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Plan of lectures 2-4

I will introduce the class of Lie manifolds, which are possibly
non-compact Riemannian manifolds that can be treated, to a
large extend, the same way as we treat compact manifolds.

1. A first example: Manifolds with cylindrical ends and spaces
(“manifolds”) with conical points.

2. Differential and pseudodifferential operators on mani-
folds with cylindrical ends.

3. Schwartz kernels and groupoids.

4. Pseudodifferential operators on groupoids.

5. Manifolds with a Lie structure at infinity: Definition and
examples.

6. Geometry: Riemannian metric, connection.

7. Analysis and applications: Fredholm operators, spectra.
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The guiding problems: understand the spectrum and resolvents
of (λ−∆)−1.

A quick review of the main results on the Laplacean ∆ on com-
pact manifolds and on Rn.

Definition of pseudodifferential operators and of regularizing op-
erators.

The distribution kernel of a pseudodifferential operator and their
relation to regularizing operators.
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Conical singularities

Ω = an open subset of Rn and

∂Ω := Ω r Ω .

The “simplest” boundary value problem, the Poisson problem ∆u = f

u|∂Ω = 0

Well known: If f , and ∂Ω are smooth, then u is also smooth
(including the boundary).

Not true if ∂Ω is not smooth.

Example: Assume Ω = (0,1)2, g = 0, and u smooth. Then

∂2
xu(0,0) = 0 = ∂2

y u(0,0)

and hence f(0,0) = ∆u(0,0) = 0 is a necessary condition
for u ∈ C∞(Ω), which is obviously not always satisfied.
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Conical points

An approach, Kondratiev ’67:

polar coordinates (r, θ) around the conical points.

If Ω = {θ ∈ (0, α)}, then

∆ = r−2
(
(r∂r)

2 + ∂2
θ

)
(r∂r)2 + ∂2

θ is a Fuchs–type differential operator.

A Fuchs–type differential operator=∑
aij(r, θ)(r∂r)

i∂
j
θ

with aij smooth. Only r∂r, but no condition on ∂θ.

Fuchs–type vector fields =

a(r, θ)r∂r + b(r, θ)∂θ.

They form a Lie algebra.

All this extends to conical points/manifolds with boundary.
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Manifolds with cylindrical ends

Basic substitution: r = et, then

∆ = e−2t
(
∂2

t + ∂2
θ

)
(1)

on a cylinder. (PICTURES)

Conical points ↔ cylindrical ends.

Let M1 be a compact manifold with boundary ∂M1 6= ∅ and

M := M1 ∪ (∂M1 × (−∞,0]), ∂M1 ≡ ∂M1 × {0}.

Then M = a manifold with cylindrical ends.

On the cylindrical end, the metric

g = g∂ + (dx)2,

makes M a complete Riemannian manifold.
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Basic property: Translation invariance at infinity.

Let ∆M = d∗d = the Laplace operator on M and

∆∂M1
= the Laplace operator on ∂M1, defined using the met-

ric g∂. Then

∆M = −∂2
x + ∆∂M1

on the cylindrical end ∂M1× (−∞,0]. It is translation invariant
in a neighborhood of infinity.

P is translation invariant in a neighborhood of infinity if

Pφs(f) = φs(Pf)

where

φs = translation by s on the cylinder and

f has support close to −∞.

Define: Ψm
inv(M) = the space of properly supported pseu-

dodifferential operators of order m on M that are translation
invariant in a neighborhood of infinity.
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Indicial family/operator: To characterize the Fredholmness or
compactness of operators P ∈ Ψm

inv(M), we need more than
just its principal symbol.

Φ(P ) := P̃ , P̃ (f) = φ−sPφs(f),

φs = translation by s on the cylinder, s > 0 very large, and f

with compact support in ∂M1 × R. (P̃ = indicial operator)

P̃ is translation invariant ⇒

P̂ (τ)g = e−iτtP̃ (eiτtg),

a family of pseudodifferential operators on ∂M1.
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Φ is surjective with left inverse

s0(T ) := ηTη,

η = 1 a cut-off function.

Sobolev spaces:

Hs(M) := D((I + ∆M)s/2),

if s ≥ 0 (s < 0 by duality).

Resolvents. We need inverses (fundamental solutions, recall
Rn) ⇒ enlarge Ψ∞

inv(M). Let ρ ≥ 1 be a smooth function,

ρ(t, y) = t

if (t, y) ∈ (−∞,2]× ∂M1. Denote adρ(T ) = [ρ, T ].

Let ‖T‖k,m denote the norm of

adk
ρ(T ) : H−m(M) → Hm(M).
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Definition. Ψ−∞
ai (M) = the closure of Ψ−∞

inv (M) with respect
to

T → ‖T‖k,m and T → ‖ρl(T − s0(T̃ ))ρl‖0,m.

Then Ψm
ai(M) := Ψm

inv(M) + Ψ−∞
ai (M) = asymptotically

translation invariant.

Theorem. Let T ∈ Ψm
ai(M), m ≥ 0, be elliptic and invertible.

Then T−1 ∈ Ψ−m
ai (M).

In particular, the resolvent (λ−T )−1 ∈ Ψ−m
ai (M), if λ 6∈ σ(T ).
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Boundedness and Fredholmness. M = a manifold with cylin-
drical ends, P ∈ Ψm

ai(M).

Theorem.[Melrose-Mendoza]

(i) P : Hs(M) → Hs−m(M) is bounded.

(ii) P : Hs(M) → Hs−m(M) is compact ⇔ σm(P ) = 0 and
P̃ = 0.

(iii) P : Hs(M) → Hs−m(M) is Fredholm ⇔ σm(P ) and P̃

are invertible.

(See also Kondratiev, Lauter-Monthubert-N., Lockhart-Owen,
Melrose-N., Schrohe, Schulze.)

Theorem. Let V ∈ C∞(M), V ≥ 0, be translation invariant and
6= 0 in a neighborhood of infinity. Then ∆M + V is invertible
and (∆M + V )−1 ∈ Ψ−2

ai (M).
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Distribution kernels

The form of the distribution kernels of invariant, properly sup-
ported pseudodifferential operators on N × R, N = ∂M1.
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Other examples

Edges: cylindrical coordinates (r, θ, z) in R3.

∆ = r−2
(
(r∂r)

2 + ∂2
θ + r2∂2

z

)
(2)

Only r∂r, r∂z, but no condition on ∂θ ⇒ “Edge–type differential
operators.”

Edge–type vector fields form a Lie algebra.

If we radially compactify Rn, mapping to ‖x‖ < 1, then the con-
stant coefficient, first order differential operators are generated
over C∞(B1), B1 = closed unit ball, by

(1− r)2∂r and (1− r)∂y,

where y are local coordinates on the boundary ∂B1 and r is the
distance to the boundary.

⇒ “Scattering differential operators” (or “SG-differential opera-
tors”) Cordes, Melrose, Parenti.

“Scattering vector fields” form a Lie algebra.
13



Definition of Lie manifolds

A a Lie structure at infinity is a manifold M = the interior of
a compact manifold with corners M , together with a subspace
V ⊂ Γ(TM), consisting of vector fields tangent to all faces of
M and satisfying:

1. V is closed under the Lie bracket [ , ];

2. V is a C∞(M) module that is generated locally in the neigh-
borhood of each point p ∈ M by n linearly independent vector
fields X1, . . . , Xn.

3. If above p ∈ M (= interior of M ), then the vector fields
X1, . . . , Xn, locally generating V around p, also give a local
basis of TpM .

Implicit in Melrose’s, Geometric scattering theory, 1995. For-
malized by Ammann-Lauter-N. and A.-L.-N.-Vasy in order to
study axiomatically the geometry of these spaces.
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Lecture 3

Pseudodifferential operators on groupoids

Definitions and examples of:

groupoids,

Lie groupoids,

Lie algebroids,

the Lie algebroid associated to a groupoid, and

pseudodifferential operators on Lie groupoids.

Also a discussion of the integration of Lie algebroids and the
results of Crainic and Debord.
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Lecture 4

Applications to Analysis on Lie Manifolds

Lie manifold (M, A) =⇒

Lie groupoid G ⇒ M integrating A =⇒

Also, a natural class of complete Riemannian metrics of bounded
geometry on M := M r ∂M

Algebra of pseudodifferential operators Ψ∞(G) acting on C∞c (M)

containing parametrices (Fredholm inverses) of the natural dif-
ferential operators in M =⇒

Mapping properties, Fredholm conditions, invertibility for the nat-
ural geometric operators on M (additional PDE tricks are used
here).

16



Recall:

(M, A) is a Lie manifold if A → M is a Lie algebroid such
that the anchor map q : A → TM is an isomorphism over
M := M r ∂M and the Lie algebra of vector fields

V := Γ(A) = q(Γ(A))

consists of vector fields tangent to all faces of the manifold with
corners M .

We can always find a Lie groupoid (possibly non Hausorff!) in-
tegrating (M, A) that contains the pair groupoid M × M as a
subgroupoid.

More precisely, if d : G → M is the domain map, as before,
then Gx := d−1(x) ' M for x ∈ M := M r ∂M .

Let Ψ∞(G) := {(Px), x ∈ M, Px ∈ Ψ∞(Gx), smooth, right
invariant, uniformly supported family }.
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Then most of the regular representations (Px) → Px of Ψ∞(G)
will be simply the action of Ψ∞(G) on M .

Definition. Diff(V) = the algebra of differential operators on
M generated by vector fields (=derivations) X ∈ V with coeffi-
cients in C∞(M).

Then Diff(V) ⊂ Ψ∞(G) and the regular representation on
d−1(x) ' M , x ∈ M , when restricted to Diff(V), identifies
with the natural action of Diff(V) on M .

Let A be the norm closure of Ψ0(G). Then P ∈ A is Fredholm
if, and only if, π(P ) is invertible for all irreducible *-representations
of A that do not contain the compact operators.

Question: What are the irreducible ∗-representations of A (or of
Ψ0(G))?
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Answer (partial):

Some of the irreducible *-representations (the least interesting
ones) come from the principal symbol of operators in Ψ0(G)).

The theory of representations of groupoid C∗-algebras (Connes,
Mackey, Renault) allow us in favorable situations to identify the
rest of the representations as coming from an invariant sub-
set of M and an irreducible representation of an associated Lie
group.

Even better, these irreducible representations can be obtained
(again in favorable situations), from the regular representations
(= the ones on Gx = d−1(x)).
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Examples of V

Example One. (a) M = a manifold with smooth boundary
∂M , M = M r ∂M .

(b) V = the space of vector fields on M that are tangent to
∂M .

(c) There is no condition on these vector fields in the interior.

(d) At the boundary ∂M = {x = 0}, a local basis is given by
x∂x, ∂y2, ... , ∂yn.

(y2, . . . , yn are local coordinates on ∂M .)

G is the disjoint union of M ×M and ∂M × ∂M × R.

The fibers Gx := d−1(x) are either M , the interior of M or
∂M × R.
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The resulting algebra Diff(V) of differential operators is the
algebra of Fuchs-type differential operators.

(Anticipating) The geometry is that of a manifold with cylindrical
ends. This is obtained by setting x∂x to have length 1 in a
tubular neighborhood of the boundary endowed with a product
metric.

The pseudodifferential calculus is (essentially) Melrose’s b-calculus.

We can identify Ψ∞
inv(M) with a suitable subalgebra of Ψ∞(G).

For Q = (Px) ∈ Ψ∞
inv(M) ⊂ Ψ∞(G), we have Px ' P , all

isomorphic for x ∈ M , and Px ' P̃ for x ∈ ∂M .

The interesting irreducible representations are associated to the
boundary (invariant subset) and to the space R̂ = R of repre-
sentations of R. Then P → P̂ (t) the indicial family.

See page 8.
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Metric and geometry

Fix a Lie manifold (M,V), where V is a Lie algebra of vec-
tor fields that is also a finitely generated, projective C∞(M)-
module, and hence

V ' Γ(A),

for some vector bundle A → M extending TM to M :

A|M ' TM.

In particular, A → M is a Lie algebroid.

In particular, a metric on A will induce a Riemannian metric
on TM (i.e. a metric on M ). ⇒ cylindrical ends for our first
example.

Lie algebroids have a theory similar to that of Lie algebras. The
“global objects” are the Lie groupoids.

To any differential groupoid there is associated a Lie algebroid,
however, Lie’s third theorem fails in this setting: not every Lie
algebroid corresponds to a differential groupoid.
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Connections

The Levi-Civita connection

∇ : Γ(TM) → Γ(TM ⊗ T ∗M),

extends to an A∗-valued connection

∇ : Γ(A) → Γ(A⊗A∗),

satisfying the usual Leibnitz rule:

∇X(fY ) = X(f)Y + f∇X(Y ) and
X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉,

for all X, Y, Z ∈ V = Γ(A).

This is seen as follows.

Recall that the formula for the Levi-Civita connection, ∇XY , is
given by

2〈∇XY, Z〉 = 〈[X, Y ], Z〉 − 〈[Y, Z], X〉+ 〈[Z, X], Y 〉
+X〈Y, Z〉+ Y 〈Z, X〉 − Z〈X, Y 〉.

23



Suppose X, Y, Z ∈ Γ(A) in the above formula.

The function 2〈∇XY, Z〉, defined initially only on M , extends to
a smooth function on M . Since the inner product 〈 , 〉 is the
same on A and on TM , the above equation determines ∇XY

as a smooth section of A.



Differential operators

Recall that Diff(V) = the algebra of differential operators on
M generated by C∞(M) and vector fields X ∈ V .

We can extend the definition of Diff(V) to include operators
Diff(V;E, F ) acting between vector bundles E, F → M .

d ∈ Diff(V; ΛqA∗,Λq+1A∗)

and

∇ ∈ Diff(V;A, A⊗A∗).

Then (Ammann–Lauter–N.)

∆ ∈ Diff(V).

Similarly, all geometric differential operators on M are gener-
ated by V.

(Done “by hand” for earlier particular examples of manifolds with
a Lie structure at infinity.)
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Applications

Assume (M, A) “nice”.

Theorem. We can associate to (M, A) a family Mα of mani-
folds such that, if P ∈ Diff(V), then there exist operators Pα

on Mα satisfying:

P is Fredholm ⇔ P is elliptic and all Pα are invertible.

(Lauter-Monthubert-N., earlier: Kondratiev, Mazya, Plamenevski,
Mazzeo, Melrose, Mendoza, Schrohe, Schulze ...)

Each manifold Mα = Zα×Gα, where Zα is a lower dimensional
manifold and Gα is a Lie group.

Each operator Pα is Gα–invariant and “of the same kind” as the
operator P (Laplace, Dirac, ... ).

Questions about M are reduced to questions about its Pα and
Mα ⇒ Harmonic analysis on various Lie groups.

⇒ an inductive procedure to study geometric operators on M .
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Singular kernels

Fix (M, A, M) = a manifold with a Lie structure at infinity.

Let P be a properly supported, classical pseudodifferential op-
erator on M . Then its distribution kernel is in Im(M2, M).

Fix r > 0 small so that the exponential map defines a bijection

(TM)r := {v ∈ TM, ‖v‖ < r} → M2
r .

We have that

(TM)r ⊂ (A)r := {w ∈ A, ‖w‖ < r}.

So (A)r extends TM and M extends M .

Definition. We say that P extends to A if its distribution kernel
extends to a compactly supported distribution in Im((A)r, M).
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Pseudodifferential operators

Define:

Ψ−∞
V (M) = {

∑
P exp(X1) . . . exp(Xk),

P ∈ Ψ−∞(M) extends to A and Xj ∈ V}.

and

Ψm
V (M) = {P ∈ Ψm(M) extends to A}+ Ψ−∞

V (M).

Theorem. Ψ∞
V (M) := ∪m∈ZΨm

V (M) is an algebra closed
under adjoints that “quantizes” the Lie algebra V.

(Ammann-Lauter-Vasy-N, answers a question of Melrose; based
on important earlier work of Melrose, Mazzeo, Weinstein, and
Ping Xu. Also: Schulze, Schrohe, Grisvard, Mazya, Plamenevski,
...)

A major ingredient in the proof is to establish first Lie’s third
theorem for V (or A), N. in the cases of interest for Ψdo’s, and
then completely by Crainic-Fernandez.
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“Quantizes” means:

1. The differential operators in Ψ∞
V (M) are exactly the ones

“generated” by V.

2. It has the usual symbolic and analytic properties of Ψdo’s.

Fix an arbitrary metric on TM coming from a metric on A → M .

Then L2(M) is (as a vector space) independent of the metric
on A and Ψ0(M) acts by bounded operators on L2(M).

The norm closure of Ψ0(M) generalizes the comparison alge-
bras considered by Cordes. Relevant in proving the Fredholm
property.

Similarly, let

Hs(M) := {u ∈ L2(M), (1 + ∆)s/2u ∈ L2(M)}, s ≥ 0.

Then these spaces are independent of the metric on A and
P : Hs(M) → Hs−m(M) if P ∈ Ψm(M).
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Example 2. (a) M = a manifold with smooth boundary ∂M ,
M = M r ∂M .

(b) V = the space of vector fields on M that vanish on ∂M .

(c) There is no condition on these vector fields in the interior.

(d) At the boundary ∂M = {x = 0} a local basis is given by
x∂x, x∂y2, ... , x∂yn.

The resulting geometry is that of an asymptotically hyperbolic
manifold.

{α} = ∂M , each Mα = Gα = Tα(∂M) o R is a solvable Lie
group, and each Pα is Gα invariant.

Recently these manifolds have been used in Math. physics in
connection to the AdS–CFT correspondence (Witten, Ander-
son, Lee, Mazzeo, ... ).

Earlier pseudodifferential calculus: Mazzeo’s, Schulze’s edge-
calculus.

29



Example 3. (a) M = a manifold with smooth boundary ∂M ,
M = M r ∂M .

(b) V = the space of vector fields on M that vanish on ∂M

and the normal covariant to the boundary also vanishes at the
boundary.

(c) There is no condition on these vector fields in the interior.

(d) At the boundary ∂M = {x = 0} a local basis is given by
x2∂x, x∂y2, ... , x∂yn.

The resulting geometry is that of an asymptotically Euclidean
manifold.

{α} = ∂M , each Mα = Gα = Tα(∂M)× R is an abelian Lie
group, and each Pα is Gα invariant.

Earlier pseudodifferential calculus: Parenti’s SG-calculus= Mel-
rose’s scattering-calculus.
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Example 4. (a) M = a manifold with smooth boundary ∂M ,
M = M r ∂M , together with a fibration π : ∂M → B.

(b) V = the space of vector fields on M that are tangent to the
fibers of ∂M → B.

(c) There is no condition on these vector fields in the interior.

(d) At the boundary ∂M = {x = 0} a local basis is given by
x∂x, x∂y2, ... , x∂yk, ∂yk+1, . . . ∂yn.

The resulting geometry is related to that of an locally symmetric
spaces. It is also relevant for boundary value problems.

{α} = B, each Zα = π−1(α), α ∈ B, Mα = Zα × Gα,
Gα = TαB o R is a solvable Lie group, and each Pα is Gα

invariant.

Earlier pseudodifferential calculus: Mazzeo’s, Schulze’s edge-
calculus.

It is important to generalize this example to higher rank spaces
(=corners of higher codimension).
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Example 5. (a) M = a manifold with smooth boundary ∂M ,
M = M r ∂M , together with a foliation F ⊂ T∂M .

(b) V = the space of vector fields on M that are tangent to the
leaves of the foliation F .

(c) There is no condition on these vector fields in the interior.

(d) At the boundary ∂M = {x = 0} a local basis is given by
x∂x, x∂y2, ... , x∂yk, ∂yk+1, . . . ∂yn.

This manifold with a Lie structure at infinity is, however, not
“nice.” There is no description of Fredholm operators in terms of
lower dimensional spaces and operators invariant with respect
to groups. (There exists however a different characterization of
Fredholm operators.)

Earlier pseudodifferential calculus?

Questions on the analysis on foliations spaces arise also from
Riemannian geometry.
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Spectra

Let P = ∆− λ = ∆M − λ. Then

P̂ (τ) = ∆∂M + τ2 − λ.

Since the spectrum of ∆∂M is

∆∂M = {0, λ1, λ2, . . .} ⊂ [0,∞),

we obtain that P̂ (τ) = ∆∂M+τ2−λ is invertible for any τ ∈ R
if, and only if, λ < 0. Hence ∆M − λ is Fredholm, if, and only
if, λ < 0.

This shows that σe(∆M) = [0,∞). But then

[0,∞) ⊂ σe(∆M) ⊂ σ(∆M) ⊂ [0,∞)

and hence

σ(∆M) = [0,∞).

This argument generalizes to higher “rank spaces.”
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Example 6. (a) M = a compact manifold with corners, M =

the interior of M .

(b) V = the space of vector fields on M that are tangent to all
hyperfaces of M .
(generalizes our first example)

(c) There is no condition on these vector fields in the interior.

(d) At the codimension k face

{x1 = . . . = xk = 0},

a local basis is

x1∂x1, . . . , xk∂xk, ∂yk+1, . . . , ∂yn.

Earlier pseudodifferential calculus: Melrose and Piazza.

The manifolds Zα are the open faces of M . The group Gα is
Rk, with k the codimension of Zα.
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Theorem.[Lauter-N]

σ(∆M) = [0,∞)

The complete characterization of the spectrum (multiplicity of
the spectral measure, discreteness of the point spectrum, ab-
sence of continuous singular spectrum) is still open, although
it is of great importance in Number Theory and Representation
Theory (automorphic forms, Langlands program).

Similarly, let D be the Dirac operator associated to a Clifford(A)-
bundle over M . Then

Theorem.[N] The Dirac operator D is invertible if, and only if,
the Dirac operator DF associated to any open face F of M

(including M ), has no harmonic spinors (=zero kernel).
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