EXPLICIT FORMULAS FOR THE MODULAR EQUATION

PAUL BAGINSKI AND ELENA FUCHS

ABSTRACT. We determine a linear time algorithm for calculating the modular
equation ®n (X, J) for N = p1p2, where p1 and p2 are distinct primes. We
provide N = 10 as an example.

1. INTRODUCTION

Let J(z) be the modular invariant of the elliptic curve y? = 423 — go(2)r — g3(2)x
over C. Specifically, J(z) is given by:

3 93(2)
R ORE 7
where the denominator is nonzero.

The modular equation ® (X, J) = 0 provides an algebraic relation between J(z)
and X = J(Nz) as roots of an irreducible polynomial ® in two variables over C.
The polynomial ®x (X, J) is symmetric in the variables, and is of degree ¥(N).
Namely, @y (X, J) is of the form

XY 4 o) 4 Z CiiFij,
0<j<i<i(N)

where F; ; = X'J7 + X7J" and

Y(N)=N]] <1+ 1)
pIN b
where the product is taken over the primes p in the prime factorization of N. All
the coefficients of X*.J7 are integers, thus C; ; is always an integer, except perhaps
when 4 = j in which case C;; can be half of an integer.

The modular equation ® (X, J) = 0 has many useful applications in the theory
of elliptic curves and number theory, among many other fields. Descriptions of these
applications can be found in [1], [2], [3], and [12]. Tt is of great interest then to
determine explicit formulas for ® 5. Several methods have already been developed.

For arbitrary N, one can reduce the problem of calculating ®y to calculating
®,, for all prime factors of p using the following theorem:

Theorem 1.1 ([11]). (1) If N = nyny with ny,ny relatively prime, then
P(n2)
Un(X,J) =[] ¥n (X&)
i=1

where {&; |1 = 1,...,1(n2)} are the distinct roots of the polynomial ¥,,, (X, J).

Date: August 8, 2003.



2 PAUL BAGINSKI AND ELENA FUCHS

(2) If N = p© for some p prime and e > 1, then

PP
Un(X, D) =TT WX, &)/ [Wpea (X, )P
=1

where {&|i = 1,...,9(p° 1)} are the distinct roots of the polynomial
V. (X, ).

pefl

For practical application, this theorem can be somewhat cumbersome or even
intractable, as it involves finding roots of polynomials of high degree. Therefore,
there has been an effort to find alternate methods for explicitly calculating the
coefficients of the modular equation.

Using the technique of cusp expansions, Yui[13] developed an algorithm for cal-
culating the coefficients of ®, for p prime. Dutta Gupta and She ([4] and [5])
expanded upon this technique to create an algorithm for N = p? for primes p, and
to analyze the case when N = p€ for p prime and e > 2. Using a different methods,
Ito ([7] and [8]) developed an algorithm for calculating the coefficients.

As far as precise computation, the modular equation has been explicitly calcu-
lated for the primes p = 2,3, 5,7, and 11 and can be found in [6] and [10]. Recently,
TIto ([7] and [8]) determined ¥, for all n < 56.

In this paper, we will provide a general algorithm for calculating the coefficients
of (X, J) for N = p1ps, the product of distinct primes. We will also show that
this algorithm performs the calculation in linear time. The next section develops
the necessary machinery for the algorithm, as well as describing and analyzing it.
The other section deals with the exceptional case of N = 6.

2. GENERAL p; AND po

Let p; and py be distinct primes with p; > ps. Choose integers v and v such
that p1u + pov = 1.
Consider I' = SL(2,Z) and the subgroup

FO(N):{(CCL Z>EF|CEOmodN}

It is well-known that J(z) is invariant under the natural group action of I' on the

upper half-plane. Namely
az+b
J(z)=J
() <cz +d )
b

for any matrix ( i d € I'. A simple consequence of this fact is that J(Nz) is

invariant under the subgroup T'o(N) of T'.
By Proposition 9.3 in [9], we have that [I" : T'o(N)] = ¥(N). Therefore, when p;
and py are distinct primes, we have that [[' : To(pip2)] = (p1 + 1)(p2 + 1).

Lemma 2.1. A complete set of left-coset representatives 3; of T'o(p1p2) in T is:

{(_{ é) |05j<p1p2}u{<p1,1 ‘1)) |oszc<p2}U
(e 1) ro=empU{(5 7))
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Proof. Left to the reader.

Lemma 2.2. The cusps of To(p1p2) are

—u — ~1 ~1
{o,oo,_“,_“}u{_|o<k<p2}u{_|o<k<p1}
P2 p1 pik pak
Proof. By the discussion on page 262 of [9], the cusps are given by 3 !(o0), where
the 3; run over our left-coset representatives of I'g(p1p2) in T O

Given any modular function f of T'o(p1p2), we may perform a Fourier expan-
sion of f around the cusp oo with respect to ¢ = €2™*. We also may perform an
expansion of f around any other cusp x in terms of the expansion at co. Namely,
if 3 € SL(2,Z) is such that 371(c0) = x, then we define the expansion of f at
x to be the expansion of f(371(z)) at co. It can be shown that this expansion is
independent of the choice of the coset representative (3.

When one performs the expansion of f at = # oo, the resulting expansion is
given in powers of ¢p,p, = e2m#/P1P2 - and hence is periodic in p1ps. It can occur,
that for a given cusp z, every modular function f has an expansion at x which is
periodic in some period less than pips. Thus, we define the width of the cusp x
to be the least positive integer w which acts as a period for the expansions at z
of all modular functions f of T'g(p1p2). The following proposition permits explicit
calculation of the width of a cusp.

Proposition 2.3. Let $71(c0) be a cusp of To(p1p2), where 3 € SL(2,7Z). Then

g db > such that ad = p1p2, 0 < b <

there exists a unique primitive matrix o =

d, and GCD(a,b,d) =1 with

pip2 0\ o1
for some v € SL(2,7). Moreover, the width of the cusp 371(c0) is d.

Proof. For a proof, see Proposition 9.4 of [9].

We will now perform expansions of J and X = J(p1p2z) at the cusps co and
—v/py. The expansions will be in terms of ¢ and ¢, = e2™#/P> respectively.
The function J(z) has a well known g-expansion at co given by:

I ;1
(2.1) J(z) == E ajq’ = — + 7444+ 196884¢ + . ..
q- q
=0

Consequently, at co we have that the expansion of X = J(p1p22) is

oo

1 .

(2.2) X=— E a;q"
q 1P2 -

Jj=0

At the other cusp, J has the same g-expansion, since J is SL(2,7Z) invariant.
However, when rewritten in terms of g, we obtain that the expansion at —v/p; is
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given by:

1 o0
2.3 = ;D2J
23) -

Proposition 2.4. The g, expansion of X at the cusp —v/p1 is given by:
(2.4) = pa Za] qrr
T

v

Proof. The expansion of X at o is given by the expansion of X o 87! at oo,

where 3 = ( g 2 _Z ) Thus, determining the matrices involved in the identity
1

in Proposition 2.3, we obtain:

Xoplz) = J

% pz) 2))

1
— § : 2mip12)/P2\J
= . a;le
e2mip1 z/p2 ‘ J( )

— p1j
= Z a; ¢F
T

We collect the relevant information into the following table:

cusp ) —v/p1
width 1 P2
order of pole of .J 1 p1
leading coefficient of J 1 1
order of pole of X P1P2 D2
leading coefficient of X 1 1
order of pole of XV(iPe) § JUiPa) U(pip2)pips | D (pipa)ps
leading coefficient of X ¥®1p2) 4 J¥(P1p2) 1 1
order of pole of F; ; (i > j) pip2i+j | pii+ poj
leading coefficient of F; ; 1 1
order of pole of F; ; i(pip2 + 1) | i(p1 + p2)
leading coefficient of F; ; 2 2
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We will use the expansions at co and —v/p; for our analysis. If one consid-
ers the modular equation

X¥ip2) 4 g¥(pip2) — Z —C;;Fij
0<j<i<y(p1p2)

in these expansions, we get a system of linear equations corresponding to the co-
efficients of powers of ¢ (respectively ¢,.). Namely, if we equate the coefficients of
g~ * on both sides of the modular equation, we obtain the equation dj, = sz, where
di € Q and s is a linear combination of the C; ;. Similarly, if we equate the
coefficients of ¢ * in the —v/p; expansion of the modular equation, we obtain the
linear equation e, = t, where e € Q and ¢}, is a linear combination of the C; ;.

We now will describe precisely which Cj ; appear in s and t; for various k.
Clearly, C;; appears in sj (respectively, ti) precisely when Fj; has a nonzero
coefficient for g% (¢;7%) in the expansion at co (—v/p1). Examining the expansions
of F; ; yields the following proposition:

Proposition 2.5. For k > 0,

(1) sk contains C; ; precisely if there are m > 0 and m’ > 0 such that k =
pip2(i —m)+ (j—m') or k=pip2(j —m') + (i — m).

(2) ti contains C;; precisely if there are m > 0 and m’ > 0 such that k =
p1(i —m)+p2(j—m') ork=p1(j —m') + p2(i — m).

Proof. This easily follows from considering the cusp expansions. O

An immediate consequence of this proposition is the following observation: if
one has solved all the equations s, = dj for £ > K, then to solve sx = dk, one
need only consider the C; ; which appear in sx but do not appear in s, for any
k > K. We call such C;; debutantes. Since j < ¢, the debutantes appearing
in sg will be precisely those such that K = pipsi + j and j < i. We may also
consider debuts of C; ; for each tx and observe that the debutantes appearing in
tx are precisely those C; ; such that K = pi¢ + p2j and j < i. Though there can
be several debutantes appearing in each t;, the number of debutantes appearing in
each s; has a favorable description.

Lemma 2.6. For each pipa(¥(p1p2) — 1) + ¥(pip2) — 1 > k > 0, there are at
most two C; ; such that k = pip2i + j. In other words, there are at most two
debutantes in si. Specifically, if k = p1p2t + j with pips +1 <@ < p1ps + p1 + P2
and 0 < j <1i—pips — 1, then there are two debutantes; otherwise, there is only
one.

Proof. We must have 0 < j <i < ¥(p1p2) — 1 = p1p2 + p1 + p2. If k < p1ps there
is clearly only one valid representation in terms of ¢ and j, so assume k > pips.
Each such k£ can have at most the following two representations: k = pip2i + j
and k = pip2(i — 1) + (j + p1p2), where 0 < j < pips. These correspond to
C;; and C;_1 j4p,p,- Since we also require j < 4 for each C; ;, both representa-
tions are valid precisely when ¢ — 1 > j + p1ps. But this holds precisely when
pip2+p1+p2>i>pg+1landi—pps—12>j=>0,since j>0. a
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Lemma 2.7. Given K = (p1 + p2)L for some p1ps + p1 > L > p1p2, assume that
all equations ty, = e, have been solved for k > K and all equations s, = dj have
been solved for k > p1pa(L + pa +2). Let X be the greatest integer less than L + po
such that there is p1p2 < v < A with py A 4+ poy < K < p1 A + p2y + p2. Then each
s contains at most one uncalculated debutante for every k > pipaA + 7.

Proof. Note that L < X since Lp; + p1p3 < K. Also note that by our assumption
on the s, all the C; ; have been calculated for i > L + py + 2.

Consider O>\+1+i7j for 0 < 7 and 0 < j < A+1+1. By Lemma 2.6, O>\+1+i,j
is the sole debutante appearing in sp, ,,(x+144)+; When j > A + i — pipa. When
0 <j < A4 1i—pips, there are two debutantes: Cxyi14i; and Cxayi jtpips-

Assume A\ < L+ ps — 1. Then, by the maximality of A, we have that p;(\+14) +
p1p3 > K for any i > 0. So for any i > 0 we have p1(A+14) + p2(j +pip2) > K and
50 Cxti,j+p1p. appears in one of the ¢; which had already been solved. If, on the
other hand, A = L + ps — 1, then:

pr( A+ i) +pa(j +pip2) = pi(L+p2) +p2() + pip2)
p1L + p2(p1p2 +p1) + jp2
> piL+poL + yps
> K

so again we have that Cy; jtp,p, appears in one of the ¢;, which had already been
solved.

Thus, we have handled all the sy for & > p1p2(\ + 2). Now, let us consider the
s for p1pa(A+2) > k > p1peA++. Since v > pipe, all these si have a debutante of
the form Cy4q,; where A+12> j > v —pip2. Using Lemma 2.6, we see that Cx41 5
is the sole debutante if j > X\ — p1ps. So assume that j < X\ — p;ps. Then the two
debutantes which appear in s, ,,(x+1)4; are Cxy1,j and Cy jip,p,- But, we have

PN+ p2(f +pip2) > piA+pa(y+1) > K

50 O j+p1p. appears in one of the t; which have already been solved. O

Lemma 2.8. Given K = (p1 + p2)L for some p1ps > L > p1ps — p2, assume that
all equations t, = ey have been solved for k > K. Then each sy contains at most
one uncalculated debutante for every k > 0.

Proof. By Proposition 2.6, there are two debutantes appearing in s precisely when
k = pip2i +j with p1pa +1 < i <pipa +p1 +p2and 0 < j <i—pp2 — 1. In
this case, we have that the debutantes are C;; and Ci—1 j4p,p,. We claim that
Ci—1,j+p1p. appears in one of the ¢; which had already been solved. Indeed:

p1(i = 1) +p2(j + p1p2) = (pr + p2)pip2 > (p1 +p2) L = K
50 C_1,j+p.p, had already been calculated. 0

Lemma 2.9. Assume pips # 6. Let K = pipsx +y with pipo +1 < x < p1ps +
p1+p2 and 0 <y <z —pipe — 1 be given and assume all the s = dj, have been
solved for k > K. Then for k> (p1 + p2)(z — p2) the equation ty, = ey contains at
most one debutante which has not been calculated.
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Proof. Since all the equations s; = di have been solved for k > K, we know that
the following C; ; have been calculated:

(1) for all i > z + 1 and all j > 0;

(2) fori =241 and all j > y;

(3) for i =2 and all j > y + p1pa.
Pick &k > (p1 + p2)(x — p2). In order for t; to have any debutantes, we need
k = pra + poB for some p1ps + p1 +p2 > a > 0 > 0. Pick the least such « for
which there is a (§ satisfying the conditions. Note that o > x — ps since o >
and k > (p1 + p2)(x — p2). Every C;; which appears in ¢, must be of the form
Costpyf.a—pi s for f > 0 (f cannot be negative by the minimality of «). Since
a > x — po, for every f > 0 we have that o + fps > z.

Case 1: > x —po + 1. Then a+ fps > x + 1 for every f > 0 and thus every
Cotfps,8—fp, has been calculated, save perhaps Cy g. Therefore there is at most
one debutante in t; which has not been calculated.

Case 2: a =z —py+1. For f > 1, a+ fps >z +1 and thus Coy rp, s—fp, has
been calculated, whereas for f = 1, a+ fps = z+1. If 3—p; >y, then Coyp, 3—p,
has already been calculated, and so Co+ fp,,3—fp, has been calculated for every f
except maybe f = 0. But since k = pi(z — p2 + 1) +p28 > (p1 + p2)(z — p2),
we have that paf8 > pa(z — p2) — p1. Since y < x — p1ps, we have § —p; > y if
p2(B —p1) = p2(x — p1p2). But pa(B —p1) > p2(x —p2) —p1 — pip2, 0 f—p1 >y
if po(x — p2) — p1 — p1p2 > po2(x — p1p2). This inequality reduces to showing that
p3(p1 — 1) > p1(p2 + 1), or equivalently, 1 —1/p; > 1/ps + 1/p3. Since p; > py and
pip2 # 6, this inequality holds and therefore 8 — p; > y and so Cyyp, g—p, had
already been calculated. O

Theorem 2.10. For pips # 6, the coefficients C;; of the modular polynomial
D, p, (X, J) can be calculated in linear time.

Proof. Recall our earlier observation that if all the s = di have been solved for
k > K, then to solve sx = dg, one needs only consider the debutantes appearing
in this equation. In particular, if one also has some of the t; = e solved, then one
only needs to solve for the uncalculated debutantes in order to solve sy = di. The
same statement holds with ¢ swapped for s and e swapped with d. Our algorithm
will arrange the equations s = dj and t; = e in such an order so that if all the
previous linear equations have been solved, then there is at most one uncalculated
debutante in the current linear equation. In this manner, we have arranged the
linear equations s = dj and t; = e; in order to create a lower triangular matrix
to solve for the C; ;. Our algorithm will only utilize the equations s, = dj for
0 <k < (pip2 + 1)(W(pip2) — 1) and t = ey for pips —p2 < k < pr(Y(p1p2) —
1) + p2(¢(p1p2) — 1). Thus, the total number of linear equations used in the lower
triangular matrix is:

(pip2)(P1p2 +p1+p2+1) —2pip2 +p2+1 < Y(pip2)(Pip2 +p1 +p2 + 1)
= Y(pip2)(p1 +1)(p2 + 1)
2

= P(p1p2)

Since there are a total of ¥ (p1p2)(¢(p1p2) +1)/2 many C; ; to solve for, this algo-
rithm will clearly run in linear time with respect to the number of C; ;.
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The Algorithm:
Step 1. We begin with the co expansion, and consider the linear equation

8(p1p2+1) ((p1p2)—1) = Ap1pat1)(w(pip2)—1)
which, as our table shows, corresponds to the first nonzero coefficients in the
g-expansion of the modular equation about co. By Proposition 2.5, this linear
equation will have only one variable Cy(,,p,)—1,5(p1p2)—1, Which we calculate. Set
K = p1p2(¢(p1p2) — 1) + p1 + p2 — 1. Then by Lemma 2.6, there will be only one
debutante for every k > K, and therefore we are able to solve all these s; = dy.
Note that by this lemma, sk will have two debutantes.

Step 2. We have that K = pipox +y with p1po +1 < = < p1ps + p1 + p2
and 0 < y <z — p1p2 — 1. Therefore, we may apply Lemma 2.9 to conclude that
for every k > (p1 + p2)(x — p2), the equation ¢t = di has only one uncalculated
debutante. Solve all these equations. If x —2 < pypa, then go to Step 4. Otherwise,
go to Step 3.

Step 3. Since x — 2 > p1p2, we may use Lemma 2.7 to select a suitable A and ~
withz—2 < A < 2—24ps and p1p2 <y < A and such that for every k > p1ps A+,
sk has at most one uncalculated debutante. Solve all of these sy, set K = pyip2 A+
and repeat Step 2. Note that K can be rewritten as pipa(A + 1) + (v — p1p2) in
order to satisfy the conditions for Step 2.

Step 4. Since x — 2 < p1pa but > p1pa + 1 we know that x — 2 > p1ps — po.
Therefore we may use Lemma 2.8 to conclude that every s contains at most one
uncalculated debutante for every & > 0. Thus, we may solve all the remaining
equations and determine the remaining Cj ;. O

3. THE CASE p1ps =6

The statement of the algorithm proposed in Theorem 2.10 concerns only pips #
6. One can easily observe that the case pips = 6 does not adhere to the behavior
predicted by our algorithm. However, the general method of alternating between
the two cusp expansions still allows for a linear time technique for solving the co-
efficients C; ;. We explicitly describe this method below.

The table reprinted for pyps = 6 becomes:

cusp oo | —2/3
width 1 2
order of pole of .J 1 3
leading coefficient of J 1 1
order of pole of X 6 2
leading coefficient of X 1 1
order of pole of X2 + J12 72 24
leading coefficient of X¥®1p2) 4 J¥(p1p2) 1 1
order of pole of F; ; (i > j) 6i4j | 3i+2j
leading coefficient of F; ; 1 1
order of pole of Fj ; 7i 53
leading coefficient of F; ; 2 2
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Now consider the modular equation

12 12
XPrgP=— 3" Gk
0<j<i<11

We omit the actual calculation of the coefficients C; ;, as it is of more interest
us to rather locate the values k at which two uncalculated debutantes appear in
or tg. In this manner we are able to determine where to switch from one cusp

expansion to another.

e The expansion at co allows us to go down to k = 71, solving explicitly for
Ci1,11, Ci1,105 Ci1,9, Ci18, Cr1,7, Ci16, and Chy 5.

e We then must switch to the expansion at —2/3 and go down to k = 42,
solving for Cio,10, Ci0,9, Ci0,8, C10,7, Ci0,6, Co,9, and Co g.

e Switching back to the expansion at co, we go down to k = 62, and solve
for Ci1,4, C11,3, Ci1,2, Ci1,1, Ci1,0, C10,5, Ci0,4, C10,3, and Cig 2.

e Switching again to the expansion at —2/3, we go down to k = 36 and solve
for Cy,7, Co,6, Co,5, Cgs, Cg 7, and Cgg.

e Returning to the expansion at oo, we descend to k& = 50, solving for C¢ 1,
Ci0,0, Co5, Coa, Cy 3, Cy 2, Cy 1, Cyp, Cg 5, Cga, Cg 3, and Cg o along the
way.

e Switching to the expansion at —2/3, we go down to k = 27 and solve for
Cr7, Cr6, Cr5, Cra, Cr 3, Co 6, and Cg 5.

e Finally, we make our last switch to the expansion at co and determine the
rest of the Cj j, as there is only one debutante per s for k£ < 50.
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