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This paper is dedicated to our authors.

Abstra ct. We shall here discuss seweral prop erties of the Weierstrass-} func-
tion, asde ned on the fundamental parallelogram C=, where C is the complex
plane and s the lattice generated by ! 1 and ! 2. Using the addition formula
for } (z1 + z2), we shall develop a reccurence relation for } (nz) in terms of
} (z). We shall examine the degree of this expression, some coe cien ts, and
patterns concerning the poles of this function. We shall also consider the geo-
metric interpretation of taking an arbitrary zg and adding it to itself, both in
the fundamental parallelogram C= and the elliptic curve generated by } (z)
and } 9(z2).

1. Preliminaries

1.1. Chebyshev Polynomials.

Denition 1.1. The rst-kind Chebyshev Polynomial T, (x) is a polynomial in x
of degreen de ned by:

(1.2) cogn ) = T,(x) wherex = cos

Theorem 1.2. The fundamental recurrence relation that geneatesall of the poly-
nomials T, (x) is as follows:

1.2) Th(X) = 2XT, 1(X) Tn 2(x), for n=2;3;::
with initial conditions
(1.3) To(x) = 1 and T1(x) = x

The nice properties of the Chebyshev Polynomials lead us to develop a recur-
rencerelation for } (nz) and look at the properties of the resulting explicit rational
function.

1.2. Weierstrass- } Function.

Denition  1.3. Let points ! 1;! , 2 C have non-colinear position vectors. Now
de nite the lattice asall points of the form

(1.4) 12 () ! =aly+bl, 8ab22Z
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The Weierstrass} function is de ned as:

(15) J@)= 5+ L.
12 ;160 ’ ’

8z2C

Remark 1.4. Notice that } (z) is even, and more importantly, that } (z) is double
periodic, with periodsof ! ; and! 5, ie

(1.6) }(z+1)=}(z+!12)=1}(2) 8z2C

Becauseof this, we may examine } (z) on a fundamertal parallelogram C=
dened by !'; and ! ,. Notice that } (z) contains its only poles at lattice points,
and these are order two poles.

Theorem 1.5. Using power series exmnsions and pole/zero comparisons, we see
that

(1.7) 12°2=4@° %@ o
where
X 1 X 1
(1.8) 02 = 60 Tz and gz = 140 e
12 ;160 12 ;160
and that
2 X 1 X 1
(1.9) 1%2) = =t 6 a2t 20 !—623
12 ;160 12 ;160

Remark 1.6. >From here we seethat } (z) is also double-periodic on our lattice,
and that it is odd. Becauseof this, we seethat the half-periods must be zerces of
} A2). In our fundamertal parallelorgram, we have:

|

L2 _
(1.10) }07 =10

[P I
2

_q0 latlo
= = =0

We also seethat the points (} (z);} 42)) lie on the curvey? = 4x3  gox  gs.
This is an elliptic curve with roots at x = } (%)} (%2);} (H522).

Using the relationship between} (z) and this curve, we can now begin to derive
a recurrencerelation.

2. Recurrence Relation for }(nz)
Theorem 2.1. For z;;z, 2 C,

_ 1 }%) }%z) °
2.1) Varz)= @) Y@ T T

If zz z mod ,thelimit asz,! z; gives

_ 1 }%zy) 2
(2.2) Jez) = 3@ * G Tqoy

Now we can give a recurrencerelation for } (nz):

Theorem 2.2.
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3. Basic properties of }(nz)
Theorem 3.1.
1
3.1 }(n2) = Pn(}(2)) = — + Ra(} (2))
where R, is somerational function of } (z) with degree lessthan 0, 8n 2 Z

Proof. We write the power seriesexpansionfor } (z) at the origin:

— 1 X 1 2 X 1 4
(3.2 }(2) = = + 3 !—42 +5 !—62 +
12 ;60 12 ;60
o)
_ 1 X 1 2.2 X 1 4,4
(3.3) } (nz) = @+3 !—4nz +5 !—an +
12 160 12 ;160
De ne:
X 1 X 1
(3.4) Hn(z) = |—4n222 +5 '—6n4z4+ o
12 160 12 ;160 °
SO
1
(3.5) }(nz) = n272 + Hn(2)

Notice that asz! 0,H,(z)! 0aswell. We alsoknow that } (nz) = P,(} (2)).
Substitute in our expansion:

(3.6) }(2)= Py 5+ Hi(2)

Since P, (x) is somerational function of x, de ne Py (x) asthe quotient with no
term of degreelessthan 0, and R, (x) asthe remainder of degreelessthan 0, so:

- J(2)= Py S+ HIZ) =P o4 Hi@) +Ry 4 Hi)
3.7

1
nzzz * @

First note that asz ! 0, (5 + Hi(z)) ! 1. But sincedegR, < 0, Rn( +
Hi(z)) ! 0,soR, will not contribute to the ziz term. As for the Py, term,

1 1 1 2
(3.8) Pn =t Hi(z) =a+a =t Hi(z) + a =t Hi(z) +:

BecauseR, doesnot contribute in the Z—lg term, we seethat a; = n% and because
the expressionfor } (nz) contains no constart terms and no terms of degreeless
than 2, we seethat ag = a, = az = 0, so,

Pn(}(2) =Pa(}(2) *+ Ra(} (2))

(3.9)
= 21@+ Ra() (2)

Remark 3.2. >Fom this we seethat the rational function Py (} (2)) is always of
degreel
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Lemma 3.3. zp is a pole of } (nz) if and only if nzg 2 , or nzg = al1 + bl, so

zo= 21*P2 for somea;b2 Z

Theorem 3.4. }(nz) = P,(} (2)) contains n? roots

Proof. In the above lemma, clearly both a and b can take any integer value from 0
to n 1, sothere are n? polesof } (nz).

But as} (nz) = P, (} (2)), then if a point z; is a pole of } (nz), then } (zp) must
be a pole of P,(} (z)), which meansthat } (zp) is a root of the denominator of
the rational function P,(} (z)). The one exception is the point zog = 0, because
} (0) = 1, which is not the root of any polynomial. Since} (z) is well de ned
everywhere but on the lattice points, this meansthat the denominator of P, (} (2))
must have n? 1 roots, or must be of degreen? 1. We proved earlier that
degP, = 1, sothe numerator of P, (} (z)) must be of degreen?, so} (nz) = P, (} (2))
cortains n? roots.

The grid point visualization provides us with more information. First, it is easy
to seethat if n is composite, } (nz) sharesgrid-point poleswith } (m;z) where m;
are the factors of n. Our } (4z) examplesillustrates this easily; the halfway points
are clearly also polesof } (2z). For our polynomial Py, (} (2)), this meansthat the
denominator of P, (} (z)) contains all the factors in the denominator of Py, (} (2)).

We also know that } (z) is even. On our grid this introducesa rotational sym-
metry about the certer, where pairs of points yield the samevalue. In our } (2)
example,} (3rte) = }( 3arlzy =} (L3le)

For our rational function P, (} (z)), becausetwo di erent grid points zop and 2z
have the samevalue } (zp), this meansthat the value of } (zo) must be a double
pole of the function Py (} (2)), thus the denominator of the function factors into
squaredterms. The only exceptionsto this are the halfway points '7' wherei =
1;2;3and!3=11+ 15 It is clear that '7' and '7' are the samegrid point, and
so the value } (’Ti is only a single pole of P,(} (z)). This may seemto cortridict
the fact that if '7' is on our grid, then it is a double pole of } (nz). The reasonthat
this is not a corntridiction comesfrom the fact that } 0(!Ti) = 0, asillustrated in the
analytic proof below.

Theorem 3.5. If nis even,the halfway points '7' are simple polesof P, (} (2)), or
equivalently:

(3.10) !inpi Pn(} (2))(} (2) }(%)) = c; for somec6 0

Proof. We know that if n is even, '7' is a double pole of } (nz), sowe can expand:

* I
_ _ a2 a1 i
(3.11) Pn(} (2)) = }(nz) = nz )2z nig + . ax(nz nf)k
S0
(3.12) |
lim PG @)@ }7)=
a2 }(F),ai0@ }(H) L * i
zflm% n2(z !7‘)2 T D — e }(7)k:0 a(nz no)"
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The terms of the sumgoto zero,and we may uselL'Hopital's Rule on the rational
terms:

a %) , a9

(3.13) = M, 20 1 L

Because} 0(!Ti) = 0, the term on the right is 0, and we use L'Hopital's Rule
again on the term on the left:

60

2% _ 2%y
(3.14) = i, a 22}n2((2) =2

Theorem 3.6. Any collection of distinct P;(} (z))'s are linearly independent

Proof. Notice that if a grid point zy is not a halfway point '7' then } %z0) is not
zeroand we canusea similar grid argument asbeforeto shaw that } (z) is a double
pole of P, (} (z)). Furthermore becauseevery distinct n givesat least somedi erent
grid points, we seethat P, (} (z)) must have di erent poles,and sofor distinct n;'s,
the Pp, (} (2))'s are linearly independen.

Theorem 3.7. In the exmansion of P, (} (z)) into a sum of partial fractions,
C2 C1

G PO 5 @ Te e @
where Ro(} (2)) is somerational function, if zq is a pole, suchthat zp 6 O; '7' then
(3.16) C o= }O(nZZO)Z andc ; = }OEZZO)
Proof. >Fom the de nition of } (nz), we seethat:
~ 1 1 X 1 1
CAN DTG WR T, e, 2 1P 12

Now, we set P, (} (z)) and } (nz) equation to eac other, and multiplying the re-
sulting expressionby (z  zo)?:

C 2 (z zo)c 1

2
T@ 1@ T To e @ 20)°Re((2)
(3.18) 0 (z 20)? z 29 1
' 1 s 1 1 X 1 1,
"z (2 %) @nzz2 nzz§+I o (nz 1)2 12
12 ;1680;nzg

Taking the limit asz! 2z, gives:
C 2 1

}Az0)?  n?

(3.19)

And our result for ¢ » follows.
Now, we attempt to nd c ;. Again, we setP,(} (z)) = } (nz), but this time we
multiply through the expressionby (z  zp) to get:
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(3.20)
C 2 C1
0@ 1@ T 1@ e T 2R} (2)
O Z Zo Z Zo 1
1 1 1 X 1 1
S ) [ S S
n2(z  zop) n2z2  n2z '3 4 60m (nz 1)z 12
Moving terms and substituting for ¢ , gives:
(3.21)
C1a
m*‘(z Zo)Ro(} (2))
0 2z 1
~ 1 1} Yz0)? @l 1, X 1 1,
S oz et 2%z g z 192 12
Z Zo 12 ;1 60;nz¢
Taking the limit asz! z yields:
!
Ci1 _ 1 . 1 }0(20)2
(3-22) Tz - n2a 7 7o 0@ i@
Z Zp

Becausezy 6 0, we can substitute the Taylor seriesexpansionfor } (z):

0
20
@2 1@= )+ e 2+ e e
Substitute into our expression,giving
0 1
2 2
n<c 1 - lim @ 1 }0(20)00( A
} A20) 220 2 Zo (20} %20)(z zo)r RO }(20))2
0 Z Zo 1
. 1 20)?
= lm @ }O}(OC?Z)) A
2t 20 Z Zo ((z z0)(} Az0)+ =% (z zo)+ )2
Z Zo

|
(3 %zo) + 1520z zp) + )%} %20)?
220 (2 zo)(} Yzo) + BN (2 z0) + :i)2 '

}Az0)2 + 2 20)} Azo) L2 + 1 }Yz0)?

= lim -

2 (2 20)(%20) + 5z | 20) + )2
- } A20)} Rzo) + =

Ao () (20) + Rz 20) + )2

} A20)} "z0)

} %20)?
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