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Abstract

We consider inhomogeneous elastic media with ellipsoidal slowness surfaces. We describe all classesof transv ersely isotropic media for
which the sheets asscciated to each wave mode are ellipsoids. These media have the property that elastic wavesin each mode propagate
along geodesic segmerts of certain Riemannian metrics. In particular, we study the intersection of the sheets of the slowness surface.
In view of applications to the analysis of propagation of singularities along rays, we give pointwise conditions that guarantee that the
sheet of the slowness surface corresponding to a given wave mode is disjoint from the others. We also investigate the smoothness of the
assciated polarization vectors as functions of position and direction. We employ coordinate and frame-indep endent methods, suitable to
the study of the dynamic inverse boundary problem in elasticity.
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1 Intro duction and Main Results

In this paper we considerinhomogeneousjransverselyisotropic elastic media for which the assaiated slowness
surface has ellipsoidal sheets. Transverseisotropy is characterized by the property that at ead point the elastic
response of the medium is isotropic in the plane orthogonal to the so-called ber direction. We consider media in
which the b er direction may vary smoothly from point to point. Examples of transversely isotropic elastic media
include hexagonalcrystals and biological tissue, such as muscle.

Deformations in elastic media are described by solutions of a3 3 system of partial di erential equations. We
represen the elastic body by a bounded region R3, and we assumethat its boundary is smooth. In the small
deformation regime this systemreducesto the following linear, nonconstart-coe cien t system:

: 3
% @@? Cijk|(x)% =0 x2 ; t>0, i=123 (1)
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wherethe density and elastic parametersare modeledby the C! ()-smo oth function and rank-4 tensor eld C, and
the vector-valued function u(x; t) givesthe displacemen after time t of a point initially at position x = (X1;X2; X3).
(SeeSection2.1.)

Slownesssurfacesarise naturally in the study of elastic wave propagation. In the caseof constart density
and elasticity C, a plane wave with wave normal n will be a solution of (1) if the speed c(n) of the front with
normal n satis es a certain characteristic condition. When the coe cien ts of (1) are not constarnt, plane wavesdo
not generally satisfy (1), but any solution can be approximated locally near a point asa superposition of plane waves.
The characteristic condition is given by

det k * Gjusiss = 0 (2

in terms of the slownessvariable s = n=gn) = =, where ; are dual variablesto t;x. (Here, and throughout
the paper, we usethe convention of summation over repeatedindices, and we generally omit the explicit dependence
on x.) Equation (2) de nes the degree-6slownesssurface as the locus of points (x; s) where the principal symbol

2 + Cjwu j 1 of P.c is not invertible. The m-th eigervalue [ 2+ cm(x; )] of the principal symbol is
homogeneousf order 2in , and sothe slovnesssurfaceconsistsof the three sheets 2 = ¢2 ( ), that is, ¢ (s) = 1.
Wewrite v, (S), m = 1, 2; 3, for the three non-colineareigervectors,called the polarization vectors. The mth family of
waves, or mth-wave modes, are disturbancespropagating along characteristics corresponding to the mth-eigervalue.
To rst order the speed of propagation of the wave front of the mth mode is given by ¢y (s); jsj = 1;, m = 1;2; 3,
and the direction of displacemen for the mth mode is given by the polarization vector v, (s). In isotropic elastic
media there are two elastic wave modes, the shearand compressionalmodes. We refer, for instance,to Musgrave [1]
for a discussionof wave propagation in crystals.

In this paper we study the slownesssurfacesand polarization vectorsfor certain classesof transverselyisotropic
media. Our main motivation is the microlocal analysis of propagation of singularities along rays for the system (1).
In [2] we apply this analysisto the inverseproblem of determining the elastic moduli in the interior from dynamic
displacemen-to-traction measuremets made at the surface.In these applications the interior of the elastic body is
generally not directly accessibleand it is important to considerinhomogeneousnaterials. For thesereasonswe work
in a coordinate and frame-independen fashion.

At ead point x, sheetsof the slownesssurface are described by homogeneousequations of degreetwo in the
slownessvariable s. When eadt of the sheetsis ellipsoidal, it can be written in the especially simple form 1 =
s'G 1(x)s, with G(x) a symmetric, positive-de nite matrix. If this is the casefor all points x 2 , rays along which
ead wave family propagatesare (piecewise)gealesicsegmeits with respect to the Riemannian metrics G, and the
mathematical description of wave propagation is considerably simplied. More generally, rays are integral curves
of Hamiltonian functions, which, when the Hamiltonian is regular, are geadesicsof Finsler metrics [3, Chapter 1,
Section 1], [4, Section 1.1], [5].

From the point of view of the inverseproblem we distinguish the casein which the slownesssurfaceis a union
of ellipsoids from the casein which eac sheetc?, (s) = 1 is an ellipsoid. In the rst casewave propagation may be
described in terms of Riemannian metrics, but rays can changefrom one mode to another at someintersection points
of the sheetsof the slownesssurface,while in the secondcaserays may be described as geadesicsof the Riemannian
metric G, assaiated with a particular mode cZ (s) = 1, and rays do not changemode. This obsenation motivates
our detailed study of the intersectionsof the sheetsof the slownesssurface.Media with ellipsoidal slownesssurfacesare
referredto asellipsoidal media, while thosewith ellipsoidal sheetsof the slownesssurfacewe referto ashaving geodesic
wave propagation (GWP ). We make this distinction, becausein the caseof (GWP) the metrics G,, m = 1;2; 3, can
be recovered from information about the propagation of singularities in the solution of the system (1), and ead of
them in turn carries information about the material parameters ; C.

In this work we presert all possibleclasseof transverselyisotropic elastic mediawith geadesicwave propagation:
two families denoted by (GWP1) and (GWP2), parametrized by 4 elasticity parameters,together with the density

in the dynamic case,and two parametersfor the b er direction k(x) which we allow to vary from point to point.
General transverselyisotropic media are described by v e elasticity parameters.

Classesof elastic media similar to (GWP1) and (GWP2), denotedhereby (Q1) and (Q2), for which the slowness

surfaceis the union of ellipsoids, have beenstudied by many authors. The conditions (Q1) and (Q2) are introduced



by Rudzki [6], and studied by Helbig [7,8], Payton [9], [10], Chadwick [11], Chadwick and Norris [12, (1.1),(1.2)],
Burridge, Chadwick, and Norris, [13, (3.13),(6.13)], and Bakker [14], for example. The results in these papers are in
terms of a special basisrelative to the b er direction. Here we consider a general basis. While (GWP2) and (Q2)
coincide, (GWP1) is a proper subclassof (Q1). There is one additional class[12, (1.3)] of anisotropic elastic media
for which all three modesare ellipsoidal, a caseof orthotropic elasticity.

Generaltransverselyisotropic elastic media have beenstudied by comparing with those having ellipsoidal slow-
nesssurfaces.In fact, Chadwick [11] considerstransversely isotropic elastic media that are inextensible in the b er
direction via a limiting processfrom a spaceof transverselyisotropic elastic media with ellipsoidal slownesssurfaces;
seealso Daley and Lines [15].

In the caseof elliptic, homogeneoustransverse isotropy the analysis of the system (1) can be simplied by
decouplingthe systeminto linear, scalarwave equationsfor ead of the wave modes. To this end Burridge, Chadwick,
and Norris [13] presen the Green'stensor on R® for this casein terms of fundamertal solutions of these scalar wave
equations.

We begin this work by deriving the conditions (Q1) ciz+ s = 0 and (Q2) (Ciz+ Ca4)? = (C11  Casa)(Czz  Caa)
in Section 4. These conditions characterize transversely isotropic elastic media with sheetsof the slownesssurface
of the form 1= c?(s) = p jqj, wherep(s); q(s) are homogeneouspolynomials of degree2 in s. In the case(Q1)
we obtain new conditions (GWP1) in Section 4. The conditions (GWP1) and (Q2) = (GWP2) guarartee that the
sheets1 = ¢?(s) of the slownesssurfaceare givenin terms of polynomials c?(s) in s. In particular, the eigervaluesof
the principal symbol of P. ¢ are smooth functions of x and , a condition important in microlocal analysis.

Our derivation is basedon Theocaris and Philippidis’ [16] spectral represeration of the transversely isotropic
elasticity tensor, and is independert of a choice of frame for the tangent bundle. Working in a frame-invariant setting
is natural in studying elastodynamics from a di eren tial-geometric point of view. We employ this point of view in
[17], where we consider the pullback of an elasticity tensor, and study the type of anisotropy that occurs in the
orbits of anisotropic elasticity tensors under the action of pullback by a di eomorphism, and in [2], where we show
that the travel time of a wave mode through an anisotropic elastic object is determined by traction-displacemert
surfacemeasuremets in the casethat the corresponding sheetof the slownesssurfaceis disjoint from the others. For
transverselyisotropic elastic media with slownesssurfaceshaving ellipsoidal sheets,we then apply the results of this
paper to concludethat two of the elasticity parametersare partially determined by dynamic surface measuremets.
Our methods are especially suited to treat non-homogeneousnaterials.

The disjoint mode condition is not restrictive from the point of view of actual physical media. By a simple
computation (using Maple) we nd that ead of the 204 transverselyisotropic elastic materials listed in [18, pages39-
49]hasadisjoint mode, and two (a form of the ceramicBaTiO 3 with | = 43, 1 = 44:5;A = 1215;B = 162 C = 78,
and a polymer polymethyl methacrylate (Perspex) with | = 2:3; 1 = 221;A = 6:0;B = 11.0;C = 4:8) are very
closeto (GWP). Thesetwo materials are (essetially) of type (GWP2).

To provethe uniquenessof the travel times of the disjoint mode in generalanisotropic media, we apply techniques
from microlocal analysis to study wave propagation. Microlocal analysis of wave propagation may be seenas an
extension of the classicalray-tracing approac well known in seismicexploration. From that point of view an elastic
medium has GWP if the determinant of the principal symbol of the operator P. ¢ in (1), i.e., the determinant of

2l Q(n)j j? whereQ(n) is the acoustical tensor, may be factored at eadi x 2 as

3 2 tGll 2 tezl 2 thl : (3)

where the G; are smooth, symmetric, positive-de nite matrices depending only on the position x. The principal

symbol is formally obtained from P. ¢ by replacing D, = i@ with the frequency , and ead partial derivative

Dj = i@, J =123, with the jth-componert of the dual vector . The three eigervectorsv; = v;( ) of the

principal symbol are the polarization vectors intro duced before. The wave normal n correspondsto the dual vector
divided by its length.

Microlo cal analysis seeksapproximations to solutions to partial dierential equations, suc as (1), in the form
of oscillatory integrals or superpositions of waveswith nonconstart amplitude and phase.For ead wave mode, the
phasefunction satis es an eikonal equation, a non-linear partial di erential equation that can be directly obtained
from the equation describing eat sheetof the slownesssurface.We derive the slownesssurfaces(and so the eikonal



equations) for transverselyisotropic media with GWP in Section4. (For an intro duction to microlocal analysis and
oscillatory integrals, we refer for exampleto the monograph[19].)

We derive mild conditions on the material parametersin Corollaries 2 and 3 ensuring that the light cone (or
the sheetof the slownesssurface) assaiated with one wave mode is always disjoint from the others. In these cases
the corresponding eigervector (or polarization vector) is smooth as a function of position x and direction . In [2]
we obsene that sincethe eigervector assaiated with the disjoint mode is smooth everywhere, then, informally, the
operator P. ¢ in (1) can be (partially) factored and the analysis of the componert for that particular wave mode
reducesto the analysis of a scalar di erential operator. When the sheetof the slownesssurface assaiated with the
disjoint mode is ellipsoidal, this operator givesrise to an anisotropic wave equation of the form

@u cU+ Lu = 0 (4)

where G is one of the metrics G; appearing in the factorization (3), L is a rst-order operator, and ¢ u is given
by GK' @, @, u, plus lower-order terms. When the slownesssurfaceis a union of ellipsoids, but the media is not
(GWP), e.g.in the class(Q1)r (GWP1), this reduction doesnot apply.

Smoothnessof an eigervector can fail if the multiplicit y of the corresponding eigervalue changes,that is, if two
distinct sheetsof the slownesssurfaceintersect. We prove that, for transversely isotropic media with GWP, two of
the three sheetsalways intersect, and there are only two typesof intersection: (1) tangertial intersection along the
b er direction k, or (2) coincident modes,i.e., two of the three wave modes agree everywhere. Coincident modes
occur, for example,in isotropic elastic media, but in Section4 we present a caseof transverselyisotropic media with
coincidert modeswhich doesnot reduceto isotropic.

The paper is organized as follows. We discussthe equations for elastodynamics and introduce the spectral
represenation for the transverselyisotropic elasticity tensor in Section 2; we de ne certain conveniert combinations
A; B; C of the material parametersand describe the sheetsof the slownesssurfacefor generaltransverselyisotropic
elasticmediain Section3; and we derivethe conditions (Q1), (Q2) = (GWP2), and (GWP1) that guaranteeellipsoidal
slownesssurfacesin Section4. In Section5 we give conditions under which any two of the sheetsof the slownesssurface
intersect, and we describe conditions under which the type of intersection changesby classifyingall positive-de nite,
transversely isotropic elastic media in terms of the so-calledanellipticity parameterac = C+ |, where | is the
longitudinal shearmodulus. In Section 6 we describe when strongly elliptic, ellipsoidal, transverselyisotropic elastic
media have a disjoint sheetof the slownesssurface,and we study the polarization vectors for transversely isotropic
elastodynamics with (GWP). Finally, we collect someof the more technical proofs and derivations in Section7.

2 Preliminaries
2.1 The equations for linear elastaynamics

We considera three-dimensionalelastic object represerted by a boundedregion in R® with smooth boundary
@ : Wedenotea point in by x = (X1;X2;x3). The density and elastic parameters are modeled by the C* ()-
smooth function (x) and rank-4 tensor eld C(x). The elasticity tensor in the caseof general hyperelasticity has
the symmetry properties

Cix = Gy = Giki = Gji; (5)

and is (uniformly) strongly elliptic on if there is a constart ¢ > 0 such that, for any x 2 , Cj i (x)V'WIvkw!
GV j2jW j2 for all vectorsV ;W . The elasticity tensor is positive-de nite on if, for any x 2 , Cj i (X)E" EX' > 0
for any symmetric matrix E.

The displacemen after time t of a point initially at position x is represertied by the vector-valued function
u(x;t) = (u(x; t);ua(x;t);us(x; t)) assaiated with the system of dierential operators (1). Strong ellipticit y is
neededfor well-posednesof the Caudhy problem for P. . We refer to [20], p. 369 (seealso [21], Theorem |11.4.1),
for conditions under which existenceand uniquenessholds.



2.2 Srpectral decomposition of the elasticity tensor for transverselyisotropic elastalynamics

Our aim in this paper is to study transversely isotropic elastodynamics from a basisand coordinate-invariant
point of view. This approach is critical in the di eren tial-geometric setting of [2], [17], for example. There, and in
current work, we considerthe pullback of an elasticity tensor, and study the type of anisotropy that occursin the
orbits of anisotropic elasticity tensorsunder the action of pullback by a di eomorphism.

We begin by consideringthe spectral represeration of the elasticity tensor C for transversely isotropic elasto-
dynamics, obtained by Theocaris and Philippidis in [16, (5),(12),(29),(30),(31)], as

) ih. o -
Ciikl = 1 E UkUI + UIHk o] H(I
o o i h i h (6)

+ zU"a"+U'a’k+a'kU'+a"Uk + 3f|jfk| + 4g|]gkl.

where the matrices a, b, f, and g are given in terms of k, a unit vector in the direction of the axis of transverse
isotropy, and ! , a scalarde ned in terms of material parametersin (9), by

a =k Kk; b=1 a;

f = asin() + beog!)= 2 g = acog!) + bsin()= 2

In vector form

C= bbb b+ ,bpa + of f + 49 g; ()
where s the usual tensor product (A B)i % = AIBX and}; and} arede ned by
ij kI = ik pijl ilpjk- — 1 .

(A} B)IK = AKBIl + AIBIY;  AFB = (A} B + B}A): 8)

The elasticity tensor C is positive-de nite i the eigervalues ; are all positive.

By [16, (28),(31)] we write the spectral represeration in terms of the material parameters (the transverseand
longitudinal Young's moduli Et; E, , Poisson'sratios t; _, and shearmoduli 1; L):

1 1
- . - . - T et - = .
1 2 71, 2 2 L 3 5 S d); 4 5 S d);
Y © .
_ rA(m+1t) _ o ri r2(m 1)2+2 .
ST 2mt 1 d = 2r2mt 1 o d=0 ©)
iri(m 1) 1 T 1 EL
cos(2) = p——; m = ; t = —; r = —:
@)=-» rZ(m t)2+ 2 2E+ 2EL L
. . . P-P . . .
We introducethe notation g, = 1, wheresin(2! ) = sn 2= r2(m t)2+ 2, andthe sign g, is determined

by sn = CICj= Clk:k;k”;k?]5C[k;k;k? :k”]j. Here, k’ represers any vector orthogonal to k. (See(10) and
(14).) We alsorecall the relation 2 + = Er=(1+ 7).

3 The slowness surface for general transv ersely isotropic elastic media
We simplify the coordinate-invariant spectral represenation (9) of the transversely isotropic elasticity tensor

(7) by introducing the following combinations A; B; C of the material parameters (the transverseand longitudinal
Young's moduli Et;E_, Poisson'sratios t; _, and shearmoduli 1; ).



De nition  of certain combinations of the material parameters. Let

ELEr . B = EZQ 1) . C = sin EL] LJET
2EL(1 1) 2E7 21 E.@ 1) 2Er ¢ Ec(@ «+) 2Er ¢

(10)

H1 terms of the spectral representation of C theseparametersare A = [s+ dcoq2! )]=4; B = [s dcog2!)]=2; C=
2dsin(2! )=4. We obsenre in the isotropy examplebelow that A+ +1; B, and C + 2 1 are generalizationsof the
expression + 2 for isotropic elastic media.
Werelate A; B;C; 1; L to the componerts ¢; (with respectto an orthonormal basisf e;; e; e3g with e3 = k)
of the transversely isotropic elasticity tensor C by comparing the preseration of the slownesssurfacesin [12], [13],
[14], with those we derive in Section 4:

T = (C11 C12)=2 = Ces; L = Caa; A= (Ci1+ C12)=2 B = Cg3; C = cu3;

wherec; = Cle;e; ;6] i) = 1,2,3;¢; = 0,16 ) = 4,5/6; C11 = Cxo; C13 = C3; Caa = Cs5 = C[e2; €3; €2; €3]; Cs
Clesi; ex; €1; €].

Writing the material parameters Ty L; Ev; EL in terms of A; B;C; 1. Given(9) and (10), we write

e . 1 _ AB c? . 41 _ 418 c?)
LT oot T 2A "7 1+4:m ~ AB C2+2 (B’
1 IOA|3+c:2_ 1 4im _ AB C2 2B
T Poa "7 1+4.:m  AB C2+2 1B

s= 2A+B; dcog2! )=2A B; P 2d sin(2! ) = 4C; d?= (2A B)?+ 8C2:
(Compare with [11, (2.13),(2.18),(2.19),(2.20)].)
Positiv e-de niteness conditions.  The elasticity tensor C is positive-de nite at amaterial point x if Cj  (X)EV E!

> 0 for any symmetric matrix E. In the caseof transverseisotropy the elasticity tensor C is positive-de nite if and
only if ;> 0;i=1;:::;4, which is equivalent to

. >0 L>0; A>0; B> 0; AB > C? (11)
since
1= 21 =2¢C1 Cp >0 2= 2L =¢C4 >0 2A = cuutcp > 0
2 d?
and 3 4 = 2 = 2(AB Cz) = (Cl]_+ 012)033 2C%3 > 0

In fact, it followsfrom A > 0 and AB > C2>0 that B>0 and 3 4> 0, andso 3+ 5=s=2A+B > 0.
Therefore, 3: 4 > 0. Onthe otherhand,if 3. 4 > 0, then AB > C2>0and2A+B =s= 3+ 4> 0,
and soA > 0and B = c33 > 0.

Strong ellipticit y conditions.  The elasticity tensor C is strongly elliptic at a material point X if Cjj i (X)V'WI VkW!
> Ofor all vectorsV ; W . The strong ellipticit y of C is equivalent to the positive-de nitenessof the assaiated acous-
tical tensor Q(n). Necessaryand su cien t conditions for strong ellipticit y of the transversely isotropic elasticity
tensor are given by Merodio and Ogden[22, (2.9),(2.12)] to be

. . . o - P_——
Cit > 0; €3 > 0; Caa > 0, C11 > Cr2; JCi3+ Cag) < Caat+  C11Ca3

in terms of componerts ¢; of the elasticity tensor with respect to an orthonormal basisfe;; ey; e3g with ez = k.
That is, C is strongly elliptic if and only if

T>0; L>0; A+ 1>0; B > 0O and (12)

iL+cCi< L+ AT B (13)



Computing the principal symbol of the operator for transv ersely isotropic elasto dynamics. Propagation

of singularities for (1) is describedin terms of the behaviour of the matrix-v alued principal symbol 21+C[; 55 1]
of the operator P. ¢ for elastodynamics. The principal symbol of the elliptic part agreeswith the acoustical tensor
Q(n) from the elasticity literature (e.g., [23]) whenj j = 1. The so-calledwave normal n correspondsto I |,

where is the dual vector to Xx.
We rst write the transverselyisotropic elasticity tensor C in an especially simple form. We de ne s for vectors
v;w by (v sw)! = (1=2)(v'w! + w'V) and for 2-tensorsA ;B by

(AsB)I ¥ = %(A B+ B A)K = %(A"Bk' + B AN):

Then, referring to the spectral represenation (7), (9), we write C explicitly only in terms of scalars, the identity
matrix |, and the b er direction k (via a = k k). (See[ll, (2.2)], for example, for a preseration in terms of
componerts ¢; of the elasticity tensor givenin terms of special bases.)In particular, we concludethat the elasticity
tensor for transverselyisotropic elastodynamics is given by

C = M+ 20ka) o + + (1 HA 1
+ (a aA+ 1+B 2C 4 _ + 2(Isa) A+ 1+C: (14)

Given (14), we concludethat the principal symbol of the operator P . ¢ for transverselyisotropic elastodynamics
hasthe form 2l+ C[; ;; ], where

Cly ;1= 1+ (k k)+2(ks)+ ( )
= o *+ 1k )% = 2y = 20 j2+2 1k )%
(15)
k )= 1k )% 0= T 1= 20 = L TS
20 = A 2. =A+ t+B 2C 4 ; 1 = A+C+ :

Example: Isotrop y. The transverselyisotropic elasticity tensor reducesto the isotropic elasticity tensor Cis, =
(I I)y+ (1} 1), where and arethe Lame parameters,if and only if

TS L= A=+ B = +2; C=: (16)

The spectral represenation of the isotropic elasticity tensoris Ciso = (3 +2 )(I 1)=3+ [I} 1 2(1 1)=3]. The
positive-de nitenessconditions (11) for isotropic elasticity are3 + 2 > 0and > 0 (which implies + > 0). The
strong ellipticit y conditions (12) and (13) hold if and only if > Oand +2 > 0.
The principal symbol 2l+ C[; ;; ] inthiscaseisgivenby ( 2+ j il + ( + )( ), and so
0=C; 1=0; 0=0, 120, 1=0; o= (¢5 c2)=2.

Computing the eigenvalues of the principal symbol. We show in Section 7 that the determinant of the
principal symbol of P. factors as

where g 2 oGy 17)
cd( )= TiwliP+ s
2¢2( )= (A+ 1+ U)j w2+ (B+ )i D] | (18)
D2 = (A+ 1 1)} i*+ (B )7 i 2h(A+ T (B L) 2(C+ L)zlj w 17 k%

Herewedecompse = > + , with . = ( k)k the componert of orthogonalto k, and , = ( k)k
the componert of in the direction of k.



The wave speed cy (X; = j) in the direction . The terms c2 (x; ) in the determinant of the principal
symbol of P.c are the eigervalues of its elliptic part, and correspond to the wave speedscy,(x; = j) of the
wave modes assaiated with the wave normal direction = j. (For isotropic elastodynamics the wave speedsare
cx; 5 j) = (X); cs(x).) In the casethat | = A+ 1 = B, for example, the wave speedsare ordered by
c ¢ C+, wherec, isthe quasi-compressionalvave speed,c is the quasi-shearwave speed,and ¢, is the pure
shearwave speed.On the other hand, if A < 0 (e.g.when C is strongly elliptic, but not positive-de nite), if B < |,
and if C+ | is small enough,then the wave speedsare ordered by ¢ Cr  Cp.

The sheets 1= c2 (x; s) of the slowness surface. The slownesssurfaceconsistsof the points (x; s) that satisfy
the characteristic condition (2). The slownesssurfacefor a xed x is rotationally invariant with respect to s in the
plane orthogonal to k(x); this plane is called the isotropic plane, or the basal plane. The sheetsl = c2 (x; s) of the
slovnesssurfaceare givenvia s= = in terms of the eigenvaluesc? (x; ) of the elliptic part of the principal symbol
of P; c= .

4 Conditions for ellipsoidal transv ersely isotropic elastic media

Pointwise conditions so that the slowness surface is the union of ellipsoids. The slowvnesssurfaceis the
union of ellipsoidsif the factors 2 c?(x; ) havec® = p jqg with p(x; ); q(x; ) that are homogeneousgpolynomials
of degree2 in . It follows from factoring the determinant of the principal symbol of P. ¢ that the slownesssurface
is the union of ellipsoidsif and only if one of the two following conditions holds:

(Ql) Lt C = 0, i.e., Ciz+ Cyq = 0;

Q2) (L+C2 = (A+ 1 L)B L), whichisequivalert to ead of:

(A+ 1)B C?
+ 2 - : = - ‘7 @ -
(Ci3+ Caa)” = (C11 Caa)(C33  Cas); L= A T+BT2C
See[13, p. 656,(3.13),(6.13)],and [12, (1:1); (1:2); (C3)1; (P 3)1] for a derivation of these conditions in terms of the
componerts ¢; of the elasticity tensor with respect to a special basis. The notation usedin thesearticles is similar
to that usedhere:ay = (A+ t1)=; a= 1=; a3=B=; a4= _=; as= (C+ L )=. For example,in this
notation (Q1) is given by as = 0.

In thesecaseswe can label the c,; m= 1;2;3, ascy; ¢ , where

ci() = TielP+ LW (19)

c?() = (A+ 1+ )i pj?=2+ B+ L) (i®=2  (A+ 1 i wi?=2+ oB )i J*=2;

and o = 1for (Ql), while ¢ = +1 for (Q2).

Note that the absolute value is not neededin (19) in case(Q2), since(C+ ()?= (A+ 1 L )(B L) implies
that oneof A+ 1 L and B L iszero,orA+ 1 L and B L have the samesign (i.e., L is smallerthan,
or larger than, both of A+ 1 and B).

The reduction of (Q1) to isotropy via (16) results in media that is strongly elliptic, but not positive-de nite
sinceA = C+ = 0. The reduction of (Q2) to isotropy via (16) results in media that is both strongly elliptic and
positive-de nite.

In ead of the cases(Q1) and (Q2) the strong ellipticit y conditions (12) and (13) reduceto (12). In fact, the
condion | = [(A+ 71)B C?|HA+ 1+ B+ 2C]for (Q2) may be written as LA+ 1+B)+( L+ C)? =
(A+ 1)B+ 2, andsoin the caseof (Q2) (13) may bestatedas | (A+ t+B)+ 2+2 | (A+ 1)B+(A+ 1)B>
(A+ 1)B+ 2, which holds trivially given (12).

Pointwise conditions so that each of the sheets 1 = c2 (x; s) of the slowness surface is an ellipsoid.
Under additional conditions ead of the ¢ (x; ) in case(Q1) is a homogeneouspolynomial of degree2 in  (in
particular, cZ (x; ) is a smooth function of position x and direction ), and ead of the sheetsl = c2 (x; s) of the



corresponding slowvnesssurfaceis ellipsoidal. (Q2) already hastheseproperties. It follows that for (Q2), and for (Q1)
under the additional conditions, wave propagation through the interior for eadh wave mode (see[2]) occurs along
geadesic segmetts of the Riemannian metric given by GI (x) ; j = ¢ (x; ). We refer to wave propagation along
geadesic segmelts as gendesic wave propagation (GWP) .

We show in Section 7 that ead term c2, in the factors 2 2 (x; ) of the determinant of the principal symbol
of P. ¢ is a polynomial in if and only if one of the two following conditions holds:

(GWP1) L+C =0, and B L A+ 1 o A+ 7T L B:
(GWPZ) ( |_+C)2 = (A+ T L)(B L)-

In these caseswe can label the ¢cn; m = 1;2;3, asco; ¢ , where c3( )= 7j «»J%> + Lj % and

for (GWP1)

f B L A+ 71, then c? = (A+ 1) 2+ Lj W% ©? = Lj )2+ Bj %

if A+ 1 | B; then c2 = |j 2 j?+ Bj \j% c?2 = (A+ 1) i?+ Ui W%
for (GWP2)

if L A+ 7; L B; then ci = (A+ 1) P+ Bj %5 c? = Lj i+ W%

if A+ 1 ;B 5 then ¢ = L2+ L% c? = (A+ 1)j %+ Bj %

In other words, in case(GWP1) the sheetsof the slownesssurfaceare given by:
1= brise 2+ bujs? 1= (R+ br)jse 2+ bjsj% 1= bjse 2+ Bjse?;
while in case(GWP?2) they are:
1= brisej? + bijsd® 1= bjs? 1= (R+br)isci® + Bisg?
where s> =s (s Kk, sk=(s kkk, br= 1=; b= ,=; R=A=; ®=B=; &=cC=:
Examples: Ellipsoidal cases close to isotrop y. An exampleof transverseisotropy with GWP is the casewith
both (GWP1) and (GWP2):
(GWP12) L = A+ 1t =B = C, ie, C1=0C3=Cu= Cs3.
The sheetsof the slowvnesssurfacein this caseare:
1= brisej® + brjs% 1= bijs? 1= byjsi* (20)
This casereducesto isotropic i = oL (i A=0).
Another exampleis that of (GWP2) with = :

(GWP2iso) (C+ ()> = (A+ 1 ()B L) and 1= |,

ie, 21=2_.= (A+20) + pA2+4A(B+C),

. p
i.€., 4Css = 4Ces = (C11+ 5C12) +  (C11 + C12)(C11 + 9C12 + 8Cz3).
This expressionfor 7 is real and positive since A2+ 4A(B + C) > (A+ 2C)2 0 by (11).

The sheetsof the slownesssurfacein this caseare:

1= bjs2; 1= bjsZ 1= (R+h)jsej? + Bjsjx (21)



Here = 1= | and b= = . This casereducesto isotropic if and only if A+ 1 = B. It follows that two
eigervaluesmay coincidefor all directions of , without anisotropy degeneratingto isotropy. (Seealso Chadwick's [11,
p. 39, 44-45]description of this non-isotropic case(GWP2iso) of transverseisotropy with coincident shearmodes.)

5 Describing the type of intersection of the sheets of the slowness surface for transv ersely isotropic
elastic media

We seefrom the represeration (18) of the quasi-compressionalQC), quasi-shear(QS), and pure shear (PS)
wave speeds
2 ()= (A+ 1+ )i i+ (B+ L)j (j* + iDj;

2 Gs( )= (A+ 1+ L) wi?+ B+ )i * IiDj;

Bs()= 1ii®t L%
where h :
I'2
D2= (A+ 1 L) i? (B L)jk? + 4C+ 1)} )% %

that the wave speeds(and sheets1 = c?(s) of the slownesssurfacefor transverselyisotropic elastic media depend on
C only via (C+ )2. In fact, we can view the classof transversely isotropic elastic media as the union of families
with ead family parametrized by what we will call the anellipticity parameterac = C+ | . The term anellipticity
refersto the fact that by varying this single parameter, we changethe slownesssurfaceonly away from the b er and
the isotropic plane, and make ttbe slownesssurfaceelliptic only at the particular valuesac = 0 (when the slowness
surfaceis type (Q1)) andac = (A+ 7 L)(B )if(A+ 1 L)(B L) 0 (when the slownesssurface
is type (Q2)).

In the following proposition we describe conditions under which the sheetsof the slownesssurface intersect.
(Compare with Payton [9].) As a consequencefollowing the proposition we specify how the type of intersection
depends on the anellipticity parameter ac, and we plot casesrepresetativ e of ead type of intersection in Fig-
ures 1, 2, and 3. (In general,the type of intersection may change only when ac passesfrom ac = 0to ac > O or
when ac passesthrough the critical valueag = A(B L).) Chadwick includesthe critical anellipticity condition
(C+ L)2=A(B L) in his classi cation of positive-de nite, transverselyisotropic elastic mediain [11].

Prop osition 1 (Conditions under whic h the sheets of the slowness surface intersect for positiv e-
de nite, transv ersely isotropic elastic media) The quasi-ompressionaland pure shar sheets of the slowness
surface intersect at the ber if and only if B L, and do not intersect otherwise.

The quasi-shar and pure shar sheets of the slownesssurface intersect 1) at the ber if and only if B L
2) ontheconej j°5 j?=A( 1t L)=AB ) (C+ [)? ifandonlyif AB ) (C+ _)?6 0and
A(Ct  L)=AB L) (C+ L)> 0, 3) everywheeif andonlyif AB ()= (C+ ()?and 1= |,
and 4) nowhee otherwise.

The quasi-ompressional and quasi-shar sheets of the slownesssurface intersect 1) everywhee if and only
if A+ += (., B= [, andC+ | =0, 2) ontheisotropic planeif andonlyif A+ = |, 3) at
the berif andonly if B = |, and 4) onthe cone j ,j°5 »j>= (A+ 1 L)=(B L) if and only if
A+ 1 L)=(B L) 0, B6 _, andC+ | =0, and 5) nowhee otherwise.

We prove Proposition 1 in Section 7.

We conclude from Proposition 1 that the type of intersection of the sheetsof the slownesssurface (in the caseof
positive-de niteness) dependson the anellipticit y parameter ac in the following ways:

1) In the casethat A(B L) 0 a) the quasi-shearand pure shearsheetsof the slownesssurfaceintersect at
points away from the b er and away from the isotropic planewhenA( +  [)=A(B L) (C+ L[)? > 0, andthese
sheetsdo not intersectat the b er or on the isotropic planewhen,varyingonly C, A( + [)=AB L) (C+ L)?
becomesnegative; b) in the case 1 = | the quasi-shearand pure shearsheetsare coincidert at the critical value
(C+ L)>=A(B L), while, if we vary C sothat (C+ )26 A(B L), then they intersect only on the
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isotropic plane (and possibly at the b er).
2) The quasi-compressionahnd quasi-shearsheetsof the slownesssurfaceare coincidert if and only if A+ 1 =
L, B= L, andC+ | = 0; whenwevary only C sothat C+ | 6 0, the corresponding sheetsof the
slownesssurfaceintersect only at the b er and on the isotropic plane. In addition, thesesheetsintersect on the cone
j kazj k?jz = (A+ T L):(B |_) if and only if (A+ T L):(B |_) 0, B6 [, C+ | =0; but
if C isvaried sothat C+ | 6 0, then they intersect nowhereif A+ 1 6 | and only on the isotropic plane if
A+ 1= L.

Our results divergeslightly from those of Chadwick [11] and Chadwick and Shuvalov [23]. Chadwick's classi ca-
tion is basedon the positivit y or negativity of the combinations, A+ 1 L=a1 a4 T L=a as; B L=
as a4, and A(B L) (C+ L)%= Chadwick's A, of material parameters.

We obsene that when B < |, we have that A(B L) is negative, and so there is no positive-de nite,
transverselyisotropic elastic medium that is suleritic al, that is, with (C+ [)2< A(B L), i.e., with Chadwick's
\A", which is A(B L) (C+ L)? positive. But the positive-de nite, transverselyisotropic elastic media with
B< |; 1T<A+ 1< |, andC+ | = 0, have Chadwick classi cation C33, and thosewith B < |; 1<
A+ 1= |, andC+ | = 0 have Chadwick classi cation D43, and are not included in the lists [11, (5.24)].
There it is required that A(B L) (C+ )%= Chadwick's A= (a; a4)+ (as a4)> 0, which cannot hold
whenB< | andC+ | =

6 More on ellipsoidal, strongly elliptic transv erse isotrop y

In this sectionwe rst derive conditions under which strongly elliptic, ellipsoidal, transversely isotropic elastic
mediahave a disjoint sheetof the slownesssurface.We then describe the polarization vectorsfor transverselyisotropic
elastodynamics with (GWP).

6.1 Conditions for a disjoint sheet of the slownesssurface for ellipsoidal, strongly elliptic transverselyisotropic
elastalynamics with GWP

In Table 1 we summarizethe casesof GWP for which the third mode is disjoint from the others. The vertical
axis represerts the b er direction k, and the horizontal axis represers any axis orthogonal to k. (Slownesssurfaces
for transverseisotropy have a rotational symmetry around the b er direction k.) The circlesin the gures have
radius 1:IO ~L, and the double circle represerts two sheetsof the slownesssurfacethat coincide for all

We emphasizethat although the disjoint modeis the fastestin three of the four caseqsinceits wave speedc(x; )
is larger than the others), in fact, the disjoint modeis the slowestin onecasefor (CM1), whenB < | < 1 < A+ 1,
i.e., Caz < C4s < Cgp < Ci1.

For cornveniencesake we intro duce an arbitrary (but simpler) labeling of the wave speedsfor (GWP1) asfollows:

ch = R I G N A c? = 2+ (At 1) e ift L)
(22)
cs = 2+ L] w2+ Bj 5
and for (GWP2) by
c§ = Tl e i ds ci = 2o et
_ . o (23)
cs = 2+ (A+ 1)j ke %+ Bj %

The light conesare the locus of points (t; x; ; ) with 2= ¢ (x; ).

Corollary 2 (Conditions for a disjoin t mode along rays for (GWP1 )) Raysin the rst mode with  not
parallel to k are bounded away from the light cones for the other modes under the following conditions on the
material parameters: | =B 6 1, or | 6 1 and | liesbhetween 1 andB.
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Fig. 1. Types of intersection of the sheets of the slowness surface for positiv e-de nite,
versely isotropic elastic media in families that have distinct (Q1),
values. Recall that the anellipticity value ac = C+ | for (Q1l) is given by ac = O,

L), and in the critical caseis given by a% = A(B

a%=(A+ T

L)(B

slownesssurfaceare plotted slightly o set in the caseac = 0.

Q2),

and critical anellipticity

for (Q2) hy
L). The sheetsof the
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Fig. 2. Types of intersection of the sheets of the slowness surface for positiv e-de nite, trans-
versely isotropic elastic media in families that have exactly two distinct (Q1), (Q2), and critical
anellipticity values.
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Rays in the second mode with  not parallel to k are bounded away from the light cones for the other modes
under the following conditions on the material parameters: | =B 6 A+ 1, or A+ 16 | and [ lies
between A+ 1 andB.

Raysin the third mode are bounded away from the light conesfor the other modesunder the following conditions
on the material parameters:

(CMl) A+ 1 < L < B or B < L < T

Corollary 3 (Conditions for a disjoin t mode along rays for (GWP2 )) Raysin the rst mode with  not
parallel to k are bounded away from the light cones for the other modes under the following conditions on the
material parameters: | 6 1 and | < B.

Rays in the second mode with  not parallel to k are bounded away from the light cones for the other modes
under the following conditions on the material parameters: @) +6 _ =B6 A+ 1, or (b) 6 | and

L <minfA+ 1;Bg, or (¢c) t6 | and | > maxfA+ 1;Bg.

Raysin the third mode are bounded away from the light conesfor the other modesunder the following conditions

on the material parameters:



Fig. 3. Types of intersection of the sheets of the slowness surface for positiv e-de nite, trans-
versely isotropic elastic media in families that have only onedistinct (Q1), (Q2), and critical anel-
lipticit y values.

Conditions Conditionson A; B; |; T
onC+ | B< | B< | B< L B< _
LS 7<A+ 7 T= L<A+ 7 T< L<A+ 7 T< L=A+ 7
C+ =0
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B | A .
TN | 75N
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AN / \,\J/ g
.
(CM2) L < A+ 1 < B or L < B A+ 7.

In the caseqCM1) and (CM2) of GWP with disjoint modesthe only type of intersectionthat occursis tangertial
intersection on the k axis, and coincidert modes.

Lemma 4 (Conditions under whic h the sheets of the slowness surface do not intersect for GWP in
strongly elliptic media) Let 1= c?(s) be the sheets of the slownesssurface givenin Section 4, where the ¢ are
ordered by (22) and (23).

Then, in the case(GWP1) wehave ¢, 6 ¢, if andonlyif andk are not parallel. In addition, ¢, 6 ¢, if and
only if all of the following conditions hold:
(1) _L6A+ 1 or | 6B, ie. thesheetsfor the second and third modesdo not coincide; and

(2) otherwise, | 6 B or andk arenot parallel, i.e., the sheetsfor the second and third modesdo not intersect
at the k axis;



Table 1. Cases of GWP with a disjoin t slowness surface

1
b=p—; I=
B

(CM1)

L> T L= T L< T
and | <minfA+ 1;Bg, (C+ )2=(A+ 1 )B L)

(3 and [ 8 A+ 1 or andk are not orthogonal, i.e., the sheets for the second and third modes do not
intersect at an axis orthogonal to k;

(4) and otherwise, | liesbetween A+ + andB, | agreswith oneof A+ 1 andB, or

iai A+
doesnot lie in the cone (k j_j)2= T T+TB L2L’

i.e., they do not intersect between their major and minor axes.
Finally, ¢, 6 ¢, if and only if the sametype of conditions hold, which in this caseare: (1) 6 1 or L 6 B;

and (2) | 6B or andk arenotparallel; (3) |6 1 or andk arenot orthogonal; and (4) L lies
between  and B, | agreeswith oneof + andB, or

does not lie in the cone (k —)2= — 1Tt

( J J) T+B 2,
In case(GWP2) wehave ¢, 6 ¢, if andonlyif 6 | and andk are not parallel. In addition, ¢, 6 ¢, if
and only if all of the following conditions hold: (1) | 6 A+ 1 or | 6B; and (20 | 6B or andk are
not parallel; (3) | 6 A+ 1 or andk are not orthogonal; (4) L is smaller than, or larger than, both of
A+ 1 andB, | agreswith oneof A+ 1 andB, or
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Fig. 4. Types of intersection of the sheets of the slowness surface for strongly elliptic (Q1)
or (Q2) media. The slownesssurface has a rotational symmetry about the b er direction k, which is
represerted by the vertical axis. Coincident sheetsare plotted slightly o set. Herewewrite < f ; g for

< and < ,andf ; = g< for < and = <
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Finally, ¢, 8 ¢, if and only if all of the following conditions hold: | < B or

A

. . _2: AN
does not lie in the cone (k jj) BT A

We prove Lemma 4 in Section7.
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Fig. 5. Additional typ es of intersection of the sheets of the slowness surface for strongly elliptic

(Q1) media. The sheetsof the slownesssurfaceare plotted slightly o set in the caseof coincidert modes

or ridge intersections.Herewe write < f ; gfor < and < ,andf ; = g< for < and
= <
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6.2 The polarization vectors for transverselyisotropic elastalynamics with GWP

The factors 2 c?( ) of the determinant of the principal symbol of the operator Ib; c, giveriseto the slowness
surfacesl = ¢?(s) (and eikonal equations(@' )% = ¢2(r x')). It isusefulto view thesefactors 2 ¢?( ) aseigervalues
of the principal symbol of |b; ¢, especially for the microlocal analysis of wave propagation.

Remark 5 (Eigen values of the principal symbol) The eigenvaluesof the principal symiol of the operator Ib; c
for elastalynamicsin cases(Q1) and (Q2) are givenin Section 4 by c?( ; )= 2+ ¢ with ?=¢ or 2= ¢? =
p jg, wheredi( ); p( ), andg( ) are polynomialsin . In this casethe c? are not geneally smaoth functions of

for each x, (and the correspnding sheets 1 = p(s) jqg(s)j of the slownesssurface are not geneally ellipsoids for
each x, althoughthe slownesssurface is a union of ellipsoids). In the case of GWP the eigenvaluesof the principal
symiol are given in Section 4, and are smaoth functions of x; ; . We order the eigenvaluesas in (22) and (23)
for (GWP1) and (GWP2).

The eigervectorsv; of the principal symbol of Ib; ¢ model the polarization vectors for each wave mode. The po-
larization vectorsgive (asa rst approximation and in the caseof systemsof real principal type{ see for example,[24]
and [25]) the direction of displacemer for the wave mode. In the caseof (GWP1) our presertation agreeswith that of
Burridge, Chadwick, and Norris [13, (3:10)] whenrestricting to transverseisotropy, i.e., whency; = ¢z2. In the caseof
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(GWP2) our formulation is similar to that of Chadwicknand Norris [12, (P 3)1] sinceA+ 1+ C=(A+ ¢ L)+
C+ )= a A+ v i+ cgAt 1 JIRB_ 0= ¢ JAg 1 1 (ac JA+T 1 ()t

j Lj), andsimilarly, B+ C= , |B L (ac JA+ 1 Lj+ B Lj), where ; 4; b, cisthe
signum, respectively, of k; A+ ¢ L; B L; C+ L. (In particular, when the respective expressionis zero,
we de ne the corresponding to be 1.) Our presenation, though, makesclear the dependenceof the eigervectors

for (GWP2) on the fundamertal quartities A+ 1 L and B L.

Prop osition 6 (Eigen vectors of the principal symbol) In case(GWP1), whenk , and the eigenvalues22)
are distinct, we havethat the correspnding smawth eigenvetors with 6 0 are parallel to

vg = k™ ; Vi = b Kk? Vo = b K: (24)

In case (GWP2), whenk , , A+ 6 |, andB 6 | (thatis, (GWP1) does not hold), it follows when the
eigenvetors (23) are distinct that the correspnding (mutually orthogonal) eigenvetors are parallel to

p - - . . ? p - . . .
Vo=k" ; vy = b JB L] Jijkoj t oo JAY 1 ek
: (25)
Vo = c JA+ 1 L] e +t b B L] jik
If two of the eigenvaluesagree (i.e., in case (GWP1), if eitherk”~ =0, A=0, | = 1t andB = ;
L= tvand (=0, A+ 1= andB= | ; orA+ = | and , = 0; or, in case(GWP2), if either

kr =0, (= 1v; A=0andB= [ ; A=0and =0, A+ 1= pandB= ; or A+ 1= _ and

« = 0), then the eigenvetor correspnding to the distinct eigenvalueis given by (24), or (25), respectively, and
the other two eigenvetors are restricted only in that they are orthogonal to the rst. If all three eigenvaluesagree,
then there is no restriction on the correspnding eigenvetors.

We prove Proposition 6 in Section 7.

The quasi-compressionapolarization vector is, in anisotropic media, approximately longitudinal, that is, in the
direction of , while the quasi-shearpolarization is approximately transverseto the propagating shearwave front,
so is approximately orthogonal to . We conclude from Proposition 6, for example, that in case(GWP2) when
A+ 16 |, or B6 | and isnotorthogonalto k, we havethat v is quasi-shear,while, for example,if ; y,
and . are all positive, then v; is also quasi-shear,and v, is quasi-compressional.

In particular, in case(GWP2) whenA+ 6 [, or B6 | and isnotorthogonalto k, wehavethat vi( )
and vy( ) lie in the -k-plane, are orthogonal, and form a right-handed systemfvg;vy;vog; also,if A+ = |,
then v, is always orthogonal to k, and v is always parallel to k; whileif B= | or | = 0, then v, is always
parallel to k, while v is always orthogonal to k. If . , > 0, then v,( ) is parallel to the direction vector of the
ellipsej - >=(A+ 1 L) + jnJ?=(B L) = 1,pand V1 is quasi-transverse,while v, is quasi-longitudinal, since

vi() =0andvy()j for jA+ 1 Lj= |B Lj. Otherwise,if 4 < 0, then v, is a saddlevector
l;Id quasi—transverﬁeto k and (Spank)?, and v, is a saddle vector eld quasi-alongk and (Spank)?, since for
A+ T Lj= |B Lj Vi1 isasaddlevector eld transverseto k and (Spank)?, and v, is a saddlevector

eld along k and (Spank)? .

It follows from Proposition 6 and the Implicit Function Theorem that:

Corollary 7 (Smo othness of the polarization vectors in the case of a disjoin t sheet of the slowness
surface) In the cases(CM1) or (CM2) the eigenvetor v,( ) correspnding to the disjoint mode is smath for

6 0. In addition, vp and v; are smath, exept on the axis of transverseisotropy f :k” = 0g, and cannot
be extendel continuously there.
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7 Pro ofs

Pro of of Equation (17). It follows, for example, from the proof of [25, Lemma 2.7], that the determinant of the
principal symbol of P. cisgivenby ( 2+ )3+ ( 2+ )2 +2(k )+ j2+( 2+ ) Ak~ 2=
( 2+ )( 2+ )2+ ( 2+ ) +2(k )+ jji*+( 2)j i j «J® . The result follows by (15)
and a calculation. 2

Pro of of Prop osition 1. We rst squareterms involvedin ¢2 ¢ to nd that ¢ = ¢ holdsonly if A( 1
Dl w2 [AB L) (C+ Ui wi® j «i?=0, inwhich case

2 ¢ g = A (1 VDiwiP+ B i A (1 Diwi?+ B id:

At the ber (where ,» = Oandj ,j= 1) wehavethat 2 ¢ ¢ =B | B [, andsoc = & if
and only if B L, and ¢ = ¢ if and only if B L. Away from the ber (where .. 6 0) we have that
A (1 LVielP+B L)% =(C+ L)? j? andsofor A 8 0 (which holds for positive-de nite elasticity
tensors,sincethen A > O) wehave2 ¢ & = A% -2+ (C+ L)? (> =A A% .2+ (C+ L)? j®FA].
It follows that ¢2 = ¢ doesnot hold, and ¢ = ¢ if and only if A(B L) =(C+ [)2and 1 = , or
A(B L) 6 (C+ )% A(rT L)=A(B L) (C+ )2 0, and lies on the conej ,j?5 - j? =
ACt  L)=AB L) (C+ 1)*.
In addition,

22 %= (A+ 1 Oiel? B OIETHACH Y el

hasrootsj j2=F | »j%, where

q
(A+ 1 (B L) 20C+ ) 2 (C+ ()2 (A+ 1t L)B L)(C+ )2
F = (B L)2 ; (26)

if (C+ )2 (A+ 1 ()B L) (C+ )* OF 0,andB 6 L. Since(A+ 1 )B L) (C+ )2
implies F < 0, it followsthat ¢ = ¢® holds in the casesgiven above. 2

Deriv ation of conditions (Q1) and (Q2) in Section 4. The determinant (17) of the principal symbol of
P.c is of the form (3) if and only if D2 may be written as the square of a homogeneouspolynomial p( ) =
b1 f+ by §+ bs3 §+ 2byp 1 2+ 2by3 1 3+ 23 2 3in of order 2. Without loss of generality we represen p( )
as 'M , whereM (x) is a symmetric, 3 3 matrix.

We showv now that D2 agreeswith ( 'M )2 if and only if c= Oorab= ¢, wherea= A+ 1 Lib=

B L;c=C+ .. Firstforanyx2 wewrite = I(x)k(x)+ mx)k’ (x)+ n(x)k» (x), wherek; k?: k, are
mutually orthonormal vectors. We concludethat D2 = a?j - j* 2(ab 22)j - j% «j2+ bFj «j* is given by
I“t? + m*a? + n*a®> 2°m?[ab 2¢?] 21°n%[ab 2¢?]+ 2m?n?a’: (27)

On the other hand, a general, symmetric, 3 3 matrix
M = pl + gk k) + r(k? k?) + 2 1a(ksk?) + 2 13(ksks) + 2 23(k? sk»)

has( 'M )2 equalto (27) if andonly if r = 0; ; = Ofori6j, p?= a% (p+ q?="t, M =pl +qk k), and
either 0= 2¢° = ab+ p(p+q or ab=c*=p(p+ q): (28)
The condition ¢c= 0, i.e.,C+ | =0, is(Q1), in which casewe havep= (A+ 1 L)andp+q= (B L)
for = 1; the condition ab= ¢, i.e.,
(A+ 1 (B )= (C+ )% (29)
is (Q2), in which casewe havep= (A+ 1 L)andp+g= (B L) for = 1. 2
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Deriv ation of conditions (GWP1 ) and (GWP2 ) in Section 4. In case(Q1) the part ¢?( ) of ead factor

2+ ¢?( ) of the determinant of the principal symbol is a polynomial in if and only if the part inside the
absolutevalue, (A+ 1 )i > (B OiPZ=(A+ 1 2 (A+ 1+B 2)Bi?= M, is
non-negative or non-positive for all , whereM = (A+ 1 Ol (A+ t++B 2 )k k). SinceM has
eigernvaluesA + 1 Ly A+ 7 L, and | B, the result follows.

In case(Q2) the condition (C+ [)?= (A+ 1 L)(B L) impliesthat A+ 1 L and B L havethe
samesign. It follows that eac of ¢ ( ) is a polynomial in  sinceM = (A+ 1 Ol (A+ ¢ B)(k k) has
eigervaluesA + 1 Ly A+ 1 L, and B L. 2

Pro of of Lemma 4. In case(GWP1) the sheetsof the slownesssurfaceare ellipsoids 1= c3(s) = tjs§2+ L (k
S)2, 1=¢(s) = (A+ 1)js¥2+ L(k 9?2 1=0c(s)= LjsY2+ B(k s)?, wheres®=s (s k)k. It follows that
(& J)(s) = Ajs§2= 0 ifandonlyif sjj k. Also, (Z &)(s)= (A+ 1 1)js¥?+( L B)(k s)? = 0 if and only if
the sheetsof the slownesssurfacecoincide,or they intersectonly at the k axis, or intersectonly at an axis orthogonal to
k, or intersectonly elsewhere(Seethe statemert of Lemmad4.) For example,they intersectonly elsewherdf and only if
A+ 16 |, _68B, and(A+ T L)ch]z‘F( L B)(k 5)2 = 0, i.e.,(A+ T L)ij2+(2 L A T B)(k 5)2 =0,
e, (k s)2=(A+ 1 L)jsi’=(A+ 1+ B 2 ). Wecanseethat this last condition holds (giventhat | 6
A+ tand | 6 B)onlyifO< (A+ 7 L)=(A+ 1 +B 2 )< 1 Itfollowsthat thesesheetsof the slowness
surfacedo not intersect elsewhereif andonly if | = A+ 1, [ =B, 0> (A+ 1 L=(A+ t+B 2 ),
A+ 1 L)=(A+ ++B 2 .)>1, or(k S)2 6 (A+ 1 L)ijzz(A‘l' t+B 2 ) Thatis, [ =
A+ 1, L =B, L liesbetweenA+ 1 and(A+ 1+ B)=2, L lieshetween[2(A+ 1)+ B]=3andB, or
(k 9)°6 (A+ 1 L)jsi?>=(A+ 1+ B 2 ). Statemert (4) in Lemma4 for Q1 (when comparing ¢ and c3) is
established.The other casesare similar.

In case(Q2)=( GWP2), the sheetsof the slownesssurfaceare the ellipsoids1 = c3(s) = t1js%?+ _(k s)?; 1 =
a(s)= LjsY2+ L(k 9)? andl = c3(s)= (A+ 1)js4?+ B(k s)?, wheres®=s (s k)k, and we proceedin
the samefashion. 2

Pro of of Prop osition 6. We solve the characteristic equation ( o (P) ¢?l)v = 0, where the principal symbol
for generaltransverseisotropy is given by (15).

In the casethat k» 6 Owe rst compute ( o (P) cI)k” ), ( o (P) ), and( pr(P) c?lI)k. The
resulting calculations may be summarizedas:

0 10 1 0 10 1
(or(P) ) 0 0 kA E O O kA
0 (w(P) ¢ 0 B &K=Boamx® K
0 0 ( pr(P) (_32|) k 0 CI DI k

where | isthe 3 3 identity matrix, and

A= (k )+ 2= (k) A+ 1 )+C+ L+ B L (C+ 1)j*;

B = e+ P (k) @ = A+ )it L+ CH L o

c= 2+ + + (k) & = L+ B (CH+ D) ¢

b=+ (k ) = (C+ )k ) E = 2+ ¢ = TPt W &

That is, if k» 6 0, then the eigenvectors v = a(k® )+ b + ck have componerts (a;b;c) that satisfy
0 10 1 0 1

B0 A KBNS = Bok:
c 0

o o|m
@ > o
D10 o

This systemis solvable for ¢ an eigenvalue of  (P).
It follows in case(GWP2), for example, given the eigenvaluesc? in Remark 5, that A= [ (A+ 1 L)+

20



C+ i wiP+B L €+ Ok )i Bi= C=(A+ 1 i 0P+ (C+ j% C=
B,=[B L (C+ jii% D=(C+ )Xk ); Ei= (v 71iwis Ez= Aji? (B L)%
Therefore, if the three eigervaluesare distinct (i.e., fk~ 60, [ 6 1; A60, andA+ 6 g, orfk™ 6

0, .86 1;B6 L, and | 6 0g), then vy isparallel to k~ , and the eigervector v;; i = 1;2, is amultiple of
ead of the following vectorsthat havethe foom vi= D .+ D(k )+Bk;e= C -+ C(k )+AKk:
p - . - p T — . . p -~ =+ . .
vi= JA+ 1 ) ¢ B e * oa A+ 1 Ljjweifk;

h i
o p . . p . .
@ = c Jkl ¢ JA+ 7 = L
p - - . . p -~ . . . .2 .
c B Lk e v a JA+ 7T L) ke l“k;
p p p (30)
Vo= B ] W ¢ JAT 1 ] e v b B L) Jdk
h i
p -~ . . . . p - = . .
= 4 ¢ JA+ 1 (i’ b B L]’

c JA+ 1 L] e t* v B L] jklk:

Hereagain ; ,; p; c isthe signum, respectively, of k; A+ 1 L B L; C+ . (In particular, whenthe
respective expressionis zero, we de ne the corresponding to be1l.) Also, weremark that 5 = in case(GWP2).
The result follows. 2
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