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ABSTRACT. We obtain new closed-form pricing formulas for contingent
claims when the asset follows a Dupire-type local volatility model. Using
our recently developed framework of [7, 8, 10] for short time asymptotic
expansions of heat kernels, we obtain a family of general explicit closed
form approximate solutions for both the pricing kernel and derivative
price. We also perform analytic as well as a numerical error analysis,
and compare our results to other known methods.
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1. INTRODUCTION

Financial derivatives (also known as contingent claims) are now a ubiq-
uitous tool in risk management with more than 500 trillion dollars worth of
such contracts currently in the market. The pricing of such derivatives is
therefore an active area of research in both Mathematics and Finance (see
for example [16, 23, 24, 31, 44] and the references therein). The earliest
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model used in pricing derivatives is the Black-Scholes-Merton model [4, 38],
for which the risky asset X; is modeled by geometric Brownian motion with
drift:

(11) dXt = TXtdt + O'Xtth.
A European option U on X; with payoff h(Xrp, K) at maturity 7" and strike

K is then valued by taking the discounted expectation of the payoff function
over all possible paths X;(+) of (1.1) so that *

Upsm(t, ) = E9le " T In(X;, K) | X; = 2]

1.2 00
2 - / GBM (2, y)e" TV h(y, K )dy,
0

where in this context GPM (z, y) is the risk-neutral transition density kernel

of the process (1.1). For a call option with payoff h(Xp, K) = max{0, X —
K}, explicit evaluation of the above integral leads to the well known Black-
Scholes-Merton formula

(1.3) Upsa(t,z) = aN(d_) + Ke " TN (d,),

where N (z) = [ \/Lz?e_ﬁ/ 2 is the cumulative normal distribution, and

~ In(z/K) + (T:|:0'2/2)(T—7f)‘

14 dy =
(1.4) + —
The Black-Scholes-Merton model assumes that the return, dTX;f, on the

underlying security is normally distributed with constant variance o2. How-
ever, since as early as the 60s with the work of Fama [21] and Mandelbrot
[37], a large amount of empirical evidence was building that returns of price-
processes in the market exhibited excesses kurtosis. Essentially, this means
that the distribution of market returns is not Gaussian with constant vari-
ance as predicted by the Black-Scholes-Merton model, but instead exhibits
much fatter tails. This results in Black-Scholes-Merton valued options to
undervalue far in-the-money calls and overvalue far out-of-the-money calls.
Indeed, for market data, the volatility implied by the BSM model is plotted
for different strikes K, the implied volatility is not constant but rather is a
curve, typically in the shape of a smile (or skew)[22, 28]. This phenomena
is called the volatility smile (or volatility skew). Dupire [18], Derman and
Kani [14] and Rubinstein [43] were among the first to try and build models
that fit the empirical smile patterns of the implied volatility. The models
they proposed are of the form

(15) dX; = rXudt + E(t, Xt)th,

1Because of its clear connection to a kernel, we prefer to define the option price through
the risk-neutral pricing formula rather than constructing a hedging portfolio. However,
for all the models we consider here both methods lead to the same partial differential
equation for the option price.
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which generalize the Black-Scholes-Merton model by allowing a nonconstant
volatility in the return of the price-process. This has been fairly successful
in replicating the empirical smiles for equity options [17]. However, one
drawback of these models compared to the simpler Black-Scholes-Merton
model is that there is no closed form solution for general ¥(t,z). Thus
the evaluation of the model must be done by numerical methods, either
via Monte-Carlo simulation on the risk-neutral pricing formula or on the
resulting partial differential equation (see Section 2 for details). In addition,
even if a closed form solution does indeed exists, as for the special case
of the Black-Scholes-Merton model, the formula is expressed in terms of
error functions and integrals which too have to be evaluated numerically
via quadrature and also generate computational errors [20, 45]. For this
reason, we shall content ourselves with approximations that are nevertheless
easier to compute. To explain our approach by a simple analogy, let us
mention the problem of the numerical evaluation of In(x). This evaluation

often relies on identities of the form In(z) = fo:l(—l)”(m_—nl)n or In(x) =

L+ Y2 (=1)re ™ (x_ne)n, where the first identity is obtained by Taylor
expanding about x = 1 while the second identity is obtained by Taylor
expanding about x = e. Close to 1 or e, only a few terms in the sum will
give a good approximation of our function.

In this paper, we present an efficient method to compute an approximate
closed form solution for the price of an option obeying the local volatility
model (1.5). We will evaluate the price of the option by expanding the
pricing kernel G;(z,y) as a sort of power series, more precisely an asymptotic
time-ordered series in the time to expiry 7 =T — ¢, and in analogy with the
expansion of In(x) above, different choices of basespoints lead to different
expansions. Our starting point for the analysis is that if the underlying asset
is modeled by a local volatility model (1.5), then the price of European-style
option is given as the solution of a backward parabolic equation of the form

(1.6) oU+ LU =0

with L the (typically degenerate) elliptic operator
1
(1.7) L= §Z(t,x)28§ + u(t,z)dy — 1

and terminal condition h(z; K) at time ¢t = T (see Section 2 for details).
The solution to (1.6) formally has the representation

(18) Ult,z) = /0 " Gule, )by, K)dy,

where G;(x,y) is the backwards heat kernel of the elliptic operator L. Typ-

ically, there is no closed form expression for I';(x, y) or U(t,z). However, if

the time to expiry 7 = T — t is small, one approach to an analytical study

of such problems is to use the beautiful results on short-time expansions of

diffusions [3, 36, 39, 40, 48, 49] to obtain an expansion of Gi(z,y) in 7. This
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approach combines deep ideas in probability and Riemannian geometry and
has been used successfully on several multi-factor stochastic volatility mod-
els, including the SABR model [6, 34, 42] originally introduced in [26]. One
drawback of this method is that it is formulated in terms of the geodesic
distance d(z,y) associated to the coefficients of the highest-order derivatives
in L (via a so-called metric tensor, called the Varadhan metric)”. See [29] or
[50] for a review. Typically, it is difficult to compute the geodesic distance
d(x,y) unless the geometry is particularly simple.

Furthermore, the method fails for diffusions that are very degenerate [19].
A related approach is to use oscillatory-type integrals, as in [47]. In this
approach, the coefficients of the expansion are determined through com-
putations involving the symbol of associated pseudo-differential operators.
Finally, another related short-time method can be found in [1], which has
also been applied to stochastic volatility models [2], in which the coefficients
of the expansion are given in terms of Hermite polynomials. It would be
informative to compare the expansions from these different methods, but we
do not pursue this direction here.

In [7, 8, 10] we developed a computationally simpler framework for small-
time asymptotic expansions to that of [39, 40, 48, 49]. In particular it leads
to analytically tractable formulas, and circumvents the need to know d(z, y),
which typically cannot be computed analytically by hand. The method leads
to approximate closed form solutions, that is, closed form time-asymptotic
expansions, which contain an error that depends on the number of terms
in the expansion and it is small if time to expiry is sufficiently small. The
situation is similar to, say, the error in computing only the first few terms in
the expansion of In(x) above. While the procedure in [7, 8, 10] to compute
the expansion is general and can be used for any multi-factor stochastic
volatility model (see [9]), here we apply the method to the simplest case
of local volatility models in order to give full details of the expansions as
well perform a full comparison of the different expansions. As in the il-
lustrative expansion of In(x), we have a choice of different basepoints for
which to do the expansion leading to different expansions. However, while
in certain cases one expansion may be better than another, the actual choice
of basepoint poses other interesting issues. For example, in the example of
expanding In(z) we could choose to expand about x = 1 or = e but cer-
tainly the first is easier to compute by hand since it doesn’t involve powers
of the transcendental number e. A similar issue arises in our expansion as
well. Namely, we are able to chose different basepoints but certain choices
lead to more tractable (by hand) expansions. In particular, in analogy to
geometric-based short-time asymptotic expansions, we will be able to chose
the geodesic midpoint between x and y in the distance induced by the Varad-
han metric. We address this issue in Section 4. On the other hand, in this
paper, we consider operators whose coefficients do not always satisfy the
assumptions of [7, 8, 10] needed to estimate the remainder terms in the



expansion, which is needed to carry out the analytical error analysis. Nev-
ertheless, in Section 6 we perform a numerical error analysis by comparing
our approximate solutions with the numerically generated exact solution,
(or exact closed form solutions as in the case of the Black-Scholes-Merton
model).

2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

In this section we formulate the derivative pricing problem that we study
and the parabolic partial differential equations that arise.

Let {X;}{o<t<ry denote the value of a risky asset at time ¢, modeled by
a local stochastic volatility model

(21) dXt = M(t, Xt)dt + Z(t, Xt)th,

where p : [0, 7] x [0,00) — R is the expected rate of return and ¥ : [0,77] x
[0,00) — [0,00) is the volatility, which is allowed to depend explicitly on
both the asset value X; and time ¢. This framework, first introduced in
[18, 14, 43], includes as special cases both the Black-Scholes-Merton model
4, 38],

(22) dXt = TXtdt + O'Xtth,
and the CEV model [12],
(23) dXt = TXtdt + O'Xtath,

where 7,0, > 0. Notice that in both (2.2) and (2.3) the volatility doesn’t
depend explicitly on time.

The simplest way to introduce explicit time dependence in these models
is to make o = o (t),

(24) dXt = TXtdt + O'(t)Xtth

(25) dX; = rXudt + O'(t)Xf{th,

which we will call the time-dependent Black-Scholes-Merton model and time-
dependent CEV model, respectively.

For a given expiry date T" and strike price K, let h(X7, K) denote the
payoff of the European-style contingent claim U on X;. For example,

(2.6) hcaH(XT; K) = ‘XT - K’+ = maX(O, XT - K)
for a call option and
(2.7) hout(X1; K) = |K — Xp|t := max(0, K — X7)

for a put option.
By the Fundamental Theorem of Asset Pricing [44], we assume the option
price U is given by the risk-neutral pricing formula
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U(t,z) = E© [e_ Ji Pl Xads (X K)| X, = @
(2.8) -
= /0 Gi(z,y)h(y; K)dy,

where Q is the risk-neutral measure and G;(x,y) is the pricing kernel (see
also Remark 2.3).

Remark 2.1. Typically, the discount rate p is taken to be a constant, but we
include this level of generality since it doesn’t present any addition compli-
cations with the theory.

Consider now the backwards parabolic equation

WU (t,x) + L(t,x)U(t,x) =0

(29) U(T, 2) = hz, K)
with
(2.10) L(t,x) :== %Z(t,x)%?i + p(t,x)0y — p(t, ).

Example 2.2. For the time-dependent Black-Scholes-Merton model (2.4)
we have

(2.11) L(t,2) = Lys(t, z) = %a(t)%;?ag a0, —r

while for the time-dependent CEV model (2.5)

(2.12) L(t,z) = Lepy(t,z) = %a(t)%mﬁg +rzdy — .

Under certain conditions on the operator L and payoff function A there
exists a function G;(x,y) such that (2.9) has the representation

(2.13) Ult,z) = /000 Gi(x,y)h(y; K)dy.

The function G¢(x,y) in (2.13) is the pricing kernel in (2.8). The question as
to under what conditions Uin (2.8) and U in (2.9) are the equivalent is very
subtle and we do not discuss this point here. We mention however the results
in [27, 32| giving conditions under which the two equations for U are equiv-
alent. Nevertheless, at least formally, one can go from one representation to
the other by applying Ito’s lemma or the Feynman-Kac formula.

As mentioned in the Introduction, except for some very special cases no
closed form solutions for either the pricing kernel or option price exist. One
special case is that of the Black-Scholes-Merton model which has the well
known closed form solution for the kernel GBSM and option price UBSM
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(2.14)

BSM (3 0y — exp(—r(T —t)) exp <_ | In(z/y) + (r — o?/2)(T — t)|2>

oy /210 (T — ¢) 202(T — t)

UBSM (1, z) = / GBSM (2, y)dy = eN'(d_) + Ke " TON(d,),
0

where NV (z) = [ \/%—We_zz/z is the error function and
In(z/K +02/2)(T —t

oI —t

However, for the time-dependent Black-Scholes-Merton model, or local volatil-
ity models in general, closed form solutions are either very complicated or
do not exist (c.f. [35, 15]). Our goal in this paper is to give an approximate
closed form solution for the European option U on an asset modeled by
a general local stochastic volatility model (1.5) by giving an approximate
closed form expansion for the pricing kernel G;(z,y) when an exact closed
form solution does not exist. Indeed, using our recently developed frame-
work of [7, 8, 10] we will show that the backwards heat kernel G;(z,y) of L
(or equivalently the transition density kernel of (1.5)) can be expanded in
the form

(2.16)
Gi(x,y) = G (z,y; 2) + T2l (2 2)
G (z,y;2) = GV @,y 2) + 7V2GM (2, 55 2) + -+ + 772G (2, y; 2),

where Qt[n] is the sum on n terms of the expansion, it is explicitly computable,

and fast if n = 1,2, Eln} is the remainder (or error) in the expansion of the
Greens function and we know how to control it, and 7 is the time to expiry

(2.17) T=T-—t.

For each term G in the expansion of the Green function, let U¥ denote
the corresponding term in the expansion of the solution,

(2.18) ultl(g z) = / " G (2, y)h(y: K )dy.
0

Then using (2.13) and we arrive at the expansion of the value of the deriv-
ative,
(2.19)

Ut,z) = UMt z) + 7D 2ell (¢ )

U, z) = ul ¢, z) + 72Ut x) + 7Pt x) + - Pu( x)

where



(2.20) D2t z) .= 70 HD/2 / EMn(y; K) = Ut z) — UP(t, 2)
0

is the remainder term (or error) in the expansion of the solution.

For pedagogical purposes and error analysis we will list all the details for
the time-dependent Black-Scholes and CEV models, although our results
hold for more general functions p(t,z) and (¢, x).

Remark 2.3. Given that Gi(z,y) arises in several different contexts, we will
call the function Gi(z,y) the transition density kernel, pricing kernel, heat
kernel or Green function interchangeably, depending on the context in which
the object arises.

Given a basepoint z = z(z,y), our main result is that there exist explicitly
computable functions P (z,z,y) with the following property. Let
(2.21)

n 12N 2 gt r—z Y= 2\aqloj,. 7Y
QL}(Zanvz) =7 ;7/ Bz 2+ F1/2 » 2 T1/2 )G”(z7 T1/2 )

That is, each term G¥l(z,y) in (2) is given by the product of a function
BE(z, 2+ L%, 2+ Y55 ) times a rescaled zeroth order Green function Gl
(3.22). Indeed, in Section 3 we explicitly carry out the computation of
each PF, for k = 0,1,2. Our method leads to new closed form asymptotic
expansions of the Kernel for local volatility models. In particular, the first

order asymptotic expansion is given by

(2.22)

Gz, y; 2)

_ 1 g BR(T, ) (T, 2) — 2u(T2)
N DD e [(H 25(T, 2)? >( y)

(T, z) (x —y)? — (T —1)2(0, 2)?
T 2T —t)3(T, z)3(”“’_y)3+ (x_z)< (T — )30, 2)° ﬂ

For future reference we also record the second order expansion of the Kernel
at the end of Section 3. Notice that (2.22) depends on the basepoint z =
z(z,y) of the expansion, and in Section 4 we will investigate the behavior of
this expansion as a function of the basepoint. In particular, we will introduce
three different basepoints for the expansions. The standard approximation
z(x,y) = x in Section 4.1, the geodesic midpoint approximation z = dx(z,y)
in Section 4.2 and the the Euclidean midpoint approximation z(z,y) =
(x +y)/2 in Section 4.3. While the local volatility operators considered in
this paper do not necessarily satisfy the assumptions on he coefficients of L
needed to establish the analytic error estimates performed in [7, 8, 10|, in
Section 6 we nevertheless perform a numerical error analysis by computing
both the numerical solution U and expansion U™ and estimating the error
8




(2.23) \Ut,z) — UM, z)|

pointwise for different basepoints z = z(x,y). And the error analysis is in
good agreement with the theoretical results.

We now proceed to compute the first few terms in the expansion (2),
(2.19) by explicitly computing the polynomials 3¢ in (2.21).

3. THEORETICAL FRAMEWORK

We now follow the method in [7, 8, 10] and give the second order expansion
for the pricing kernel G/ and option U for underlying dynamics of the form
(2.1) with g, > arbitrary smooth functions on (0,7) x (0, c0).

We first reformulate (2.9) to a standard forward initial value problem by
rewriting the equations in terms of the time to expiry 7 (2.17). In this case
(2.9) becomes the initial value problem

0-U(r,z) — L(t,z)U(1,2) =0

(3-1) U(0,2) = h(z, K)

which is to be solved forward in time.

Remark 3.1. Note that we have abused notation in that the function U in
(2.9) and the function U in (3.1) are different. However, they differ only in
a linear transformation in the first argument, and thus when no confusion
arises we denote both functions by U. In particular, functions evaluated at
7 = 0 in the forward problem correspond to functions evaluated at t = T in
the backward problem.

Let GL be the solution operator of the parabolic problem (3.1), i.e. U(r,-) =
GER(-, K). Decompose L(7,x) into

(3.2) L(r,x) = Lo+ V(7,x)

where L is a constant coefficient second order operator and V (¢, x) is a time-
dependent variable coefficient second order operator. Then by the Duhamel
principle we have

(3.3) Gl = ¢emlo +/ elr—mLoy/ (7, -)QTleTl
0

Using this representation for gfl and recursively plugging into the above
formula yields,
9



(3.4)
T T1

g£ = GTLO + / e(T_Tl)LOV(Tla ) <€T1LO +/ G(Tl_Tz)LOV(TQ, )gé) dTQdTl
0 0

T T 7L
_ e'rLo + / e(T—Tl)LO V(Tl, ')eTlLOdTl + / / e(T_Tl)LOV(Tl, _)e(ﬁ —72)Lo V(Tg, -)QTdengn.
0 0 0

Notice that we have ”"pushed” the term with QTL2 to the last integral. Re-
peating this procedure d times yields the time-ordered formula,

(3.5)
gL_eTLO+/ e(‘r T1)Lov(7_1 ) T1Lod7_1+/ / (7— Tl)LOV(Tl, ) (m1— TQ)LOV(T2 ) T 0d7_2d7_1

/ / / elm LOV(ﬁ e (Tl_Tz)LOV(TQ,')"'V(Td,')erLode"'dngTl

T1 Td+1
// 7 e Y -V (11, 6 s

Fix z € R. For any function f(7,z) denote by f**(r,z) := f(s*1,z +
s(x — z)) the parabolic rescaling by s of the function f about the basepoint
z. We now define a rescaled operator L7 by

(B6) L) = g a0 + s (r)ds — 2077, ).

so that in this scaling the problem (3.1) becomes,

. 0-U>*(1,2) — L¥*(7,2)U**(1,2) = 0
( : ) US’Z(O,ZE) _ hs’z(:E;K)

For any z € R fixed, and for any s > 0, the relationship between the Green
kernel of L and the Green kernel of the rescaled operator L** is

(3.8) GE(z,y) =576 (2457w —2), 2+ 57 (y — 2))
' :T_%gfﬁ(z+7'_%(:n—z) z—|—7-_%(y—2)), its=71773.

We now proceed to compute the Green kernel Gfs’z of the rescaled problem
(3.7) when 7 = 1.
Taylor expanding (3.6) in s we obtain

(3.9) L**(r,x) = L§ + sLi(x) + 32L§(T, x) + 83L§’Z(T, x)

where
10



(3.10)
L = 12(0,2)283
Li(x) := %(0,2)%/(0, 2) (x — 2)0% + u(0, 2)0,
Li(r,2) i= (2(0,2)2(0,2)7 + (7(0,2)2 + £(0,2)2"(0, 2)) (= - 2)?) &
+1(0, 2) (2 — 2)9 — p(0, 2)

and L3*(7, z) is the remainder term which depends on s and z. Furthermore,
it will be convenient in subsequent calculations to split the operator L3(7, x)

\)

into a time dependent part 7IL3 and time independent part /Lg (z),

(3.11) Li(r,z) = 713 + L3(x)

where

(3.12)
L5 = 3(0, 2)%(0, 2)0?

Li(z) = (X'(0,2)? + 2(0,2)%"(0,2)) (x — 2)202 + 1/(0, 2)(x — 2)3y — p(0, 2)

Remark 3.2. Note that L§ is a constant coefficient operator, for which the
Green’s function is exactly (3.22).

Remark 3.3. Note that each L7 in (3.10) has coefficients of order & in (z —2)
and order k — 1 in 7 (where we use the convention that the order is zero
if k,k —1 < 0). Thus, in order for the expansion to capture the time
dependence of the coefficients, the coefficient must be expanded at least to
second order in s. This means that the correction occurs at order s> = 7 in
the expansion of GX(x,y).

Setting
V3 (r,x) = sLi(x) + 82L§(7', x) + Sng’Z(T, x)
and using (3.5) with d = 2 and 7 =1 yields
(3.13) GL" = elo 4 sTF + 3211271 + 5275 + R*%,

where

1
7 :/ UG 12 LG gy
0
1 1
(3.14) 11,12/ / emEG [ze(m - L)LG 122 LG gy iy
o Jo

1

IQ = / 6(1_T1)L(Z) LS(Tl)eTl LS dTl
0

and R*7 contains all the higher order terms and thus satisfies limg_,g R*?/s =

0.
11



Now we need to calculate the above three integrals Z1,7; 1,Z2. Before we
proceed to do the computation, we first give two definitions

Definition 3.4. The commutator of two operators Ty and T is
[Ty, T3] =TTy, — ToTy.
We say two operators Ty, Ty commute if [Ty, Ts] = [T»,T1] = 0.
Definition 3.5. For any two operators Ty and Ty, we define adr, (T2) by
adr, (Tz) = [Th, T3]
and for any integer j, we define aalgp1 (Ty) recursively by
adl, (Ty) := adr, (ad)y, ' (T2))

Using the notation of Definitions 3.4 and 3.5 we have

1
7, = /e(l_Tl)LgLfeﬁLédﬁ
0

1
= [ i+ (-l Lietan
0
1

— (Lf+ 5l LiDetd

1
I, = /e(l_”)LgL;(ﬁ)eTlLédﬁ
0

1 2
— 1-7' z
_ /0 (L3 + T + (1 — 7)[L3, 23] + S= 2 (23, Lal)yetiar
1 —~ 1 1 =
— (3L + Th + 5126, 15) + GlE (25, 5] ) 4

1 1
1w = / / eU=TILG L2 (7)e(M =26 12 (15)e™ 6 drydry
0o Jo

1 T1
= [ 0 L + (1 = )l L drdr,
2\2 1 2T 2 z 1 z 2172 1 z 212\ L&
= ((L7) +§L1[L0=L1]+6[ 07L1]L1+§[ o, Li]7)e™0
Hence (3.13) becomes
(3.15)

L5*= LZ z 1 z 12 2 1 z Tz 1 z 12 1 z z 12 L?
& =e0 45 L1+§[L0,L1] + s §L2+L2+§[L0,L2]+6[L0,[ 07L2H eo
z 1 2T 2 z 1 z 2172 1 z z z S,z

+ 57 ((L1)2 + §L1[L07L1] + 6[ 0, L] L7 + g[ 07L1]2> e + R

For any 6 € (0,1) we recall the identity [7]

(3.16) Lz = P, (0,1, z,0)eL0
12



where

(3.17) Pp(0,2,2,0) = L, + > —adi; (L)
i=1

The usefullness of this identity is that it allows one to "move” e” * from the
left side of the equation to the right side of the equation by commutatmg.

Therefore, we only need to compute some commutators in the above for-
mula to get an approximation of GF°. We now proceed to calculate the
commutators.

(3.18)
L5, Li] = £(0,2)°2'(0, 2)0;
(L3, L3> = %(0,2)°%/(0, 2)?98
Li[LE, LF] = %(0,2)* (0, 2) (x — 2)05 + u(0, 2)%(0, 2)3%/(0, 2)02
[L§, LIL] = %(0,2)'%/(0,2)%(z — 2)95 + (1(0, )+32( ) '(0,2)) 2(0,2)*%
[L§, L3] = 2(0,2)* (

3'(0,2) + 2(0,2)2"(0,2)) (z —
%(

+ 3(0, 2)? <,u/(0, z) + %(E/( 2)? +

¥/(0, 2)* + (0, 2)2"(0,

0, 2)%"(0, z)) 0>
[ 67 [LngSH = 2(072)4 (

L2 = (2(0,2)%/(0

(x— z)@i + (E(O, 2)%(0, 2)p(0, z) + p(0, 2)? ) :%

)) 03

By Remark 3.2,

: 1 |z —y?
3.19 el =~ exp(—
(3:.19) 00 “ a0, 22
Now let
-y
2 - .
(3.20) 0= S0ap

To aid us in the computations we need the following derivatives of (3.19)
13
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Oyelt = —@elt
oteti = (0~ 50 ¢
et = — <@2 - 2(0?2)2> B

(3.21) el = <@4 B 2(3;)2 (2@2 _ 2(0172)2>> oL

Pets = — <@5 - 03+ 15@) ek

2 15 45 15 2
6 Lz _ (6 4 2 1o\ p
Ot = <@ S0.27°0 TS0,210 50, z>6> .

Using (3.21) we have 2

2
(322)  GVzyz) = = ——L_exp(— 12U

212(0,2)2  25(0, 2)2)

(3.23)
1
GW(a,y:2) = (L + 3[Lo, La)et

- <2(O, 2)¥(0, 2)(x — 2)0% + (0, 2)0, + %E(O, 2)3%/(0, z)@i’) el

_ 1 6_2‘5(5?2‘)22 [(32(0,7:)2’(0,7:) - 2,u(0,z)> (x—y) — ¥/(0, 2)
V/215(0, 2)2 2%(0,2)? Y z

Ho—z) (=20

2All the formulas henceforth are computed with the aid of the mathematical software
Maple, Waterloo Maple Inc.
14



(3.24)
2] 1. Tz L 1
G (z,y;2) = §L2 + L3+ é[Lo,Lﬂ + =

51Lo, (Lo, Lzl

z,2 1 2[172 T2 1 z 12172 1 z 12 z
+Ly7 + §L1[L07L1] + E[L07L1]L1 + g[Loa Li]* ) e

x —y)? )
= {<(23(0,yz)) - 2(01’ Z)> E(O,Z) + %E(O, Z)E//(O,z)

- (FE0.22 416 +20(0.2) + (1509 —

1
3(0, 2)

+ 3(z — 2)(z — y)X"(0, 2) + 31(0,2)2'(0, 2) — (z — 2)*2"(0, 2))

n ((17?2’(0, 2 4+ 1(0.2) (@ —y)” — (1(x — 2)2'(0, 2)’

1
¥(0, 2)?
+ ("0, 2)(x —y)°/3 — (x = 2)T"(0,2)(x — y)* + ((z — 2)*2"(0,2)

= Tu(2)2(0,2)) (@ = ) + 650, 2)(w = (=) 5555

—(29%/(0, 2)%(z — 9)?/12 + 5(z — 2)2¥/(2)? — 31(z — 2)(z — y)X'(0,2)?/3

z—1y)? 2@ —y)>(x—2)—2x—1)/3)2'(0,2)u(0, 2
—Mo,z)z)(E(Z)yQ L 2z —y)(( )E(g,z)sw/) (0,2)u(0,2)
n (33 - y)42/(0,z)2[(gj — z)2 —4(:E _ Z)(:E _y)/3 + (33 o y)2/4]}leLo

(0, 2)° 2

+2(z — 2)p' (0, 2)(z — 2))(x — y) — pu(0,2)* + 2(z — 2)*¥'(0, 2)?)

Example 3.6. For the time-dependent Black-Scholes-Merton model (2.4)
we have,

(3.25)

1 —‘z}y‘Q 302 —2r T —y op [x—Y s
= e (22 (2) -3 ()
Bsw (543 2) 002V 2T 209 00% 2 00z

- (22) ((=2)")

while for CEV model (2.5) we have
15




(3.26)

el (z,y;2) = ! z‘i zy?i Baggz* ") —2r\ (fz—y - aop2® ! [z —y)\?
CEV\*"» 002% /Qﬂ. 002% 5 e
2

(=) (=) 1)]

where we have set o9 = 0(0).

In Section 4 below we compute the expansion for different basepoints z
and compare them in Section 6.

4. KERNEL EXPANSIONS AT DIFFERENT BASEPOINTS z = z(x,y)

The goal of this section is to understand the behavior of certain properties
of the expansion on the particular choice of basepoint z. For example, the
choice z = x yields a much simpler expression since certain terms disappear.
On the other hand, it seems natural to conjecture that the approximation
should perform better if z is the midpoint in the geodesic distance.

4.1. Standard Approximation. We first choose z(z,y) = x as the base-
point of the expansion for the kernel G;(z,y). An advantage is that in this
case many terms in our above calculation will disappear and we can even
get a closed form solution for the option price itself since in this case the
integrals can be evaluated in closed form as well, so we do not need to do
numerical quadrature which is computationally more intensive. Precisely,
by setting z = x in(3.23) and using (3.8) the first order Green function for
the Standard Approximation z(z,y) = z reads

(4.1)
1 Le—w)? 3%(0,2)%(0, ) — 2u(x)
eltd z,y) = —m—————c 250,02 (1 4+ ’ ’
(.9) 27%(0, z)? (1+( 2%(0, )2
And similarly, the second order approximated Green function is given by

(4.2)
GH(z,y) =

>0,z
e~ )%

(z—y) -

1 L (0,0 )
85(0, )5 273(0, )2 7

+4((z - y)? — 22(0,3:)) »3(0,2)2(0, z)
+[4/3%"(0,2)2(0, z)® — 29/3%(0,2)?%'(0, 2)? + 16/3%(0, )% (0, 2) (0, 2)] (z — y)*

+ [—6%"(0,2)2(0,2)° + (15%/(0, 2)% 4 44/ (0,2))2(0, 2)* — 281(0, )%’ (0, 2)2(0, z)?
+ 40, 2)%%(0, 2)?](z — y)% 4+ 25(0,2) 2" (0, ) + (—84/(0, ) — ¥'(0, z)?
—44/(0,2))2(0,2)% 4+ 125(0, )° (0, 2)X' (0, 2) — 45(0,2)* (0, )* }

16



Example 4.1. For the time-dependent Black-Scholes-Merton equation, we
have p(t,x) = re and X(7,x) = o(1)z with 0(0) = oy so that

14 s 303—27’ r—y\ ofx—y 3
200 oo 2 oo

We also record the second order approximation here for later reference,

(4.4)

(4.3)

1 1 _lfz—y 2
G[B]SM(‘TJy) B 27T0'xe 2(001)

9 1 _
GEB]SM(%?J) = \/Z_Taoxe

(46(0)o0 4 1502 + 4r)o2 — 28ro2 + 412 [z —y\*>  16r —2902 (z—y\* 0% [z —y\°
+ - + +2
80§ oox 24 oox oox

1
2\ 90

(=2)* [_6(0) _ (12r+08)of + 4r* — 1203r
200 808

8

Similarly for the time-dependent CEV model, u(t,z) = rx and (1, x) =
o(1)z® with o(0) = og so that

(4.5)

1 1 _1(z=y)? 300221 — 2rgl=O\ [z —y
G[C}Ev(x,y) :me 2("'01 ) |:1 + s < 0

200 oogxr®
acpzr® ! [z —y 3
2 opx®

(4.6)
G[2] _ 1 - (z;g()j 252 /.2
cpv(Ty) = SVEroT X e 0% {a?X? 2
25

(00X° 4+ 905(y — 2)*X* — gff%(y —z)'X? 4 (y — 2)°)
16 X?

+ % (1508 XY — 4502 (y — 2)2X2 + (y — 2)Y)
8X?2

+— [(a — 1)ogaX?/2? (1500 X! — 4.505(y — 2)> X% + (y — 2)") — 4.5r00 X! — 1.5X?035(0)
+1.508r X% (2 — 2rz® — 2zy + 9°) + 1.56(0)oo(y — )X + 3r22?(y — 3:)2] }

where X = x®.

Notice that G[cijv reduces to G%SM when o = 1.

4.2. Geodesic Midpoint Approximation. In this section we compute
the expansion when the basepoint z is the geodesic midpoint between the
points x,y € [0, 00).

17



4.2.1. Geodesic Distance and Midpoint. We now introduce some geometry
into the problem to better understand the properties of the expansion. Con-
sider the operator L on R, = [0,00). To L we may associate a metric g
through the coefficient ¥(7,x) by

1
¥(r,x)

The geodesic distance dx(x,y) induced by the metric g of L is given by
4 d f 1 0))%*(0)do 1y

.8 T,Y) = in ) = —dz|.
@8 dsy)i= i aGERew = | [ o
In particular for the time-dependent CEV model X(¢, z) = o(t)z“ so we have

(4.7) gs =

1 x
s D JaglT a#l

syllog (B) a=1
(4.9) ds(z,y) = { ) a1 _yela)

Definition 4.2 (Geodesic Midpoint). We define the midpoint between two
points in the distance dx(z,y) (4.8) by the point 6 = 0, satisfying

(4.10) dz(x,(S) = dz(y,(S).

Note that (4.10) uniquely defines 6y, if we assume all the points x,6x,y € R
lie on a line.

Remark 4.3. For the time-dependent CEV model we have

\/alj_y a=1

(4.11) oy, = (xaq_gyaq)m ot

We now compute the expansion using z = dy.

Example 4.4. For the time-dependent Black Scholes equation, X(T,z) =
o(1)z and s = /Ty so that¥(r,z) = o(7)\/Ty and (3.23) becomes

(4.12)

-y \? 2 _ _
GEEI%]SM(IE’%Z = \/517_?4) = Le_%@o\/%) [<300 27’> ( =Y > _%

oo/ 2Ty 2

wEm(GEH) )

200

004/ Y

For the time-dependent CEV model, ¥(t, z) = o(t)z* and oy, = (M)m

2
so that X(t, z) = J(L;W)ﬁ and (3.23) becomes
18
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(4.13)

__lz—y? 259
G[l] (x y~z :Zﬁ) — %e E@l 30[0‘02 —27" x_g +
CEV\* > o0 /QWZE 200 O'()Zﬁ

et (e ) () (22)
2 004 a1 oZa—1 0Z oL a1

wa—l + ya—l
2

Remark 4.5. It would be interesting to compare our geodesic midpoint ap-
proximations (4.12) and (4.13) with asymptotics in [30][Proposition 4.2].

where

(4.14) 7 =

4.3. Midpoint Approximation. While geodesics distances on one dimen-
sional manifolds can be computed explicitly, this is not generically the case
for manifolds of higher dimension. Thus the analytical results obtained in
Section 4.2 can not in general be extended to multi-factor stochastic volatil-
ity models. Hence, here we propose another alternative to both the stan-
dard and geodesic midpoint approximation, namely the standard midpoint
approximations which is obtained by setting

(4.15) L= ZtY
2
Example 4.6. For the time-dependent Black-Scholes-Merton model we have
(4.16)
Tty 2 e-%‘;ﬁ;ff)z 302 —2r—op [z —y 1—0p (2—1y\°
el -:_:\ﬁ 0490 (T g0 (=7
s (7932 2 ) m o(x+y) o3 x4y * op x4y

while for the time-dependent CEV model we have

(4.17)

9a =y
2172a08(z+y)2a .

T + y) o
2 ooz +y)¥v2m
3a0222 (x4 y)2@ ) —2r —0y  z—y 1 —oga2! = (z +y)o! < z—y \°
( «

Gy (@2 =

21—0{0-8 (33‘ + y)a 21—3&0-(?]) T+ y)

4.4. Relationship to Taylor expansion of the Kernel. The asymptotic

expansion described above is useful in computing a closed form approxima-

tion of the pricing kernel and option price when the pricing kernel for the

model is not known in closed form. However, if there indeed is a closed

form solution for the pricing kernel (as for the Black-Scholes-Merton model)
19



one can certainly Taylor expand the pricing kernel directly. The question
then arises as to the relationship between the expansion obtained by Taylor
expanding the known pricing kernel and the expansion obtained by asymp-
totic expansions of this paper. In particular, if they are the same. In this
section we will show that for the particular case of the Black-Scholes-Merton
model, the Taylor expansion of the known pricing kernel and our asymptotic
expansions are the same. Indeed, we believe this is true in general, but will
leave the verification of this question for future work.

The pricing kernel for the Black-Scholes-Merton model (2.2) is given ex-
plicitly by

_exp(—rT) | In(2/y) +y7/?
(4.18) Gy (2,y) = Ianotr P <_ 2027 )

where again 7 is given by (2.17) and

(4.19) y=r—0a?/2
Note this is the same as the Green function for the Black-Scholes operator
(1'%)s'ing (3.8), we have
(4.20)
G (2,y) = sGF (z, 2 + s(y — x))
(1 — sA) texp(—rs?) IIn((1 — sA)™Y) + 52|
ox\2m P <_ 20252 >

where as usual s = /7 and

(4.21) Aol . v)

We anticipate that when we expand QlLS'Z (xz,y) with respect to s, we

should be able to recover Q;L.M(x,y) in (4.3) and gg}SM(a:,y) in (4.4). To
prepare for the calculations we rewrite (4.20) as

(4.22) G (z,y) = A(s,z,y)B(s, z,y)
with

(1 —sA)"Lexp(—rs?)
oxV2m

(@ —sA)"h + 782|>

20252

A(s,z,y) =
(4.23)

Then a straightforward calculation yields
20



A0, z,y) =
ox\ 2w
d A
0,2,y) =
(424) dS o 271'
2
B(0,z,y) =€ 27
dB a2 (A A3
E(O,x,y) = —€e <? 02>
Thus to second order in s we have
(4.25)
5,2 5,2 d 5,2
G- (o) = 6 @) g 5 (1.0 @) | w00
s=0

= A(0,z,y)B(0,z,y) + s <%(0,$,y)3(0,x,y) + A(O,:E,y)@(o,x,y)) + O(s?)

ds ds
A2
30 A A3
o2 3)
oxy 2T o o
A2

e 20 302 — 2r A3
e () %)

Recalling the definition of A (4.21), this is exactly the same as the Standard
Approximation (4.3). A similar calculation shows the equivalence of the
second order terms.

5. CLOSED FORM APPROXIMATE SOLUTIONS

In this section, we shall consider European call options. For European
put options similar results can also be obtained, either directly from the
definition or by using put-call parity. In what follows, we will work with
the expansion obtained by setting z(x,y) = x as the basepoint. The main
reason for this is that many terms in our calculation will disappear and we
can even get a closed form solution, i.e. we do not need to do numerical
quadrature which is computationally more intensive. Precisely, by (4.1) and
(3.8) the first order Green function reads

(5.1)
1 (@—v)? <1 n 3%(0,2)X(0,z) — 2u(0, )

ng] T,y) = ————¢ 250a)°r
(@9) V27r7Y(0, ) 2%(0, z)?

(z—y)

21
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~2%(0, )37
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And similarly, the second order approximated Green function is given by

2 o) = Gl T ! “mogz . s 2@ Y
G (z,y) =Gyl (w,y) + SS0,0F  Jors o 0,2)"——3
y)*

+ [4/3%"(0,2)2(0, z)® — 29/3%(0, 2)2%/(0,z)? + 16/3%(0, )X’ (0, z) 11(0, x)](x%

+ [=6%7(0,2)2(0, )5 + (15%/(0, 2)% + 44/(0, 2))2(0, 2)* — 28u(0, )%’ (0, 2) (0, x)3

(z —y)?

+ 4u(0, 2)?2(0, z)?] +2%(0,2)78"(0,z) + (—8r — X'(0,2)2 — 44/ (0, 2))%(0, z)°

_ )2 ,
12200 1(0,0)5(0,2) ~ 49(0,2) 0,02 + 4 (L2 - 20,07 ) £(0.07510.0) |
T
Then for European type options with strike price K, by (2.8) we know
that the i*" order approximated option price is

(52) Ulro) = [ Gy - K) g = 1,2
0

After examine the form of the heat kernels G (z,y), we find that after a
change of variable the (5.2) is just an integral of polynomials against Gaus-
sians. Therefore, we are able to obtain the closed form solutions involving
error functions. Explicitly,

Ull(r,2) = YO (35(0,2) - 90.0) - )

1 r— K
2 o) = g gy 4 e E K _ I =
U (r,z) = UY(r,z)+ 2(67‘]0(@2(07%))4-1)(1' K)+3\/%23(07x) e 22007 . {

" 1 /
0.5%°(0,2)7%% (0, z) + 1.57224(0, 2) (—2r + = (0,2) + 1/ (0, x))

)7+ % (0,3)(z — K)?)

+753(0,2)((1.5%(0, z) + £'(0, z) (0,
z)%(z — K)?) + 27u(0,2)% (0, 2)2(0, ) (z — K)?

+0.257%2(0, z) (1272 (0, z) + (0,

3¢
+§E 0,2)%(z — K)4}

Example 5.1. For the Black-Scholes-Merton model we have

1 O'\/F _(@=K)?
U][B}SM(T,:E): 2\/%6 2029 (x4 K)

+1-<erf<w_K>+1> (1 +rr)z — K)

2 e

(5.3)

whereas for the CEV model we have
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- 112 13 14 15 16 17 18
0.01 0.0000 | 0.0000 | 0.0313 | 0.3266 | 0.0387 | 0.0019 | 0.0000
0.05 0.0461 | 0.3385 | 0.0179 | 0.3915 | 0.0179 | 0.4068 | 0.3957
0.1 0.7 0.7 0.2 0.5 0.2 0.4 1.2
0.2 2.2 0.3 0.7 0.9 0.7 0.3 1.3
0.5 1.2 2.1 2.5 2.7 2.7 2.9 1.9
TABLE 1. Error of the first order approximation, K = 15,0 =
0.3,r = 0, error scale=10"3
- 112 13 14 15 16 17 18
0.01 0.0000 | 0.0000 | 0.1000 | 0.0000 | 0.9000 | 2.0000 | 3.0000
0.05 0.1 0.9 14 0.1 3.6 8.7 14.5
0.1 1.7 3.8 3.3 0.3 7.0 15.9 26.4
0.2 9.3 10.7 7.1 1.2 14.0 30.2 48.8
0.5 39.0 31.4 15.1 8.4 39.4 76.0 116.8
TABLE 2. Error of the first order approximation, K = 15,0 =
0.3,7 = 0.1, error scale=10"3
a—1 2 K)2
U[Cl}EV(Tv x) = Me_ Sotar (2 —a)r — aK)
(5.4) 2v/2m

+ % : <erf <%> + 1> (1+7r7)z — K)

6. COMPARISON AND PERFORMANCE OF THE METHOD

6.1. Performance of the method. Even if our approximated heat kernel
is a short time expansion, numerical results show that the closed form so-
lutions we derived above are accurate for relatively large time 7. First we
take Black Schole’s model for example, and consider the case when the base-
point z = x for simplicity. We choose the parameters K = 15,0 = 0.3 and
r = 0.1. We compare our formula with Black Schole’s formula for different
times. figure 1 and figure 2 give two different cases, they show that when 7
is small, the two solutions are undistingushable in matlab. And even when
T is large, the error is small. Table 1 and table 2 give a through comparison
of the first order approximation with the exact Black Schole formula.

Remark 6.1. In practice, we can always assume that 7 is small by the change
of variable (2.17). So especially near expiry our approximation is pretty
good.
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Ficure 1. 7=0.1,K = 15,0 =0.3,r = 0.1

12

101

Black Schole formula
1st order approximation

call option price
o

00
stock price, 5<S<25

FIGURE 2. 7=0.8, K =15,0 =0.3,r = 0.1

Remark 6.2. From (6.1) and (2.10) we can see that for the first order ap-
proximation, the smaller r is, the better the approximation is for the Green
function that does not include the zero order term in the differential oper-
ator. This point is again elucidated in the tables 1 and 2. However, there
is a way to overcome this difficulty, simply by a change of variable. Setting
V(r,z) = e ""U(T,z) will kill the zero order term. Theoretically, after such
a change of variable, our approximation should be better.

Another popular financial model is the CEV model, where the dynamics
of the stock price is driven by

dS, = oS dw,
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It is a generalization of the Black Schole model to fit the volatility smile.
The corresponding PDE is given by

0,2

Ur = ?xwum, T=T—1

with initial condition u(0,z) = (x — K)*. J. Cox [13] obtained the closed
form solution when 3 < 1. D.Emanuel and J. MacBeth considered the case
when 8 > 1 in [20], and also obtained similar results. In both cases, the
closed form solutions are very complicated and involving Bessel functions.
Computation for these formulas is very intensive. Schroder [45] gives a good
way to compute these closed form formulas. We will show that our formula
is also very accurate but computationally it is much simpler. We choose
8= %,K = 15,0 = 0.3, = 0.1. FIGURE 3 and 4 give the comparison of
our method and the true solution of the CEV model for different times. Here
we have chosen the basepoint z = z. The graphs are given for 5 < z < 25.

Remark 6.3. In the CEV model, the parameter 3 can vary on the entire real
line, and for any —oco < (3 < 400 a representation of the solution exists.
Many papers show that generally 6 < 1 for many stocks. For an summary
of the empirical evidence, we refer to [45].

6.2. Compare the results with different basepoints. By equation (3.22),(3.23)
and (3.8), we know that with an arbitrary dilation basepoint z the first order
Green function is

(6.1)

1 _ =yl 3%(0,2)%'(0, 2) — 2u(0, 2)
oo = ek [y (A0 0
(z,y;2) TI0) Z)2Te 23:(0,2)° (z—y)

¥/(0, 2) (x —1y)? 1
S O <z:(o, PEE () z)ﬂ

By (5.2), we only need to integrate this Green function against the termi-
nal data, and then we obtain the call option price for any one dimension
model. In this section we will choose different basepoints, i.e. z = z, xTer
and z =geodesic midpoint, and compare the results with the true solu-
tion. Since for the Black-Scholes-Merton equation, an exact and also simple

representation to the true solution exists (1.3) we will compare formulas
for the case X(7,2) = ox and u(r,x) = rz. Denote gggM(T,:E,y;z =
:E),QE}SM(T,:E,y; z= ITW) and QE}SM(T,x,y; z = /xy) by the three different
approximated Green’s functions, their meanings are clear. In all the follow-
ing comparison from figure 5 to figure 10, we fix K = 15,r = 0.1, = 0.3.
We plot the figures at different times 7 = 0.1,0.3,0.5. For the next six
figures, the left ones are plotted for 5 < z < 25 again. And We zoom near
the strike price K, which is most relevant point for practitioners. From
these graphs we can draw the conclusion that ggg(T, x,y;z = x) is the best

approximation among the first order Green’s function approximations.
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