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Abstract. We consider the second order parabolic equations with
time dependent coefficients. Applying the dilation method, we
establish an asymptotic formula for the Green’s functions of the
nonautonomous equations. Our procedure of approximating the
Green’s functions is elementary and a systematic algorithm can
be obtained. Error analysis also shows that the approximation is
accurate to arbitrary prescribed order in time.
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1. Introduction

Paper [7] considers the second order elliptic operator with smooth
coefficients in the form

(1.1) Lu(x) :=
N∑

i,j=1

aij(x)∂i∂ju(x) +
N∑
k=1

bk(x)∂ku(x) + c(x)u(x),
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and developed accurate approximations to the Green’s function of the
parabolic equation ∂tu − Lu = 0. As a followed work, in this paper
we consider a second order parabolic operator with non constant coef-
ficients that also depend on time, more specifically, the operator is of
the following form

(1.2) L(t) =
∑

ai,j(t, x)
∂2

∂xi∂xj
+
∑

bi(t, x)
∂

∂xi
+ c(t, x)

where x = (x1, ..., xN) ∈ RN , ∂k := ∂
∂xk

, and the coefficients aij, bi,
and c are smooth and all their derivatives are assumed to be uniformly
bounded, in notation we write aij(t, x), bj(t, x), c(t, x) ∈ C∞b

(
R+ × RN

)
.

We also impose the natural uniformly strongly elliptic condition on the
operator L(t), i.e. for any vector ξ, there exists γ > 0, such that

(1.3)
∑

aij(t, x)ξiξj ≥ γ‖ξ‖2,∀t ∈ [0, T ], x ∈ RN

We shall consider the second order nonautonomous equation

(1.4)

{
∂tu(t, x)− L(t)u(t, x) = g(t, x) in (0,∞)× RN

u(0, x) = f(x), on {0} × RN ,

where u(t, x), f(x) and g(t, x) are in suitable spaces. Our main goal
of this paper is under minimal assumptions as we make above, to ap-
proximate the Green’s function of the operator ∂t − L(t), and then
approximate the solution of the initial value problem (1.4). We also
want to develop error estimate for our approximation, as without error
control the approximation will be of no great use in practice. With
the help of the same dilation method applied in [7], we are still able
to compute the mth order approximation of the Green’s function even
for the non-autonomous equation (1.4) formally. For error control, the
main difference between the non-autonomous equation as in this pa-
per and the usual parabolic equation discussed in [7] is that we do not
have semigroups any more, instead we shall deal with evolution sys-
tems which will be denoted by U(t, r) throughout this paper. The key
proposition used in [7] to develop the error estimate is the mapping
properties of the analytic semigroup etL, where L is a second order
strongly elliptic operator with non-constant coefficient which does not
depend on time. Under some minimal conditions of the operator (1.2),
we shall show that the evolution system generated by L(t) also has a
similar mapping property between Sobolev spaces, which together with
the same techniques as in [7] is enough to give us the error estimate.
The main result of this paper is the following
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Theorem 1.1. Let m be a positive integer, L(t) the operator (1.2)
satisfying the conditions we mentioned before, and z = z(x, y) an ad-
missible function. Then L(t) generates an evolution system U(t, r).
Define the approximated mth order Green’s function and the error

term as Gm,zt (x, y) and E [m,z]
t respectively(see equation (4.3)). Then

Gm,zt (x, y) is explicitly computable, and for any initial data f ∈ W k,p
a ,

a, k ∈ R, 1 < p <∞, we have

(1.5) ‖E [m,z]
t f‖W r+k,p

a
≤ Ct−r/2‖f‖Wk,p

a

for any t ∈ [0, T ], where the constant C does not depend on t ∈ [0, T ].

Potential application of our main theorem (1.1) will be numerical
approximation, option pricing and model calibration, etc. See [9, 8] for
applications in finance.

2. Preliminaries on the evolution system

We consider the class of second-order differential operators L(t) of
the form (1.2) with coefficients uniformly bounded together with all
their derivatives on R+ × RN . More precisely, let

(2.1) C∞b (R+ × RN) := {f : R+ × RN → C, ∂αf bounded for all α }
Note that if f ∈ C∞b (R+ × RN), then f is actually Hölder continuous
with respect to the time variable t.

Definition 2.1. We shall denote by L the set of differential operators
L(t) of the form

(2.2) L(t) :=
N∑

i,j=1

aij(t, x)∂i∂j +
N∑
k=1

bk(t, x)∂k + c(t, x),

where the matrix (aij) is symmetric and aij, bk, c ∈ C∞b (R+ × RN) are
real valued. We shall denote by Lγ the subset of operators L(t) ∈ L sat-
isfying the uniform strong ellipticity estimate (1.3) with the ellipticity
constant γ

We first introduce some notations and recall several definitions. In
what follows, we denote the inner product on RN by (u, v) =

∫
RN u(x)v(x)dx.

Let us denote 〈ξ〉 := (1 + |ξ|2)1/2 and let û be the Fourier Transform
of u. We also recall the definition of some basic facts about Lp-based
Sobolev spaces W r,p(RN) . For 1 < p <∞, r ∈ R:

(2.3) W r,p(RN) := {u : RN → C , 〈ξ〉rû ∈ Lp(RN)}
= W r,p(RN) := {u : RN → C , (1−∆)r/2u ∈ Lp(RN)},
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If r ∈ Z+,

W r,p(RN) = {u : RN → C, ∂αu ∈ Lp(RN), |α| ≤ r}.

Since the dimension N is fixed throughout the paper, we will usually
write W r,p for W r,p(RN). When 1 < p < ∞, the dual of W r,p is the
Sobolev space W−r,p′ with 1/p+ 1/p′ = 1.

We also recall that an operator A is sectorial if there are constants
ω ∈ R, θ ∈ (π/2, π),M > 0 such that{

ρ(A) ⊃ Sθ,ω = {λ ∈ C : λ 6= ω, |arg(λ− ω)| < θ}
‖R(λ,A)‖ ≤ M

|λ−ω| ,∀λ ∈ Sθ,ω

where ρ(A) is the resolvent set of A. Later on we will give a sufficient
condition to guarantee that A is sectorial.

2.1. Properties of the class Lγ. For elliptic operators, there are
some very nice properties. The following norm equivalence property is
stated in terms of pseudodifferential calculus(See [5, 11, 10] for defini-
tion and basic properties of pseudodifferential operators).

Proposition 2.2. Let m ≥ 0 and Q be an elliptic operator whose
symbol σ(Q) is in the symbol class Sm1,0. Then the following two norms
are equivalent

(2.4) ‖u‖Wm,p ∼ ‖u‖Lp + ‖Qu‖Lp

for any u ∈ Wm,p, 1 < p <∞.

Proof. On one hand, since σ(Q) ∈ Sm1,0, Q is a bounded operator from
Wm,p to Lp. And clearly, ‖u‖Lp ≤ ‖u‖Wm,p . Therefore, there exists C1

such that

‖u‖Lp + ‖Qu‖Lp ≤ C1‖u‖Wm,p

On the other hand, since T is elliptic, there exists a pseudodifferential
operator R with its symbol σ(R) ∈ S−m1,0 such that I = RQ− S, where
I is the identity operator, S is a smoothing operator with symbol in
S−∞. Thus by mapping properties of pseudodifferential operators, we
have

‖u‖Wm,p ≤ ‖RQu‖Wm,p + ‖Su‖Wm,p ≤ C(‖Qu‖Lp + ‖u‖Lp)

The proof is complete. �

If L(t) is in the class Lγ, then from the pseudodifferential calculus
point of view, it is also elliptic. And actually we have more
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Corollary 2.3. Suppose L(t) ∈ Lγ. Then the following two norms are
equivalent

(2.5) ‖u‖W 2m,p ∼ ‖u‖Lp + ‖Lm(t)u‖Lp
for any u ∈ W 2m,p, 1 < p <∞, where m is a nonnegative integer.

Proof. One can easily check that if L ∈ Lγ, then σ(L) has an elliptic
symbol and is in the class S2

1,0. By symbol calculus, σ(Lm) ∈ S2m
1,0 and

it is still elliptic. Then applying the above proposition completes the
proof. �

It turns out that the class Lγ we defined before actually behaves very
well. Next we shall show that if L(t) ∈ Lγ, then L(t) is Hölder contin-
uous and sectorial for each t ∈ [0, T ] between suitable Sobolev spaces.
These propositions will help us to replace some standard assumptions
in the literature for non-autonomous equations(See [3, 6, 1]). The proof
is separated in several propositions.

Proposition 2.4. Suppose L(t) ∈ Lγ, then L(t) : W k+2,p 7→ W k,p is
Hölder continuous for any k ∈ N.

Proof. This is obvious, because L(t) : W k+2,p 7→ W k,p is a bounded
operator and the coefficients are Hölder continuous. �

The following proposition gives a sufficient condition to guarantee
that an operator is sectorial.

Proposition 2.5. Let A : D(A) ⊂ X 7→ X be a linear operator such
that ρ(A) contains a half plane {λ ∈ C : Reλ ≥ ω}, and

‖λR(λ,A)‖L(X) ≤M,Reλ ≥ ω

with ω ∈ R,M > 0. Then A is sectorial.

Proof. See [6], page 43. �

Lemma 2.6. If L(t) ∈ Lγ,and L(t) : W 2k+2,p 7→ W 2k,p, then for each
t the resolvent set of L(t) contains a half plane {λ ∈ C : Reλ ≥ ω} for
any k ∈ N.

Proof. When k = 0, the result is standard(See [6]). Now assume L(t) :
W 2,p 7→ Lp, and λ is in the resolvent set ρ(L(t)). Denote Rλ = (λ −
L(t))−1, then Rλ : Lp 7→ Lp is bounded by the Closed Graph Theorem.
We claim that Rλ

(
W 2k,p

)
⊂ W 2k,p and Rλ is bounded. Actually, for

any f ∈ W 2k,p, then Lk(t)f ∈ Lp and Lk(t)Rλf = RλL
k(t)f ∈ Lp,

where we used the fact that L(t) and Rλ commute for f ∈ D(Lk(t))(see
for example [14] chapter 7). By the norm equivalence (2.5), we conclude
that Rλf ∈ W 2k,p. This fact tells us that ρ(L(t)) is contained in the
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resolvent set of L(t) : W 2k+2,p 7→ W 2k,p for k > 0. The proof is
complete. �

Finally we prove that the operator L(t) ∈ Lγ is sectorial for each
t ∈ [0, T ] between suitable spaces.

Lemma 2.7. If L(t) ∈ Lγ,then for each t, L(t) : W 2k+2,p 7→ W 2k,p is
sectorial for any k ∈ N.

Proof. For each fixed t = t0, since the sectorial property does not
rely on t, we drop the time dependence and simply write L = L(t0).
We shall apply proposition (2.5) to prove that L is sectorial between
W 2k+2,p and W 2k,p. We first estimate erL : W 2k,p : 7→ W 2k,p. For any
f ∈ W 2k+2,p, by the norm equivalence (2.5) we have

‖erLf‖W 2k,p ≤ C(‖erLf‖Lp + ‖LkerLf‖Lp) = C(‖erLf‖Lp + ‖erLLkf‖Lp)
≤ Ceωr(‖f‖Lp + ‖Lkf‖Lp) ≤ Ceωr‖f‖W 2k,p

(2.6)

where we used the standard properties of C0−semigroups in Banach
spaces that ‖erLf‖Lp ≤ Cerω‖f‖Lp . Thus ‖erL‖W 2k,p→W 2k,p ≤ Ceωr.

Then choose any λ from the half plane contained by the resolvent
set of L( by Lemma (2.6) this half plane exists). the resolvent operator
R(λ, L) is actually the Laplace transform of the semigroup generated
by L(see for example [1],chapter one), i.e.

R(λ, L)f =

∫ ∞
0

e−λrerLfdr

Then for Reλ large enough

‖λR(λ, L)‖W 2k,p→W 2k,p ≤
∫ ∞

0

|λerλ| · ‖erL‖W 2k,p→W 2k,pdr ≤ C|λ|
|λ− ω|

≤ C

(2.7)

Then by Lemma (2.6) and Proposition (2.5), L : W 2k+2,p 7→ W 2k,p is
sectorial.

�

2.2. Existence and properties of the evolution system. If L(t) =
L, i.e all the coefficients are time independent, then under some hy-
pothesis L will generate a semigroup etL, it can be considered as the
solution operator. However, in the nonautonomous case, the solution
operator is not a semigroup, instead an evolution system if it exists.

Definition 2.8. A two parameter family of bounded linear operators
U(t, r), 0 ≤ t ≤ t ≤ T on X is called an evolution system if the follow-
ing two conditions are satisfied
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(1) U(r, r) = I, U(t, r)U(r, l) = U(t, l) for 0 ≤ l ≤ r ≤ t ≤ T
(2) (t, r)→ U(t, r) is strongly continuous for 0 ≤ r ≤ t ≤ T

The evolution system for (1.4) does not always exist. The standard
assumption made in the literature is(see [3, 1, 6])

Assumption 2.9. L(t) is a parabolic operator, and

(1) The domain of L(t) is dense in X and does not change, i.e.
D(L(t)) = D

(2) L(t) is uniformly bounded below and up.
(3) L(t) is Holder continues, i.e. there exists α ∈ (0, 1], such that

‖L(t)− L(r)‖D→X ≤ C|t− r|α

(4) For any t ∈ [0, T ], L(t) is sectorial, i.e. there are constants
ω ∈ R, θ ∈ (π/2, π),M > 0 such that{

ρ(L(t)) ⊃ Sθ,ω = {λ ∈ C : λ 6= ω, |arg(λ− ω)| < θ}
‖R(λ, L(t))‖ ≤ M

|λ−ω| ,∀λ ∈ Sθ,ω

Then the evolution system U(t, r) exists, and there are some nice
properties. Assumption (2.9) is stated in different forms by Lunardi,Amann
and Pazy, but essentially they are the same. Amann and Lunardi show
that the second assumption is implied by other assumptions.

To simplify our later argument, we first define the set Lω

Definition 2.10. We shall denote by Lω the subset of L satisfying all
the four conditions in Assumption (2.9).

Therefore, any operator in Lω generates an evolution system. For
later use, we record some nice properties of the evolution system in the
following theorem([3, 6, 1]).

Theorem 2.11. Suppose L(t) ∈ Lω, then the evolution system U(t, r)
generated by L(t) exists, and for 0 ≤ r ≤ t ≤ T

‖U(t, r)‖X ≤ C, ‖U(t, r)‖X→D ≤
C

t− r

‖ ∂
∂t
U(t, r)‖ = ‖L(t)U(t, r)‖X ≤

C

t− r
‖L(t)U(t, r)‖D→X ≤ C

Proof. see, for example, Lunardi[6] corollary 6.1.8, page 219 �

In the above subsection Proposition (2.4) and Lemma (2.7) show that
actually Lγ is a subset of Lω. If we choose different domains and the
whole spaces, we obtain some nice mapping properties of the evolution
system between different Sobolev spaces.
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Corollary 2.12. Suppose L(t) ∈ Lγ. Then L(t) generates an evolution
system U(t, r), 0 ≤ r ≤ t ≤ T , and for any real k

‖U(t, r)‖Wk,p 7→Wk,p ≤ C, ‖U(t, r)‖Wk,p 7→Wk+2,p ≤ C

t− r

‖L(t)U(t, r)‖Wk+2,p→Wk,p ≤ C, ‖L(t)U(t, r)‖Wk,p→Wk,p ≤ C

where 1 < p <∞.

Proof. The proof is mainly an application of a duality argument and
space interpolation. First, By Theorem (2.11), for any nonnegative
even integer k and 1 < p <∞, the above inequalities are true.

Next we apply the duality method to pass the mapping properties
to negative Sobolev spaces. Note that U(t, s) satisfies the equation

(2.8)

{
U(t, t) = 1
∂
∂t
U(t, r) = L(t)U(t, r)

We define the adjoint operator V (t, r) = U(T − r, T − t)∗, then

V (t, t) = U(T − t, T − t)∗ = 1

and

V (t, s)V (s, r) = U(T − s, T − t)∗U(T − r, T − s)∗

= [U(T − r, T − s)U(T − s, T − t)]∗ = [U(T − r, T − t)]∗ = V (t, r)

(2.9)

Therefore, V (t, r) is also an evolution system. And moreover,

∂

∂t
V (t, r) =

∂

∂t
U(T − r, T − t)∗ = [

∂

∂t
U(T − r, T − t)]∗

= [U(T − r, T − t)L(T − t)]∗ = L∗(T − t)U(T − r, T − t)∗

= L∗(T − t)V (t, r)

(2.10)

i.e. ∂
∂t
V (t, r) = L∗(T−t)V (t, r). According to our assumptions, L∗(T−

t) is of the same type with L(t). Thus the evolution system should
satisfy the same mapping properties with U(t, r). Then for any positive
k, we have

‖U(t, r)‖W−k,p→W−k,p = ‖U(t, r)∗‖Wk,q→Wk,q

= ‖V (T − r, T − t)‖Wk,q→Wk,q ≤ C
(2.11)
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and

‖U(t, r)‖W−k−2,p→W−k,p = ‖U(t, r)∗‖Wk,q→Wk+2,q

= ‖V (T − r, T − t)‖Wk,q→Wk+2,q ≤ C

(T − r)− (T − t)
=

C

t− r
(2.12)

where q is the conjugate of p, i.e. 1
p

+ 1
q

= 1.

At last, we apply the spaces interpolation technique to obtain map-
ping properties between non-integer Sobolev spaces. For any ` ∈ R,
assume k ≤ ` < k+ 2 where k is an even integer. Then by the complex
interpolation,

W `,p =
(
W 2k,p′ ,W 2k+2,p′′

)
[θ]
,W `+2,p =

(
W 2k+2,p′ ,W 2k+4,p′′

)
[θ]

where

` = (1− θ) · 2k + θ · (2k + 2)

1

p
=

1− θ
p′

+
1

p′′

Therefore,

‖U(t, r)‖W `,p→W `,p ≤ C1−θ
1 Cθ

2 ≤ C

‖U(t, r)‖W `,p→W `+2,p ≤
(

C1

t− r

)1−θ

·
(

C2

t− r

)θ
≤ C

t− r
�

Since our approximation is asymptotic near zero, without loss of gen-
erality, henceforth we assume T = 1. We also indicate that throughout
this paper C is a generic constant, it may be different at different ap-
pearance.

Back to the initial value problem (1.4), in the literature there are
several types of solutions(mild, classical, strong) for (1.4). Thus we
need to clarify what we mean by a solution of (1.4).

Definition 2.13. Let g ∈ C([0,∞), X). By a classical solution in X
of (1.4) we mean a function

(2.13) u ∈ C([0,∞), X) ∩ C1((0,∞), X) ∩ C((0,∞),D(L(t))),

such that ∂tu(t) = L(t)u(t) + g(t) in X for all t > 0 and u(0) = f in
X.

we are also interested in the case that f is in the possibly largest
space, for in concrete applications the initial data f is not bounded,

9



even not Lp−integrable, for example, the payoff function of the Euro-
pean call options. To include such cases, we therefore introduce expo-
nentially weighted Sobolev spaces. Given a fixed point z ∈ RN , we set
〈x〉z := 〈x − z〉 = (1 + |x − z|2)1/2 and define Wm,p

a (RN) for m ∈ Z+,
a ∈ R, 1 < p <∞, by

(2.14) W r,p
a,z (RN) := e−a〈x〉zW r,p(RN)

= {u : RN → C, ∂αx
(
ea〈x〉zu(·)

)
,∈ Lp(RN), |α| ≤ r}, if r ∈ Z+,

with norm

‖u‖p
Wm,p
a,z

:= ‖ea〈x〉zu‖pWm,p =
∑
|α|≤m

‖∂αξ
(
ea〈x〉zu(x)

)
‖pLp .

z will be called the weight center. We consider the operator La(t) =
ea<x>zL(t)e−a<x>z . Notice that proving a result for L(t) acting be-
tween weighted Sobolev spaces W s,p

a,z is the same thing as proving the
corresponding result for La(t) acting between weighted Sobolev spaces
W s,p = W s,p

0,z . But in order to pass from the conjugated operator to the
ordinary operator, we require that L and La have the same properties.

Lemma 2.14. If L(t) ∈ Lω, then La(t) ∈ Lω, and vice versa.

Here ω is a generic real constant, it may be different at different
context.

Proof. Suppose u ∈ W k,p and L(t) ∈ Lω. Notice that

(2.15) La(t)u = ea<x>zL(t)e−a<x>zu = L(t)u+ γ(a, x, z)u

where γ(a, x, z) is uniformly bounded up and below, say |γ(a, x, z)| <
α, with respect to x as long as a and z are in bounded sets. By (2.15)
it is obvious that La(t) satisfies conditions (1)-(3) in assumption (2.9).
Since

λI − La(t) = (λ− γ(a, x, z))I − L(t)

then as long as Re(λ) is big enough, λI − La(t) is invertible and

‖R(λ, La(t))‖ = ‖R(λ− γ(a, x, z), L(t))‖ ≤ M

|λ− α− ω|
Thus condition (4) is also satisfied, and La(t) ∈ Lω. Similarly, if La(t) ∈
Lω, we can also show L(t) ∈ Lω. �

Therefore, by the above lemma (2.14) and our discussion before,
we may assume that a = 0 and z is arbitrary. In particular, L(t) :
W s+2,p
a → W s,p

a is well defined and continuous for any a, since this is
true for a = 0.
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Lemma 2.15. If L(t) ∈ Lω, and U(t, r) is the resulting evolution
system. Then

‖U(t, r)− I‖Wk+2,p
a →Wk,p

a
≤ C|t− r|

In particular, if we fix r, then

[r,∞) 3 t→ U(t, r) ∈ B(W k+2,p
a ,W k,p

a )

defines a continuous operator.

Proof. Notice that ∂
∂t
U(t, r) = L(t)U(t, r), then for any f ∈ W k+2,p

a

‖(U(t, r)−I)f‖Wk,p
a
≤
∫ t

r

‖L(τ) ·U(τ, r)f‖Wk,p
a
dτ ≤ C|t−r| · ‖f‖Wk+2,p

a

by theorem (2.11). And for t1 ≥ t2 ≥ r

‖U(t1, r)f−U(t2, r)f‖Wk,p
a
≤ ‖(U(t1, t2)−I)f‖Wk,p

a
·‖U(t2, r)‖Wk,p

a
≤ C|t1−t2|·‖f‖Wk+2,p

a

This completes the proof of the second part. �

2.3. perturbation expansion of the operator L(t). If we split the
operator L(t) to the sum of two operators, namely, L(t) = L0 + V (t),
where L0 is independent on t and V depends on t. We further assume
that L0 generates an analytic semigroup {etL0 , t ≥ 0}. In later applica-
tions, L0 is actually a second order strongly elliptic operator. We can
rewrite the initial value problem (1.4) as

(2.16)

{
∂tu(t, x)− L0u(t, x) = V u(t, x) in (0,∞)× RN

u(0, x) = f(x), on {0} × RN ,

Remark 2.16. Later on we will specify L0. Actually, to get L0, we first
choose the second order terms in L(t), and send t = 0, and at last
freeze x = z. The resulting operator is L0.

The following proposition concerning mapping properties of the semi-
group generated by L0 is taken from [7].

Proposition 2.17. Assume L0 is actually a second order strongly el-
liptic operator, then etL0 is bounded on [0, 1] and

‖etL0f‖W r,p
a (RN ) ≤ C(r, s)t(s−r)/2‖f‖W s,p

a (RN ), r ≥ s

An immediate consequence of the above result is

Corollary 2.18. Let L0 be the operator in the above remark (2.16),
and s, r ∈ R be arbitrary. We then have that the map

(0,∞) 3 t→ etL0 ∈ B(W s,p
a ,W r,p

a )

is infinitely many times differentiable.
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Proof. Notice that ∂kt e
tL0 = etL0Lk0, so it suffices to show that the map

(0,∞) 3 t → etL0 ∈ B(W s−k,p
a ,W r,p

a ) is continuous. Let t ≥ δ > 0.
Then eδL0 maps W s−k,p

a to W r+2,p
a continuously, by Proposition 2.17.

Writing etL0 = e(t−δ)L0eδL0 and using the continuity of [δ,∞) 3 t →
e(t−δ)L0 ∈ B(W r+2,p

a ,W r,p
a ), again by proposition (2.17), we obtain the

result. �

For the semigroup etL, we have seen that it behaves very well. Next
for the evolution system U(t, r), we proceed to develop similar mapping
properties as in proposition (2.17). We start by studying the pertur-
bation property of the evolution system. If we fix r = 0, it becomes
a one parameter evolution system. We donote U(t) = U(t, 0), where
U(t, r) is the evolution system generated by L(t). Recall L0 generates
an analytic semigroup. Now consider the following equation

(2.17)

{
∂tu(t, x)− L0u(t, x) = g(t, x) in (0,∞)× RN

u(0, x) = f(x), on {0} × RN ,

Then we have

Lemma 2.19. If g ∈ L1([0, 1], Lp)
⋂
C((0, 1], Lp), and u(t, x) ∈ Lp is

a classical solution to (2.17), then

u(t, x) = etL0f +

∫ t

0

e(t−τ)L0g(τ)dτ, 0 ≤ t ≤ 1

for any initial data f ∈ Lp. Moreover, assume L(t) generates an evo-
lution system U(t, r) and U(t) = U(t, 0) is the one parameter system,
then the classical Lp−solution to the equation (2.16) is given by

(2.18) u(t) = U(t)f = etL0f +

∫ t

0

e(t−τ)L0V (τ)u(τ)dτ

for any f ∈ Lp.

Proof. Define

h(τ) = e(t−τ)L0u(τ), 0 ≤ τ ≤ t

since u(t, x) is a classical solution, h(τ) is continuously differentiable
when τ > 0

h(0) = etL0f, h(t) = u(t)

and

h′(τ) = −L0e
(t−τ)L0u(τ) + e(t−τ)L0u′(τ) = e(t−τ)L0g(τ), 0 < τ < t

12



integrating it from ε to t− ε, we have

u(t− ε) = e(t−ε)L0f +

∫ t−ε

ε

e(t−ε−τ)L0g(τ)dτ

Sending ε to zero completes the proof of the first part. For the second
part, we first assume that f ∈ W 2,p, since L(t) generates an evolution
system, suppose u(t, x) is the classical solution of (2.16). Define

g(t) = V u(t, x) = (L(t)− L0)u(t, x) = ut(t, x)− L0U(t)f

Then g(t) is continuous, as U(t) : W 2,p → W 2,p is continuous and
bounded, and L0 : W 2,p → Lp is bounded. By the result of the first
part, u(t, x) has the form (2.18). For the general case when f ∈ Lp,
since W 2,p is dense in Lp, thus (2.18) still holds. The proof is complete.

�

Lemma 2.20. (Mapping properties of U(t, r))Suppose U(t, r) is the
two parameter evolution system introduced before, and k ≤ r, t > 0, a ∈
R. Then

‖U(t1, t2)‖Wk,p
a →W r,p

a
≤ C(t1 − t2)(k−r)/2

Proof. As discussed before, we only need to prove the case a = 0.
We first assume that k ≤ r < k + 2, then by Corollary (2.12) and
Proposition (2.17), starting from equation (2.18) we have

‖U(t1, t2)‖Wk,p→W r,p ≤ ‖e(t1−t2)L0‖Wk,p→W r,p

+

∫ (t1−t2)/2

0

‖e(t1−t2−τ)L0‖Wk−2,p→W r,p‖V ‖Wk,p→Wk−2,p‖U(τ)‖Wk,p→Wk,pdτ

+

∫ t1−t2

(t1−t2)/2

‖e(t1−t2−τ)L0‖Wk,p→W r,p‖V ‖Wk+2,p→Wk,p‖U(τ)‖Wk,p→Wk+2,pdτ

≤ C

(
(t1 − t2)

(k−r)
2 +

∫ (t1−t2)
2

0

(t1 − t2 − τ)
(k−2−r)

2 dτ +

∫ t1−t2

(t1−t2)
2

(t1 − t2 − τ)
(k−r)

2 · 1

τ
dτ

)
≤ C(t1 − t2)(k−r)/2

(2.19)

that is

‖U(t1, t2)‖Wk,p→W r,p ≤ C(t1 − t2)(k−r)/2, t1 ≥ t2 ≥ 0

For the general case, let δ = r−k
m

, where m is an integer and m > r−k
2

.
Then by our above argument, for j = 1, 2, · · · ,m

‖U(t1−(j−1)
t1 − t2
m

, t1−j
t1 − t2
m

)‖Wk+(j−1)δ,p→Wk+jδ,p ≤ C

(
t1 − t2
m

) k−r
2m

13



Therefore,

‖U(t1, t2)‖Wk,p→W r,p ≤ C

(
t1 − t2
m

)m· k−r
2m

= C(t1 − t2)(k−r)/2

where C depends on k, r, p and a. �

In particular, consider the one parameter evolution system U(t), then
the meaning of Proposition (2.17) and Lemma (2.20) is that both etL0

and U(t) are smoothing operators as long as t ≥ δ > 0, i.e. they map
a function from any Sobolev space to another Sobolev space contin-
uously. And they do not decrease the regularity of this function for
any t ≥ 0. The worst case is that t = 0, and etL0 and U(t) become
the identity operator. This fact will be useful in later applications.
Another consequence of Lemma (2.20) is that the Green function for
any L(t) ∈ Lγ exists by Schwartz Kernel Theorem, i.e. there exists
GLt (x, y) ∈ C∞((0,∞)× RN × RN) such that

(2.20) U(t)f(x) =

∫
RN
GLt (x, y)f(y)dy

and explicitly, we have

GLt (x, y) =< δx, U(t)δy >

where < ·, · > is the duality pairing between C∞(RN) and compactly
supported distributions E ′(RN), δz is the Dirac delta distribution. As
we mentioned before, one purpose of this paper is to approximate
GLt (x, y).

As a consequence of Lemma (2.20), we also have the following corol-
lary similar to Corollary (2.18)

Corollary 2.21. If L(t) ∈ Lω, and U(t, r), t ≥ r ≥ 0 is the resulting
two parameter evolution system, then

(r,+∞) 3 t→ U(t, r) ∈ B(W s,p
a ,Wm,p

a )

is infinitely many times differentiable.

Proof. For any positive integer k, it is easy to show that formally
∂kt U(t, r) = h(L(t), ∂tL(t))U(t, r) where h(L(t), ∂tL(t)) is a 2k order
differential operators with smooth and bounded coefficients. For any
fixed δ with t ≥ δ > r,U(δ, r) is a continuous map from W s,p

a to
Wm+2k+2,p
a by lemma (2.20). And U(t, δ) is continuous from Wm+2k+2,p

a

toWm+2k,p
a by lemma (2.15). Last, clearly h(L(t), ∂tL(t)) ∈ B(W r+2k,p

a ,W r,p
a )

14



is also continuous. Therefore, combining the three operators and us-
ing the definition of evolution system we conclude that ∂kt U(t, r) is
continuous from W s,p

a to W r,p
a �

Next we proceed to expand the operator U(t) at t = 1. For each
k ∈ Z+, we denote

Σk := {τ = (τ0, τ1, . . . , τk) ∈ Rk+1, τj ≥ 0,
∑

τj = 1}

' {σ = (σ1, . . . , σk) ∈ Rk, 1 ≥ σ1 ≥ σ2 ≥ . . . σk−1 ≥ σk ≥ 0}

the standard unit simplex of dimension k. The bijection above is given
by σj = τj+τj+1+. . .+τk. Using this bijection, for any operator-valued
function f of RN we can write∫

Σk

f(τ)dτ =

∫ 1

0

∫ σ1

0

. . .

∫ σk−1

0

f(1−σ1, σ1−σ2, . . . , σk−1−σk, σk)dσk . . . dσ1

Throughout, operator-valued integrals are taken in the sense of Bochner.

Lemma 2.22. Let Lj ∈ Lγ and let Vj be such that e−bj〈x〉Vj ∈ L,
j = 1, . . . , k, for some b = (b1, . . . , bk) ∈ Rk

+, k ∈ Z+. Then

Φ(τ) = eτ0L0V1e
τ1L1 . . . eτk−1Lk−1VkE(τk), τ ∈ Σk

defines a continuous function Φ : Σk → B(W s,p
a (RN),W r,p

a−|b|(R
N)) for

any a ∈ R r ≥ s, and 1 < p < ∞, where either E(τk) = eτkLk or
E(τk) = U(τk). Recall U(t) is the one parameter evolution system
defined before.

In this lemma we used the standard multi index notation |b| =∑k
j=1 bj.

Proof. Our proof is based on the fact that both eτL and U(τ) are
smoothing operators when τ > 0, and they have the same type map-
ping properties(see proposition (2.17) and lemma (2.20)). It suffices to
prove that Φ is continuous on each of the sets Vj := {τj > 1/(k + 2)},
j = 0, . . . , k, since they cover Σk. Let us assume that j = 0, for the
simplicity of notation.(If j = k, it is slightly different. We will indicate
later.)

By assumption and by proposition (2.17) and Lemma 2.15, each of
the functions

[0,∞) 3 τj → Vje
τjLj ∈ B(W rj+4,p

cj
,W

rj ,p
cj−bj), 1 ≤ j < k,

[0,∞) 3 τk → VkE(τk) ∈ B(W rk+4,p
ck

,W rk,p
ck−bk)

15



is continuous. For a suitable choice of cj and rj (more precisely, cj =
cj+1 − bj+1, ck = a, rj = rj+1 − 4, rk = s), we obtain that the map

[0,∞)k 3 (τj) =: τ ′ → Ψ(τ ′) := V1e
τ1L1 ...Vke

τkLk ∈ B(W s,p
a ,W s−4k,p

a−|b| )

is continuous.
Corollary 2.18 gives that the map τ0 → eτ0L0 ∈ B(W s−4k,p

a−|b| ,W
r,p
a−|b|) is

continuous for τ0 ≥ 1/(k + 2)(If j = k, we shall use Corollary (2.21)).
This proves the continuity of Φ on V0 and completes the proof of the
lemma. �

In particular, if Lj = L0, j = 1, 2, · · · , k as in remark (2.16) and
the coefficients of Vj are of polynomial growth, an immediate result of
lemma (2.22) is

Corollary 2.23. If L(t) is defined by (1.2), and let L0 be the operator
discussed in remark (2.16) and the coefficients of Lj are polynomials
in x. Then for some b = (b1, . . . , bk) ∈ Rk

+, k ∈ Z+,

Φ(τ) = eτ0L0L1e
τ1L0 . . . eτk−1L0LkE(τk), τ ∈ Σk

defines a continuous function Φ : Σk → B(W s,p
a (RN),W r,p

a−|b|(R
N)) for

any a ∈ R r ≥ s, and 1 < p < ∞, where either E(τk) = eτkLk or
E(τk) = U(τk).

Later on, in the expansion of the Green’s function of L(t), the oper-
ators will fit in the conditions of the above corollary.

Proposition 2.24. Let d ∈ Z+, and L(t) is split as in equation (2.16),
then

U(t) = etL0 + t

∫
Σ1

etτ0L0V (tτ1)etτ1L0dτ

+ t2
∫

Σ2

etτ0L0V (tτ1)etτ1L0V (tτ2)etτ2L0dτ + · · ·+

+ td
∫

Σd

etτ0L0V (tτ1)etτ1L0 . . . etτd−1L0V (tτd)e
tτdL0dτ

+ td+1

∫
Σd+1

etτ0L0V (tτ1)etτ1L0 . . . etτdL0V (tτd+1)U(tτd+1)dτ,

(2.21)

and each integral is a well-defined Bochner integral.

The positive integer d will be called the iteration level of the approx-
imation. Later on, V will be replaced by a Taylor approximation of L,
so that V will have polynomial coefficients in x and t.
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Proof. Recall that Lemma 2.19 gives

U(t)− etL0 =

∫ t

0

e(t−ζ)L0V (ζ)U(ζ)dζ =

∫ 1

0

et(1−τ)(L0)V (tτ)U(tτ)tdτ.

with the substitution ζ = tτ . This is in fact our result for p = 1.
The result for any p then follows by induction using the above for-

mula for ξ = tσp. Explicitly, for t = 1:

(2.22)

U(1) = eL0+

∫
Σ1

e(1−σ1)L0V (σ1)eσ1L0dσ+

∫
Σ2

e(1−σ1)L0V (σ1)e(σ1−σ2)L0V (σ2)eσ2L0dσ

+ · · ·+
∫

Σd−1

e(1−σ1)L0V (σ1) . . . e(σd−2−σn−1)L0V (σd−1)U(σd−1)dσ

= eL0+

∫
Σ1

e(1−σ1)L0V (σ1)eσ1L0dσ+

∫
Σ2

e(1−σ1)L0V (σ1)e(σ1−σ2)L0V (σ2)eσ2L0dσ

+ · · ·+
∫

Σd−1

e(1−σ1)L0V (σ1) . . . e(σd−2−σn−1)L0V (σd−1)eσd−1L0dσ + . . .

+

∫
Σd−1

∫ σd−1

0

e(1−σ1)L0V (σ1) . . . e(σd−2−σd−1)L0V (σd−1)e(σd−1−σd)L0V (σd)U(σd)dσdσn

= eL0+

∫
Σ1

e(1−σ1)L0V (σ1)eσ1L0dσ+

∫
Σ2

e(1−σ1)L0V (σ1)e(σ1−σ2)L0V (σ2)eσ2L0dσ

+ · · ·+
∫

Σd

e(1−σ1)L0V (σ1)e(σ1−σ2)L0 . . . e(σd−1−σd)L0V (σd)U(σd)dσ,

where each integral is well defined as a Bochner integral by the Lemma.
�

3. Dilation of the operator

In this section, we shall drop the time dependence to simplify our
notation and write L(t) = L. For any function v(t, x) and f(x), we
choose an arbitrary but fixed basepoint z and dilate them in the fol-
lowing sense

vs(t, x) = v(s2t, z + s(x− z))

f s(x) = f(z + s(x− z))

For the operator L, we set
(3.1)

Ls =
∑

asi,j(s
2t, z+s(x−z))

∂2

∂xi∂xj
+s
∑

bsi (s
2t, z+s(x−z))

∂

∂xi
+s2cs(s2t, z+s(x−z))
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It is not difficult to show that if u(t, x) is a solution of the equation
(1.4), then us(t, x) is a solution of the following equation

(3.2)

{
∂tu

s(t, x)− Lsus(t, x) = 0 in (0,∞)× RN

us(0, x) = f s(x), f ∈ C∞(Rn) on {0} × RN ,

Clearly, Ls satisfies all the conditions we assumed above. Denote
the evolution system generated by Ls by ULs(t). And let GLt (x, y)
and GLst (x, y) be the Green functions or fundamental solutions for the
operator ∂t − L and ∂t − Ls respectively. We want to relate GLt (x, y)
and GLst (x, y).

Lemma 3.1. Let z be a fixed but arbitrary point in RN . Then for any
s > 0, we have

GLt (x, y) = s−NGLss−2t(z +
x− z
s

, z +
y − z
s

)

In particular, when s =
√
t,

(3.3) GLt (x, y) = t−N/2GL
√
t

1 (z +
x− z√

t
, z +

y − z√
t

)

Proof. Without loss of generality, we assume z = 0. On one hand, by
definition of Green’s function,

us(t, x) =

∫
RN
GLst (x, y)f s(y)dy =

∫
RN
GLst (x, y)f(sy)dy

= s−N
∫

RN
GLst (x,

y

s
)f(y)dy

On the other hand,

us(t, x) = u(s2t, sx) =

∫
RN
GLs2t(sx, y)f(y)dy

Therefore,

s−N
∫

RN
GLst (x,

y

s
)f(y)dy =

∫
RN
GLs2t(sx, y)f(y)dy

which implies,

s−NGLst (x,
y

s
) = GLs2t(sx, y)

After a change of variable, we get

GLt (x, y) = s−NGLss−2t(
x

s
,
y

s
)

�
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With this lemma in hand, in order to approximate GLt (x, y), it suffices

to approximate GL
√
t

1 (x, y). We shall apply the perturbation technique
illustrated as follows.

3.1. formal expansion of the operator Ls. Suppose Ls is given by
(3.1), we taylor-expand it with respect to the parameter s,

Ls = L0 +
n∑

m=1

smLm + V s
n+1

where

(3.4) Lm =
1

m!

(
dm

dsm
Ls
)∣∣∣∣

s=0

and they are independent of s. But V s
n+1 does depend on s, and all of

the terms depend on z even it does not appear in the notation. We
also use another way to denote V s

n+1, i.e.

V s
n+1 = sn+1Ls,zn+1

We shall look for a general formula for Lm. For a function f(t, x)
smooth enough, we can Taylor expand it around (0, z) as

f(t, x) =
∞∑
l=0

∞∑
k=0

tl(x− z)k

l!k!

∂l

∂tl
∂k

∂xk
f(0, z)

Therefore,

f(s2t, z + s(x− z)) =
∞∑
l=0

∞∑
k=0

(s2t)lsk(x− z)k

l!k!

∂l

∂tl
∂k

∂xk
f(0, z)

(3.5)

1

m!

dm

dsm
f(s2t, z + s(x− z))

∣∣∣∣
s=0

=

[m
2

]∑
l=0

tl(x− z)m−2l

l!(m− 2l)!

∂l

∂tl
∂m−2l

∂xm−2l
f(0, z)

Combine this with (3.4), we can explicitly write Lm as

Lm =
d∑

i,j=1

[m
2

]∑
l=0

tl(x− z)m−2l

l!(m− 2l)!

∂l

∂tl
∂m−2l

∂xm−2l
ai,j(0, z)

∂2

∂xi∂xj

+
d∑
i

[m−1
2

]∑
l=0

tl(x− z)m−1−2l

l!(m− 1− 2l)!

∂l

∂tl
∂m−1−2l

∂xm−1−2l
bi(0, z)

∂

∂xi

+

[m−2
2

]∑
l=0

tl(x− z)m−2−2l

l!(m− 2− 2l)!

∂l

∂tl
∂m−2−2l

∂xm−2−2l
c(0, z)
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where m ≥ 2. So Lm is a second order differential operator with
polynomial coefficients with degree at most m with respect to x − z
and [m

2
] with respect to t. When m = 0, 1, 2,We can give the first few

terms in the taylor expansion explicitly,

L0 =
d∑

i,j=1

ai,j(0, z)
∂2

∂xi∂xj

L1 =
d∑

i,j=1

(x− z) · ∇ai,j(0, z)
∂2

∂xi∂xj
+

d∑
i=1

bi(0, z)
∂

∂xi

L2 =
d∑

i,j=1

(
1

2
(x− z)T∇2aij(0, z)(x− z) + t · ∂taij(0, z)

)
∂2

∂xi∂xj

+
d∑
i=1

((x− z) · ∇bi(0, z))
∂

∂xi
+ c(0, z)

Remark 3.2. Clearly, L0 is an operator with constant coefficients. By
our assumption (1.3), L0 generates an analytic semigroup, explicitly,
we have

(3.6) etL0 =
1√

(4πt)N detA0
e

(x−y)t(A0)−1(x−y)
4t ,

where A0 := A(0, z), and N is the dimension.

3.2. Asymptotic expansion of the evolution system. Recall propo-
sition 2.24, we want to explicitly express U(t) in a nice way, and now
Ls − L0 =

∑n
m=1 s

mLm + V s
n+1 will serve the role as V does in propo-

sition 2.24, and L0 is what we introduced above.
To compute the integrals in the above lemma, we need

Lemma 3.3. (Baker-Campbell-Hausdorf formula) A and B are two
operators, then

[eA, B] =

(
[A,B] +

1

2!
[A, [A,B]] +

1

3!
[A, [A, [A,B]]] + . . .

)
eA.(3.7)

In general this formula is an infinite series. But in our later applica-
tion, it will be a finite series. This formula tells us how to commute eA

and B:

eAB =

(
B + [A,B] +

1

2!
[A, [A,B]] +

1

3!
[A, [A, [A,B]]] + . . .

)
eA.

If we apply this over and over again in proposition 2.24, we can reduce
the integrals.
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Note that from the relation (3.3), eventually we will set t equal to
one, so we do not really care about the parameter t appearing in the
operators Lm,m = 0, 1, 2, · · · . Now let’s give some similar definitions
as those in [7].

Definition 3.4 (Spaces of Differentiations). For any nonnegative in-
tegers a, b we denote by D(a, b) the vector space of all differentiations
of degree at most a and order at most b. We extend this definition to
negative indices by defining D(a, b) = {0} if either a or b is negative.
By degree of A we mean the highest power of the polynomials appearing
as coefficients in A.

Definition 3.5 (Adjoint Representation). For any two differentiations
A1 ∈ D(a1, b1) and A2 ∈ D(a2, b2) we define adA1(A2) by

(3.8) adA1(A2) := [A1, A2] = A1A2 − A2A1

and for any integer j ≥ 1 we define adjA1
(A2) recursively by

(3.9) adjA1
(A2) := adA1(adj−1

A1
(A2))

Proposition 3.6. Suppose A1 ∈ D(a1, b1) and A2 ∈ D(a2, b2). Then
for any integer k ≥ 1,

adkA1
(A2) ∈ D(k(a1 − 1) + a2, k(b1 − 1) + b2).(3.10)

Proof. We first notice that

adA1(A2) ∈ D(a1 − 1 + a2, b1 − 1 + b2).(3.11)

Next, from (3.9) we have

adkA1
(A2) = adA1(adA1(adA1(adA1(. . . ))))(3.12)

so that an application of (3.11) k times yields the result.
�

Lemma 3.7. Let m, k be fixed integers ≥ 1. Let Lz0 ∈ D(0, 2) be the
constant coefficient operator and Lzm ∈ D(m, 2) be the operator given
above, Then,

adkL0
(Lm) ∈ D(m− k,m+ 2).(3.13)

In particular,

adkL0
(Lm) = 0 ∀k > m.(3.14)

Proof. Applying Lemma 3.7 we see that adkLz0(Lzm) ∈ D(m− k,m+ 2).

If k > m, then by definition D(m − k,m + 2) = {0} and we obtain
(3.14). �
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Lemma 3.8. Let L0 and Lm be defined above, then for any θ ∈ (0, 1),

e(1−θ)L0Lm(θ) = Pm(θ, x− z, ∂)e(1−θ)L0

where

Pm(θ, x− z, ∂) := Lm(θ) +
m∑
i=1

(1− θ)i

i!
adiL0

(Lm(θ)) ∈ D(m,m+ 2)

is a finite sum of terms with the form a(z)(1−θ)iθj(x−z)k∂αx , in which
a(z) and all its derivatives are bounded, α is a multi-index.

Proof. setting A = (1 − θ)L0 and B = Lm(θ) in Baker-Campbell-
Hausdorf formula yields the results. �

Next, we shall rewrite equation (2.22) in a more computable and
explicit form. In abuse of notations, it is convenient to write Ls,zn+1 =
Ln+1. Recall that Lm = Lm(t) is a function of t, thus so is V . Plug
V =

∑n+1
m=1 s

mLm(t) into (2.22) and expand it, we obtain

U(1) = eL0 +
d∑

k=1

∑
1≤αi≤n+1

∫
Σk

e(1−σ1)L0sα1Lα1(σ1)e(σ1−σ2)L0 . . . e(σk−1−σk)L0sαkLαk(σk)e
σkL0dσ

+
∑

1≤αi≤n+1

∫
Σd+1

e(1−σ1)L0sα1Lα1(σ1)e(σ1−σ2)L0 . . . e(σd−σd+1)L0sαd+1Lαd+1
(σd+1)U(τd+1)dσ,

= eL0 +
d∑

k=1

∑
1≤αi≤n+1

sα1+···+αk
∫

Σk

e(1−σ1)L0Lα1(σ1)e(σ1−σ2)L0 . . . e(σk−1−σk)L0Lαk(σk)e
σkL0dσ

+
∑

1≤αi≤n+1

sα1+···+αd+1

∫
Σd+1

e(1−σ1)L0Lα1(σ1)e(σ1−σ2)L0 . . . e(σd−σd+1)L0Lαd+1
(σd+1)U(σd+1)dσ,

(3.15)

To simplify the above formula, we first introduce the notations as fol-
lows

Definition 3.9. For any integers 1 ≤ k ≤ d + 1 and `, we shall
denote by Ak,` the set of multi-indexes α = (α1, α2, . . . , αk) ∈ Nk, such

that |α| :=
∑
αj = `. Furthermore, we denote A` :=

⋃`
k=1 Ak,`. For

symmetry, it will be convenient to set A0 = {∅}.

Clearly, since αi ≥ 1, the set Ak,` is empty if ` < k. The meaning of
` is that of the corresponding power of s and the meaning of k is that
of the expansion order. For each α ∈ Ak,`, we denote if k < d+ 1
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Λα,z =

∫
Σk

e(1−σ1)L0Lα1(σ1)e(σ1−σ2)L0 . . . e(σk−1−σk)L0Lαk(σk)e
σkL0dσ

if k = d+ 1,

Λα,z =

∫
Σd+1

e(1−σ1)L0Lα1(σ1)e(σ1−σ2)L0 . . . e(σd−σd+1)L0Lαd+1
(σd+1)U(σd+1)dσ

=

∫
Σd+1

Pα1(σ1, x− z, ∂)e(1−σ2)L0 · · · e(σd−σd+1)L0Lαd+1
(σd+1)U(σd+1)dσ

= · · · · · ·

=

∫
Σd+1

Pα1(σ1, x− z, ∂) · · ·Pαd+1
(σd, x− z, ∂)e(1−σd+1)L0U(σd+1)dσ

A simple but useful lemma about Λα,z is the following, which we
record for later use

Lemma 3.10. For any given multi-index α ∈ Ak,` with k ≤ d, then

Λα,z = Pα(x, z, ∂)eL0

where the product is the composition of operators and Pα(x, z, ∂) is a
differential operator of order 2k + ` and polynomial degree≤ ` = |α|.
More precisely, we have

Pα(x, z, ∂) =

∫
Σk

Pα1(σ1, x− z, ∂)Pα2(σ2, x− z, ∂) · · ·Pαk(σk, x− z, ∂)dσ

=
∑
|β≤`|

∑
|γ|≤`+2k

aβ,γ(z)(x− z)β∂γx

(3.16)

where aβ,γ(z) ∈ C∞b (R).

Proof. Applying Lemma (3.8) over and over again, we have

Λα,z =

∫
Σk

e(1−σ1)L0Lα1(σ1)e(σ1−σ2)L0 . . . e(σk−1−σk)L0Lαk(σk)e
σkL0dσ

=

∫
Σk

Pα1(σ1, x− z, ∂)e(1−σ2)L0 · · · e(σk−1−σk)L0Lαk(σk)e
σkL0dσ

= · · · · · ·

=

∫
Σk

Pα1(σ1, x− z, ∂)Pα2(σ2, x− z, ∂) · · ·Pαk(σk, x− z, ∂)eL0dσ

=

(∫
Σk

Pα1(σ1, x− z, ∂)Pα2(σ2, x− z, ∂) · · ·Pαk(σk, x− z, ∂)dσ

)
eL0
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where σj = τj + τj+1 + · · ·+ τk. By Lemma (3.8) and Lemma (3.7), we
know that each operator Pαi(σi, x−z, ∂) ∈ D(αi, αi+2), i = 1, 2, · · · , k.
Thus Pα(x, z, ∂) ∈ D(|α|, |α| + 2k) = D(`, ` + 2k). Also notice that
each Pαi(σi, x−z, ∂) has polynomial coefficients in σi, so the integration
with respect to σ will be exact, and Pα(x, z, ∂) is of the desired form.
The proof is complete. �

We also set

(3.17) Λk,`
z =

∑
α∈Ak,`

Λα,z

and

(3.18) Λ`
z =

min(`,d+1)∑
k=1

Λk,`
z

For convenience, let Λ0
z = eL0 .

Now we record the above calculation as the following main theorem of
this section

Theorem 3.11. Let M = (d + 1)(n + 1). Suppose U(t) is the one
parameter evolution system, and d ≥ n, then it has the expansion

U(1) = eL0 +
m∑
`=1

s`Λ`
z + sm+1Es,z

d,n

where Es,z
d,n =

∑M
`=m+1 s

`−m−1Λ`
z is the error term. Recall that d is the

iteration level and n is the expansion order of L(t).

Proof. The proof is straightforward. Rewrite (3.15) with the above
notations, it becomes

(3.19) U(1) =
M∑
`=0

min(d+1,`)∑
k=1

∑
α∈Ak,`

s`Λα,z

Picking up the terms with powers of s less than m + 1, and putting
all the other higher order terms in the last term Es,z

d,n completes the
proof. �

Remark 3.12. If ` ≤ n, we indicate that Λα,z and Λ`
z are both indepen-

dent of d, the iteration level, as long as d ≥ n. And Λ`
z is independent

of n also as long as n ≥ max(αi). These facts will be useful in our error
analysis.
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4. Error Analysis

In this section we shall mainly apply the pseudodifferential operator
techniques to justify that our approximation yields accurate solution to
arbitrary prescribed order in time. For all relevant properties of pseu-
dodifferential operators, we refer to [10]. We start from the operator
Lm in the expansion (3.4). As we mentioned before, Lm(0 ≤ m ≤ n+1)
is a second order differential operator with polynomial coefficients with
degree at most m with respect to x− z. An immediate consequence of
this fact is that

Lemma 4.1. The family

{〈x〉−jz Lzj , 〈x〉−n−1
z Ls,zn+1; s ∈ (0, 1], z ∈ RN , j = 0, . . . , n+ 1}

defines a bounded subset of L.

Recall that for convenience, we also denote Ls,zn+1 by Lzn+1, which
actually depends on s and the dilation center z as well.

Lemma 4.2. For each given ε > 0, the family

{e−ε<z−w>e−ε〈x〉wLzj , s ∈ (0, 1], z ∈ RN , j = 0, . . . , n+ 1}

is a bounded subset of L.

Proof. If w = z, then the desired result follows directly from Lemma 4.1
and the simple observation that 〈x〉jze−ε〈x〉z ≤ C, with C independent
of z and j.

If w 6= z, then

< x− z > − < x− w >=
√

1 + |x− z|2 −
√

1 + |x− w|2

=
(|x− z| − |x− w|)(|x− z|+ |x− w|)√

1 + |x− z|2 +
√

1 + |x− w|2

≤ |w − z| ≤< w − z > (triangle inequality)

(4.1)

Therefore eε(<x−z>−<x−w>−<w−z>) ≤ 1, and the family

eε(<x−z>−<x−w>−<w−z>)e−ε<x>zLzj = e−ε<z−w>e−ε〈x〉wLzj

is bounded for s ∈ (0, 1] and j = 0, 1, 2, · · · , n+ 1 as claimed. �

Lemma 2.22 and lemma (4.2) then give

Corollary 4.3. For any α1, α2, · · · , αk with
∑k

i=1 αi = `, the operators

Λα,` =

∫
Σk

eτ0L0Lα1(τ1)eτ1L0 · · · eτk−1L0Lαk(τk)e
τkL0dτ, k ≤ d
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and

Λα,` =

∫
Σd+1

eτ0L0Lα1(τ1)eτ1L0 · · · eτdL0Lαd+1
(τd+1)U(τd+1)dτ

are bounded linear operators from W s,p
a to W r,p

a−ε for any z ∈ RN ,
r, s ∈ R, 1 < p <∞, and ε > 0. Moreover, we have that

‖Λα,`‖W s,p
a →W r,p

a−ε
≤ Cs,r,p,a,εe

kε<z−w>,

for a constant Cs,r,p,a,ε that does not depend on z. In particular, each
Λα,` is an operator with smooth kernel Λα,`(x, y).

Therefore, the above corollary gives

(4.2) Λα,`f(x) =

∫
RN

Λα,`(x, y)f(y)dy.

From now on, we shall denote by T (x, y) the kernel of an operator T
with smooth kernel. Then in terms of kernels, theorem (3.11) becomes

U(1)(x, y) = eL0(x, y) +
m∑
`=1

s`Λ`
z(x, y) + sm+1Es,z

d,n(x, y)

By lemma (3.1), if we do the substitution x = z + s−1(x − z) and
y = z + s−1(y − z) in the above equation, we have

GLt (x, y) = s−N
(
eL0(z + s−1(x− z), z + s−1(y − z))+

m∑
`=1

s`Λ`
z(z + s−1(x− z), z + s−1(y − z)) + sm+1Es,z

d,n(z + s−1(x− z), z + s−1(y − z))

)
:= G [m,z]

t (x, y) + sm+1Et,z
d,n(x, y)

(4.3)

where s =
√
t, and recall GLt (x, y) is the Green function of the operator

∂t − L(t). We can compute G [m,z]
t (x, y) explicitly, then

sm+1Et,z
d,n(x, y) = GLt (x, y)− G [m,z]

t (x, y)

is the error term which we need to bound. We define the error operator
as

(4.4) E [m,z]
d,n f =

∫
Et,z
d,n(x, y)f(y)dy

In abuse of notations, if G [m,z]
t denotes the operator with kernel G [m,z]

t (x, y),
then

U(t, 0) = G [m,z]
t + sm+1E [m,z]

d,n
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By the definition of the error operator (4.4) and equation (3.19), we
have

(4.5) E [m,z]
t =

M∑
`=m+1

min(d+1,`)∑
k=1

∑
α∈Ak,`

s`−m−1Λα,z

Later on we shall estimate the error by splitting E [m,z]
t into two parts,

namely

(4.6) E [m,z]
t =

h∑
`=m+1

∑̀
k=1

∑
α∈Ak,`

s`−m−1Λα,z + sh−mE [h,z]
t

In all the above formulas, we do not specify the dilation center z, it
is arbitrary. And generally, it is a function of x and y, i.e. z = z(x, y).
For our error analysis, we need to specify the dilation center

Definition 4.4. A function z : R2N → RN will be called admissible if

(i) z(x, x) = x, for all x ∈ RN .
(ii) All derivatives of z are bounded.

A typical example is z(x, y) = λx+(1−λ)y, for some fixed parameter
λ. A simple application of the mean value theorem gives that 〈z−x〉 ≤
C〈y−x〉 for some constant C > 0. From the application point of view,
z(x, y) = x will give us the simplest formula to approximate the Green
function([9, 8]). However, it may not be the optimal choice([8]).

4.1. Bound the desired term. In this subsection, we consider the
desired term

G [m,z]
t (x, y) =

m∑
`=0

s`Λ`
z(z + s−1(x− z), z + s−1(y − z))

and we shall fix the function z = z(x, y) which is admissible. Recall
that

Λ`
z =

min(d+1,`)∑
k=1

∑
α∈Ak,`

s`Λα,z

We treat each operator Λα,z in one time. Define the approximation
operator

(4.7) Ls,αf(x) = s−N
∫

RN
Λα,z(z + s−1(x− z), z + s−1(y − z))f(y)dy,

We will show below that for an admissible function z, and α =
(α1, . . . , αk) ∈ Ak,`, k ≤ n, αi ≤ n, the operator Ls,α is a pseudodif-
ferential operator whose symbol is well behaved. We shall then use
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symbol calculus to derive the desired error estimates. Let’s first recall
some standard definitions and results from pseudodifferential calculus.
Let m ∈ R. We define Sm1,0 to be the set of all functions σ(x, ξ) in

C∞(RN × RN) such that for any two multi-indices α and β, there is
positive constant Cα,β, depending on α and β only, such that∣∣∣(Dα

xD
β
ξ σ(x, ξ)

)∣∣∣ ≤ Cα,β(1 + |ξ|)m−|β|

then we call any function σ in
⋃
m∈R S

m
1,0 a symbol, and we denote

S−∞ =
⋂
m∈R S

m
1,0. Any operator whose symbol in S−∞ is a smoothing

operator. Now if σ(x, ξ) is a symbol. Then the pseudodifferential
operator σ(x,D) associated to σ(x, ξ) is defined by

(σ(x,D)ψ)(x) =
1

(2π)N/2

∫
RN
eix·ξσ(x, ξ)ψ̂(ξ)dξ

where D = 1
i
∂ and

(4.8) Fψ(x) = ψ̂(ξ) :=

∫
RN
e−ıξ·xψ(x)dx

the usual Fourier transform of ψ. Next let’s relate the operator σ(x,D)
with its distributional kernel, actually we can recover one from the
other under some conditions. Denote by F2 the Fourier transform in
the second variable of a function of two variables. For σ(x, ξ) ∈ S−∞,
the operator σ(x,D) is smoothing with distribution kernel

σ(x,D)(x, y) = (2π)−N
∫

RN
eı(x−y)·ξσ(x, ξ)dξ = (F−1

2 σ)(x, x− y).

Let us denote by K a smooth function on RN × RN , if the inte-
gral (smoothing) operator defined by K is in fact a pseudodifferen-
tial operator σ(x,D), then we can recover σ from K by the formula
F−1

2 σ(x, y) = K(x, x− y), so

(4.9) σ(x, ξ) =

∫
RN
e−ıξ·yK(x, x− y)dy.

Concerning the class S−∞, the following result is also standard and
we are going to use it later on.

Lemma 4.5. (i) The Fourier transform in the second variable estab-
lishes an isomorphism F2 : S−∞ := S−∞(RN × RN)→ S−∞.

(ii) Multiplication defines a continuous map Sm(1,0) × S−∞ → S−∞.

For more about pseudodifferential calculus, we refer to the works of
Taylor [5, 10] and Wong [11].
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With this tool in hand, we move on to do the analysis. Recall that
the function G(z;x) = (4π)−N/2 det(A(z))−1/2e−x

TA(z)−1x/4 introduced
in Equation (3.6): Then the distribution kernel of eL

z
0 is given by

(4.10) eL
z
0(x, y) = G(z;x− y),

A direct computation gives the following lemma, which coincides with
the fact that eL

z
0 is a convolution operator.

Lemma 4.6. Let z ∈ RN be a parameter and let us consider the op-
erator T = a(z)(x − z)β∂γxe

Lz0 , where β and γ are multi-indices and
a ∈ C∞b (RN). Then the distribution kernel of T is given by

T (x, y) = a(z)(x− z)β(∂γxG)(z;x− y).

The next theorem characterizes the symbol of Ls,α.

Theorem 4.7. Let α ∈ Ak,`, k ≤ n, αi ≤ n. Assume that z : RN ×RN

satisfies z(x, x) = x and ∂αz is bounded for all α 6= 0. Then there
exists a uniformly bounded family {σs}s∈(0,1] in S−∞ such that

Ls,α = σs(x, sD) := %s(x,D), %s(x, ξ) = σs(x, sξ).

Proof. By Lemma 3.10, we know that Λα,z is a finite sum of terms of
the form a(z)(x−z)β∂γxe

Lz0 . We recall that a(z) is a function that itself
and all its derivatives are bounded. Suppose kz(x, y) is the distribution
kernel of a(z)(x− z)β∂γxe

Lz0 and let

Ks(x, y) := s−Nkz(z + s−1(x− z), z + s−1(y − z)), z = z(x, y).

By abuse of notation, we shall denote also by Ks the integral operator
defined by Ks. It suffices to prove our theorem for Ks. Namely, it is
enough to show that there exists a uniformly bounded family {σs}s∈(0,1]

in S−∞ such that

Ks = σs(x, sD).

By lemma 4.6, we have that the distribution kernel of ∂γxe
Lz0 is of the

form ς(z, x−y) for some ς ∈ S−∞. More precisely ς(z, x) is the Fourier
tranform of the function (ıξ)γeξ·A(z)·ξ. This gives

Ks(x, y) = a(z(x, y))s−|β|−N(x− z(x, y))βς(z(x, y), s−1(x− y)) =:

a(z)s|β|−N(x− z)βς(z, s−1(x− y)), z = z(x, y).

Then by (4.9), σs(x, ξ) is given by

σs(x, ξ) =

∫
RN
e−ıy·ξa(z)s−|β|−N(x− z)βς(z, s−1y)dy, z = z(x, x− y).
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Let us substitute y with sy and let us denote

%s(x, ξ) =

∫
RN
e−ıy·ξa(z)s−|β|(x− z)βς(z, y)dy, z = z(x, x− sy).

Then σs(x, ξ) = %s(x, sξ), so we need to show that %s is a bounded
family in S−∞.

Notice that a(z) ∈ S0
(1,0) and s−1(xj−zj(x, x−sy)) ∈ S0

(1,0) and they

form bounded families for s ∈ [0, 1], then by Lemma (4.5) the proof is
complete. �

The next lemma is obvious

Lemma 4.8. Let σ(x, ξ) be a symbol in S−∞, then skσ(x, sξ) is a
symbol in S−k1,0 uniformly bounded in (0, 1] with respect to s.

Proof. Denote ∂1 and ∂2 the derivatives of σ(x, ξ) with respect to the
first and second variable respectively. Since σ(x, ξ) ∈ S−∞, of course
σ(x, ξ) ∈ S−k1,0 , thus for any α and β we have

|∂αx∂
β
ξ σ(x, ξ)| ≤ C(1 + |ξ|)−k−|β|

Therefore,

|∂αx∂
β
ξ (skσ(x, sξ))| = |sk+β∂α1 ∂

β
2 σ(x, sξ)|

≤ Csk+β(1 + |sξ|)−k−|β| ≤ C̃(1 + |ξ|)−k−|β|

where C̃ does not depend on s. Thus skσ(x, sξ) is uniformly bounded
in S−k1,0 for s ∈ (0, 1]. �

We now obtain the main result of this subsection, the desired refined
mapping property estimate by standard results from pseudodifferential
operators theory.

Theorem 4.9. For any 1 < p <∞, any r ∈ R,

(4.11) sk‖Ls,α‖W r,p→W r+k,p ≤ Ck,r,p,

for a constant Ck,r,p independent of t ∈ (0, 1].

From (4.3), we immediately obtain the desired estimate on the prin-
cipal part of the asymptotic expansion.

Corollary 4.10. For each 1 < p <∞, r ∈ R, and any f ∈ W r,p∫
RN
G [m,z]
t (x, y)f(y) dy,

is uniformly bounded in W r,p for t ∈ (0, 1].
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4.2. Bound the error term. In this subsection, we shall bound the
error term Et,z

d,n, which is the sum of two kinds of operators. The
first is the one we discussed in the last subsection, which is actually
a pseudodifferential operator and behaves well(Theorem (4.9)). The
second is the operator Λα,l with either α ∈ An+1,` or for some αi = n+1.
In order to bounded Et,z

d,n, it suffices to obtain mapping properties of
the latter operator. In this case, the operator will depend on t also.
Generally, we do not know whether Λα,l is a pseudodifferential operator
or not. However, we are going to show that Λα,l also behaves well, and
has a similar mapping property with Theorem (4.9) but a little bit
rougher. It turns out that this rough estimate is enough to give us the
desired error control. In stead of pseudodifferential calculus applied in
the last subsection, the main technique we shall use is the so called
Riesz’s Lemma(See for example [4])

Lemma 4.11. (Riesz) Assume K is an integral operator with kernel
k(x, y), i.e.

Ku(x) =

∫
X

k(x, y)u(y)dµ(y)

where (X,µ) is a mearsure space. If k(x, y) is measurable on X × X
and

(4.12)

∫
X

|k(x, y)|dµ(x) ≤ C1,

∫
X

|k(x, y)|dµ(y) ≤ C2

for all y and for all x respectively. Then K is a bounded operator on
Lp(X,µ) for each p ∈ [1,∞]. Moreover,

‖K‖ ≤ C
1/p
1 C

1/q
2

where q is the conjugate of p.

The main result of this subsection is as follows

Theorem 4.12. Let z be admissible, r ≥ 0. Then we have

(4.13) sk+r‖Ls,α‖W r,p→W r+k,p ≤ Ck,r,p,

Note that the main difference between Theorem (4.9) and Theorem
(4.12) is the additional r. This result is rougher, but as we mentioned
before, it is enough to give us the main theorem of this paper.

Before we prove this theorem, we first recall some notations and
prove a lemma. We shall denote by W r,p

a = W r,p
a,w as before, where w

is the center of the weight 〈x〉w = 〈x−w〉 used to define our exponen-
tially weighted Sobolev spaces (2.14). We shall write Lpa = W 0,p

a . The
following lemma is a special case of Theorem (4.12).
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Lemma 4.13. Assume that z : RN × RN is admissible. For any α,
any 1 < p <∞, k ∈ Z+, r ≥ 0, and a ∈ R

(4.14) sk‖Ls,α‖Lpa→Wk,p
a
≤ Ck,p,

for a constant Ck,p independent of t ∈ (0, 1], independent of a in a
bounded set, and independent of the center of the weight that defines
the weighted Sobolev spaces.

Proof. The proof will be mainly an application of the Riesz’s Lemma.
Because of the reason we mentioned before, we may assume that a = 0.
Recall that

Ls,α(x, y) = s−NΛα,z(z + s−1(x− z), z + s−1(y − z))

is the kernel of the operator Ls,α, where z = z(x, y). Then by Riesz’s
Lemma it suffices to show that for any multi-index γ with |γ| ≤ k,

(4.15)

∫
RN
s|γ||∂γxLs,α(x, y)|dy ≤ C1,

∫
RN
s|γ||∂γxLs,α(x, y)|dx ≤ C2

where the constants C1 and C2 should be independent of x and y respec-
tively. Generally, we need to estimate the growth rate of s−N∂γxΛα,z(z+
s−1(x − z), z + s−1(y − z)). with respect to x and y. We need to use
weighted Sobolev spaces introduced in (2.14). Recall that the mapping
properties between the weighted Sobolev spaces are uniform in terms
of the weight center, thus we can choose z as the weight center. Notice
that ∂γxLs,α(x, y) is the sum of terms of the form

(4.16) s−N−j∂βx∂
β′

z ∂
β
′′

y Λα,z(z + s−1(x− z), z + s−1(y − z)) · ξ(z)

where j ≤ |γ| and ξ(z) is the product of derivatives of z with respect
to x, it is bounded as z is admissible. While

|∂βx∂β
′

z ∂
β
′′

y Λα,z(x, y)| = | < ∂βδx, ∂
β′

z Λα,z∂
β
′′

δy > |

≤ C‖∂βδx‖H−q−a−ε‖∂
β′

z Λα,z‖H−q−a→Hq
−a−ε
‖∂β

′′

δy‖H−q−a
(4.17)

Next we shall estimate the three norms at the right hand side of the
above estimate. For each multi-index β, ∂βx ∈ H−q(RN) as long as
q > N+|β|. Therefore, if we choose z as the base point and q > N+|β|.
Then for all a ∈ R and ε > 0

‖∂βδx‖H−q−a−ε := ‖e−(a+ε)<x−z>∂βδx‖H−q ≤ Ce−(a+ε)<x−z>

and

‖∂β
′′

δy‖H−q−a := ‖e−a<y−z>∂β
′′

δy‖H−q ≤ Ce−a<y−z>
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For the second term ‖∂β′z Λα,z‖H−q−a→Hq
−q−ε

, since all the coefficients and

their derivatives of L(t) are bounded, ∂β
′

z Λα,z will satisfy the same
mapping properties as Λα,z. Thus by Corollary (4.3),

‖∂β′z Λα,z‖H−q−a→Hq
−a−ε
≤ Ceε<z−x>

Now get back to (4.17), we have

|∂βx∂β
′

z ∂
β
′′

y Λα,z(x, y)| ≤ Ceε<z−x>−a<y−z>−(a+ε)<x−z> = Ce−a<y−z>−a<x−z>

Therefore, we obtain

|s−N−j∂βx∂β
′

z ∂
β
′′

y Λα,z(z + s−1(x− z), z + s−1(y − z)) · ξ(z)|

≤ Cs−N−|γ|e−a<s
−1(y−z)>−a<s−1(x−z)>

≤ Cs−N−|γ|e−a<s
−1(y−x)>

(4.18)

In the last inequality, we used the triangle inequality < y − z > + <
x − z >≥< y − x >. Then after the change of variable λ = y−x

s
, we

find that (4.15) holds. The proof is complete. �

proof of Theorem (4.12): Notice that W r,p is compactly supported
in Lp for any r ≥ 0(for non-integer r, it is a consequence of the inter-
polation argument). Then if we consider Ls,α as an operator from Lp

to W r+k,p in stead of from W r,p to W r+k,p, the result follows directly
from Lemma (4.13). 2

Recall that E [m,z]
t is the sum of two kinds of operators we mentioned

before, then a direct corollary of Theorem (4.12) and Theorem (4.9) is
the following

Corollary 4.14. Assume z is admissible and r ≥ 0, then E [m,z]
t satisfies

the following mapping property

(4.19) ‖E [m,z]
t ‖W r,p→W r+k,p ≤ Cs−r−k

Surprisingly, it turns out that the r at the right hand side of equa-
tion (4.19) is redundant, we can get rid of it to obtain a more refined
estimate.

Theorem 4.15. Assume z is admissible and r ≥ 0, then E [m,z]
t satisfies

the following mapping property

(4.20) ‖E [m,z]
t ‖W r,p→W r+k,p ≤ Cs−k
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Proof. Recall that as long as d ≥ n > m, G [m]
t (x, y) does not depend

on d and n. Thus as the difference

E [m,z]
t (x, y) = U(1)(z +

x− z√
t
, z +

y − z√
t

)− G [m,z]
t (x, y)

also does not depend on n and d. In the expansion (3.19), we expand
it to much more terms, specifically, such that M ≥ m + r − 1. Then
by Theorem (4.9) and Corollary (4.14)

‖E [m,z]
t ‖W r,p→W r+k,p ≤

M∑
`=µ+1

s`−m−1
∑̀

k=m+1

∑
α∈Ak,`

‖Lα,z‖W r,p→W r+k,p

+ sM+1−m‖E [M,z]
t ‖W r,p→W r+k,p ≤ Cs−k(1 + sM+1−ms−r−k) ≤ Cs−k.

�

This completes the main Theorem (1.1) of this paper.
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