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ABSTRACT. We consider the second order parabolic equations with
time dependent coefficients. Applying the dilation method, we
establish an asymptotic formula for the Green’s functions of the
nonautonomous equations. Our procedure of approximating the
Green’s functions is elementary and a systematic algorithm can
be obtained. Error analysis also shows that the approximation is
accurate to arbitrary prescribed order in time.
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1. INTRODUCTION

Paper [7] considers the second order elliptic operator with smooth
coefficients in the form

(1.1)  Lu(z) := Z a;;(2)0;0;u(x) + Z b (z)Oku(x) + c(x)u(x),
ij=1 k=1
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and developed accurate approximations to the Green’s function of the
parabolic equation dyu — Lu = 0. As a followed work, in this paper
we consider a second order parabolic operator with non constant coef-
ficients that also depend on time, more specifically, the operator is of
the following form

(1.2) L(t) = Zam(t, x)%;xj + Zbi(t, :C)@axz + c(t, )

where x = (11,...,2y) € RN, 0y := %, and the coefficients a;;, b;,
and c are smooth and all their derivatives are assumed to be uniformly
bounded, in notation we write a;;(t, ), b;(t, z), c(t, z) € C;° (RT x RY).
We also impose the natural uniformly strongly elliptic condition on the
operator L(t), i.e. for any vector &, there exists 7 > 0, such that

(1.3) > ai(tx)6 = AlIEN7, vt € [0,T), 2 € RY
We shall consider the second order nonautonomous equation
Owu(t, z) — L(t)u(t,z) = g(t, z) in (0,00) x RY
(1.4) N
u(0,x) = f(z), on {0} x RY |

where u(t, x), f(z) and ¢(t,z) are in suitable spaces. Our main goal
of this paper is under minimal assumptions as we make above, to ap-
proximate the Green’s function of the operator d; — L(t), and then
approximate the solution of the initial value problem (1.4). We also
want to develop error estimate for our approximation, as without error
control the approximation will be of no great use in practice. With
the help of the same dilation method applied in [7], we are still able
to compute the mth order approximation of the Green’s function even
for the non-autonomous equation (1.4) formally. For error control, the
main difference between the non-autonomous equation as in this pa-
per and the usual parabolic equation discussed in [7] is that we do not
have semigroups any more, instead we shall deal with evolution sys-
tems which will be denoted by U(¢,r) throughout this paper. The key
proposition used in [7] to develop the error estimate is the mapping
properties of the analytic semigroup e'’, where L is a second order
strongly elliptic operator with non-constant coefficient which does not
depend on time. Under some minimal conditions of the operator (1.2),
we shall show that the evolution system generated by L(t) also has a
similar mapping property between Sobolev spaces, which together with
the same techniques as in [7] is enough to give us the error estimate.
The main result of this paper is the following
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Theorem 1.1. Let m be a positive integer, L(t) the operator (1.2)
satisfying the conditions we mentioned before, and z = z(x,y) an ad-
missible function. Then L(t) generates an evolution system U(t,r).
Define the approximated mth order Green’s function and the error
term as G"*(x,y) and g respectively(see equation (4.3)). Then
G"*(x,y) is explicitly computable, and for any initial data f € WEP,
a,k € R, 1 < p < oo, we have

(1.5) IET™ T Flyreen < CET2] f ]l
for any t € [0,T], where the constant C' does not depend on t € [0,T].

Potential application of our main theorem (1.1) will be numerical
approximation, option pricing and model calibration, etc. See [9, 8| for
applications in finance.

2. PRELIMINARIES ON THE EVOLUTION SYSTEM

We consider the class of second-order differential operators L(t) of
the form (1.2) with coefficients uniformly bounded together with all
their derivatives on RT x RY. More precisely, let

(2.1) C(RT x RY) := {f : R" x RN — C,9“f bounded for all a}

Note that if f € C°(RT x RY), then f is actually Hélder continuous
with respect to the time variable t.

Definition 2.1. We shall denote by L the set of differential operators
L(t) of the form

N
(2.2) Zawtxﬁa —i—Zbkt:L‘ak—O— c(t, ),

4,7=1 k=1

where the matriz (a;;) is symmetric and a;;, by, c € C°(RYT x RY) are
real valued. We shall denote by L., the subset of operators L(t) € L sat-
isfying the uniform strong ellipticity estimate (1.3) with the ellipticity
constant vy

We first introduce some notations and recall several deﬁnitions In
what follows, we denote the inner product on RY by (u,v) fR N U

Let us denote (£) := (1 + |¢|?)/? and let @ be the Fourier Transform
of u. We also recall the definition of some basic facts about LP-based
Sobolev spaces W™P(RY) . For 1 < p < oo, r € R:

(2.3) WHPRY) = {u:RY - C, (¢&)"a € LP(RN)}

= WPRY) = {u:RY - C, (1—A)"?u e LRV},
3
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IftreZ,,
WP (RY) = {u: RY — C, 9*u € LP(RY), |a| <7}

Since the dimension N is fixed throughout the paper, we will usually
write WP for WmP(RY). When 1 < p < oo, the dual of W™ is the
Sobolev space W~ with 1/p+ 1/p’ = 1.

We also recall that an operator A is sectorial if there are constants
we€ R, 0€ (r/2,m), M > 0 such that

p(A) D Spw ={A€C: X #w,|arg(A —w)| < 6}
IR Al < 525, YA € Soo

[A—w]”

where p(A) is the resolvent set of A. Later on we will give a sufficient
condition to guarantee that A is sectorial.

2.1. Properties of the class L,. For elliptic operators, there are
some very nice properties. The following norm equivalence property is
stated in terms of pseudodifferential calculus(See [5, 11, 10] for defini-
tion and basic properties of pseudodifferential operators).

Proposition 2.2. Let m > 0 and Q be an elliptic operator whose
symbol o(Q) is in the symbol class STy. Then the following two norms
are equivalent

(2.4) [ullwme ~ [lullr + [[Qul|Lr
for any u e WP 1 < p < o0.

Proof. On one hand, since o(Q) € ST}, @ is a bounded operator from
WP to LP. And clearly, ||u||z» < ||u|[wm». Therefore, there exists Cy
such that

[ull e + |Qul| » < Culjullwm.r

On the other hand, since T is elliptic, there exists a pseudodifferential
operator R with its symbol o(R) € S} ¢" such that I = RQ — S, where
I is the identity operator, S is a smoothing operator with symbol in
S7°°. Thus by mapping properties of pseudodifferential operators, we
have

ullwmr < [[RQullwrr + |Sullwmr < C([|Qullzr + ||ullze)
The proof is complete. O

If L(t) is in the class L,, then from the pseudodifferential calculus

point of view, it is also elliptic. And actually we have more
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Corollary 2.3. Suppose L(t) € L.,. Then the following two norms are
equivalent

(2.5) [wllwems ~ Jlulle + | L™ ()ul Ly
for any u € W*™P 1 < p < co, where m is a nonnegative integer.

Proof. One can easily check that if L € L., then (L) has an elliptic
symbol and is in the class Sf,. By symbol calculus, o(L™) € S} and
it is still elliptic. Then applying the above proposition completes the
proof. O

It turns out that the class L., we defined before actually behaves very
well. Next we shall show that if L(¢) € L., then L(t) is Holder contin-
uous and sectorial for each ¢ € [0, 7] between suitable Sobolev spaces.
These propositions will help us to replace some standard assumptions
in the literature for non-autonomous equations(See [3, 6, 1]). The proof
is separated in several propositions.

Proposition 2.4. Suppose L(t) € L., then L(t) : WP s WhP s
Holder continuous for any k € N.

Proof. This is obvious, because L(t) : W*2P — W"P is a bounded
operator and the coefficients are Holder continuous. 0

The following proposition gives a sufficient condition to guarantee
that an operator is sectorial.

Proposition 2.5. Let A: D(A) C X — X be a linear operator such
that p(A) contains a half plane {\ € C: ReA > w}, and

IAR(A, A)||nx)y < M, Red > w
with w € R, M > 0. Then A is sectorial.
Proof. See [6], page 43. O

Lemma 2.6. If L(t) € L,and L(t) : W**2P s W22 then for each
t the resolvent set of L(t) contains a half plane {\ € C : ReX > w} for
any k € N.

Proof. When k = 0, the result is standard(See [6]). Now assume L(t) :
W2P — [P and X is in the resolvent set p(L(t)). Denote Ry = (A —
L(t))~!, then Ry : L? — L? is bounded by the Closed Graph Theorem.
We claim that Ry (W?*#?) C W2 and R, is bounded. Actually, for
any f € W?P then LF(t)f € LP and LE(t)R\f = R\L¥(t)f € LP,
where we used the fact that L(t) and Ry commute for f € D(L*(t))(see
for example [14] chapter 7). By the norm equivalence (2.5), we conclude

that Ryf € W2, This fact tells us that p(L(t)) is contained in the
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resolvent set of L(t) : W2F2P s 2P for k > 0. The proof is
complete. O

Finally we prove that the operator L(t) € L, is sectorial for each
t € [0,T] between suitable spaces.

Lemma 2.7. If L(t) € L., then for each t, L(t) : W?+2P s W2hP s
sectorial for any k € N.

Proof. For each fixed t = ty, since the sectorial property does not
rely on ¢, we drop the time dependence and simply write L = L(tp).
We shall apply proposition (2.5) to prove that L is sectorial between
W2k+2P and W2k, We first estimate e"? : W8P ;1 W2kP_ For any
[ € W2H2P by the norm equivalence (2.5) we have

(2.6)
e fllwarr < C(le™ flloo + 1L fllie) = Ol Flloe + [l L* £ 1v)
< Ce (I fllze + L fllzw) < Cer[| fllwars

where we used the standard properties of C°—semigroups in Banach
spaces that |[e" f]|z» < Ce™|| f|lrs. Thus ||€"F||yyorp_wors < Ce.

Then choose any A from the half plane contained by the resolvent
set of L( by Lemma (2.6) this half plane exists). the resolvent operator
R(\, L) is actually the Laplace transform of the semigroup generated
by L(see for example [1],chapter one), i.e.

R\ L)f = /0 b e el fdr

Then for Re) large enough
(2.7)

> C|A
H/\R()HL)HWQ’W—»W?’W < / |>\€M| : HeTL||W2k,p_>W2k,pdr < 3 | | <C

0 | _W|

Then by Lemma (2.6) and Proposition (2.5), L : W2k+2P s WP jg
sectorial.

O

2.2. Existence and properties of the evolution system. If L(t) =
L, i.e all the coefficients are time independent, then under some hy-
pothesis L will generate a semigroup e'*, it can be considered as the
solution operator. However, in the nonautonomous case, the solution
operator is not a semigroup, instead an evolution system if it exists.

Definition 2.8. A two parameter family of bounded linear operators
U(t,r),0 <t <t <T on X is called an evolution system if the follow-

ing two conditions are satisfied
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(1) U(r,r)=1,U(t,r)U(r,l) =U(t, 1) for 0 <I<r<t<T
(2) (t,r) — U(t,r) is strongly continuous for 0 <r <t <T

The evolution system for (1.4) does not always exist. The standard
assumption made in the literature is(see [3, 1, 6])

Assumption 2.9. L(t) is a parabolic operator, and

(1) The domain of L(t) is dense in X and does not change, i.e.
D(L(t)) = D

(2) L(t) is uniformly bounded below and up.

(3) L(t) is Holder continues, i.e. there exists o € (0, 1], such that

I1L(t) = L(r)[[p-x < Clt —r[®

(4) For any t € [0,T], L(t) is sectorial, i.e. there are constants
we€ R, 0€ (r/2,7),M >0 such that

p(L(t) D Spp ={N€C: AN#w,|arg(\ —w)| < 6}
IR L) < 5257 YA € Sp

A—wl]?

Then the evolution system U(t,7) exists, and there are some nice
properties. Assumption (2.9) is stated in different forms by Lunardi,Amann
and Pazy, but essentially they are the same. Amann and Lunardi show
that the second assumption is implied by other assumptions.

To simplify our later argument, we first define the set L,

Definition 2.10. We shall denote by L,, the subset of L satisfying all
the four conditions in Assumption (2.9).

Therefore, any operator in IL, generates an evolution system. For
later use, we record some nice properties of the evolution system in the
following theorem([3, 6, 1]).

Theorem 2.11. Suppose L(t) € L, then the evolution system U(t,r)
generated by L(t) exists, and for 0 <r <t <T

C
t—r

0 C
=U(t = ||L(t)U(t < —
U = 1OV x < 7o

LU, 7)l[p-x < C

10, r)llx < CUE ) lx-p <

Proof. see, for example, Lunardi[6] corollary 6.1.8, page 219 O

In the above subsection Proposition (2.4) and Lemma (2.7) show that
actually L is a subset of LL,,. If we choose different domains and the
whole spaces, we obtain some nice mapping properties of the evolution

system between different Sobolev spaces.
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Corollary 2.12. Suppose L(t) € L,. Then L(t) generates an evolution
system U(t,r),0 <r <t <T, and for any real k

C

-Tr

IO ) lwrowrr < CNUE ) lwroewrrzs < 5

IL@U ) lwerzr—wes < CILEUE ) wes—wrs < C

where 1 < p < 00.

Proof. The proof is mainly an application of a duality argument and
space interpolation. First, By Theorem (2.11), for any nonnegative
even integer k and 1 < p < oo, the above inequalities are true.

Next we apply the duality method to pass the mapping properties
to negative Sobolev spaces. Note that U(¢, s) satisfies the equation

U(t,t) =1
(2.8) {%U(t, r)=LU(tr)

We define the adjoint operator V(t,r) = U(T — r,T — t)*, then
V(t,t)=U(T—-t,T—1t)" =1

and

(2.9)
Vt,s)V(s,r)=U(T —s,T —t)"U(T —r,T —s)*
=0T —-r,T—s)UT—s,T—0)]"=[UT—-r,T—t)" =V(t,r)

Therefore, V (t,r) is also an evolution system. And moreover,

0 B ., 0 .
5 V() =2 U(T =T —1)" = [SU(T =T —1)
(210) (T —r, T — ) L(T — )] = LT — ) U(T — 1, T — t)*

= L(T — )V (t,r)

ie. 2V(t,r)=L*(T—t)V(t,r). According to our assumptions, L*(T —
t) is of the same type with L(¢). Thus the evolution system should
satisfy the same mapping properties with U(¢, ). Then for any positive
k, we have

1O ) lw-kr—w—kr = [|UE 1) lwhawna

= ||V(T - ’I", T - t)HWk’q—)Wk»q S O
8
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and
NUE ) lw—r—2p—w—rp = [[U®F7)* lwra—wr2a
(2.12) C C

- V T_ T_t g 2,9 S -
H ( r, )HVV’C Whk+ (T _ T) _ (T _ t) t—r
1.

where ¢ is the conjugate of p, i.e. % + %

At last, we apply the spaces interpolation technique to obtain map-
ping properties between non-integer Sobolev spaces. For any ¢ € R,
assume k < ¢ < k+ 2 where k is an even integer. Then by the complex
interpolation,

Whr — <W2k:,p’7W2k+27p"> e <W2k+27p’7w2k+47p”>

(6] 0]

where
¢ = (1-0)-2k+0-(2k+2)
1 1—-0 1
p " I

Therefore,

U [wer—wer < C1C8 <C
1 2

1-6 0
WUt )l werss < (0) ( c2> _C

t—r t—r “t—r
O

Since our approximation is asymptotic near zero, without loss of gen-
erality, henceforth we assume 7" = 1. We also indicate that throughout
this paper C' is a generic constant, it may be different at different ap-
pearance.

Back to the initial value problem (1.4), in the literature there are
several types of solutions(mild, classical, strong) for (1.4). Thus we
need to clarify what we mean by a solution of (1.4).

Definition 2.13. Let g € C(]0,00), X). By a classical solution in X
of (1.4) we mean a function

(213)  wec(0,00), X)NCH(0, 00), X) N C((0, 00), DIL(L)

such that Oyu(t) = L(t)u(t) + g(t) in X for allt > 0 and u(0) = f in
X.

we are also interested in the case that f is in the possibly largest

space, for in concrete applications the initial data f is not bounded,
9



even not LP—integrable, for example, the payoff function of the Euro-
pean call options. To include such cases, we therefore introduce expo-
nentially weighted Sobolev spaces. Given a fixed point z € RV, we set
(x), = (v — 2) = (1 + |o — 2/*)¥/? and define W™P(RN) for m € Z,,
a€c€R,1<p<oo, by

(2.14) WIP(RY) = e @=mr(RY)
= {u:RY — C, 92(e"=u(-)),e LPF(RY), |a| <71}, ifreZy,
with norm
lallfypee = e =ullfyn, = Y 1108 (e =u()) |17,
|o]<m

z will be called the weight center. We consider the operator L,(t) =
e®<*>=[(t)e~*<*>=. Notice that proving a result for L(¢) acting be-
tween weighted Sobolev spaces W77 is the same thing as proving the
corresponding result for L,(t) acting between weighted Sobolev spaces
W#P = W3, But in order to pass from the conjugated operator to the

4
ordinary operator, we require that L and L, have the same properties.

Lemma 2.14. If L(t) € L, then L,(t) € L., and vice versa.

Here w is a generic real constant, it may be different at different
context.

Proof. Suppose u € W*? and L(t) € L,,. Notice that
(2.15) L,(t)u = e*~*2 L(t)e” """y = L(t)u + v(a, z, z)u

where y(a, x, z) is uniformly bounded up and below, say |y(a,, z)| <
a, with respect to z as long as a and z are in bounded sets. By (2.15
it is obvious that L,(t) satisfies conditions (1)-(3) in assumption (2.9).
Since

M — Ly(t) = (A —7(a,z,2))] — L(t)
then as long as Re(\) is big enough, AI — L,(t) is invertible and

M
R(A L(I t = [|R(A — y Ly aL t <~
RO L) = 1RO = 2fa.2), LOV < 55—
Thus condition (4) is also satisfied, and L,(t) € L. Similarly, if L, () €
L., we can also show L(t) € L. O

Therefore, by the above lemma (2.14) and our discussion before,
we may assume that @ = 0 and z is arbitrary. In particular, L(t) :
Wst2P — WP is well defined and continuous for any a, since this is

true for a = 0.
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Lemma 2.15. If L(t) € L, and U(t,r) is the resulting evolution
system. Then

1U(t7) = Ilygessyygr < Clt = 7]
In particular, if we fix r, then

[r,00) 2t — U(t,r) € B(WEtEr JWke)
defines a continuous operator.

Proof. Notice that %U(t,r) = L(t)U(t,r), then for any f € Wkt2p

t
) =Dz < [NV lygodr < Clt=rl- [ Flygins
by theorem (2.11). And for t; >ty > r

||U(t17 T)f_U(t% T)f”wf*p < ||(U(t17t2)_])f“W§P||U(t277ﬂ)“W£’p < C|t1_t2|'||f”W§+2’p
This completes the proof of the second part. O

2.3. perturbation expansion of the operator L(t). If we split the
operator L(t) to the sum of two operators, namely, L(t) = Lo + V (¢),
where L is independent on ¢t and V' depends on ¢t. We further assume
that Ly generates an analytic semigroup {e*® ¢ > 0}. In later applica-
tions, Lg is actually a second order strongly elliptic operator. We can
rewrite the initial value problem (1.4) as

(2.16) Owu(t, ) — Lou(t,z) = Vu(t, ) in (0,00) x RY
' u(0,z) = f(z), on {0} x RV
Remark 2.16. Later on we will specify Ly. Actually, to get Ly, we first

choose the second order terms in L(t), and send ¢t = 0, and at last
freeze x = z. The resulting operator is L.

The following proposition concerning mapping properties of the semi-
group generated by Ly is taken from [7].

Proposition 2.17. Assume Lg is actually a second order strongly el-
liptic operator, then €™ is bounded on [0,1] and

le fllwgr@ey < O, )t flwer@ny,r > s
An immediate consequence of the above result is

Corollary 2.18. Let Ly be the operator in the above remark (2.16),
and s, € R be arbitrary. We then have that the map

(0,00) >t — etto € B(WSP WP)

s infinitely many times differentiable.
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Proof. Notice that dFe'lo = etlo Lk so it suffices to show that the map
(0,00) 2 t — etfo € B(Ws=kP WrP) is continuous. Let t > § > 0.
Then e’f0 maps W2=%? to WI*2P continuously, by Proposition 2.17.
Writing etlo = e(t=0)Loedlo and using the continuity of [§,00) > t —
et=0Lo ¢ B(WI+2» YT again by proposition (2.17), we obtain the
result. O

For the semigroup e'*, we have seen that it behaves very well. Next
for the evolution system U (t, ), we proceed to develop similar mapping
properties as in proposition (2.17). We start by studying the pertur-
bation property of the evolution system. If we fix » = 0, it becomes
a one parameter evolution system. We donote U(t) = U(t,0), where
U(t,r) is the evolution system generated by L(t). Recall Ly generates
an analytic semigroup. Now consider the following equation

Owu(t, z) — Lou(t, z) = g(t, x) in (0,00) x RY
(2.17) {u((),x) = f(x), on {0} x RV
Then we have

Lemma 2.19. If g € L*([0,1],L?) N C((0,1], L?), and u(t,z) € LP is
a classical solution to (2.17), then

¢
u(t, ) = e'lof +/ et=Ilog(rydr,0 <t <1
0

for any initial data f € LP. Moreover, assume L(t) generates an evo-
lution system U(t,r) and U(t) = U(t,0) is the one parameter system,
then the classical LP—solution to the equation (2.16) is given by

(218)  w(t)=U@t)f =e'Tof + /0 =LY (ryu(r)dr

for any f € L*.

Proof. Define
h(t) = e(t_T)Lou(T), 0<r<t

since u(t, x) is a classical solution, h(7) is continuously differentiable
when 7 > 0

h(0) = e f, h(t) = u(t)
and

W (1) = —Loe® D ou(r) + 00w/ (1) = e 0g(7),0 < 7 <
12



integrating it from € to ¢t — €, we have

t—e
u(t —e) = elt=9oyf +/ elt=e=nLog(r)dr

Sending € to zero completes the proof of the first part. For the second
part, we first assume that f € W?2P, since L(t) generates an evolution
system, suppose u(t, x) is the classical solution of (2.16). Define

g(t) =Vu(t,x) = (L(t) — Lo)u(t,x) = uy(t,x) — LoU(t) f
Then g(t) is continuous, as U(t) : W?P — W?>P is continuous and
bounded, and Ly : WP — L? is bounded. By the result of the first
part, u(t,z) has the form (2.18). For the general case when f € L7,
since W27 is dense in L, thus (2.18) still holds. The proof is complete.
U

Lemma 2.20. (Mapping properties of U(t,r))Suppose U(t,r) is the
two parameter evolution system introduced before, and k < r,t > 0,a €
R. Then

U (1,2 lyr_gyrr < Clt1 — o) 7772

a

Proof. As discussed before, we only need to prove the case a = 0.
We first assume that £k < r < k + 2, then by Corollary (2.12) and
Proposition (2.17), starting from equation (2.18) we have

(2.19)

H U(tla t2) ”W’“’PHW"P < ||€(t1 ~t2)lo HW’WP*)WT‘,IO

(ti—t2)/2
- / e =m0 |z e [V o w20 | U (7) [t yrwdT
0

t1—to
" / =205 [y o |V sz s 1U (7)o —ris o dr
(t1—t2)/2

(t1—t2)

—r 2 _o_p t1—t2 _r
§C<(t1—t2)(k2)+/ (251—752—7')(kg >d7'+[ (tl—t2_7)<k2)'
0

H%Q)
<Ot — tQ)(kfr)/Z
that is
U (t1, t2) |l < Cltr — 1) P2 4 > 45> 0

For the general case, let § = ’”;bk, where m is an integer and m > %

Then by our above argument, for j =1,2,--- . m

k—r
HU(tl_(j_l) - m 2 ) tl_] : m 2)Hwk+(j*1)57p_>Wk+j5»P S C ( . 2)

m
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Therefore,

t—tg\" (k—r1)/2
|U (1, ta)[lwrr —yrw < C - = C(t; — t2)

where C' depends on k,r,p and a. O

In particular, consider the one parameter evolution system U (t), then
the meaning of Proposition (2.17) and Lemma (2.20) is that both e
and U(t) are smoothing operators as long as t > § > 0, i.e. they map
a function from any Sobolev space to another Sobolev space contin-
uously. And they do not decrease the regularity of this function for
any t > 0. The worst case is that ¢t = 0, and %0 and U(t) become
the identity operator. This fact will be useful in later applications.
Another consequence of Lemma (2.20) is that the Green function for
any L(t) € L, exists by Schwartz Kernel Theorem, i.e. there exists
GE(z,y) € C=((0,00) x RY x RY) such that

(2.20) Ut f(x)= | G (w,y)f(y)dy

RN

and explicitly, we have
gtL(xay) =< 5xa U(t)(sy >

where < -, > is the duality pairing between C*(R”") and compactly
supported distributions &'(RY), 4, is the Dirac delta distribution. As
we mentioned before, one purpose of this paper is to approximate

GE(x,y).

As a consequence of Lemma (2.20), we also have the following corol-
lary similar to Corollary (2.18)

Corollary 2.21. If L(t) € L,,, and U(t,r),t > r > 0 is the resulting
two parameter evolution system, then

(r,+o00) 5t = U(t,r) € BW; P, WrP)
1s infinitely many times differentiable.

Proof. For any positive integer k, it is easy to show that formally

OkU(t,r) = h(L(t),0:.L(t))U(t,r) where h(L(t),0;L(t)) is a 2k order

differential operators with smooth and bounded coefficients. For any

fixed § with ¢ > § > r,U(d,r) is a continuous map from WZP to

WmH2kH2p by lemma (2.20). And U(t, §) is continuous from W 2k+2p

to Wmt2hP by lemma (2.15). Last, clearly h(L(t), 0;L(t)) € B(WIt2kp TyrPp)
14



is also continuous. Therefore, combining the three operators and us-
ing the definition of evolution system we conclude that OFU(t,r) is
continuous from W to WP O

Next we proceed to expand the operator U(t) at ¢ = 1. For each
k € Z., we denote

Ek = {7—:(7—077—17"'77—16) ERk+1? TJZO’Zszl}
g{a:(al,...,ak)GRk, 1>01>0y>...04-1 > 0, >0}

the standard unit simplex of dimension k. The bijection above is given
by 0; = 7j4+Tj41+...+7;. Using this bijection, for any operator-valued
function f of RV we can write

1 proi Ok—1
f(rydr :// / f(l—oy,01—09,...,05_1—0k,0k)doy, . . . doy
S 0Jo 0

Throughout, operator-valued integrals are taken in the sense of Bochner.

Lemma 2.22. Let L; € L, and let V; be such that e_bf@Vj e L,
j=1,....k, for some b= (by,...,by) ER" k€ Z,. Then

(I)(T) _ €T0L0V1€T1Ll o ekalkalvkE(Tk% T € Xk

defines a continuous function ® : ¥ — B(WLf?p(RN)?W;f’M(RN)) for
any a € Rr > s, and 1 < p < oo, where either E(1y) = e™t or

E(m;) = U(m). Recall U(t) is the one parameter evolution system
defined before.

In this lemma we used the standard multi index notation |b] =
k
> by,

Proof. Our proof is based on the fact that both e™ and U(r) are
smoothing operators when 7 > 0, and they have the same type map-
ping properties(see proposition (2.17) and lemma (2.20)). It suffices to
prove that @ is continuous on each of the sets V; := {r; > 1/(k + 2)},
7 =0,...,k, since they cover ¥;. Let us assume that 7 = 0, for the
simplicity of notation.(If j = k, it is slightly different. We will indicate
later.)

By assumption and by proposition (2.17) and Lemma 2.15, each of
the functions

[0,00) 3 75 — Vjelts € BW i Wit ) 1< j <k,

[0,00) 2 7, — VR E(73) € B(V[/Cr:+4,p7 Wcr:,_pbk)
15



is continuous. For a suitable choice of ¢; and r; (more precisely, ¢; =
Cjt1 — bjy1, cp = a, r; =141 — 4, 1, = s), we obtain that the map

[0,00)F 3 (1) =27 = V(') := Vie™ b Vie™ e ¢ B(WSP, W;:é’f’p)

is continuous.

Corollary 2.18 gives that the map 7y — e™ € B(Was:ﬁjr’p , W;ﬁb') is
continuous for 7o > 1/(k + 2)(If j = k, we shall use Corollary (2.21)).
This proves the continuity of ® on V), and completes the proof of the

lemma. O

In particular, if L; = Lg,j = 1,2,--- ,k as in remark (2.16) and
the coefficients of V; are of polynomial growth, an immediate result of
lemma (2.22) is

Corollary 2.23. If L(t) is defined by (1.2), and let Ly be the operator
discussed in remark (2.16) and the coefficients of L; are polynomials
in x. Then for some b= (by,...,by) e RE, ke Zy,

(1) = e™boLenlo | emalof, B(7), T E X
defines a continuous function ® : ¥y, — B(WP(RY), Wrh, (RY)) for

any a € Rr > s, and 1 < p < oo, where either E(r,) = e™* or
E(ry,) = Ul(m,)-

Later on, in the expansion of the Green’s function of L(t), the oper-
ators will fit in the conditions of the above corollary.

Proposition 2.24. Letd € 7., and L(t) is split as in equation (2.16),

then
Ut) = e+t / eV (try e todr
¥
+ t2 / etToLoV<tT1>et71Lov<tT2)et72L0dT + .+
(2.21) s

+ td/ etTOLOV(tTl)et”LO . etTdflLOV(tTd)etTdLodT
PR}

TS / ey (tr)efmto | etTaloV (try VU (trgy )dr,
Y1

and each integral is a well-defined Bochner integral.

The positive integer d will be called the iteration level of the approx-
imation. Later on, V' will be replaced by a Taylor approximation of L,

so that V' will have polynomial coefficients in x and ¢.
16



Proof. Recall that Lemma 2.19 gives

t 1
U(t) — e'to :/ QLo (OU(¢)d¢ :/ =LY (47U (tr)tdr.
0

0

with the substitution ¢ = ¢7. This is in fact our result for p = 1.
The result for any p then follows by induction using the above for-
mula for £ = to,. Explicitly, for t = 1:

(2.22)
U(l) = 6L0+/

31

4+t / eU=oboy/ (g, . eloa-2mon-Dloy/ (5, VU(oy_1)do
Ya-1

e(l_‘”)LOV(Ul)e‘”LOdJ—i—/ e(l=o1)Lo V(01)e(al_UQ)LOV(ag)e”Loda
3o

= eL°+/ 6(1_01)L0V(01)601L°d0+/ el =RV (0)el =0V (05)e 0 do
o >

2

+ -+ / eI=o0loy (g)) . eloa—2=on-)boy/ (5, Yeod-rlody 4
Ya-1
Ta-1
+/ / eU=oloy () . eloa-2—oa-Dloy (g, )eloa-1=0dloy (5 )U(0,4)dodo,
Sa1 J0

= eLO—i-/ e(l"l)LOV(al)emLOda—i—/ e(lf"l)LOV(Jl)e(‘”’UQ)LOV(ag)e"QLOdU
N s

2

e e R
X4

where each integral is well defined as a Bochner integral by the Lemma.
O

3. DILATION OF THE OPERATOR

In this section, we shall drop the time dependence to simplify our
notation and write L(¢) = L. For any function v(¢,z) and f(z), we
choose an arbitrary but fixed basepoint z and dilate them in the fol-
lowing sense

vi(t,x) = w(s*, z+s(z—2))
) = flz+s(z—2)
For the operator L, we set
(3.1)

692
LS = 5 (g2 _
Zam(s t,z+s(x 2))8561-81:{7

+s Z HER? z—l—s(:v—z))ai—l—chs(th, z+s(z—2))

i



It is not difficult to show that if u(¢, x) is a solution of the equation
(1.4), then u*(t, ) is a solution of the following equation

2y Lowm) - Lw(he) =0 in (0, 00) x RN
. u*(0,7) = f*(x), fe€C®R") on {0} x RY |

Clearly, L® satisfies all the conditions we assumed above. Denote
the evolution system generated by L® by UL"(t). And let GL(x,y)
and GL*(z,y) be the Green functions or fundamental solutions for the
operator 9; — L and d; — L* respectively. We want to relate GL(z,y)
and G (x,y).

Lemma 3.1. Let z be a fized but arbitrary point in RY. Then for any
s > 0, we have

GH(x,y) =s NG (2 + ,Z+

In particular, when s = /1,
x—z y—z
2 )
Vi Vi
Proof. Without loss of generality, we assume z = 0. On one hand, by
definition of Green’s function,

wi(t,x) = G (@) f*Wdy = | GF (z,y)f(sy)dy

RN RN

= V| GF @ D)y

RN

(3.3) GE(w,y) =t VPGE (2 +

On the other hand,
witn) = ustose) = [ Ghse0) )y
RN
Therefore,

_ s Yy
sNGE (@2 f)dy = | Ghi(szy) f(y)dy
RN S RN

which implies,
_ s Yy
S Ngt (SL’,;): SL%(S.T,y)

After a change of variable, we get

Gl (w.y) = s NG (20

18



With this lemma in hand, in order to approximate GX(x, ), it suffices

to approximate Q{Jﬁ(x, y). We shall apply the perturbation technique
illustrated as follows.

3.1. formal expansion of the operator L°. Suppose L is given by
(3.1), we taylor-expand it with respect to the parameter s,

L*=Lo+ Y "L+ Vi,
m=1

where

1 /dm
4 L,=—|-—L°

and they are independent of s. But V,J,; does depend on s, and all of
the terms depend on z even it does not appear in the notation. We
also use another way to denote V7 ,, i.e.

n+1 78,z
Vi =" L

We shall look for a general formula for L,,. For a function f(¢,x)
smooth enough, we can Taylor expand it around (0, z) as

(o olNe o}

th(z — 2)* o' OF
ZZ k! tlaxk:f(o 2)

Therefore,
2 (%)l sk kool ok
2 - (s2t)!sk(x — 2)k &' 0
fetztole =)= ;kz_o IE! ot or ! (0:2)
(3.5)
]
1 dm 2 tl<£€ _ Z)m—Ql al am—Ql
— Tl (%t 2+ s(z = 2)) o 2 i =20y i gz (0,2)
Combine this with (3.4), we can explicitly write L,, as
d_ 5] l m—20 Al m—21[ 2
t'(z — 2) o o D)
Lo = 0.
Z (m —20)! ot dzm—2 ai5(0,2) 0z;0z;
3,j=1 1=0
d [ f(z — 2)ym-1-2 gl gm-1-2 9
Al bl O, —_—
+; “ l(m — 1 —21)! 9! D12 0.2)5-
277 l —2-21 Al —2-9]
thz —z)ym 22 9 o
" I(m —2—2l)|3tlaxm 2-21 c(0,2)
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where m > 2. So L,, is a second order differential operator with
polynomial coefficients with degree at most m with respect to = — 2
and [%] with respect to . When m = 0, 1,2,We can give the first few
terms in the taylor expansion explicitly,

8

zgd 1 82 d a
L, = z;(x —2)-Va,;(0, Z>8x18x] + ; (0, Z)axi
d 1 82
L, — Jz_l (5(;6 —2)"V?a;5(0,2)(x = 2) + t - a0, Z)) 001

+ Z((x —2z) - Vb (0, Z));; +¢(0, 2)

Remark 3.2. Clearly, Ly is an operator with constant coefficients. By
our assumption (1.3), Ly generates an analytic semigroup, explicitly,
we have

(3.6) otlho — 1 et ey
(4mt)N det A0

where A := A(0, 2), and N is the dimension.

3.2. Asymptotic expansion of the evolution system. Recall propo-
sition 2.24, we want to explicitly express U(t) in a nice way, and now
L*—Ly=>Y _ "Ly + V7 will serve the role as V' does in propo-
sition 2.24, and L is what we introduced above.

To compute the integrals in the above lemma, we need

Lemma 3.3. (Baker-Campbell-Hausdorf formula) A and B are two
operators, then

1 1

(3.7) [e*, B] = ([A B] + 5 —[A,[A, B]] + i —[A,[A,[A, B]]] + .. ) e,

In general this formula is an infinite series. But in our later applica-
tion, it will be a finite series. This formula tells us how to commute e
and B:

A 1 1 A

e"B=(B+ A B]+ 2'[A (A, B]] + 3'[14 [A,[A,B]]] +... ) e”.

If we apply this over and over again in proposition 2.24, we can reduce

the integrals.
20



Note that from the relation (3.3), eventually we will set ¢ equal to
one, so we do not really care about the parameter t appearing in the
operators L,,,m = 0,1,2,---. Now let’s give some similar definitions
as those in [7].

Definition 3.4 (Spaces of Differentiations). For any nonnegative in-
tegers a,b we denote by D(a,b) the vector space of all differentiations
of degree at most a and order at most b. We extend this definition to
negative indices by defining D(a,b) = {0} if either a or b is negative.
By degree of A we mean the highest power of the polynomaials appearing
as coefficients in A.

Definition 3.5 (Adjoint Representation). For any two differentiations
Ay € D(ay,by) and Ay € D(ag, by) we define ada, (Asz) by

(38) adAl (AQ) = [Al, AQ] = AlAQ — AQAl
and for any integer 7 > 1 we define %Judi11 (As) recursively by
(3.9) ad]f"l(Ag) = adAl(ale(Ag))

Proposition 3.6. Suppose A; € D(ay,b1) and Ay € D(ay,by). Then
for any integer k > 1,

(3.10) ad’y (A2) € D(k(a; — 1) + az, k(by — 1) + by).
Proof. We first notice that

(3.11) ada, (As) € D(ay — 1+ ag, by — 1+ by).
Next, from (3.9) we have

(3.12) ad’y (Az) = ad, (ad, (ada, (ada, (.. .))))

so that an application of (3.11) k times yields the result.
U

Lemma 3.7. Let m,k be fized integers > 1. Let L§ € D(0,2) be the
constant coefficient operator and Lz, € D(m,2) be the operator given
above, Then,

(3.13) ad; (Ly) € D(m — k,m + 2).
In particular,
(3.14) ad} (Ly) =0 Vk>m.

Proof. Applying Lemma 3.7 we see that adkg(Lfn) € D(m—k,m+2).

If & > m, then by definition D(m — k,m + 2) = {0} and we obtain

(3.14). O
21



Lemma 3.8. Let Ly and L,, be defined above, then for any 6 € (0,1),
e(lfe)LoLm(Q) = P,(0,x — z, 8)6(170)&)
where

(1—0)

2!

P02 — 2,0) = L(0) + >

1

a iLO(Lm(H)) € D(m,m + 2)

m
=1

is a finite sum of terms with the form a(z)(1—0)'07(x —2)*0%, in which

x 2

a(z) and all its derivatives are bounded, a is a multi-indet.

Proof. setting A = (1 — )Ly and B = L,,(f) in Baker-Campbell-
Hausdorf formula yields the results. O

Next, we shall rewrite equation (2.22) in a more computable and
explicit form. In abuse of notations, it is convenient to write L)}, =
L,+1. Recall that L,, = L,,(t) is a function of ¢, thus so is V. Plug
V=S sm L, (t) into (2.22) and expand it, we obtain

(3.15)

d
U(l) = el + Z Z /z e=ovlogonp (gy)elor-o2)lo e("’“—l_"’“)Loso"“Lak(ak)e"kLOda
k

k=1 1<o;<n+1

(1—o1)Lo o1 (o1—02)Lo (04—04+1)L0 o0td+1
+ E /2 e s Ly, (01)e e TR0 Ly (0a1) U (Tag ) do,
1<a;<n+1 d+1

d
= elo 4 Z Z Sa1+'"+o‘k/ 6(1_‘”)L°Lal(01)6(”1_‘72)LO .. .e(”’“*l_”’“)LOLak(Jk)e”’“LOda

k=1 1<a;<n+1 Xk

+ Z Sa”"'“"d“/ e(lf‘”)LOLal(01)6(‘71*‘72”0 .. .e("d*"d“)LoLadH(0d+1)U(ad+1)d0,

1<a;<n+1 a+1

To simplify the above formula, we first introduce the notations as fol-
lows

Definition 3.9. For any integers 1 < k < d+ 1 and ¢, we shall
denote by U the set of multi-inderes o = (v, g, ..., ax) € N*, such
that |a| :== Y  «; = (. Furthermore, we denote A, := Ui:l Ay e. For
symmetry, it will be convenient to set Ay = {0}.

Clearly, since a; > 1, the set 2, is empty if ¢ < k. The meaning of
¢ is that of the corresponding power of s and the meaning of £ is that

of the expansion order. For each o € Ay ¢, we denote if k < d+ 1
22



Ay, = /E eld=oLop,  (oy)elr=o2)o e("’“—l_“’“)LOLak(ak)e”’“LOdJ
k
ifk=d+

Aa,z _ / (1_UI)LOL0¢1 (0-1)6(01—02)L0 N .e(Ud—O'd+1)LOLad+1 (gd+1)U(o'd+1)d0'
Yat1

= / Po, (01,2 — 2, a)e(l_UZ)LO T e(gd_od“)LOLadH(0d+1)U(0d+1>d‘7
Yat1

= / P, (01,0 —2,0) - Py, (04,0 — 2, 8)6(1’”“)L°U(0d+1)da
Yai1
A simple but useful lemma about A, . is the following, which we
record for later use
Lemma 3.10. For any gwen multi-index o € Ay, o with k < d, then
Ao = Po(x, z,0)e"®

where the product is the composition of operators and P,(x, z,0) is a
differential operator of order 2k + ¢ and polynomial degree< ¢ = |a.
More precisely, we have

(3.16)
Pz, 2,0) = / P, (01,2 — 2,0)Pa, (09,2 — 2,0) - -+ Py, (0%, — 2,0)do

-y Y wn(e-

1B |y|<t+2k
where ag~(z) € C°(R).

Proof. Applying Lemma (3.8) over and over again, we have
Ao, = / e=o0lor, (o))elr=o2ko - glova=onlor, (5 )eo Lo do
Xk

- / P, (01,2 — 2,0)el! 7200 eloramonllop (g)e7 0 do
Xk

= /Pal(al,a:—z O) Py, (02,0 — 2,0) - -+ Py, (04, 7 — 2,0)e™do
Xk

= (/ P, (01,2 — 2,0)P,, (02,2 — 2,0) - - - P, (o, — 2, 3)d0> elo
Xk
23



where 0; = 7; + 7j11+ - + 7. By Lemma (3.8) and Lemma (3.7), we
know that each operator P,,(0;,2—2,0) € D(ay, a;+2),i =1,2,--- | k.
Thus P,(z,z,0) € D(|a|, |a| + 2k) = D(¢, £ + 2k). Also notice that
each P, (0;,x—z,0) has polynomial coefficients in o;, so the integration
with respect to o will be exact, and P,(z, z,0) is of the desired form.

The proof is complete. O
We also set

(3.17) AP =N A

ae%lk,g
and

min(¢,d+1)

(3.18) A=) A

k=1

For convenience, let A% = elo.

Now we record the above calculation as the following main theorem of
this section

Theorem 3.11. Let M = (d + 1)(n + 1). Suppose U(t) is the one
parameter evolution system, and d > n, then it has the expansion

U(l)= e+ s'A 4+ s ES”
/=1

where £y = S STIAL s the error term. Recall that d s the
iteration level and n is the expansion order of L(t).

Proof. The proof is straightforward. Rewrite (3.15) with the above
notations, it becomes

(3.19) v =>" > > s

Picking up the terms with powers of s less than m + 1, and putting
all the other higher order terms in the last term Ej7 completes the
proof. O

Remark 3.12. If ¢ < n, we indicate that A, , and Aﬁ are both indepen-
dent of d, the iteration level, as long as d > n. And A’ is independent
of n also as long as n > max(a;). These facts will be useful in our error
analysis.
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4. ERROR ANALYSIS

In this section we shall mainly apply the pseudodifferential operator
techniques to justify that our approximation yields accurate solution to
arbitrary prescribed order in time. For all relevant properties of pseu-
dodifferential operators, we refer to [10]. We start from the operator
L, in the expansion (3.4). As we mentioned before, L,,(0 < m < n+1)
is a second order differential operator with polynomial coefficients with
degree at most m with respect to x — z. An immediate consequence of
this fact is that

Lemma 4.1. The family
{(x)7L5, ()" 'Ly s€(0,1], zeRY, j=0,...,n+1}
defines a bounded subset of L.

Recall that for convenience, we also denote L7, by L7, which
actually depends on s and the dilation center z as well.

Lemma 4.2. For each given € > 0, the family
{e_€<z_w>6_€<‘”>wL§, s€(0,1], zeRY, j=0,...,n+1}
15 a bounded subset of L.

Proof. If w = z, then the desired result follows directly from Lemma 4.1
and the simple observation that (z)Je=“®: < C, with C' independent
of z and j.

If w # 2, then

<z—z>—<ar—w>=+\1+|z 22— /1+|z—w?

(1 = 2l = |z = wl)(Jz — 21 + | — w])
V1tlz =224 1+ ]z —w]?

<|w—z| <<w-—2z> (triangle inequality)

41) =

Therefore ef(<#—2>—<e-w>=<w=2>) <1 and the family

ee(<xfz>f<sz>f<wfz>)efe<x>zL§ — 676<sz>efe<x)wL§
is bounded for s € (0,1] and j =0,1,2,--- ;n+ 1 as claimed. d
Lemma 2.22 and lemma (4.2) then give
Corollary 4.3. For any aq, s, - -+ , oy with Zle a; = L, the operators

Aoy = / e L (my)em o eT’“lLOLak (ti)e™rodr,  k<d
Xk
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and

Aal = / eTOLOLal (Tl)eTlLO - erLOLad+l (Td+1)U(Td+1)dT
DFIE]

are bounded linear operators from WP to WP for any 2 € RN,
r,s €R, 1 <p<oo, and € > 0. Moreover, we have that
[ A

ke<z—w>
W(‘197p_)W(:f€ S CS7T7p’a7€€ ?

for a constant Cs ., 4. that does not depend on z. In particular, each
Aoy is an operator with smooth kernel Ay o(z,y).

Therefore, the above corollary gives

(1.2 Mt @) = [ o) £5)dy.

From now on, we shall denote by T'(x,y) the kernel of an operator T
with smooth kernel. Then in terms of kernels, theorem (3.11) becomes

UL)(x,y) = e"(x,y) + > s'AN(x,y) + "M ES (2, y)
/=1

By lemma (3.1), if we do the substitution z = z 4+ s7'(z — 2) and

y =2+ s '(y— 2) in the above equation, we have

(4.3)

Gi(zy) =s" (e"(z+s7 (@ —2), 2+ (y —2))+

SO SNz 4 s (= 2), 2+ 5T (Y — 2) 4 ST (s + s @ — 2), 2 4 5y — z)))
=1

=G () + 5B (0.y)
where s = v/t, and recall G*(z,y) is the Green function of the operator
8, — L(t). We can compute G'™7 (z,y) explicitly, then

"B y) = G () - 67w, y)

is the error term which we need to bound. We define the error operator
as

(4.4) gy = / B (2,9) () dy

In abuse of notations, if Qt[m’z] denotes the operator with kernel g}m’z] (z,y),
then
U(t,0) = g™ + smigyn
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By the definition of the error operator (4.4) and equation (3.19), we
have
min(d+1,¢)

(4.5) g = Z Z > s A

f=m+1 k=1 a€lly ¢

Later on we shall estimate the error by splitting St[m’z] into two parts,
namely

19 = Y Y s e

l=m+1 k=1 aEQlkg

In all the above formulas, we do not specify the dilation center z, it
is arbitrary. And generally, it is a function of z and y, i.e. z = z(z,y).
For our error analysis, we need to specify the dilation center

Definition 4.4. A function z : R*N — RY will be called admissible if
(i) z(z,x) = x, for all v € RY.
(11) All derivatives of z are bounded.

A typical example is z(x,y) = Az+(1—\)y, for some fixed parameter
A. A simple application of the mean value theorem gives that (z —z) <
C(y — x) for some constant C' > 0. From the application point of view,
z(z,y) = x will give us the simplest formula to approximate the Green
function([9, 8]). However, it may not be the optimal choice([8]).

4.1. Bound the desired term. In this subsection, we consider the

desired term
m

Gi" N y) =D _s'N(e+ 57w = 2), 2457 (y = 2))
=0
and we shall fix the function z = z(x,y) which is admissible. Recall

that
min(d+1,¢)

¢
=2 2
= OlEQlk ¢
We treat each operator A, . in one time. Define the approximation
operator

(47 Loaf@) =57 [ Mol 57w =224 57 = 2) )

We will show below that for an admissible function z, and o =
(aq,...,ap) € Uy, k < n, a; < n, the operator L,, is a pseudodif-
ferential operator whose symbol is well behaved. We shall then use
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symbol calculus to derive the desired error estimates. Let’s first recall
some standard definitions and results from pseudodifferential calculus.
Let m € R. We define ST}, to be the set of all functions o(z,§) in
C>(RY x RY) such that for any two multi-indices o and 3, there is
positive constant C, g, depending on « and [ only, such that

(D202 (09| < Casl + )"

then we call any function o in J,,.p ST @ symbol, and we denote
S7%° = (,her S0+ Any operator whose symbol in S7 is a smoothing
operator. Now if o(x,€) is a symbol. Then the pseudodifferential
operator o(z, D) associated to o(z,§) is defined by

(0. D)) = Gy [, € Sole. DO

where D = %8 and

(45) Fule) = be) = [ il

the usual Fourier transform of ¢). Next let’s relate the operator o(z, D)
with its distributional kernel, actually we can recover one from the
other under some conditions. Denote by F; the Fourier transform in
the second variable of a function of two variables. For o(x,§) € S,
the operator o(x, D) is smoothing with distribution kernel

o(z, D)(z,y) = (27T)N/ VG (2,€)dE = (Fy o) (w,x — ).
RN

Let us denote by K a smooth function on RY x RY, if the inte-

gral (smoothing) operator defined by K is in fact a pseudodifferen-

tial operator o(x, D), then we can recover o from K by the formula
J:2_10'<l’,y) = K(I,{L‘ - y)a S0

(4.9) o(x,§) = /RN e YK (2,2 — y)dy.

Concerning the class S™°, the following result is also standard and
we are going to use it later on.

Lemma 4.5. (i) The Fourier transform in the second variable estab-
lishes an isomorphism Fy : S™° := S7°(RY x RY) — §7°°.
(1) Multiplication defines a continuous map Sy X 57 =57,

For more about pseudodifferential calculus, we refer to the works of
Taylor [5, 10] and Wong [11].
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With this tool in hand, we move on to do the analysis. Recall that
the function G(z;z) = (4m) N2 det(A(z))~ /2~ A=) "#/4 introduced
in Equation (3.6): Then the distribution kernel of %6 is given by

(4.10) e"(x,y) = G(ziz —y),

A direct computation gives the following lemma, which coincides with
the fact that e’ is a convolution operator.

Lemma 4.6. Let = € RY be a parameter and let us consider the op-
erator T = a(z)(z — 2)P0)els, where B and ~ are multi-indices and
a € C°(RYN). Then the distribution kernel of T is given by

T(z,y) = a(z)(x — 2)?(01G)(z;2 — y).
The next theorem characterizes the symbol of £, .

Theorem 4.7. Let a € App, k < n, oy < n. Assume that z : RNV x RN
satisfies z(x,x) = x and 0%z is bounded for all o # 0. Then there
exists a uniformly bounded family {os}sc(,1) in S™°° such that

Lso =0s(x,8D) = ps(x,D), o0s(x,&) = os(z,sE).

Proof. By Lemma 3.10, we know that A, . is a finite sum of terms of
the form a(z)(z — 2)?9)els. We recall that a(z) is a function that itself
and all its derivatives are bounded. Suppose k. (z,y) is the distribution
kernel of a(z)(x — 2)?9Yeld and let

Ky (v,y) =s Vk(z+s oz —2),2+s5 (y—2), z==z1y).

By abuse of notation, we shall denote also by K the integral operator
defined by K. It suffices to prove our theorem for K,. Namely, it is
enough to show that there exists a uniformly bounded family {o}sc(0,1
in S™* such that

K, = o4(x,sD).

By lemma 4.6, we have that the distribution kernel of 97e%6 is of the
form ¢(z,z —y) for some ¢ € S~>°. More precisely ¢(z, z) is the Fourier
tranform of the function (2£)7e$4%)€, This gives

Ky(z,y) = a(z(z,y))s V(@ — 2(2,9)) s (2(2,y), s (x — y)) =
a(z)s'ﬂ‘*N(x — 2)%(2, s Nz — ), z=z(x,y).
Then by (4.9), o4(z,€) is given by

os(z,§) = /RN e Ea(2)s TN (x — 2)5¢(2, s ) dy, 2= z(z,x —y).
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Let us substitute y with sy and let us denote
0. = [ e o - 2Py = = 2o - ),
RN

Then o4(z,£) = os(x, s§), so we need to show that o, is a bounded
family in S™°°.

Notice that a(2) € S, ;) and s (z; — 2j (2,2 — sy)) € S, ) and they
form bounded families for s € [0, 1], then by Lemma (4.5) the proof is
complete. 0

The next lemma is obvious

Lemma 4.8. Let o(x,&) be a symbol in S, then s*o(z,s) is a
symbol in Sig uniformly bounded in (0, 1] with respect to s.

Proof. Denote 0; and 0y the derivatives of o(x, ) with respect to the
first and second variable respectively. Since o(x,£) € S™°, of course
o(x,§) € Si(’f, thus for any o and 3 we have

050 o (2, &) < C(L+ &)+
Therefore,
050 (50 (2, 5€))| = |*TP070) o (x, 5€))
<O+ [se) P < O g

where C' does not depend on s. Thus sko(z, s€) is uniformly bounded
in ST for s € (0,1]. O

We now obtain the main result of this subsection, the desired refined
mapping property estimate by standard results from pseudodifferential
operators theory.

Theorem 4.9. For any 1 < p < oo, any r € R,
(411) Sk|’£57a||Wr,p_>Wr+k,p S Ck77"p,
for a constant Cy,,, independent of t € (0, 1].

From (4.3), we immediately obtain the desired estimate on the prin-
cipal part of the asymptotic expansion.

Corollary 4.10. For each 1 <p < oo, r € R, and any f € WP

G (@, ) f(y) dy,

RN
is uniformly bounded in W™ fort € (0, 1].
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4.2. Bound the error term. In this subsection, we shall bound the
error term Efl:i, which is the sum of two kinds of operators. The
first is the one we discussed in the last subsection, which is actually
a pseudodifferential operator and behaves well(Theorem (4.9)). The
second is the operator A,; with either o € A, 11 4 or for some o; = n+1.
In order to bounded EZ’;, it suffices to obtain mapping properties of
the latter operator. In this case, the operator will depend on t also.
Generally, we do not know whether A, ; is a pseudodifferential operator
or not. However, we are going to show that A, ; also behaves well, and
has a similar mapping property with Theorem (4.9) but a little bit
rougher. It turns out that this rough estimate is enough to give us the
desired error control. In stead of pseudodifferential calculus applied in
the last subsection, the main technique we shall use is the so called
Riesz’s Lemma(See for example [4])

Lemma 4.11. (Riesz) Assume K is an integral operator with kernel
k(x,y), i.e.

Ku(x) = /X k(z,y)u(y)du(y)

where (X, 1) is a mearsure space. If k(z,y) is measurable on X x X
and

(4.12) /Qrkmx,yﬂdu<x>s;caa/;rk<x,yndy<y>f;ca

for all y and for all x respectively. Then K s a bounded operator on
LP(X, ) for each p € [1,00]. Moreover,

|5 < crrey
where q is the conjugate of p.
The main result of this subsection is as follows
Theorem 4.12. Let z be admissible, r > 0. Then we have
(4.13) SN Lo allwrw—wrtrr < Crorps

Note that the main difference between Theorem (4.9) and Theorem
(4.12) is the additional r. This result is rougher, but as we mentioned
before, it is enough to give us the main theorem of this paper.

Before we prove this theorem, we first recall some notations and
prove a lemma. We shall denote by W7 = Wrh as before, where w
is the center of the weight (z),, = (z — w) used to define our exponen-
tially weighted Sobolev spaces (2.14). We shall write L2 = WP, The

following lemma is a special case of Theorem (4.12).
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Lemma 4.13. Assume that z : RY x RY is admissible. For any o,
any 1l <p<oo,k€Zy,r>0,andacR

(414) SkH‘CS:a|’Lg—>Wf’p S Ck,p)

for a constant Cy, independent of t € (0,1], independent of a in a
bounded set, and independent of the center of the weight that defines
the weighted Sobolev spaces.

Proof. The proof will be mainly an application of the Riesz’s Lemma.
Because of the reason we mentioned before, we may assume that a = 0.
Recall that

Es,a(xa y) = S_NAa,z(Z + S_l(x - Z)v z+ 5_1(y - Z))

is the kernel of the operator L, where z = z(x,y). Then by Riesz’s
Lemma it suffices to show that for any multi-index v with |y| < k,

(4.15) / sV Ly o (2, y)|dy < C’l,/ sV Ly o (2, y)|da < Cy
RN RN

where the constants C; and Cs should be independent of  and y respec-
tively. Generally, we need to estimate the growth rate of s™9YA,, .(z+
sTHx —2),2 4+ s7H(y — 2)). with respect to x and y. We need to use
weighted Sobolev spaces introduced in (2.14). Recall that the mapping
properties between the weighted Sobolev spaces are uniform in terms
of the weight center, thus we can choose z as the weight center. Notice
that 0] L, o(x,y) is the sum of terms of the form

(416) sV Naule 57w =)z 45Ty = 2) - €(2)
where j < |y| and £(z) is the product of derivatives of z with respect
to x, it is bounded as z is admissible. While

1000707 Mo (2,)] = | < 0°6,,07 Ao 0% 6, > |

(4.17) , Y K
< C10%8 s 1107 Aaslly-sn 107 6,10

Next we shall estimate the three norms at the right hand side of the
above estimate. For each multi-index 3, 9° € H~9(RY) as long as
q > N+|B|. Therefore, if we choose z as the base point and g > N+|f].
Then for all a € R and € > 0

||aﬂ5x||H:q_ = ||e—(“+€)<$‘z>855x||H7q < Ce—(a+e)<z—z>
and

85”5 o fa<yfz>aﬁ”5 < Cle—0<y—2>
| yHH:g = |le yHH—q <C(Ce
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For the second term ||0% A, .|| y-a_ 4« since all the coefficients and
—a —q—e¢
their derivatives of L(t) are bounded, 0% A, . will satisfy the same
mapping properties as A, .. Thus by Corollary (4.3),
||851A04,Z||H:q~>Hg B S C€€<Z—l‘>
Now get back to (4.17), we have
’agaflayﬁ// Aa Z(x’ y)| < Ces<z—x>—a<y—z>—(a+e)<:c—z> — (e o<y—=>—a<z—z>

Therefore, we obtain

VIR0 O] Naels 57w = 2), 2457y = 2)) - €(2)
(418) < C’S_N—Me—a<s_1(y—2)>—a<s_1(z—z)>

< O s~ N-Mlg—a<s™ (y—2)>

In the last inequality, we used the triangle inequality < y — 2z > + <
v — 2z >><y—x >. Then after the change of variable A = =%, we

9

find that (4.15) holds. The proof is complete. O

proof of Theorem (4.12): Notice that W™ is compactly supported
in L? for any r > O(for non-integer r, it is a consequence of the inter-
polation argument). Then if we consider L, , as an operator from L?
to W+kP in stead of from W™ to W™*P the result follows directly
from Lemma (4.13). O

Recall that £ is the sum of two kinds of operators we mentioned
before, then a direct corollary of Theorem (4.12) and Theorem (4.9) is
the following

Corollary 4.14. Assume z is admissible andr > 0, then &[m’z] satisfies
the following mapping property

(4.19) EM™ [ yrrwyprinn < Cs™7F

Surprisingly, it turns out that the r at the right hand side of equa-
tion (4.19) is redundant, we can get rid of it to obtain a more refined
estimate.

Theorem 4.15. Assume z is admissible and r > 0, then Et[m’z} satisfies
the following mapping property

(420) ’l(c/,t[myz]HWr,p*)Wr+k,p S Csik
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Proof. Recall that as long as d > n > m, gt[m] (x,y) does not depend
on d and n. Thus as the difference

g[m,z] I, — U 1 2 + u’z + y -z _ g[TTL,Z] LU,
also does not depend on n and d. In the expansion (3.19), we expand
it to much more terms, specifically, such that M > m +r — 1. Then
by Theorem (4.9) and Corollary (4.14)

M ¢
Hgt[mZ}”WWHWHk»P < Z st Z Z Hﬁa,z”WﬂpﬁW“ﬂw

l=p+1 k=m+1 acUy ¢
+ 3M+1_m||5t[M’Z] e —prin < CS_k(l + SM+1_m3_r_k) < Cs™h

O

This completes the main Theorem (1.1) of this paper.
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