MINIMAL NON-COMPOSITE RECT ANGLE EX CHANGE
TRANSF ORMA TION
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Abstra ct. Wede ne the property of non-composition for rectangle exchange
transformation. Subsequertly, we show the existence of a non-composite rec-
tangle exchange transformation that is minimal. Other approaches for more
general results for these types of transformations are discussed.

1. Intr oduction

Supposethe spaceM is the semi-interval [0;1), = ( 1;:::; ) is a partition
of M into r 2 disjoint semi-intervals, numbered from left to right, and let
= ( 1;:::; r) beapermutation of the numbers (1;2;:::;r).

De nition 1.1. SupposeT : M ! M isatranslation T ,(x) = x+ ; (mod 1) on
ead of the semi-intervals ; and "exchanges"the semi-intervals according to the
permutation , i.e., the semi-intervals T( i) =T ,( )= ?adhereto eat other
in the order 01; il °r then T is saidto be the interval exchangeransformation
corresponding to the partition  and the permutation

Under the identi cation of M = [0; 1) with acircle S*, the exchangeof two segmetts
correspondsto rotations S*! S!. Clearly, the translation

f:str st

7+ 21

can be an interval exchangetransformation. If ! 2 Q, f is aperiodic.

Denition 1.2, Amapf : M ! M isrecurrent if 8x 2 M and for some > 0,
9N 2 Ns.t jx f(x)j<

Denition 1.3. Amapf : M I M is minimal if and only if x is transitive
8x 2 M.

Denition 1.4. A bijectivemapf : M ! M isanisometry if and only if the map
presenesdistanceon M .
Here we have a classicalresult that will be of interest later.
Theorem 1.5. For! 2 Q, the translation
f:st1 st
7+ 2

is minimal.
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Proof. Fix > 0 and choosexo 2 S'. Since S?! is minimal, it can be covered by
a nite number of intervals of length . ! 2 Q implies that f is aperiodic. Since
8z;2°2 O(x), z 6 z° it followsfrom the PigeonholePrinciple that 9 Xxm; Xn 2 O(Xo)
s.t. [ Xm Xpj < . Weassumem > n, w.l.o.g. f isanisometry, SOjXg Xm nj <
Xm n 2 O(Xp), andthereforef isrecurrent for all . Then for any xo, someiteration
of f lands at any givendistanceto Xp, meaningXxg is transitiveand f is minimal.

Now let M be the unit square[0; 1)x[0; 1). is now a partition of M into r disjoint
rectangles. is de ned similarly under someindex of the rectangles.

Denition 1.6. AmapT:M ! M is arectangle exchangetransformation if
T,(x)=x+ ;(modl)
"exchanges"the subsectionsaccordingto the permutation asin De nition 1.1.

Analogously, under identi cation of the spaceM with a torus T?, the exchange of
two rectanglescorrespondsto rotations T2 ! T2. The 1x1 rotation of the torus

f:T21 T2
(YY) 7T (x+21y+2 1))

is a rectangle exchangemap with a suitable partition. If ! 1 or ! , areirrational, f
will be aperiodic.

Theorem 1.7. If ' { and! , areirrational, f is recurrent.

Proof. Fix > 0 and choosexp 2 M. SinceM is compact, it can be coveredby a
nite number of open balls of radius . If M is coveredby n -balls, the aperiodicity
of f and the Pigeonhole Principle guarantee that after at most n + 1 iterations,
9 Xm,iXm, 20(Xg) S.t. jXm, Xm,j < . Sincef is an isometry, it follows that
Xo Xm, m.J<

Remark 1.8. This proof does not work for any more complicated torus rotations
(such asthe 2x1 casethat will be seenlater), asthose mapsare not isometriesnear
the discortinuity.

2. Existence of Non-Composite Rect angle Exchange Transf orma tions

Denition  2.1. A rectangle exchangetransformation is composite if it can be ex-
pressedasthe composition of two interval exchangetransformations. If a rectangle
exchangetransformation is not composite, it is non-composite.

Prop osition 2.2. A rectangle exchangemap T : M | M is non-composite if and
only if 9(Xo,¥0), (X1,y1) 2 M s.t,, w.l.o.g., Yo = y1 and Ty(yo) & Ty(y1).

Proof. Supposesud a set of points exist. WereT to be expressibleasthe composi-
tion of two interval exchange maps, all points along a given line would be mapped
to the sameline under ead interval exchange. But sincethose points exist s.t. they
do not get mapped to the sameline, this is not the case,and soT is hon-composite.

This criterion is easierto ched for than the de nition itself, and we make use
of it later.
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Lemma 2.3. If f and g are rectangle exchangetransformations, h := g f is a
rectangle exchangetransformation.

Proof. Let ¢ be a partition of M in the domain of f, and 4 a partition of M in
the domainofgs.t. f(¢)= Pandg(g)= §. ¢ := P\ ¢isapartition of M
in the range of f and the domain of g. Therefore, we have

f(f "(gt)= g1=9 "9 gr1))
and so
h(f *(g1)=9(gt)
It's easyto seethat h exchangesthe rectanglesaccordingto ¢ and then 4, and
soit is a rectangle exchange map.
Theorem 2.4. The transformation

T-M!I' M
X7 X+
y+!li;, x<a

1
y 7 y+l, x a

;a2 (0;1);!'16 1>
is a non-composite rectangle exchangetransformation.

Proof. Considerthe following functions:

f:M! M
X7 x+
g:-M!' M

y+!li;, x<a

!
y y+!o Xx a

;a2 (0;1);!'16 !>

Theseare both rectangle exchangetransformations, as noted earlier, sincethey are
equivalert to rotations on T2. T = f g, and soby Lemma2.3, T is alsoa rectangle
exchangemap. Take the two points X = (a 1&5:y) and x°= (a+ 35:y). After
applying T, we have:

T =@ gea* V*10)

1
T(x9 = (a+ m"‘ Y+ 1)

Since! ; 6 ! ,, the map is non-composite.

3. Minimality
H H — 1 1 1 . — 1
Here we considerT with = 5 + T s T ;N 2 N, Nksx > Ng, a= 3,

and! 1, !, 62Q. cornvergessinceask! 1 ,fngg! Oandit iswell approximated
by rational numbers, it convergesto an irrational number. SoT will be aperiodic.
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The goal of this section is to show that for suitably chosenfnyg, T is minimal.
This will be donein Theorem 3.8. We intro duce two sets:

1 1 1 1 1
Bz = f(xy)2Mj= + + X< =
k () 12 (nk+l Ni+1 Nk+2 ) Zg
Bf = f(xy)2Mjl ( LI 1 + ) x<l1g

Nk+1 Nk+1 Nk+2
Prop osition 3.1. 8x 2 M n(BO% [ B}), T2(x) is an isometry.
Proof. Pick a point x = (x;y) 2 M n(BO% [ B). We get that

1 1 1
T2(x) x=1+ —+ +  (modl)= —+
N1 NinN2 N1 NinN2

+

By supposition, this is a very small translation. Since both T and T2 move the
point to a dierent sectionof M, T?(y) y=1!,;+ !, (mod 1). As thesedistances
are independert of x and y, T2 is an isometry.

Lemma 3.2. 8x2 M an% [ BE, T2"(x) is an isometry.
Proof. This follows from Prop. 3.1. For some(x,y) 2 M an% [ BE,

T2™(x0) = Xo + +

Nk+1
which is extremely small. As in the proof of Prop. 3.1, T2k (yg) = ng(! 1 + ! )
(mod 1).
Remark 3.3. Lemma 3.2 makesit obvious why we require the exclusionof the points

in Bk% and B}. Consider,w.l.0.g., an X 2 Bk%. T2(yo) Yo= 2! 1. Sincethis diers
from the rest of the points in M, T2, and so T2"«, is not an isometry 8x 2 M .

Prop osition 3.4. Bk%! ; andBl! ; ask! 1:

Proof. Sincefng! 1 ask! 1,f1+ —LX _+ g! 0. By deniton,

ne N Nk +1

card(Bl2)! Oandcard(B})! Oask! 1 . Therefore, both approad ;.

Remark 3.5. Prop. 3.4 also gives us that diam(Bk%) and diam(B}), and so their
cardinalities, both goto Oasng+; ! 1.

Denition 3.6. Amapf : M ! M is -densefor some if and only if for any
open covering of M with balls of radius , every orbit contains at least one point
in each ball.

Theorem 3.7. T is 1—ér-dense8k with suitably chosenf nyg.

Proof. M is compact, soit canbe coveredby a nite number of balls of radius 1_3?'

T2 movesall x = (x,y) 2 M an% [ B} by a very small amount. Thus, we can
considerthe di erence negligible betweenx and its image under T2. By Lemma
3.1 and Theorem 1.5, we know 9N 2 2N s.t. TN(y) y < &' Since (in
particular, N ) is dependart on the elemers of f n, g, we can chooseng.+; SO

that TN (x) X < gzt This takescareof all of the balls solelyin M an%[ BL.

1This corresponds to 13, Tov» Which we choosesince it's much smaller than the desired radius.
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The points in BZ [ B¢ are taken care of by adding another requiremert on the
selectionof ny.; . By the obsenation in Remark 3.5, we know we can cortrol the

size of thesetwo "bad" setsby using ng+; . Sowe choosengs; SO diam(Bk%) and
diam(B}) < EleZ‘- This meansthat for any covering of M, the two "bad" sets
are contained well within seweral balls of radius 1—3r, all of which have already been
accourted for. So ewven if we have a point in one of these sets, if we wait for its
orbit to exit the set (since is not a ected), we will still hit all of the balls with
points in the orbit.

Theorem 3.8. T is minimal on M with suitably chosenf nyg.

Proof. This follows directly from Theorem 3.7. Sincethe appropriately constructed
Tis ﬁ—denseSk, every point is transitiv e, sincewe can make the points be -dense
for any we want.

Remark 3.9. The previous results therefore give us the three conditions we want
on fngg to construct T asa minimal map. They are:
(i) ni+1 shouldbes.t. TN(X) X < 55tz

(i) nk+1 should be s.t. diam(Bk%) and diam(B}) < 101+2 ;

(i) nk+1 should be large enoughsothat the results from the previous stageare
not undone.

Condition (iii) is not that important in the construction, sinceit follows from

the other two.

Under this construction, T is a minimal non-composite rectangle exchange trans-
formation. However, even for all T in the classbrought up in Section 2, this con-
struction producesa small number of s that work, let alone for all other possible
non-composite maps. We think there should exist more maps of this sort, but we
did not have time this summerto explore someother approacheswe thought had
promise for more generalresults. Section4 mertions two such approachesoriented
around results from related areas.

4. Other Appr oaches

The rst suc result we looked at is from Keane [1], concerninginterval exchange
maps.

Denition 4.1. A permutation isirreducibleif foreachl | n 1,

Denition  4.2. An interval exchange transformation T is irrational if s ir-
reducible and if the only rational relations between the numbers ,;:::; , are
multiples of ; + + ,=1.

Denition  4.3. T satis es the minimality condition if and only if:
(i) T is aperiodic;
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(i) if F isa nite union of half-open intervals whoseendpoints all belongto the

countable set .

. 1
D™ = O(i)I[ fig
i=0
where ; is the right endpoint of the sub-interval ;,then TF = F impliesF = M
orF = ;.

Theorem 4.4. T satis es the minimality condition if and only if O(x) is densein
M for eachx 2 M.

Theorem 4.5. If T is irrational, then T satis es the minimality condition.

The rst problem weran into in generalizingthis result is that we did not notice an
obvious natural extension of irreducibilit y for rectangle exchange transformations
where the partition is non-symmetric. There is a good generalization to those
rectangle exchange transformations that are composite, but as we are not dealing
with those, we do not mertion it. Evenso,this result is quite powerful in describing
which interval exchange maps are minimal, and even a weakened version could
provide a large group of minimal rectangle exchangetransformations.//.

The secondresult we found in Katok & Hasselblatt [2]. It givesa criterion for a
cortinuoustorus shift to be minimal.

Prop osition 4.6. Consider the torus T2, a function ' (x) : S* ! R, and a map
fixy) 7' (x+ ; y+'(x) of T2, Theneither' (x) = (x+a) ( x)+r for
somecontinuous :S!' 7! Randr 2 Q or f is minimal.

The discortinuity in the generalclassof 2x1 rotations we looked at in Section 2 is
the reasonthis result needsto be modi ed. We ran out of time trying to consider
how to modify the result so asto not use continuity. This approach seemsmore
promising than that from Keane due to the stronger similarity betweentorus shifts
and non-composite rectangle exchangemapsthan betweeninterval exchange maps
and rectangle exchange maps.
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