesses a coarse moduli scleng that
is affine of finite type oveA and isA-flat with pure relative dimension 1. By adding
extra level structure)Mo(n) can be obtained as a quotient of some fine moduli scheme
by the action of a finite group. For example,rifis divisible by at least two distinct
primes thenMo(n) is the quotient of the fine moduli schem#?(11) of rank-2 Drinfeld
modules with full leveln-structure by the action of the subgroup of upper triangular
matrices in the finite group GI(A/n). Let Xo(n) be the canonical compactification of
Mop(n) over SpecA); see[10, Section 9] Using the properties of fine moduli schemes
proved in[10, Section 5Jand also Theorems 1 and 2 in loc. cit., one gets the following:

Theorem 5.1. (a) Xo(n) is a proper normal A-flat, and irreducible scheme of pure
relative dimensiorl over SpecA).

(b) Xo(n) — Speca [1] is smooth.

(c) Xo(n)F is a smooth proper geometrically connected curve over F

Let p be a prime ideal not dividingt. Consider the algebraic correspondefige=
p, oo* on Mp(n) arising from the following diagram of morphisms

Mo(p1)
TN

Mo(n) Mop(n),

wherea, f are induced by the maps defined in terms of the moduli problem

01 (D, ZpZn) > (D, Zy)
B:(D, ZyZn) — (D] Zy, ZpZn/Zp)

and thus are quasi-finite. Using the valuative criterion of properness, one shows that
o and f are proper, and hence are also finite. These morphisms uniquely extend to
the canonical compactification§o(pn) and Xo(n) due to the following general fact
(taking S below to be Spaa)),

Lemma 5.2. Let S be a locally noetherian scheme afidC’ two separated S-schemes
of finite type. Assume that C is integral and norpaaid thatC’ is integral and proper.
Let U andU’ be respective open subschemes with- U’ quasi-finite over S and U
dense in C. A proper S-map:U — U’ uniquely extends to an S-ma&p— C'.

Proof. This proof was communicated to me by Brian Conrad. We only give a sketch.
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Let I' — C x5 C’ be the closure of the graph &f For the existence of an extension
f of f it is enough to show that the projection :I" — C is an isomorphism. (The
uniqueness follows fromJ being dense inC.) Let I'y be the closed subscheme in
U xs U’ which is the graph of. Using the fact thaf is proper one shows that this
subscheme is still closed ifix sU’. Hencel'N(C xsU") = I'N(U xsU’). In particular,
I'N((C—U)xgC’) is contained in(C — U) xg (C" — U’). Since this latter scheme
is quasi-finite overC — U, the projectionny will also be quasi-finite. From Zariski's
Main Theorem, cf.[3, Theorem 2.3/2'] we conclude thattr; is an open immersion
(here we use the assumption tt@tis normal). Next, since we assumeéd is proper,
C xg C’' is proper overC. This implies that the image df is closed inC, son; must
be an isomorphism.

Hence we get an algebraic correspondefigeon Xo(n), which we call theHecke
correspondenceThis correspondence induces an endomorphism of the Jacobian variety
Jo(m) of Xo(m)F, which we denote by the same symid. The Hecke algebral is
the commutative subalgebra of Endio(11)) generated by ally,, p fn, over Z.

5.2. Verification of the assumptions

Now assumaen is prime. A Drinfeld module(G, ¢) over an extension of,, is called
supersingularif its n-torsion is connected, or equivalentl&,f(Fn) = 0 for any non-
trivial divisor f of a power ofn. Any supersingular Drinfeld module in characteristic
n of rank 2 is defined over the quadratic extens[ﬁ‘ﬁ) of F,, and there are only
finitely many isomorphism classes of super-singular Drinfeld modules ByeiThe
special fibreXo(n)Fﬂ is reduced and is a union of two copies Xf)(l)ﬁu = [P’% ,
intersecting transversally at the points representing the isomorphism classes ‘of super-
singular Drinfeld modules; se2, Section 5]

Let 7 be the Néron model oflo(n) over the base curv@%q. Since Xo(n) has a

degenerater,-fibre, by Example 9.2/8 i3], jfn is a torus which splits oveiF](f).
Let M = Homg (jo .F,) be the character group Qj’o By the Néron mapping

property the endomorphlsms dp(n) act on jo and th|s actlon is faithful since the

reduction is toric. Thus, the Hecke aIgebTaacts faithfully onM.

Let R be the unramified quadratic extension #&f. Let K be the fraction field of
R. As we discussed in Subsectio@sl and 3.2, J := Jo(n)g will have an analytic
uniformization /3"~ G/A, whereG = (G2 K)g is a split torus of dimensiog(= genus
of Xo(m)r) and A C G(K) is a lattice, andA” and M are isomorphicT-modules.
Hence, using the canonical principal polarization hfwe also haveA~M as T-
modules.

Theorem 5.3.If we take J andT in Subsectiond.1 to be Jo(n)xg and the Hecke
algebra respectively then the assumptidkis and A2 are satisfied.

Proof. We have already explained whig is a faithful Tg-module. Moreover, it is
well-known that dingg Tg = ¢ = dimg Ag; see, for example[26, Proposition 4.2]
Hence the assumption Al holds.
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Next, we need to show that the actidh on A is symmetric with respect to the
0-polarized monodromy pairing,; 9 on A x A. Theorem3.2 reduces this to checking
that the action ofT on the Tate modulel,(J), ¢ # p, is symmetric with respect
to the #-polarized ¢-adic Weil pairing. This last property is an easy consequence of
Eichler-Shimura congruence relatiank End;p(J[Fp) we have

T, = Frohb, + Frobg,

where Frolg denotes the dual morphism of Fighidentified with an endomorphism
of Jg, via the canonical principa-polarization. [

6. Proofs of the main results

In this section we prove the results stated in the introduction. We keep the notation
of previous sections. LeE be an elliptic curve of conductatgy = - oo, and assume
it is an optimal quotient of the Drinfeld Jacobiaig(n). Let £ be the Néron model of
E over [P’[qu.

6.1. Separable j-invariants

Theorem 6.1.If n is prime then the order of the group of connected components
(OFIES SR/E%’ is coprime to p and the j-invariant of E is separable.

Proof. It is enough to prove the theorem after a base change to a finite local étale
extension ofA;, over which the reduction ofp(n) is split toric. Indeed, the formation
of the Néron models commutes with such a base change (in particular, the component
groups are preserved) and the non-separable degree pirtbariant is also preserved.

By Raynaud’s theorem on the specialization of the Picard functor, and the structure of
Xo(m)F,, one knows that the component gro@®p,).n is cyclic and of order coprime
to p; [12, (5.9)] Hence the first part of the theorem follows from Theoref® and
5.3 On the other hand,®: , = —ord.(jg). As this is prime top, jr € F cannot be
a p-th power. Thus, deg(jg) =1. O

6.2. Place at infinity

Now we explore what can be said about g&g) for optimal curves when we use
the placeoc. It is known thatXq(n)r, is a Mumford curve[10, Proposition 6.6]so
its Jacobian always has split purely toric reduction over this place. Nevertheless, as
the next example shows, there is no hope of proving the separabiljgneériants by
using a possible analogue of Theoréni for co.
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Example 6.2. Let A = Fa[r], n = r*+73+1. Note thatt is a prime. Gekeler calculated
in [13] that £ : y2+1xy +y = x3+ x? is an optimal curve of conductorz = n- oo
and j = r'?/n. Thus degy(j) =1 and®g ,, = 1, but ® o, ~7/87.

Instead we take a different approach. We will use a result provef2ih which
relates the degree of optimal modular parametrization to special values of dertain
functions. Consider the composite of the canonical embeddigg) — Jo(n), given
by sending the cusp ato to 0, with the optimal quotient mapph(n) — E. We
obtain a non-constant morphism of algebraic curgesXo(n) — E, which we call
the optimal modular parametrizatiorof E. (The “cusp co” which we use for the
embeddingXo(n) <= Jo(n) is a canonical rational point oXp() naturally arising
from the compactification of the moduli schemMy(i), and it is not related in any
way to the placerc.) We have the following formulg2l, (27)]

qdegn—l
degy = %5

L(Syn? E, 2), (6.1)

E,o0

where L(Syn? E, s) is the L-function of the symmetric square of tiieadic representa-
tion p:Gal(FS¢?/F) — GL(V,(E)Y). Using this formula, we will get an upper bound
on #Dg o, in terms of the conductor, and hence also an upper bound qu(degsince
E is split multiplicative overoco.

Remark 6.3. In [21] an assumption is made that elliptic curves in question are semi-
stable. As one easily verifies, this assumption is not used in derivatigd1of(27)].

The assumption is used in giving asymptotic boundd.68yn? E, 2), since the bounds

are deduced from convexity estimates which require the knowledge of the functional
equation of L(Syn? E, s). Such a functional equation is not hard to deduce when
the level is square-free, cf. loc. cit.,, but in general this is quite non-trivial. As we
will need an upper bound ofL(Syn? E,2)| and we do not want to impose any
restrictive assumptions on, we prove such a bound in Appendix by appealing to
Grothendieck’s theory oE-functions.

Theorem 6.4.If E is an optimal elliptic curve of conductar - co, then

N(m)
(14 ¢)(L+ g degn)?

< degp <¢°(degn)®N (n),

where A/ (n) = gdegn,
Proof. The 2-dimensional-adic representation of G@AlI'S®?/F) attached toE is irre-

ducible, almost everywhere unramified and pure of weight 1. Hence from Corollary
A.5 we deduce

IL(Syn? E, 2)|<q" - (degm)®.
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The upper bound on the degreegoffollows from this, 6.1), and the trivial observation
HOE 00> 1.

Let § = Spec¢A[n~1]). Consider the Néron modef of E over S. Since E has
good reduction ovelS £ is an abelian scheme. By Theorenl, X := Xo()p is
geometrically connected and is the generic fibre of a smooth proper duiwer S, so
all fibers of X over Sare geometrically connected. By the Néron mapping property, the
finite surjective morphismp : X — E extends to a morphismp,s: X — £ of relative
smooth curves ove® This must be surjective (bgflatness and properness) and hence
is finite. Let p be a closed point of and consider the fibre map,y, : Xf, — &F,.
This is a finite flat map from a smooth geometrically connected proper curvelgver
to an elliptic curve, and moreover dgg, = degg. Indeed, sincep,s is finite flat
and £ is connected, the induced finite flat maps alh fibers have the same degree.
Denote X, := &, and &, := &,. It is clear that for any extensioﬁ;’") of degreem
of F, we have

#X,(FY")/ (deg p) <HEH(FY").

Modular curves are known to have “lots” of rational points over residue field§14f.
The reason is that, using the moduli interpretation, one can checkithags rational

points over[F,(f) corresponding to the super-singular Drinfeld modules and the cusps.

The number of rational super-singular points Oﬂfgl) is larger thanV (n)/(g +1); see
[14, Sections 7 and 9]0n the other hand, by Hasse—Weil

#E,(FP) <L+ N(p))2
Thus,
degp >N )/(g + DL+ N(p)2.

| claim that we can choose satisfying NV(p)<g - (degn). In fact, a moment of
thought shows that the “worst” that can happemis: [ [yeq, <, v, Where the product
is over primes of degree less than or equal to some numabHr b, is the number
of places on[P’%q of degreed, then degn = Zd@ dbg. On the other hand, it is

clear that)", dbs = #P%q([Fqs). Hence we have deg)#lP%q([Fqs)>qs + 1. Since

for p of degrees + 1 we haveN (p) = ¢°*1, the claim follows. Choosing with
N(p)<q-(degn), we obtain the desired lower bound on the degree of optimal modular
parametrization. [J

Remark 6.5. It is clear from the proof that in many cases the lower bound in the
theorem can be improved to dgg>N (n)/(¢ + 1)3. For example, ifE has a place of
good reduction which is rational, such an improvement holds.
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Remark 6.6. The upper bound in the theorem is the analogue over function fields of
a conjecture ovefd known as thedegree conjectuteThe degree conjecture states that
for an optimal elliptic curveE over Q of conductorN (optimal for the parametrization

by the classical modular curye: Xo(N) — E), and for anyes > O there is a universal
constantc(e) depending only ore such that dego <c(¢)N%T%. The degree conjecture
for semi-stable curves is known to imply the celebrafd®iC conjecturg18].

Corollary 6.7. We have a bound
deths(jr) <q°(1+ q)(1+ g degm)®(degn)®.

Proof. Indeed, from 6.1) and the upper bound on the absolute valud. Byn? E, 2)
in the proof of Theoren6.4 we have

(degp) - #0r, 00 <q°(degm) >N ().
Using this inequality and the lower bound on dggrom Theorem6.4, we get
#DE 00 <q°(L+ q) (L + g degm®(degm)®.

Since #g oo = —0rdx(jr), and degy(jg) divides —ords (j£) the claim follows. O
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Appendix A. Bounding special values ofL-functions

Let C be a smooth, proper, geometrically irreducible curve over a finite figladf
characteristicp and letF be the field of rational functions o@. Choose a separable
closure FSP of F and letG = Gal(FS®P/F) be the absolute Galois group &t

Fix a prime¢ # p. By an¢-adic representatiorp of G we shall understand a finite-
dimensional representation & over @, which is continuous in the-adic topology
(with G given its usual profinite topology), and is unramified outside a finite set of
places. We say that is self-dualif it is isomorphic to its contragredient representation
. This is equivalent to the existence of a non-degendgatgjuivariant bilinear pairing
on the underlying space.

Let p: G — GL(V) be a 2-dimensional irreducibleadic representation db, where
V is a 2-dimensional vector space over some finite extensiadi,ofDenote by Syrfp
the irreducible(n + 1)-dimensional¢-adic representation d& obtained from the action
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of G on the symmetric tensors df®" via p. Let L(Sym’ p, s) be Grothendieck'd.-
function for Synt p. The purpose of this appendix is to estimate the absolute values of
L(SynT p,s) in the vertical strip G{Re(s) <1 in terms of the norm of the conductor

of p, assumingp is self-dual.

A.l. Preliminaries

The principal reference for this subsection[7§.

By a quasi-charactery of a groupH we mean a homomorphismp: H — C*. A
characteris a unitary quasi-character. H is a topological group we will understand
that (quasi-)characters are required to be continuous @itlgiven its usual topology).

Let K be a (complete) non-archimedean local field; an example of such is the com-
pletion F, of our function fieldF at any placev. Let O be the ring of integers ifK,

w be a uniformizerp = wO be the maximal ideal oD, k = O/p be the residue field,
q = #k, p = chark). We denote by| - | the norm onK associated to the valuation
ordg normalized by org (w) = 1.

The topological groupK and K* have a basis of neighborhoods of the identity
consisting of compact open subgroups. It is a well-known fact that sufficiently small
neighborhoods of the identity i€* do not contain any non-trivial subgroups. Thus,
any quasi-character df or K* must contain an open subgroup in its kernel. Given a
non-trivial additive quasi-character of K, there is a unique integen such thaty is
trivial on p~” but not onp~”~1. We calln(y) := p~" the conductorof . Similarly,
if y is a multiplicative quasi-character &> which is non-trivial onO* then there
is a largest ideap” (n>1) such thaty is trivial on the open subgroup-t p” of the
units O*. We calln(y) := p" the conductorof y; if y is trivial on O* we define the
conductor ofy to ben(y) = O. We say that an additive or multiplicative character is
unramifiedif its conductor isO. R

Recall that Galk/k) is isomorphic toZ and is topologically generated by the au-
tomorphism¢:x +— x9. The (absolute)Weil group Wk is the dense subgroup of
Gal(KsP/K) consisting of all elements whose image in Ggk) is a power of .
The inertia subgroup of Galks®?/ K) is the subgroup of Gal(K5¢P/K) whose image
in Gal(k/k) is trivial. To topologize Wx we requirel to be an open subgroup and
to have induced on itself the usual profinite topology. Any elemkntf Wx whose
image in Galk/k) is ¢~ is called ageometric Frobenius

Local class field theory provides an isomorphism of topological groupsW@E%

K> which we normalize by sending a geometric Frobenius to a uniformizét. dfet

w1 be the quasi-charactevi(x) = |x| of K*. Note thatwi o rec is unramified and
with the previous normalization we have;(req®)) = q_l. For ¢ € Wk we shall

write w1(g) rather thanwi(reag)) from now on.

Recall that aWeil-Deligne representation’ of Wx consists of a pai(s, N), where
g:Wg — GL,(C) is a complex semi-simpl@-dimensional representation, amd is
a nilpotent matrix inM, (C) satisfying 6(g)No(g)™t = w1(g)N, g € Wk. Weil-
Deligne representations naturally arise from thadic representations ox. If we
fix an isomorphism: @, —> C, then there is a simple recipe for converting &adic
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representatior), of Gal(K*®F/K) into a Weil-Deligne representation. The construction

is due to Grothendieck and Deligne. The essential point is that there is a canonical way
to associate t@, a pair (s, N¢) consisting of a homomorphismy : Wx — GL(V,)

trivial on an open subgroup df and a nilpotent endomorphisiv, of V, such that
ae(8)Neae(g) ™t = w1(g)Ny; see[7, Section 8]

Example A.1. An important example of a Weil-Deligne representation is special
representationsp(n) d_efined as follows. Fix a basigg, e1, ..., e,_1} for C". Define
(o, N) by a(g)e; = w(g)ei, Ne,—1 =0, andNe; =e;11 (0<i <n —1).

The conductorn(d’) of ¢ is an idealw®@ O, for some non-negative integexs’).
This integer is naturally a sum of two terms(¢’) = a(s) + b(d¢’), and as the notation
indicates, the first term depends only en Writing V for the space ofs/, we have
b(¢") =dim VI V], whereV] = V! nker N. To definea(s), choose a finite Galois
extensionM of K'Y such thats is trivial on the subgroup GakSéP/M) of I, and put
G, j =0, for the higher ramification groups of Gaf/K"). If we denoteg; := #G ;,

j =0, thena(o) = Z‘;‘;l(gj/go)dim(V/VGf). This definition is independent of the
choice of M. We say thate’ is unramified if ¢ is unramified andNV = 0. These
conditions are equivalent to the vanishinga®’).

Let V be the vector space of the Weil-Deligne representadioa: (o, N). We will
denote by Syrhs’ the Weil-Deligne representation afx on the subspace of ®"
spanned by symmetric tensors. Recall thatN) @ (1, M) = (6 @ T, N Q1+ 1Q® M)
by definition.

Lemma A.2. If dim ¢/ = 2 thena(Sym' ¢')<n - a(d’).

Proof. First of all, let y be a quasi-character dfx and let7 = y ® sp(n). We have

n | n-a(y it yxis ramified
a(t) = { n—1 otherwise

Indeed, ifW is the space ofy, so thatV = W ® C" is the space of’, then V! =
W!®C" and V) = W/ ® e,_1. If y is ramified thenW! = {0}; if y is unramified
then W/ = W. It follows that b(z') is equal to 0 orn — 1 when y is ramified or
unramified, respectively. On the other handis the direct sum of the representations
,{®w1 for 0<j<n — 1. Sincew: is unramified we hava(y®w1) = a(y). Therefore
a(t) =n-a(y).

Another remark we make is that for a quasi-charagtewve havea(y™)<a(y) for
any positive integem, as is clear from the definition.

Now let ¢’ be a 2-dimensional Weil-Deligne representation. There are three cases to
consider. If¢’ is decomposable thesl = y;, @ y, for two quasi-characters d¥x (and
N =0) and Symio' =] & xﬁ_lm @ --- @y, Hence

a(Sym' o) = a(D) +a(i ) + -+ a(l)
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< a(yy) + (n —2)maxa(yy), alyz)) + a(y)

< n(a(yy) +a(x) =n-a(d).

If ¢’ is reducible but indecomposable theh= y ® sp(2) for some quasi-character
% and Synfi ¢/ =~ " ® sp(n + 1). First suppose is unramified. From what we proved,
a(d’) =1 anda(Synt' ¢') = n, so a(Sym' ¢’)<n - a(¢’) as required. Ify is ramified
and " is unramified, them(¢’) = 2a(y) >2. Hencea(Sym' ¢’) = n—1<2n<n-a(d).
If both y and y* are ramified then (since(y")<a(y)) we have

a(Synt' ¢y = (n+ Da()<(n +Da(pn<2n-a(y) =n-a(d).

Finally, if ¢’ is irreducible therns’ = (o, 0) and

/ 8j G
d)=alo) = 22 dim(V/V©¥i).
a(o’) = a(o) ,21 o im(V/ )

Obviously
dim(Sym" v /(Sym' vV)%i)<n - dim(v/V59),
and againa(Sym' ¢’)<n-a(o’). O

Now we state a fact concerning epsilon-factors 6r Epsilon-factors are charac-
terized axiomatically, one of the axioms being induction. This permits reduction to
the case of dimension 1 for computations, where the corresponding factors were ex-
plicitly defined by Tate in his thesis. The first point to make about the epsilon-factor
e(d’,y,dx) € C* of a representation’ = (g, N) is that it also depends on a choice
of a non-trivial additive charactey: K — C*, and a Haar measurmx on K. For a
non-trivial additivey, denote bydx, the unique Haar measure ¢t that is self-dual
with respect toy.

Proposition A.3. For s € C, the e-factor e(¢’ ® w3, ¥, dxy) is a non-zero monomial

in Clg~*] which is equal tol when¢’ and y are unramified. If we assume’ is
isomorphic to its contragredient’ then

(6’ ® W}, P, dxy)| = g(a@)—dim(@)ordgn())-(3-Re(s))

where the absolute value is the absolute valueCon

Proof. This follows from the Deligne-Langlands “Formulaire” ifi7, Sections
4-5. O
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A.2. Upper bound

We return to our initial goal of estimating the absolute valuesL¢BynT’ p, s) in
the critical strip, where is an irreducible 2-dimensional self-du&kadic representation
of Gal(FS®P/F). Even though thesé-functions are known to be polynomials g1*,
analytic methods (which do not use this extra information) give very good bounds on
the special values.

Theorem A.4. Let p be an irreducible2-dimensional self-duat-adic representation of
Gal(FSeP/F) with determinant quasi-charactatet(p) of finite order. Letn := n(p) be
the global conductor op, viewed as an effective divisor on C. Dendt@n) = ¢9e9™,
Let g be the genus of the base curve Cdéfjn > 0 then

IL(Synt' p, 5)| <q(4g+2)(n+1)+%j\/(n)%(LRe(s))(deg n)n+1
for 0<Re(s) <1. In particular,
IL(SynT p, 1)| < gD+ (degmy 1.

(If degn = 0 then as will be clear from the proof|L(Sym’ p, s)| < g8 T2¢+D+3 )

Proof. Drinfeld’s proof of the Langlands conjecture for @) over function fields
implies thatp is pure of weight O; i.e., for any place where p is unramified, the
images of the geometric Frobenius eigenvalugs and o2, under any embedding of
Q, into C are of absolute value 1. The local factors bf{Synt p,s) at the places
where p is unramified are easy to describe: with, anday, as above we have

LSyt p.s) = [(L= o a7 )@ = A a2,00,) - (L= 9,07)]
whereg, = ¢9%9". Thus, for Rés) = 1+ ¢, with ¢ > 0,
|Lu(Synt' p, )| <Lp, (L+ )",
where (g, (s) = (1 — qv‘s)‘l. The product{y(s) =[], {F,(s) is the zeta function of
C. The same estimate is also valid at the ramified placeBpbjizemma 1.8.1](in fact

the estimates at the ramified places are even somewhat better). Putting the local factors
together we get that on the line Rg=1+¢

IL(Sym" p, $)| <{p(L+ o)™t

From Grothendieck’s theory df-functions of¢-adic representationg, (Sym'* p, s) is
an entire functiori7, Section 10]in fact it is a polynomial ing—*, since we assumed
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is irreducible. Moreover, as we also assunpet be self-dual, Grothendieck’s functional
equation forL(Sym'* p, s) takes the form

L(Sym' p, s) = e(Synt' p, s)L(SynT' p, 1 —s),

where ¢(Synt* p, s) is a monomial inC[g~*]. By restricting p to each Wp, —
Gal(FS®P/F), we obtain an¢-adic representatiop, of the local Weil group (and as
was discussed in Subsectiénl, p, can be thought of as a Weil-Deligne representa-
tion). We haven(p) =[], n(p,), and by[17, Theorem 0.4}he globale-factor can be
decomposed as

e(Sym' p,s) = I_Ie(Serf1 Py ® 01, Yy, dxy, ),

v

where y = [],v, is a non-trivial character ofAr/F. As the notation indicates
e(SynT p,s) is independent of the choice of the characierAs p and y are al-

most everywhere unramified, almost aliSynt' p, ® wj ., ¥,, dxy ) are equal to 1.
Using PropositionA.3,

le(SynT p, s)| = 1_[ le(SynT' p, @ w1, Yy, dixy )
v

— (X, degv)a((Synt' pyo)—dim(Synt p) 37, degv)-ordyn(¥,))-(3—Re(s))

It is well-known that)", degw) - ord,n(y,) = 2 — 2g. Thus, for Rés) = 1+,

le(Syn! p, 5)| = g~ v degu)a(Synr p))=(1+1)(2-2¢)-(3+8),

Thus, by LemmaA.2

(+1)(2-29)(3+e) ,—(n Y, deguv)-a(p,))(3+e)
le(SynT' p, s)| > ¢ q

1 1
=g ("+1)(2_2g)(?+£)./\f(n) —n(z+e)

Going back to thd_-function and combining the estimates, for(Re= 1+ ¢ we have
|L(Serfl P, 1— )| <q(n+1)(2g—2)(%+8)N(n)n(%+8)CF(1+ 8)n+1.

Since L(SynT' p, s) is entire and bounded in vertical strips we can apply Rademacher’s
version of Phragmén-Lindelof theorefi2z4, Theorem 2]to conclude that in this ver-
tical strip

n\ (1+&6—Res))
LSyt p. )| < (47D DN (?)

(p(14 et
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Now assume deg > 0. Choosinge = (degn)~! the bound becomes
IL(Synt' p, 5)| <q® DTz /() 237RED . £p(1 4 (degm)~H" L (A1)

Recall that

P(s)
Q—gA—-q-q7%)’

{p(s) =

where P(s) = ]_[izil(l— aiq™"), with |a;| = \/g. As one easily checks

¢ <1+s)<2(1+i)2g; !
R Vi) d-g¢H "

Combining this with A.1), we finally get
L(s. Syl p)| <c - V() 23R . (degn)"

wherec can be taken to bg¥*+2¢+D+3

In TheoremA.4 we assumed thgp is pure of weight O (see the beginning of the
proof). This is not a restrictive assumption. Indeed,#t be the kernel of the natural
homomorphismG = Gal(FS®®/F) — Gal(F,/F,) and letw; be the quasi-character
of G which is trivial on G° and takes valug ! on the elements which map to the
geometric Frobenius in G(ﬁq/[Fq). If we are given an irreducible 2-dimensiorfahdic
representation o then from Lafforgue’s proof of Deligne’s conjectuf8, 1.2.10] p
is pure of some integral weight, i.e., for every places where p is unramified, each
eigenvaluex of p(®,) satisfies|a,| = qﬁ”/z. Now wf/z ® p is still irreducible but has
weight 0. SinceL(Serf’(w’l”/2®p), s) = L(Sym" p, s+ %), we can apply our theorem
to this representation to deduce.

Corollary A.5. Supposep is an irreducible 2-dimensional¢-adic representation of G
which is pure of weight w. llegn > 0 then

‘L (Syrﬁ’ p, 1+ %)‘ < @D+ (og L,
and [L(SymT' p, 1+ 12)| <g“s+2@+D+3 if  is everywhere unramified.
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