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Applications to PDEs

Lee ’01: Existence of Einstein metrics on “confor-
mally compact” manifolds.

Einstein equations: non-linear.

General method: prove that the linearization is Fred-
holm.

Lee was unaware of the Fredholm conditions for con-
formally compact manifolds of Lauter-Monthubert-N.
in Documenta ’00 proved using groupoids.
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Reduction to the boundary

Regular elliptic boundary value problems of the form

Du = f in Ω, Bu = f on ∂Ω

on a smooth, bounded domain can be reduce to an
elliptic pseudodifferential equation Pv = h on ∂Ω.

The first obstruction to solving this equation is the in-
dex of P .

The index of P is determined by the Atiyah-Singer In-
dex Theorem.

Natural question: what about polyhedral domains.
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Index Theory

Problem: Prove an index theorem for Lie manifolds.
What is the meaning of the non-local invariants com-
ing from the structure at infinity?

The quotient

Q := Ψ0(G)/(Ψ0(G) ∩ K)

is non-commutative in the non-compact case (in the
compact case it is C∞(S∗M)).

Note that both Q and Ψ0(G) ∩ K can be described
explicitly using groupoids.

The map index map

ind = ∂ : K1(Q) → Z = K0(Ψ
0(G) ∩ K)

can be described in principle using cyclic homology
(Connes, Karoubi, Quillen, Tsygan, N.).

The explicit nature of the index cocycle is however not
known.
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The method of Layer Potentials

Consider the Poisson problem∆u := ∂2
xu + ∂2

y u + ∂2
z u =f on Ω

u = g on ∂Ω.

on a bounded domain Ω ⊂ R3.

Equivalent to the Laplace equation∆u := ∂2
xu + ∂2

y u + ∂2
z u =0 on Ω

u = g on ∂Ω.

Let

E(x) = cn|x|2−n

= the usual fundamental solution of ∆ on Rn.
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We try our solution in the form of a single layer poten-
tial

u = S(h) :=
∫
∂Ω

E(x− y)h(y)dσ(y)

with σ the surface measure.

Then u is harmonic: ∆u = 0 and its boundary values
are u|∂Ω = Sh, with S an elliptic pseudodifferential
operator of order -1. It is also self-adjoint.

Our equation reduces to Sh = g. Since S is Fredholm
of index zero, it is enough to prove that S is injective.
PDE tricks.

For polyhedral domains the single layer operator S is
in a groupoid pseudodifferential operators algebra.

Question: extend the usual results on layer potentials
to the polyhedral case

Numerical methods: the “Boundary Element Method”
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Numerical methods: the “Finite Element Method”

works in the interior, unlike the “Boundary Element
Method” that works on the boundary. Theoretically
simpler, but may lead to more calculations.

Consider the Poisson problem∆u := ∂2
xu + ∂2

y u + ∂2
z u = f on Ω

u = 0 on ∂Ω.

on a bounded, polyhedral domain Ω ⊂ R3.

We construct a sequence of tetrahedralizations (i.e.
meshes) T ′k of Ω with the property

‖u− uk‖H1(Ω) ≤ C dim(Sk)
−m/3‖f‖Hm−1(Ω),

with C independent of k and f . Here:

• Sk ithe associated finite element space of continu-
ous, piecewise polynomials of degree m ≥ 2.

• uk ∈ Sk is the finite element approximations of the
solution of our Poisson problem above.
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uk has quasi-optimal approximation properties with
respect to the dimension of Sk (m ≥ 2).

Our method relies on the a priori estimate

‖u‖Dm+1
a+1 (Ω)

≤ C‖f‖Hm−1(Ω)

in anisotropic weighted Sobolev spaces Dm+1
a+1 (Ω),

with a > 0 small and determined by Ω. The weight
is the distance to the set of singular boundary points
(i.e. edges).

This estimate is proved using Lie manifolds.

For smooth domains this estimate becomes simply

‖u‖Hm+1(Ω) ≤ C‖f‖Hm−1(Ω),

which, we have discussed many times, does not ex-
tend to smooth domains.
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The main feature of our refinement procedure is that
if AB is a segment in the mesh T ′k, then this segment
will be divided into two segments AC and CB in the
mesh T ′k+1 according to whether A and B are equally
singular or not, as follows:

BA C

A more singular than B
|AC| = κ|AB|, κ = 1/4

BA C

A and B equally singular
|AC| = |AB|

Edge decomposition

We can chose κ ≤ 2−m/a. This allows us to use
a uniform refinement of the tetrahedra that are away
from the edges to construct T ′k.
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A priori estimates

Weighted Sobolev spaces (anisotropical and isotrop-
ical).

ϑ(x) = the distance from x ∈ Ω to the edges of Ω.

The isotropically weighted Sobolev spaces Km
a (Ω)

are defined by

Km
a (Ω) := {u, ϑ|α|−a∂αu ∈ L2(Ω), |α| ≤ m},

m ∈ Z+, a ∈ R (Kondratiev, Babuška, ... ).

For example, Hm(Ω) ⊂ Km
0 (Ω) ⊂ Km

b (Ω), if b ≤ 0.

The index m measures regularity, as usual, and the
index a measures the decay towards the singular points
(the edges).
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The behavior of the spaces Km
a (Ω) with respect to

the indices a and m is very similar. Thus, if P is a dif-
ferential operator of order k with smooth coefficients,
we have that

P : Km
a (Ω) → Km−k

a−k (Ω).

Also,

Km
a (Ω) ⊂ Km′

a′ (Ω)

if m ≥ m′ and a ≥ a′.

Theorem. Let m ∈ Z+. Then there exists η > 0 such
that the our Poisson problem (∆u = f , u|Ω = 0)
has a unique solution u ∈ Km+1

a+1 (Ω) for any f ∈
Km−1

a−1 (Ω) which depends continuously on f :

‖u‖Km+1
a+1 (Ω)

≤ CΩ,a‖f‖Km−1
a−1 (Ω)
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Equivalently, the map

∆ : Km+1
a+1 (Ω) ∩ {u|∂Ω = 0} → Km−1

a−1 (Ω)

is a continuous isomorphism.

This is where the geometry of Lie manifolds is used
repeatedly.

In general, u 6∈ Hm+1(Ω), because Ω is not a smooth
domain.

One of the main properties of the spaces Km
a (Ω) is

the dilation property. Assume Ω is a cone centered
at the origin and denote by ut(x) = u(tx), t > 0,
x ∈ Ω, then

‖ut‖Km
a (Ω) = ta−3/2‖u‖Km

a (Ω).
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We need more regularity along the edge.

Assume Ω = Dα = {0 < θ < α}, a dihedral angle
with edge along the Oz–axis.

Assume f ∈ Hm−1(Dα). Then or previous theorem
states that u ∈ Km+1

a+1 (Dα), 0 < a small. Therefore

∂zu ∈ Km
a (Dα).

However, we also have

∆∂zu = ∂z∆u = ∂zf ∈ Hm−2(Ω).

Then the same theorem as before implies then

∂zu ∈ Km
a+1(Ω),

which is better than above.
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This suggests to introduce the following spaces

D1
a(Dα) := K1

1(Dα)

Dm
a (Dα) := {u ∈ Km

a (Dα), ∂zu ∈ Dm−1
a (Dα)}.

Thus our spaces D1
a are, in fact, independent of a.

We endow the space Dm
a (Dα) with the norm

‖u‖2Dm
a (Dα) := ‖u‖2Km

a (Dα) + ‖∂zu‖2Dm−1
a (Dα)

.

If Ω = C, a cone centered at the origin. ρ(x) = |x| is
the distance from x to the origin. Then we let.

D1
a(C) := ρa−1K1

1(C) = {ρa−1v, v ∈ K1
1(C)},

with norm ‖u‖D1
a(C) := ‖u/ρa−1‖K1

a(C).

For m ≥ 2, let ρ∂ρ = x∂x + y∂y + z∂z be the in-
finitesimal generator of dilations. Then, for m ≥ 2, we
define by induction

Dm
a (C) := {u ∈ Km

a (C), ρ∂ρ(u) ∈ Dm−1
a (C)}.

with a similarly defined norm.
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For a general bounded polyhedral domain Ω, we de-
fine the anisotropic weighted Sobolev spaces Dm

a (Ω)

by localization around vertices, edges, such that in
away from the edges we have the usual Sobolev spaces
Hm.

Theorem. Let m ≥ 1 and f ∈ Hm−1(Ω). Then there
exists η ∈ (0,1] such that our Poisson problem has
a unique solution u ∈ Dm+1

a+1 (Ω). This solution de-
pends continuously on f , for any 0 ≤ a < η and any
m:

‖u‖Dm+1
a+1 (Ω)

≤ CΩ,a‖f‖Hm−1(Ω).

(Arnold-Falk, Apel99, ApelNicaise, Babuška-Guo,
Bacuta-Bramble-Xu, Buffo-Costabel-Dauge03, Kellogg-
Osborn, ... )
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Refinement

• We shall construct a sequence of divisions (parti-
tions) of Ω into polyhedral domains (mostly tetrahedra
and prisms).

• Points are divided into type V, E, S. Type V is more
singular than E, which in turn is more singular than S.

The edges will be of one of the types VE, VS, ES, SS
and the triangles will be of one of the types VES, VSS,
ESS.

• We divide the edges as explained

BA C

A more singular than B

BA C

A and B equally singular
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• This leads to the following decompositions of trian-
gles.

Type VSS:

A’

A

B C

C’ B’

Face decomposition:
A of type V or E,

B and C of type S,
|AC′| = κ|AB|, |AB′| = κ|AC|,

|A′B| = |A′C|, κ = 1/4

The decomposition of a triangle of type S3 is obtained
by setting κ = 1/2 in the above picture. This gives
four congruent triangles.
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Finally, a triangle of type VES is decomposed as

V

E SA’

C’ B’

|V C′| = κ|V E|, |V B′| = κ|V S|, |EA′| =
κ|ES|, A′C′ was removed, ∠E = 90o

Division of Ω: a sequence of divisions Tn into tetra-
hedra and prisms for n ≥ 1. The mesh T ′n is ob-
tained from Tn by a canonical procedure, each prism
→ 3 tetrahdedra, using some additional initial choices
(marks on the prisms).
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• T0 initial division of our polyhedral domains in straight
triangular prisms, tetrahedra of types VESS and VS3

(thus having a vertex in common with Ω), and an in-
terior region Λ0.

A

C

D

A

D

A 3

4

C2

3

C 4
C23

D1

3

D4

34

D14

D13

A 1

2

Initial decomposition.

We shall deform our edge points so that the prisms
become straight triangular prisms (i.e.the edges are
perpendicular to the bases).
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• We tetrahedralize Λ0 without introducing additional
edges on the boundary of Λ (but allowing additional
internal edges and vertices)

•We then apply uniform, semi-uniform, and non-uniform
refinements to obtain the divisions Tn of Ω into marked
prisms and tetrahedra.

The meshes T ′n are obtained by dividing each prism
into three tetrahedra using the mark.

C’

A

B

C

A’

B’

BC′ = mark, AA′ || BB′ || CC′ ⊥ ABC||A′B′C′
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• Uniform refinement

For tetrahedra of type S4. Use planes of the form
xi + xj = k/2n, 1 ≤ k ≤ 2n, where xj are affine
barycentric coordinates. Compatible with faces.

24

A

A A

A

A

A

A

A 1

12

2

23

3

34

4

14

A 13

C

A

First level uniform barycentric refinement
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• Semi-uniform refinement

F

A

B

CB’

C’

A’

D

First level of semi-uniform refinement of a prism,
CD, DF = marks.

We divide the base in a non-uniform way (as a triangle
of type VSS) n times, and we divide the edges in 2n

equal segments. n = 1 in the picture (level one).
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• Non-uniform refinement

We divide a tetrahedron T of type VS3 in 12 tetrahe-
dra like in the uniform strategy, with the edges through
the vertex of type V divided in the ratio κ. These tetra-
hedra will belong to Tn+1. There will be a tetrahe-
dron of type VS3 and 11 tetrahedra of type S4. Then
we iterate this construction for the small tetrahedron
of type VS3, whereas the tetrahedra of type S4 are
divided according to the uniform strategy.

’

B

C

D

A

B

C

B’ D’

D1 1

1

C

A of type V, B, C, D of type S
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If T is a tetrahedron of type VESS, we divide it into
6 tetrahedra of type S4, one tetrahedron of type VS3,
and a prism. The vertex of type E of T will belong only
to the prism. This division is obtained by first dividing
it into 12 pieces like in the uniform strategy. The union
of the tetrahedron containing the vertex of type E and
of the tetrahedra adjacent to it will form the prism.

1

A

B

C

D

B’
D’

C’

C

D1

1

B

A of type V, B of type E, C, D of type S and D1D′ =
mark for the prism BD1C1D′C1B′
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Interpolation on thin tetrahedra

Let ABCA′B′C′ be a straight prism divided into three
tetrahedra.

C’

A

B

C

A’

B’

BC′ = mark, AA′ || BB′ || CC′ ⊥ ABC and
A′B′C′

Let σ̂ be any of these tetrahedra and m ≥ 2. Let
u ∈ C1(σ̂) and I(u) = uI be interpolant associated
to the linear m-simplex.
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Theorem. We have

‖∂z(u− uI)‖L2(σ̂) ≤ Ĉ|∂zu|Hm(σ̂)

and

‖∂x(u− uI)‖L2(σ̂) + ‖∂y(u− uI)‖L2(σ̂)

≤ Ĉ
(
|∂xu|Hm(σ̂) + |∂yu|Hm(σ̂)

)
,

for a constant Ĉ that depends only on ε and δ.

This theorem, valid only for m ≥ 2, yields, through
affine transformations (dilations), the needed interpo-
lation estimates on the resulting thin tetrahedra.

The proof is based on:

∂zu = 0 implies ∂zI(u),

∂xu = 0 and ∂yu = 0 imply ∂xI(u) = 0 and ∂yI(u) =

0,

and the Bramble-Hilbert Lemma.
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