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Plan of First Lecture

• Introduction (motivation, examples).

• The Poisson problem (−∆u = f , u = 0 on the
boundary) and its weak formulation.

• Discretization of the Poisson problem (linear sys-
tem).

• A basic Finite Element Estimate.

• Comparison of methods (complexity).
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Introduction

The course will be devoted to some results in Analysis
and Index Theory on Singular Spaces

A common point of view on the analysis on singular
spaces is to do analysis on the smooth part of the sin-
gular space, information on the singular space being
nevertheless present in the form of the differential (or
pseudodifferential operators used). Since the smooth
part of a singular space is a non-compact manifold,
we can treat the problem of studying the analysis on
a singular space as a particular case of studying the
analysis on a non-compact manifold:

Singular space −→ Non-compact manifold
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The subject of non-compact manifolds is too large to
be treated in any reasonable amount of time (and no
single person could cover all the interesting results
known in this area). Because of this, in this course
we will concentrate on Lie Manifolds.

For Lie manifolds, we can essentially reverse the ar-
row

Lie manifold −→ Singular space

because a Lie manifold will have, by definition, a com-
pactification to a manifold with corners. (We post-
pone the definition for a subsequent lecture, once we
will have introduced some example and discussed the
motivation for studying Lie manifolds.)

The motivation for studying Lie manifolds comes from
both (pure) mathematics and from applications. We
will next discuss some of these motivations.
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1. Smooth, compact manifolds play a central role in
a large part of mathematical results and have applica-
tions both within mathematics and outside mathemat-
ics (differential geometry, topology, physics, ... ). It
is then a natural question to try to generalize the main
results on smooth, compact manifolds to non-compact
manifolds.

Unfortunately, the class of all non-compact manifolds
is too large for many interesting results to extend to
this case. The class of complete manifolds is smaller,
but still to large. So is the subclass of bounded ge-
ometry manifolds. On the other hand, the class of
Lie manifolds, a subclass of manifolds with bounded
geometry, is small enough so that many interesting
properties of smooth compact manifolds extend to this
class. Most notable are the characterization of Fred-
holm operators and the construction of relevant alge-
bras of pseudodifferential operators.

The inclusion mentioned above

“Lie manif.” ⊂ “Bounded geom.” ⊂ “Complete manif.”
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2. Many areas that benefit from the analysis on smooth,
compact manifolds, also lead to some questions about
certain particular, explicit non-compact manifolds. Ex-
amples include:

- gauge theory;

- number theory (the relation of the eta invariant with
special values of L-functions);

- representation theory (the analysis on the double
quotient Γ \ G / K, where G is a connected reduc-
tive Lie group, K is its maximal compact subgroup,
and Γ is a suitable discrete subgroup, in which case
we often obtain a space that is both non-compact and
singular);

- algebraic geometry (L2-cohomology);

- topology (Ricci flow).

Most of these particular examples (as far as I know)
can be studied using Lie manifolds (sometimes by con-
formally changing the metric).
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3. Orbifolds and conformally compact manifolds have
recently become interesting in Physics. Groupoids
bring an important contribution to the study of these
spaces. For example, the Chern-Ruan cohomology of
an orbifold is the same as the cyclic homology of the
convolution algebra of the holonomy groupoid associ-
ated to that orbifold. Conformally compact manifolds
(to be discussed in detail in the part on Lie manifolds
and Fredholm conditions) appear in the AdS-CFT con-
jecture.

4. Polyhedral domains can be used to illustrate the
simplest and most typical examples of singular spaces:
manifolds with conical points and manifolds with edges.
For example, a polygonal domain in the plane is the
analog with boundary of a two-dimensional manifold
with conical points. Polyhedral domains will be dis-
cussed in more detail due to their relavance in Nu-
merical Analysis.
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The Poisson problem

Consider the Poisson problem−∆u := −∂2
1u− . . .− ∂2

du = f on Ω

u = 0 on ∂Ω.
(1)

on a bounded open subset Ω ⊂ Rd.

Results typical for elliptic problems. (Ex. Elasticity.)

One is interested in estimating the solution u of this
Poisson problem.

One of the most successful method is the Finite Ele-
ment Method.

We need Sobolev spaces and the weak formulation of
our Poisson problem (1).
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Sobolev spaces

Let Ω ⊂ Rd be an open subset, ∂α := ∂
α1
1 . . . ∂

αd
d be

a basic differential monomial, |α| = α1 + . . . + αd.

L2(Ω) = {u : Ω → C,
∫
Ω
|u(x)|2dx < ∞}.

mth Sobolev spaces Hm(Ω):

Hm(Ω) := {u, ∂αu ∈ L2(Ω), ∀|α| ≤ m}.

An important variant (for Ω nice)

H1
0(Ω) := H1(Ω) ∩ {u = 0, on ∂Ω}.

Let

∇u = (∂1u, ∂2u, . . . , ∂du).

Basic bilinear form:

B(u, v) :=
∫
Ω
∇u · ∇vdx

=
∫
Ω

(
∂1u∂1v + ∂2u∂2v + . . . + ∂du∂dv

)
dx.
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Weak formulation

We shall take u ∈ H1
0(Ω), which includes the (Dirich-

let) boundary conditions.

−∆u = f, u ∈ H1
0(Ω)

⇔ −
∫
Ω
(∆u)vdx =

∫
Ω

fvdx, ∀v ∈ H1
0(Ω),

⇔
∫
Ω
∇u · ∇vdx =:B(u, v) =

∫
Ω

fvdx.

The weak formulation of our Poisson problem:

Find u ∈ H1
0(Ω) such that

B(u, v) =
∫
Ω

fvdx,

for all v ∈ H1
0(Ω).

(Poincaré inequality and Lax-Milgram Lemma imply
that u exists, is unique, and depends continuously on
f ∈ H−1(Ω) := H1

0(Ω)∗, well posedness for the
Poisson problem with Dirichlet boundary conditions.)
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Discretization

Assume we are given a finite dimensional subspace
S ⊂ H1

0(Ω). Then we define the discrete solution of
our Poisson problem (1) as the unique uS ∈ S satis-
fying

B(uS, vS) =
∫
Ω

fvSdx, ∀vS ∈ S.

Consider a basis φj of S, so that uS =
∑

xjφj. Take
then vS = φk for each k to obtain a system

KSuS = fS

of size dim(S)× dim(S).

Basic question: What is the relation between the dis-
crete solution uS ∈ S and the actual solution u ∈
H1

0(Ω) of our Poisson equation:

uS is the projection of the solution u onto S (in the
inner product defined by the bilinear form B).
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Consider a sequence of subspaces Sk ∈ H1
0(Ω) and

denote uk = uSk
.

If Sk ⊂ Sk+1 ⊂ . . . and ∪Sk is dense in H1
0(Ω), then

‖u− uk‖H1(Ω) → 0, as k →∞.

Solving the system KSuS = fS is expensive and the
amount of work required growth with dim(S).

The amount of work needed to solve the system is
∼ dim(S)7/3 for direct elimination, d = 3 (L. Green-
gard) and ∼ dim(S) for Multi-grid (optimal).

We want dim(S) as small as possible.

More on solving this system below, when we will com-
pare several methods.
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Basic FEM Estimate

We partition Ω in triangles or tetrahedra (mesh) T .

Take S =the space of continuous, piecewise polyno-
mials of degree m on some mesh T on Ω.

We assume:

• the angles appearing in mesh are bounded from be-
low by θ > 0 and

• the sizes of the triangles or tetrahedra T appearing
in the mesh are comparable:

diam(T )/diam(T ′) ≤ R.

A quasi-uniform sequence of meshes Tk if we can
chose θ and R independent of n.

We let Sk be the associated finite element spaces of
continuous piecewise polynomials of degree m and
denote by uk = uSk

the associated discrete solution.

13



Assume that u ∈ Hm+1(Ω) (i.e. (m + 1)-square
integrable derivatives) and let hk be the maximum di-
ameter of T ∈ Tk. Then we have the following quasi-
optimal rate of convergence

‖u− uk‖H1 ≤ Chm
k ‖u‖Hm+1,

with C independent of k and f (Ω ⊂ Rd, d = 2,3 in
our case).

Fortunately, a basic result in Partial Differential Equa-
tions provides us with conditions on f that will insure
u ∈ Hm+1(Ω). Let us recall this basic result next.
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Theorem. If f ∈ Hm−1(Ω) and Ω has smooth bound-
ary, then the solution u of the Poisson equation (1)
satisfies u ∈ Hm+1(Ω) and, moreover

‖u‖Hm+1 ≤ C‖f‖Hm−1,

This result is the well posedness of the Poisson prob-
lem with Dirichlet boundary conditions in the Hm+1

spaces. The inequality of the above theorem is called
an a priori estimate.

Combining the basic Finite Element Estimate with the
apriory estimate of the above theorem yields that for
quasi-uniform meshes we have

‖u− uk‖H1 ≤ Chm
k ‖u‖Hm+1 ≤ Chm

k ‖f‖Hm−1.

As we will see, the framework of quasi-uniform meshes
is not sufficient, so we want to replace the above esti-
mate with something that is independent of the mesh
size. Indeed, taking into account that, for a quasi-
uniform family of meshes, the number of vertices, edges,
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triangles (and tetrahedra in 3D, i.e. d = 3) has the or-
der of h−d

k , we obtain that dim(Sk) ∼ h−d
k , or hk ∼

dim(Sk)
−1/d. Since the relevant quantity is dim(Sk),

whether the sequence of meshes is quasi-uniform or
not, we see that the above equation can be replaced
with

‖u− uk‖H1 ≤ Cdim(Sk)
−m/d‖f‖Hm−1, (2)

which is the equation that gives quasi-optimal rates
of convergence for an arbitrary sequence of meshes,
whether quasi-uniform or not.

We have seen that this happens for u ∈ Hm+1(Ω),
but this is where our problem begins.

The problem is that, in general, u 6∈ Hm+1(Ω); we
are guaranteed only u ∈ Hs+1−δ(Ω), where s =

π/αMAX for polygonal domains. (For more general
on Lipschitz domains see: Costabel, Dauge, Gris-
vard, Jerison, Kenig, Mitrea, Verchota, Vogel, Tay-
lor.)



The loss of regularity can very easily be seen by look-
ing again at the Poisson problem ∆u = f , u ∈ H1(Ω).
The above well-posedness Theorem for the Poisson
equation gives, in particular, that if f , g, and ∂Ω are
smooth, then u is also smooth (including the bound-
ary).

This is not true if ∂Ω is not smooth, as seen from
the following simple example. Let Ω = (0,1)2 and
assume thatu is smooth. Then

∂2
xu(0,0) = 0 = ∂2

y u(0,0)

and hence f(0,0) = ∆u(0,0) = 0 is a necessary
condition for u ∈ C∞(Ω, which is however not always
satisfied.

In fact, not only regularity is lost, we also obtain much
lower convergence rate

dim(Sk)
−s/d

when quasi-uniform (QU) meshes are used.
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Comparison of methods

Assume our problem is to approximate u within ε.

I will show how to replace the quasi-uniform meshes
with adaptive (AD) type of meshes, so that the quasi-
optimal rate of convergence are restored.

Take αMAX = 3π/2, so s = 2/3 in dim(Sk)
−s/d.

n mesh m DE work MG work
2 QU – (1/ε)6 (1/ε)3

2 AD 1 (1/ε)4 (1/ε)2

2 AD 3 (1/ε)1.3 (1/ε)0.6

3 QU – (1/ε)10.5 (1/ε)4.5

3 AD 1 (1/ε)7 (1/ε)3

3 AD 3 (1/ε)2.3 (1/ε)

QU=“Quasi-uniform meshes”, AD=“Adaptive meshes”,
DE=“Direct elimination solver”, MG=“Multigrid solver”.
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most work ∼ (least work)10.

If (1/ε) = 1000, m = 3, then AD may work 1 billion
times faster than QU.

In practice, (1/ε) can be >> 1000.

This completes our introduction to the Finite Element
Method and motivates the problem of restoring the
quasi-optimal rate of convergence:

‖u− uk‖H1(Ω) ≤ C dim(Sk)
−m/3‖f‖Hm−1(Ω),

This will be discussed in the last lecture, the main re-
sult(s) being

• Apriori estimates for boundary value problems on
polyhedral domains

• Mesh refinement
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