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Abstract

In this paper, we will study a hydrodynamic system describing fluids with
viscoelastic properties. After a brief examination on the relations between sev-
eral models,we shall concentrate on a few analytical issues concerning them. In
particular, we establish local existence and global existence (with small initial
data) of classical solutions for an Oldroyd- system without artificially postulated
damping mechanism.

1 Introduction

Viscoelastic material can be viewed as the intermediate states between the fluids and
solids. The material exhibits elastic behavior, such as the memory effects, as well
as the fluid properties. Many complicated hydrodynamic and rheological behavior of
complex fluids can be regarded as consequences of the internal elastic properties. Often
these microscopic or molecular elastic properties can also be attributed to heterogeneity
and the electro-magnetic behavior of the materials [19, 26, 1, 3]. It is the interaction
between these (microscopic) elastic properties and the (macroscopic) fluid motions that
gives not only the rich and complicated rheological phenomena, but also formidable
challenges in analysis and numerical simulations.

In this first one of a series of papers on the subject, we will make a preliminary
mathematical study on these systems. In fact, we shall concentrate on a simple hydro-
dynamic system for viscoelastic fluids that it can be also viewed as an Ericksen-Leslie
system (for the evolutions of liquid crystals or polymeric liquids) without certain vis-
cous and dissipative effect in parts of the equations.
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1.1 Flow map and deformation tensor

In the context of hydrodynamics, the basic variable is the flow map (particle trajectory)
x(X,t). X is the original labeling (Lagrangian coordinate) of the particle. It is also
referred to as material coordinate. x is the current (Eulerian) coordinate and referred
to as reference coordinate. For a given velocity field v(z,t) the flow map is defined by
the following ordinary differential equation:

(X, t) = v(x(X,t),t), x(X,0)=X. (1.1)
The deformation tensor F'(X,t) is defined as
Ox

F(X t) = —. 1.2

(xp=22 (12)

When look in the Eulerian coordinate, we can define F(z,t) such that F(z(X,t),t) =
F(X,t). With no ambiguity, we will not distinguish these two notations in this paper.

Applying the chain rule, we see that F'(x,t) satisfies the following transport equation
21, 11, 19]:

Fi+v-VF =VuF, (1.3)
which stands for Fj;, + vp Vi Fi; = V30 Fy;. Here we point out that in this paper, we
use the notation F;; = 88)96(] and (Vv);; = g;}] This is different from notations in other

papers by a transpose, for instance [19].
The incompressibility is represented as

det F = 1. (1.4)
By the identity of the variation of the determinant of a tensor
ddet I = det Ftr (F~'6F), (1.5)

we see that V - v = 0. Moreover, we assume that the density p = py to be a constant.
This will replace the equation for the conservation of mass :

pr+ V- (pv) =0. (1.6)
Let us denote (V - F); = (V,;F};), then we have [21, 11, 19]
(Vzeg>t + Ukvk<v2FU> -+ Vﬂ)k(kaw) = VkUZ<VZFkJ> + VinUiij.

Using the incompressibility and switch the indices ¢ and k of the first term on the right
hand side, we have:
(V- F)y+v-V(V-F)=0. (1.7)

To describe the elastic properties of the fluid, we associate the Lagrangian for the
fluid motions with an elastic energy functional for some internal variables. In this
case, the internal variable is the deformation gradient of the fluid, F'(x,¢). Though our
discussions below will be for a special elastic energy functional of the Hookean linear
elasticity, it does not reduce the essential difficulties for analysis. Indeed, all the results
we described here can be easily generalized to a more general class of elastic energy
functionals for the deformation tensor F(z,t) (see [21] for some related discussions).
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1.2 Force Balance and Oldroyd-B systems

For a general viscoelastic fluid, we start from the following equation for the conservation

of momentum :
plvg+v-Vo)=V -7, (1.8)

where 7 is total stress. In a Newtonian flow, one assume the constitutive relation
T = —pl + D, where p is the pressure, p the viscosity and D = W+TVT” is the strain
rate.

There have been many attempts to capture different phenomena for non-Newtonian
fluids, such as those of Ericksen-Rivlin [29, 27] or for high-grade fluid [15], Ladyzhen-
skaya [18] where 7 is nonlinear in the strain rate D, and by Necas’s group where viscos-
ity depending on both D and p [13, 24]. All these models involve only instantaneous
constitutive relation between the stress and strain.

For the nonlocal (in time) constitutive equations, there are the Maxwell model
Ti + 7 = uD, the transport model 7, + v - V7 + v7 = pD, and the Oldroyd (upper
convective) model

7+ v-V7r —Vur — Vol +47 = uD, (1.9)

The constant 7 in the above models represents the time scale for the elastic re-
laxation. It is associate to the Debra number De = %, which indicates the relation
between the characteristic flow time and the characteristic elastic time scales [1].

We note that, there are other types of Oldroyd models. Some are associated with
the different ways in which the stress tensor is transported. For instance, the Johnson-
Segaman model is just a linear combination of the upper convective and the lower
convective Oldroyd models.

We can also look at the following modified Oldroyd model:

T=—pl 4+ puD + 1, (1.10)
and the elastic stress 7 satisfies the transport equation:
T +v -V — Vo, — Vol +y1 =61, (1.11)

The equation (1.11) is related to the modified Oldroyd model (1.9) by a simply
change of variable as 77 = 7 — nl, where n = u/2 [25].

Denote by C = FFT, the tensor is usually called the Cauchy-Green strain tensor
and B = C~! is the finger tensor [19, 11, 25]. In particular, the equation (1.11) is
equivalent to

(F'nF )y, +o-VF ' F ) = F'nF T4 6P T,
Hence, we can implicitly write the solution in the form :
mi(x,t) = exp{—vt} F(z,t)m1(x,0)FT (2,1) (1.12)

+5/_ exp{—v(t — 8)}F(z,t)F " (x,8)F (2, 8)F" (2,t) ds.

o0



From this, it is obvious that 7 is positive definite. In fact, in this case, we can define
the induced deformation tensor Fy = /7.
The following fact is obvious.

Lemma 1.1 If a tensor T satisfies the equation:
7 +v- VT — Vour — 7Vl =0, (1.13)
and the initial condition T(x,0) = 1(x) is positive definite, then
7(x,t) = FroF". (1.14)
Moreover, the induced deformation tensor Fy = \/T satisfies the same equation as (1.3):
(F):+v-VF = VuF.

We remark that this lemma, together with the results in [21] will allow us to obtain
global (Larey) weak solutions for the case the induced strain of viscoelasticity is small.
We notice that this type of results are different from the existence results of [9, 10, 26].
It is based on arguments in [21] and the following energy law for the Oldroyd model:

% i %pMQ + %trﬁ dr = —/QMID\Q. (1.15)

We shall outline in the next subsection the basic approach for existence of weak

solutions of [21]. However the main goal of this paper is to establish the global existence

of classical solutions. Recently, there are some mathematical results concerning these

systems, see for examples [20, 2, 5]. However, even for the global existence of small (in

a suitable sense) weak solutions, our results here are stronger because we do not add
additional damping mechanisms or (viscous) dissipative effects.

1.3 Energetic Variational Formulation

As in [21], in order to study the mixture of a fluid with a visco-elastic solid, one
writes the momentum equation for the viscoelastic materials in the Eulerian frame-
work. Assuming the elastic energy of the material is W (F') where F' = [0x/0X] is
the deformation tensor (strain). The following system (in weak form) gives the force
balance equations (linear momentum equations):

/[p(vt +@w-V)v)-u—pV-u+r7-Vudr = / pf - udz, (1.16)
Q 0

for any test function w, the elastic stress: 7 = uD(v) + (1/J)S(F)FT, where S(F) =
[OW/OF] takes the Piola Kirchhoff form. Here we also adopt the constraint J =

det(F) = 1 for incompressibility. This momentum equation can be derived through
the least action principle (Hamilton’s principle). The action functional take the form:

A(@:/0 /Q%p\xt(X,t)IQ—W(F)dth, (1.17)
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where )y is the original domain occupied by the material. We use the fact that J =
det ' = 1.

Let us take any one-parameter family of volume preserving flow map z¢(X, t) with
4% | _y = y. From the fact that J = det ' = 1 and the identity (1.5), we have that
V-y = 0. Now the equation (1.16) (without the viscous dissipation term) can be viewed
as the following first variation of A with respect to the flow map (or the deformation)
x:

d
AT |e=0 = 0. (1.18)

Conventionally, one studies the elasticity through the force balance equations, using
the Lagrangian coordinate. For the problems here we use the trajectory z(X,t) as the
unknown variable (or the displacement z — X). The equation reads as

oW
pxtt:—%:VX-WF—i—VX-(pF_l), (1.19)

where p is the Lagrangian multiplier due to the incompressibility condition, and it
satisfies the energy law:

d 1
— | ZplzP+ W(F)dX =0, (1.20)
at Jo, 2

noticing the relation that F~' : F, = tr(F'F,) = x24detF’ = 0. In the case

of Hookean (linear) elasticity, W(F) = |F|*> = tr (FFT), it becomes the usual wave
equation:

Py = VX : WF = VX - F+ VX : (prl) = AxiL‘ + VX : (prl). (121)

A closely related problem to the above system was recently studied by Sideris-Thomases
[28], see also the last two sections of the present paper for a more detailed discussion.
We point out that it will be difficult to input the frame indifferent viscous term in
the above equations.
For the system (1.16), one can easily check that it satisfies the energy law (second
law of thermodynamics [11]):

4 1p|v|2 +W(F)de = — / p|D|? dx. (1.22)

dt Jo 2 Q
We note that even in the case of linear elasticity for the (microscopic)internal variable
F(z,t), the (macroscopic) elastic stress term 75 = WrF? = FFT is still nonlinear. In
fact, it is always of the same order of the nonlinearity as the elastic energy density.
This is probably the main analytical difficulty for these Oldroyd type systems. On the
other hand, we can make the following observation. Using the fact that F' satisfies the
transport equation (1.3), we have

Tor + v - V1o — Vo, — Vol =0 (1.23)
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and we can recover the Oldroyd system (without the damping). Notice in this case
that W (F') = tr . Hence the two energy laws are also consistent with each other.

In fact, we can start with the above energy law and derive the linear momentum
equations (hence the constitutive equations). This is also the approach that was used
by Ericksen in the study of liquid crystal materials [6] and Gurtin for phase transitions
[7].

We finally note that the linear transport equation Fi + (v-V)F = Vo F for the
tensor case may not be treated directly in the framework of [4] or [16]. Nonetheless,
one may apply the div-curl lemma [30] to obtain weak solutions [21] in some cases.
In general, however, it is rather difficult to achieve the compactness of sequences of
solutions, see [20]. The method used in [21] was to consider the polar decomposition.
Let R be the rotation part and let the symmetric part U be small. In these new
variables, one has the equations R; +u-VR = W(v)R, Uy +v-VU = RTD(v)R,
where F' = R(I + U), D(v), W(v) are the symmetric skew components of Vv. This is
not the usual linear elastic formulation, rather, it is in the same sitting as that in the
famous work of F. John [14]. If we linearize the elastic stress

DW(F)FT = R(DW(I) + DW(I)U +C(U) + O(U*)R". (1.24)
Here C(U);5 = D*W(I)(U);5 = %([)Um‘ The special form of the equation of R
allowed one to get an approximate sysjtem for R and to generalize the tools for scalar
transport equations [4] to this small strain case, and eventually leaded to the global
existence of the approximate system [21].

The paper is written as follows. In section 2.1, we shall discuss various equivalent
formulations of the Oldroyd models,and some related evolution systems. Then the
rest of the paper will simply devoted to a study of a particular system which is closely
related also to the Ericksen-Leslie system, see [22]. This particular system is equivalent
to the Oldroyd model in the 2-D case. It turns out many analysis on this particular
model can be easily generalized to the Oldroyd models as well, we shall simply add,
at various places of the paper, remarks to indicate how that can be done. To simply
the presentations, we consider only the Cauchy problems on either the entire space or
on a periodic domain. The problems on a bounded smooth domain with the Dirichlet
conditions are treated in our forthcoming paper. In the section 2.2, we established local
existence and uniqueness of smooth solutions. We also characterize when a local smooth
solution may blow up in a finite time. In section 2.3, we establish global existence of
smooth and small solutions. Such a result can naturally be used to establish global
existence of large solutions when the viscosity is sufficiently large. The last two sections
are devoted to the inviscid case. These related problems in the inviscid case was recently
studied by Sideris-Thomases also, see [28]. They used dispersive estimates for certain
linear wave equations to obtain global existence of small (in certain weighted Sobolev
spaces) solutions. Here we observed first that our system is, in fact, a non-standard
symmetric hyperbolic system that also takes into account of the incompressibility of
the fluids. This enables we to establish the local existence of smooth solutions. One



can also establish directly the global existence of small solutions in the inviscid case as
that in [28] by using similar type of the dispersive estimates as well as our formulations.

2 Existence of Solutions

2.1 Preliminaries

We shall study the basic existence and uniqueness questions for the Cauchy problem of
the Oldroyd systems. Let the spatial domain 2 be either a bounded domain in R? (or
R?) with smooth boundary,or the entire plane (space), or a periodic box. The (linear)
viscoelastic fluid system of the Oldroyd model takes the following form:

F,+v-VF = VuF,
vi+v-Vo+Vp=pAv+ V- (FFT), (2.1)
V-v=0,

where the i—th component of V - (FFT) on the right hand side of the momentum
equation is V;(Fj;Fji). The initial conditions for unknowns are:

F(z,0) = Fy(z), v(z,0) = vo(z), (2.2)

with assumption det Fy = 1. In the case of bounded domains, we choose the following
Dirichlet boundary condition: for any x on the boundary 0f2,

v(x,t) = 0. (2.3)
With this condition, there is no need F' to be prescribed on the boundary. As noted
before, the system has formally the basic energy identity :

d

Lo 1 / 2
—v|* 4+ =|F|*de = — [ p|Vo|*dx. (2.4

From the identity (V- F);+v-V(V-F) =0, and if we assume that V- F; = 0,then
for all latter time we have that V- F' = 0. Thus F' = V X ¢ where ¢ is a matrix. In

the 2-dimensional case,
—0ap —32¢2)
F= 2.5
( 61 Drn ) (25)

(—82¢1 —(32¢2> <—32¢1 81¢1>

0191 019 —0a2 0102

( (0201)% 4 (O2092)* —0110261 — 52¢281¢2>
— 10291 — Dap2O1p2  (D101)* + (D1¢ha)?

and

FFT



and

—01 (01010201 + Dap2013) + Do ((D1901) + (192)?)
= V((0261)° + (0262)° + (0161)° + (0162)°)

_ (31((81¢1)2 + (81¢2)2) + 82(81¢182¢1 + 32¢231¢2))
01(D1010201 + Dap2012) + Da((Oah1)? + (Dah2)?) )

V. (FFT) = ( 01((0201)* + (02¢2)*) — 02(016102¢1 + 82¢2(91¢2)>

Moreover

O1((0101)” + (O162)*) + D2(O10102¢1 + 29201 ¢2)
= Ag101¢1 + Ap01¢2 + %31(|81¢1]2 + [01¢2|* + 021 ] + |Dap2]?),

and

01 (0110201 + O2p201 o) + 32((824251)2 + (62¢2)2)
= Ap10201 + Ap20ap2 + %592(|31¢1|2 +[0102]* + 0201 | + 02002 7).

If we denote ¢ = (¢1, ¢2), we see that ¢ is a volume preserving map with det (V¢) = 1.
The Oldroyd system can also be transformed (after adjusting the order and sign) into:

¢t +v- V¢ = 0,
ve+v-Vu+ Vp=pAv — Zle Ap;V oy, (2.6)
V.-v=0.

The initial conditions become:

¢(:L', O) = oo, U(I7 0) = UO(x)‘ (27>

Here we assume that the boundary condition ¢ satisfy det (Vo) = 1 (in this case,
from the transport equation of ¢, we see that det (V¢) = 1 at all time. In the case of
bounded domains, the boundary conditions take the form: for any = on the boundary
09,

v(x,t) = 0. (2.8)

Again, there is no need to prescribe ¢ on the boundary. Finally the basic energy law
becomes:

4
dt Jq

For convenience,from here on we will denote Z?Zl Ao,V o; by ApV .
Remark. The induced stress A¢pV¢ can also be derived from the part of the action
functional representing the elasticity of the fluids:

T T 1 T 1
/ W(F)dth:/ / —]VHdeth:/ / ~|V¢|? dxdt.
0 Qo 0 Qo 2 0 Qo 2

8

1 1
§\v|2 + §|V¢]2 dr = — / p| Vo dz. (2.9)
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The least action principle (variations with respect to the domain deformations) yield
1 2
= V68 Vo |Vol,

and V-7 = A¢pV¢. This argument is also valid in the 3-dimensional case. Indeed,since
V.F;; = 0, we have that ' =V x A’ where A7 are divergent free vectors. Moreover,
from the equation for F', these A’s will satisfy the transport equation of the form:

A —vx (VxA) + Vb=0,

where b is a scalar function. Hence in the cases of {2 being either the entire space or a
periodic box,

3 3
W(F)dX = [ |F|?dX _/ D IV x AT dX. _/ > VAP dX.
Qo Q Q

Qo 0 j=1 0 j=1

In the case that 2 is a bounded domain, since the boundary conditions of v = 0, and
hence also A = Ay are independent of the time ¢, we have

2 [ W(F)dX = / |F|? dv = / |V x Al dx
Qo Q Q
:/ VAP 4+ V- (VA)A — (V- A)A) da.
Q
We note that the last term on the right hand side of the above equation is a boundary

integral which depends only on the Dirichlet condition of A [3, 6, 12]. Thus it is a fixed
constant that determined by the initial condition Ay, and we have

2 | W(F)dX = | |VxAPdX +C.
QO Q0

We then, as before, can derive the following induced elastic force
V-1=AAx(V xA)+Vp,

through the variations of the flow maps x(X,t), where p is a scalar function.

From the energy law (2.9), we see that ¢ is a H' mapping from  into itself, with
the Jacobian of the map never changing sign (being a constant). The following lemma
gives the continuity of the mapping ¢,though we shall not need it in this paper.

Lemma 2.1 Let D be a two dimensional Lipschitz domain, ¢ : D — D be a map
satisfies:

o () =z, on the boundary 0D;

o det(Vo) = 1;



o |Vo|r2py < M for some constant M.
Then the following is true:

- CM1/2
B . [9(z) — o(y)| < NCEOD)

Sketch of the proof. First, we assume that B ;(a) C D,r is less than 1. Since
¢ € HY(Q),

(2.10)

r 2
M 2/ IVo|? dx:/ p/ Vol dSdp
B /7(a)\Br(a) Vr JOBya) P
1 / , 1
> — min Vol|*dS)log —.
2 pe[m/ﬂ(p OB, (a) Vol ds) r

In particular, there exists a py € [r, \/r], such that

4M
0 / Vo2dS < —
° BBPO(a)| | log(1/po)

On the other hand, from the Sobolev imbedding theorem on dB,,, we have

4M
sup ¢x—gby2§0p/ Vol*dS < C——.
m,yE@BPO(a)ﬂD’ (=) )l ’ BB,JO(a)| | log(1/po)

Since ¢ is incompressible, in particular, a local diffeomorphism on D,

_ _ CMl/Q
x,yesBljg;z)z)ﬁD |¢(£B) a ¢(y)‘ o x,yesauBIzo(a) ‘¢($) a ¢<y>’ - \/10g(1/7') '

If a € OD, then again we have a py € [r, /7], such that

4M
p / VoélPdS < ————, 2.11
’ a(Bpo(a)ﬁD)| | log(1/po) (2.11)

The similar argument as that for the interior case along with the continuity of the map
at the boundary will lead to the desired result.

We note that it is classically well-known the above lemma is valid under much weak
conditions. But we shall not elucidate it any further here. We also note that (2.6) is
closely related to the Ericksen-Leslie systems, see for example [22]. Unlike [22], here
we have, in addition, that V - F' vanishes.
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2.2 Local existence of smooth solution

In this subsection, we are going to prove the local well-posedness of smooth enough
solution to (2.6)—(2.8). The main result can be stated as follows:

Theorem 2.1 Let k > 2 be a positive integer, Vo € H*(Q), vo € H(QQ), then there
exists a positive time T, which depends only on |V ¢o| g2 and |vg| g2, such that the system
(2.6)-(2.8) possesses a unique solution in the time interval [0,T] with

8] Vv € L2([0,T); H*=71°(Q)) n L*([0, T); H*=~1+(@)),
VeV e L=([0,T]; HF=%-121(Q)), (2.12)

for all j,a satisfying 25 + |a| < k. Moreover, if T* is the mazimal time of existence,
then

T*
/ IVo|%s ds = +o0. (2.13)
0

Proof. We use Galerkin’s approximation method to construct the approximate solu-
tions to v equation, then use this approximate v and the transport equation to get
the approximate solutions for ¢. In the arguments for proving the convergence for the
approximate solutions, it is essential to obtain a priori estimate for the approximate
solutions. For simplicity, we will establish a priori estimates for the smooth solutions
of (2.6)-(2.8). Therefore, let us assume in the rest of this subsection that (v, ) is a
local smooth solution to (2.6)-(2.8) on some time interval. As the proof is rather long,
we divide it into two main steps.

step 1. H? estimate.

Integrate (2.9) over [0, ¢], one obtains

1 ¢ 1
-/ (Jof? + [Vo[) dx+u/ /|Vv\2dxds:—/ (Jool? + Vo) de.  (2.14)
2 Q 0 Q 2 Q

Let us take the L? inner product of the second equation of (2.6) with vy, observe
that v; = 0 on the boundary, we can use integration by parts to get

d
§%|V?)|iz + |Ut|2 =(v®uv,Vu) + (Vo @ Vo, Vuy)
< (|U|i4 + |V§Z§|%4) |VU,5|L2.

This together with the interpolations (in 2-D)

3 1
0[74 < Clo]2|Vle,  [Volia < CIVY|2| VA, (2.15)
imply that ;
gE‘V“@? + il < C (Vo2 + [VAG|2) + ngty;. (2.16)
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While by taking ¢ derivative of the second equation of (2.6), then taking the L?
inner product of the resulting equation with v;, and noticing again that v; = 0 on the
boundary, we can use integration by parts to obtain

—— v + | Vuel7z = (v @ v) + (Vo @ V), V)
< (Jv|zee|ve] 22 + 2|V oo [V | 12) [V 2.

By the Sobolev imbedding

vlie < Clols + |80]12),  [Voliw < (Vi + [VAGl),  (2.17)
we get

1d, , Vo2, < (1 + IA 20, |2 2.18

§E|Ut| + 1 Ve < C((1+ [Av]r2) |7 (2.18)

1+ VAL Varlia) + LI Vul

where in the last step of the above derivation, we used the basic energy law (2.14).
Next, by taking the L? inner product of the momentum equation with Av and using
integration by parts again, we arrive at

plAv|7s = (v, Av) — (VoVu, Vo) + (AgV ¢, Av)
1 3 1 1
< C (Juluzl vz + o] Vol | 80] o + [0 Vol VA1 Avli2 )
< O (Julfa + [Volte + (1 + VA1) VAG|12) + S| B0f,

and hence
|Av]F2 < O (Jvgl7z2 + [Vo]ie + (1 + |[VAQ|2)? [ VAP 12) - (2.19)

We now take one space derivative to the transport equation in (2.6),to deduce that

|qut|L2 S C <|v¢|LOO|VU|L2 ‘|‘ |'U|L00|V2¢|L2) (220)
< C((L+[VAQ|L2)[ Vol + (14 |Av]L2)[VAP|L2) .

Putting these estimates (2.19), (2.20) into the inequality (2.18), we obtain
%’UALQ + :u’lvvt‘L2 = fl(’vv‘L27 ‘Ut’L27 ’v ¢|L2)7 (221)
where fi(+,-,-) is a nonnegative and increasing function of its variables.

At this stage, it is clear we need to estimate third order derivatives of ¢. We take
triple derivatives to the transport equation of ¢:

VA¢ + V(v-VAP) = —V(Av -V + 2V - VVe). (2.22)
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Multiply VA¢ both sides, integrate over the domain, we get

a1

3| VAG[L. = —(VAWVS + VoVAG + AvVVe + (2.23)

2VVuVV ¢ + 2VoVV V¢, VA)
Now let us estimate the right hand side of the above equation term by term as follows:
VAUV @, VAQ)| < |V |VAV| 2| VAP 12, (2.24)

[(VoVAG, VA)| < [Vu|1=|VAG[L, (2.25)

(AT, VAG)| < [VAG| 12 A0] 14|V Vs, (2.26)

(VV0T6, VAG)| < [VAS| 12| Av] 14|V Vs, (2.27)

(VoVV V¢, VAG)| < [Vl VA7, (2.28)

Using again the interpolation |VV | < C ]V¢\1L/24]VA¢]%4, and combining these in-
equalities, we have

d 3 7
ZIVagf. <c ((1 IV A|2)[VAG, + \vmy;wmpy;) . (2.29)

Next, by applying V, to the momentum equation of (2.6), and taking the L? inner
product of the resulting equation with VAuwv, we obtain

p| VA3 = (Vu, VAV) + (V(0V0), VAV) + (V(A¢V ), VAD)
< (|Vveliz + vl | Av|rz +[Vo[La + [V 1| VAS| 12 + [Ad[74) [V Av] 12
< C(IVurlez + [v]u2|Av|e + (IVQL2 + [VAQ|2) [VAP|L2) [V Av| 2,

which implies that

‘VAU’%; < C{]VMQ + (1 + |A’U‘L2>2|AU|%2 (230)
+H(1+ [VA|12)? | VA 12}

Substituting (2.19) and (2.30) into (2.29), we find
d
%|VA¢|%2 < fo(IVolez, vl L2, [VAQ12) + ngt&% (2.31)

where f; has exactly the same properties as f; in (2.21).
Combining (2.16), (2.21) and (2.31), we finally arrive at

d
% (M’VU‘%z + ”Ut’%2 + ‘VA¢’%2) + ‘Utﬁlz + ,LL‘V’Ut’%Q (2.32)
< f(IVV|r2, [ve] 2, [VAG|12),
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Since V - v; = 0, we see, by the second equation of (2.6), that
"Ut(x,O)‘LQ S C(‘U0|H27‘V¢O‘H2>- (233)

This last estimate together with (2.32) and the Gronwall inequality yield that there
exist positive constants T', My which depend only on |vg|g2 + |V éo| g2, such that

t
VolZa + [l + [VAGR: + / (o2 + 1 Vor2) ds < My, (2.34)
0

for0 <t<T.
Using the above estimate, we may deduce from (2.19), (2.20) and (2.30), that

t
|Av]%2 + ‘V¢t‘%2 +/ \VAU]%Q ds < M,, 0<t<T. (2.35)
0

This proves (2.12) for £ = 2,and that is the most important item in our proof of the
existence theorem.

step 2. Higher order energy estimate.

In this step, we are going to prove inductively that

t
0 Vevlre +10{VEV L2 +/ 0/ Ve V|2 ds < Mi(|vol e, [Vo|ar), (2.36)
0

for all j,« satisfying 2j + |a] < k and 0 < t < T, with T being determined in
(2.34). With the result in step 1, we assume (2.36) holds for all j and « satisfying
2 <2j+|a| < k—1, we are going to prove that (2.36) holds for all j and « satisfying

2 < 2j+ |a] < k. If kis an odd number, we denote j; = %,jg = k—;g’,---, if kis an
even number, we denote jy = %, Jo = k—f, - -. Before proceeding any further, we apply
07 to (2.6) to get
NN o+ 0 (v-VV¢) + 0 (Vu-Ve) =0, (2.37)
w4 0l (vVu) + Volp = pAdlv — 8 (ApV o). (2.38)

step 2.1. If k is an odd number, let us take j = j; in (2.38), and taking the L? inner
product of the resulting equation with &', then since &'v = 0 on the boundary, we
can use integration by parts to get

d : . : : . )
gawagw@ + 101" |2 = = (0] (v V), 8 ) — (3 (AV ), 07 )
, . 1 .
<4 (|01 (vV)[72 + |07 (ApV 9)]72) + éyagl“v\iz. (2.39)
Note also '
O (V)2 < Y |07 ed V) . (2.40)

mi1+ma=j1

14



If my or mgy =0,
100 Vol < 0|1 0] V|2, |07 0V 12 < [V|ee |07 0] 2. (2.41)

Since 2(j; — 1) + 2 < k — 1 by the definition, we deduce, by the inductive assumption,
that

O 00 Vel 2 < ClO ol a0 Vol O o L0 Vel < My, (242)
Summing up the above, we obtain
10" (vVV) |2 < My, (1+ 10" V|2 + [VAY|2) . (2.43)
By a similar argument, we also have

07 (AGVP)| 12 < [Vl 0] A2
+ > 0N | 14|02 Ad| s + |0V | 1s| A 1a

mi+ma=j1,1<m31<j1—1

< M- (14 10 ALz + 107 613,107 Vol
< Moy (140" A¢l12) - (2.44)

Combining (2.39) through (2.44), we conclude that
d . . . .
ME|V8?U|%2 + |8§1+1U|%2 S Mk—l (]_ + |8§1VU|L2 + |@tJ1A¢|L2 + |VAU|L2)2 . (245)

On the other hand, by taking j = j; in (2.37), then applying V- to the resulting
equation, we find

1d . 4 . . )

E%yaglm)\ig + (0" (v- VA) + 0] (VuV?¢) + 0/'V(VuVe), ' Ap) = 0. (2.46)
In particular for j; = 1 in (2.46), we get

(0(vVAY), 0:A¢)| = [(OwV Ap, 0, A)]
S \(9tv|Loo]VA¢|L2]3tA¢]L2 (247)
S M2(|at'U|L2 + |8tAU|L2)|8tA¢|L2.

While by taking j; = 1 in (2.38), and taking the L? inner product of the resulting
equation with Av;, we obtain

A |72 = (v, Avy) + (VV0)y, Avy) + ((APV @)y, Avy). (2.48)
This leads us to

|Avi|72 < C (Jowlzz + [(0V0)i] 72 + [(AdV )7 2)
S MQ (|Utt|%2 + |VA/U|%2 + |V?}t|L2 + |A¢t|L2) . (249)
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Substituting (2.49) into (2.47), we obtain
](@(UVA(ﬁ),atAqﬁﬂ S M2 (1 + ’Utt’LQ + |VAU‘L2 + ]VUt\Lz + ’A¢t|L2) ‘A¢t|L2~ (250)
Using (2.49) again, we finally deduce

|(0:(VoV?8), 0A0)| < [Volp| AdulT2 + [Vurl 14| V0 4| Ak 2
< [Vl | Adul72 + Mo (V0|72 + [Ady[7> + [VAV[L2)

1
+Z’vtt’%2’ (251)
Following an almost identical argument as that we used in deriving the estimates (2.50)

and (2.51), we can deduce a desired estimate for the last term in (2.46). Summing up
(2.46), (2.50) and (2.51) together, we obtain

d 1
|AdlLe < My (14 [VAV[L + [Vl + (14 [Volr=)[Adi[z) + Sloulzz.  (2.52)
Take j; = 1 in (2.45), and combine it with (2.52), we have
d 2 2 Lo
7 (uIVuilzs + [Adelz2) + 5 vl
We can also deduce from (2.35) that fOT |Vv|pe ds < Ms. Since
|A¢t<x,0)|L2 = |A(UQV¢Q)’L2 S ‘U0|H2‘V¢0|H2, (254)
one can apply the Gronwall inequality to obtain that
t
IVoel3e + |Agy72 +/ lug|22 < My, 0<t<T. (2.55)
0
This along with (2.30) and (2.49) yield that
¢
|VAv[2, +/ |Av|2.ds < My,  0<t<T. (2.56)
0

As for the proof of (2.30), one can use (2.56) to conclude

|A%0] 2 < O (JAve| 2 + [v]zeo|v] s + [V S| e [V 1r5) (2.57)
S C (‘A’Ut|L2 —+ Mg(l -+ |V¢|H3>> .

Similarly, by the transport equation for ¢, we have

1d

57 V49|72 = — (V3 (0vVVe) — 0V Ve, Vi) — (V3(VoVe), V'e)

< M (1+|V)72 + |A%0]72) . (2.58)
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(2.55), (2.57) together with Gronwall inequality imply that
t
Vio|2, + | |A%|2,ds < Ms, 0<t<T. 2.59
L L
0

By (2.55), (2.56) and (2.59), we have thus proved (2.36) for k = 3. Following the same
procedure, we can prove (2.36) for k being general odd number.

step 2.2. If k is an even number, let us set j = jo in (2.38), and take the L? product
of the resulting equation with d/°v, again by the boundary condition that &°v = 0 on
the boundary, we use integration by parts to get

1d

5 2|00 v[L + u| VOl = (0 (v © v + Vo @ V), Vo), (2.60)
and thus
d . . 1 , .
7 8vl72 + pl Vv, < u (100 (v @) |7 + 100 (Vo @ V§)72) - (2.61)

Next let us estimate the right hand side term by term. First of all,

W@V < Y 0w | (2.62)

mi+ma=jo
From (2.35), one has that |v|p~ < M for 0 <t < T. If my or ms equals 0, then
[00°v] 2 < My|v)| 2, (2.63)
otherwise,
107" 00™ |2 < [0 v|a|0™? V| pa
oA PG PR CAA (264)

Note that 1 < m; < jo — 1,2m; + 1 < kq, therefore by the inductive assumption, we
arrive at '
107 00™2 0|2, < My_1(1+ |V v]2,). (2.65)

To summarize, we have so far obtained
07" 00" u[Ta < Ma (1+|070]72 + VO vf7,) (2.66)
Next we note, as for (2.66), that |Vo|r~ < My, jo < k—1 for k > 2, we find
08 (Vo © Vo)1 < Mey (1+ (0096 12) (2.67)

Combining (2.61), (2.66) and (2.67), we find

d . , . . .
—|00vlLe + ul VP [T < Myoy (14100 0[La + [V olie +100°Veli2) . (2.68)
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On the other hand, by taking j = jo in (2.37), and taking the L* inner product of
the resulting equation with 3/°V¢, we get

1d

2 dt

Again for a clear presentation of the main idea, we take j, = 2 in the above, then by
integration by parts, we get

0/°V |7, = —(9° (vV V), V) — (8°(VuV),0°V ). (2.69)

(87 (vVV9), 0V 9)| = (8 (vVV ) — VIV, 07V §)|
< C (V20| vl 2 + |ve| 1|07V @l 12) |07V @l 2.

This together with (2.55) and (2.59) imply that
(07 (vVV ), 0V )| < Ms (|07v] 12 + [ve] 1) |07V 2. (2.70)
The second term on the right hand side of (2.69) can be estimated as follows:

(3 (Vo ), 08V )| < C{|V|r=|07 V|2 (2.71)

1 1 1 1
+|vvt|22|Avt’zz|v¢t|z2|A¢t|22
+’V’U|Loo ’atZV(b‘LQ}‘ath¢’L2

This last inequality together with (2.20) and (2.55) lead to
(0P(VoV6), 00V6)| < My (1 +132V62 +|Aul) + Ho2vuft (272
By summarizing estimates (2.69) through (2.72), we obtain
d
IOVl < My (1+ [vulz2 (1 + [vr] 1) |07 V|2 + | Avi]12) + %lafvv\%z- (2.73)
Finally by taking jo = 2 in (2.68), and using (2.73), we get
d
- (000l + 10,V O[12) + 1V ol (2.74)
< My (1 + [l 2 (1 + o )|0; VI T2 + |Avy|12) -
Gronwall inequality together with (2.56) and (2.74) yield
t
07v]72 + |07V P72 +/ IVO2v|2.ds < My, 0<t<T. (2.75)
0
Following the exactly same procedure as that from (2.56) to (2.59), we can prove
|Av |35 + |A%0)3s + |AV G2 + V0|2 < My, 0<t<T. (2.76)

This proves (2.36) for k = 4. Similar to the above procedure, we can prove (2.36)for k
being a general even number.
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The proof itself implies that there holds (2.13), therefore we have completed the
proof of the Theorem.
Remark. The above results also holds for the 3-dimensional case. The differences in
the estimates are that, instead of (2.15), we will need following interpolation inequali-
ties:
ol < CRIZIVo, VAR < CIVAILIVAAL,

L2 L2 )

and also the inequality :

VYAl < CIVALIVAAL.

We should also point out that the above local time existence is still valid for the
Oldroyd systems in variables (v, F') by the same type of estimates. In fact, our proof
works even for the cases of Oldroyd systems with general initial data (without the
divergent zero condition on F)).

2.3 Global existence for small data

The main difficulty in our system is the lackness of the damping mechanism on F' (or
in ¢ in our formulation). This is different from the cases studied in [20] where the
contribution of the strain rate (symmetric part of Vv) in the constitutive equation is
ignored, [2] and many others where a linear damping term is present.

Realizing the above difficulty and at the same time, noticing that the induced stress
term A¢pV ¢ in the momentum equation is derived from the energy, we believe it should
provide a certain dissipation to the system. Here we will restrict ourself to the case
of small datum, namely, ¢ is closed to the identity map (F is closed to the identity
matrix). Our goal is to prove the global existence of solutions with small initial data.
To make a clear presentation of the main idea, we will only consider the case that €2
is either a periodic box or the whole space R?. The Dirichlet boundary case is studied
in our forthcoming work,see also remarks at the end of this subsection.

We introduce the perturbation of the identity map

b(x) = élx) — . (2.77)

Since ¢ is a volume preserving map from € to itself, i.e. det (V¢) = 1, ¢ will be a map
with div e = tr (V) being relatively small (in the order of [V1)|?).
We can rewrite the system (2.6) into:

Yr+v-Vip = —v,
v+ v-Vou+ Vp=pAv— Ay — APV, (2.78)
V-v=0.

The initial conditions become:
W(x,0) = g, v(z,0) = vg(x), (2.79)
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with condition (Vo + 1) = 1.
Set w =wv — %w, and by subtracting the two equations,we have

w; — pAw = —v - Vw — Vp — APV + ‘. (2.80)
i
The basic energy conservation law reads:

d
5E(|v|i2 + |V[72) 4+ p|Vol7. = 0. (2.81)
Next we apply VA to the both sides of the 1 equation in system (2.78), and multiply
the resulting equation by VA, integrate over {2 to get:

1d
§%|vmpyiz + (VA(v - V), VAY) = —(VAv, VAY). (2.82)
The Moser type inequality (see P. 43 of [23]) implies,

(VA(v - V), VAY)| = [(VA(v - Vi) —v - VVAY, VAY)|
< C(|VU|LM’VA¢|%2 + ‘V¢|LOOIVAU|L2|VA’[NL2),

then by (2.17) and the fact that ¢ = pu(v — w), we obtain
(VA(v- V), VAY)| < C((IV0]2 + [VAV|L2) [VAY[L: + [V 52 VAV| 12| VA 2)
< CulVY|p2(|Voliz + [VAV[F: + [VAwW|7,). (2.83)
This leads to

1d

Similarly, after applying A to the v equation in the system (2.78), multiplying by
Av and integrating over €2, we have

1d

5 dt|Av|iz + p|VAV2, = —(A(v - Vo), Av) — (A%, Av) — (A(AYVY), Av). (2.85)

Now let us estimate the right hand side term by term. First of all,by (2.15), we get

[(A(v - V), Av)|

|(V(v- Vo), VAv)]

< Vo3| VAU| 2 + |v|pa|Av| 14| VAv] 2
< C (\W|L2|mv|§2 + |v|1L/f|W|;/£ym\yf|mvy;/3|mv|y)
< C{[Vv]2|VAV[L2 + |v]12|VolZ,
Hv] 12| VAV[L2 + |Av| 2| VAV[L2 }
< O(|v]2|Vol3e + [v]g2| VAY[32). (2.86)

20



Next, integration by parts, one has
(A%, Av) = —(VAY, VAD). (2.87)
Finally, using the fact that ¢ = u(v —w), we have

[(A(AYVY), Av)| = |(V(AY V), VAD)| (2.88)
< |V 1 [ VAP 2| VAV 2 + | A |74 VA 2
< (VYoo + [AY|12) [V AY| 12|V Av| 2
< CulVY|m([VAV[, + [VAw|2,).

Substitute these results into (2.85), one concludes

1d
§E|Av|iz + | VA7, < (VAY, VAv) (2.89)

+ C(|vle2 [Volze + (Jolm + pl VO ) [VAV[L + u Vi 52V Awlz,).
While by applying the Laplacian to the both sides of (2.80), then multiplying by
Aw, and integrating over the domain, we have
d1
dt 2
= (A(—v-Vw — Vp— ApVe + %), Aw).

|Awl72 + p|VAwW|7, (2.90)

To estimate the right hand side of the above equation, we note, by (2.15), that

|(A(v - Vw), Aw)| = |(V(v - Vw), VAw)| (2.91)
< V|| Vw2 | VAW 12 + |v] | Aw]| 4| VAw| 2
< C(|Vu|p2 + [VA|2) |[Vw| 2 |VAw| 12
ol 21V ol AV Al 1V Awl s )

S C ((|U|L2 + |VU}|L2>|V'U|%2
+(|vlz + |Vw|re + [Aw|p2)|[VAw]3.
+|Vw| 2| VA7) .
Similarly one has
[(A(AYVY), Aw)| = [(V(AYV)), VAw)| (2.92)
S |v¢|LOO|VA¢|L2|VAU)|L2 + |A77ZJ|%4|VAU)|L2
< (|VY|pe + |AY|12)|[VAY| 12| VAwW] 12

< Co|Ve] e + | A1) (17 Av] 12|V Aw] 2 + [V Aw[2)
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and
A 1 1
(5 dw)l = (Vo VAw)| < 5 5] Voffs + §IVAwf (2.93)

On the other hand, by applying V- to the momentum equation, we have
Ap = —-VoVv =V - (AYVy) — AV -9, (2.94)

from which, we get the relation

~(AVp, Aw) = (Ap, V- Aw) = —(Ap, %Av ) (2.95)
- i(ww + V- (AYV), AV - ) + %|AV [,

We estimate the right hand side of the above equation as follows:

[(VoVo + V - (AYpVY), AV - )|
< (V0] 1 | V0| 2 [ VAY 12 + [V 1| VAG|Z: + | AU 24 [ VA 2)
< C (IVY|2|VolZ + [Vol 2| VAU[ T2 + (V0] 2 + [V 12) [V AYS2)
< C(IVY |2 Vol + Vo2 [ VA7)

(V0] 2 + [V 2) (VA7 + [VAw(3,)),

To summarize, we have thus far obtained

C
<=

—(AVp, Aw) . (VY| 2| V|32 + 12 (V|2 + [V g2) [V Aw] 3 (2.96)

1
HU ) (Vo + V0 L) VAl + 1AV - v

In all these estimates, we have used the fact that |Vu|ie < C(|V|r2 + |[VAV|L2)
and the corresponding estimates for |Vw|p~ and |V¢)| ~. By combining (2.90)—(2.96),
we conclude

d1
dt 2

1
< (uvm + Vil + L9912 Vol

1 1 1

1
FVwle + Vol + (4 p) ([ Vol + [V 2) [V A,
+(Jvlz2 + [Vwlze + [Awlrz + pl V|2 + p(| Vol 12 + [V 52)) [V Aw(L2)
1
<Cl+p+ ;)(|U|H2 + |V g2) (| V|72 + [VA|7 + [VAwW|7).
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Finally, by adding up all these estimates (2.81), (2.84), (2.89) and (2.97), we find
that

d1

(ol + [Vl +Awl) (299)

1
n g(\w; + VAU, + [VAw[2,) — ;\Av 2,

1
< OO+t ) (ol + [V91) = 5)(Volta + VA0l + [V Aui)

Therefore, if the initial data is small enough, we can find some positive T%, such

that i
(V]2 + [V a2)(t) < m (2.99)

for all 0 <t < T and Cj large enough.
On the other hand, with the initial data satisfying det (I + %) = 1, the first

equation of (2.78) yields that det (I 4 24 x)) = 1, from which we can obtain
divy) = 011202401 — 019102 (2.100)

(2.99) together with (2.100) implies that

LAV < CLIVAWLQ < \F(yvmp +|VAw|).  (2.101)

v (EwEy
Then, from (2.98), we obtain,
& o+ V03 + [DwlZa) + ngp VA, (2,102
+|VAw[L,) < ;JVvliz?
for 0 <t < T*, hence
(Jol72 +*|V¢|12qz +[Aw(E)(1) (2.103)
+g /OT (V)72 + [VAv|7 + [VAw|7.) dt

T*
1
< (ol + V9l + [Buli)0)+ [ 5190
0
1
<1+ e =) ([voluz + [Vibol2).
Here we have used the basic energy law in the last term of the above estimates.
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In other words, if we have

(r+%xmmruvwma< p (2.10)

T C(l+pty)

which is equivalent to

|U0|H2+|vw0|H2 < A

, 2.105
TO+ )P () (2:105)

then the same estimate remains true for all the latter time with some uniform constant
C independent of t. We conclude, in particular, that we can extend 7™ to +oo in
(2.99). Moreover, we have that:

/ (IVul32 4+ [VAv[32 + [VAw|3:)(t) dt < M, (2.106)
0

for a uniform constant M. This together with Theorem 2.1 imply the following global
existence theorem for small initial data.

Theorem 2.2 Let Q is a periodic box or the whole space R%, k > 2 be a positive
integer, Vo € H*(Q) with det(V¢o) = 1 and vy € H*(). Furthermore, for some
large enough constant C, we assume that,

i

\Y + |V < 2.107
then the system (2.6) will have a unique global classical solution, such that,
2 2 = 2 K
2+ |V 2 Vol ds < —————, 2.108
plie Vol Vol < i (2.108

and (2.12) holds for T = occ.

We point out that, the assumption det(V¢g) = 1 is not a restriction for incompress-
ible viscoelascity. Moreover, although (2.6) is equivalent to (1.3) only in the 2 space
dimension, the proof of Theorem 2.2 actually works also for the Oldroyd systems in 3
space dimension. In particular (2.6) has a unique global smooth solution if the initial
data satisfies (2.107).

Notice that the existence results we have achieve until now does not include the
cases for global weak (Larey) solutions. In fact, this is still open. In the last part of this
section, we give a remark that may shed some light on the difficulty of this problem. For
this purpose,we consider a sequence of smooth solutions to the approximate systems.
For example, let (v¢, F¢) be a sequence of solutions to the systems:

Ff 4+ v - VF* = VuF° + eAF*,
v§ 4 v - Vot + Vp© = pAvS + V- (FFT), (2.109)
V-ve=0,
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with smooth initial data and appropriate boundary conditions. It is easy to prove the
global existence of smooth solutions for these approximate systems in 2-D, and suitable
weak solutions in 3-D, see [22]. Moreover, the energy law reads:

1 t t 1
S0+ 1RO + 0 [ 190 e [ VPR = S(uglta + 42 (2:110)
0 0

Therefore, if the initial data vy — vy in L*(Q), we can pass to the limit (up to a
subsequence), of the sequence (v¢, F*°), such that, for any T < 400,

v = v weakly in L*(0,T;H'), (2.111)
F¢—F weak —* in L>(0,T;L?).

Using the convexity property of the matrix FFT, we have

lim FCF" = FFT 4+ M, (2.112)

e—0

where M (x,t) is a positive Radom (matrix) measure.

On the other hand, since we can chose V- F'* = 0 initially, then it will be identically
zero for all latter time. Thus the div-curl lemma gives the limiting equation of F|
which is the same as the original one(see [21]), and the whole system becomes:

F,+v-VF =VuF,
v +v-Vo+Vp=pAv+V-(FFT + M), (2.113)
V-v=0.

The momentum equation is understood in the following weak sense:
T
/ / wv+Vu : v@v—pAuv+Vu : FFT4V : M dzdt = / u(z,0)v(z,0)dx, (2.114)
0o Jo Q

for any smooth test function v with V - u = 0.

Lemma 2.2 Ifv € L*(0,T; Lip(Q)), then M = 0.

Sketch of proof. If v € L>([0,T7]; Lip(?)), it is easy to deduce from the transport
equation of F' that F' € L>([0,T]; L>(R2)), as a consequence, M € L*>(0,T; L>(2)).

We can substitute v into u positions in the weak form (2.114) (by an approximate
argument). After an integration by parts, one has

1 T
5/ |v|2dx+,u/ /|Vv|2dxdt (2.115)
Q 0 Q

1 T
:—/|v0|2dx—/ /VU:M+VU:FFdedt
2 Ja o Jao
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On the other hand, from the equation for F', we have

1 T
—/ |F|2d:r;:2|Q|+/ /tr(VvFFT)d:Edt (2.116)
2 Ja o Ja

Adding up above two equations, we obtain that

1 1 T
—/|’U|2d93—|——/|F|2dl‘+[L/ /lVU|2d:)3dt (2.117)
2 Ja 2 Ja 0o Jo

1 T
:—/ |vo|2d:17+2|Q|—/ /VU:dedt

2 Ja o Jo

Subtracting (2.117) from (2.110), and

1
lim(3 /(Iv\2 |v|)dx+u/ /|w * — |V|? dadt) > 0, (2.118)

we have

1
/terx—hm /]FG\Z |F'|?) dx (2.119)

/ /Vv Md:vdt</ ]v\Loo/terxdt

The Grownwell inequality leads to the conclusion of the lemma.

3 Inviscid Case

In this section, we consider the inviscid case, that is = 0. The system becomes:

gbt +v- v¢ = 07
v+ v-Vu+ Vp=—-\ApVo, (3.1)
V-v=0.
with initial condition:
o(z,0) = g = x + g, v(x,0) = vo(x). (3.2)

We note that this system is closely related to the hyperbolic system for the evolutions
in the nonlinear elasticity studied recently by Sideris-Thomases [28]. Due to the hyper-
bolic nature of the system, we will consider the above problem in the entire space,and
for the simplicity we shall consider the entire plane R?. We will see the method works
equally well for the 3-D or higher dimensional cases. The basic energy law governing
the system now becomes :

d 1 A
pr —|v|? + §|V¢|2 dr = 0. (3.3)
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We remark that, the system (3.1) possess energy laws of more general forms:

d 1 1
— [ = A|Vo|* 4+ G(¢)) dz =0 3.4
G | 3P+ AGIVOR + Glopdr =0, (3.4)
for any scalar function G(-). In particular, take G(z) = %(2* — 1), the Ginzburg-
landau double well energy. Formally, under the scaling A\ = me, in the limit of € — 0,
we have that:

e ¢ — £1, with the interface coincides with I' = {z : ¢(x) = 0}. In fact, ¢ almost
behaviors like tanh(%) where d(z,t) is the signed distance between x and T.

o [0 AV + G(9)) dr — 22m(lengthof T),

) ng (AMPV o, n) de — fr mHv - nds, for any divergent free test function n and H
and v are the curvature and the outerward unit normal of the free interface I'.

Hence, we can also view the system as a approximate system for the free interface
problem in Euler flows.

Without lose of generality, we will assume A = 1 in the equation (4.1). If we follow
the method as that presented in the proof of Theorem 2.1, we will have difficulties due
to the lose of one space derivative for V¢. However, by taking V to the ¢ equation, we
can rewrite the original system as the following quasilinear first order system:

v ' (u17u2> = 07 (3 5)
U+ A1 (U)V1U + A, (U)VU =G. '

with initial condition

Ulz=o = Up. (3.6)
Here the vector U has component u; where, 7 = 1,...,6. and
Uy (%1 Uy Vip
U (%) Uz Vap
us3 Vidr uz + 1 0
U p— ; p— y G pu—
Uy Va1 Uy 0
Us Vi¢2 Us 0
Ug Voo ug + 1 0

and the coefficient matrices are:

4(U) 0 0 0 w 0 0]’
usug+1 0 0 wu O
0 0 0 0 0 wu



and

us 0 Owus+10 s

0 U2 0 Uy 0 Ug + 1
0 0 uw 0 0 O
us+1 uwg 0 uy O 0
0O 0 0 0 wuw O
usug+10 0 0 1w

AQ(U) =

Here we would like to point out,in particular,that the Oldroyd system (2.1) for (v,
F) can also be written in the above form,and our proof below applies equally well to
it. Notice the left hand side of the system (3.5) is a symmetric hyperbolic system. In
order to prove the existence of solutions, we shall use an iterative scheme.

Let U° = Uy * j1 where ji, is the smooth mollifier.

Apo = VU(]VUO — VV(V%V%) (37)

Inductively, we can obtain a sequence of approximation solution (U™, p™) which solves

(V- (ul, ul) =0,
vlpnfl
v2pn—1
Ur 4 A (U)V,U" + Ap(U1)VoU" = G(p) — % EEE
0
0
Un(x’ O) = UO >l<]1/n

Take V® to the U equation in the system, multiply by V*U™ and integrate over
the domain,from the fact that V - (u},u3) = 0, we have,

Ld

57 VU™ 2, + (VAU VU™, VeU™) (3.9)

+ (VA (U H VU™, VOU™) = 0.
Now we observe that

(VA (U YV, U™, veU™) (3.10)
= (VYA (U HV,U™) — A, (U HV,veuU™, veu™)
+(A, (U YV, veuUr, veun),

and since A;(U) is a symmetric matrix,

(A, (U HV, VU™ |, VeU™) = —(VeU", V(A (U HVLU™) (3.11)
= (VU™ V; A, (U HV U™ — (VU™ Ay (U DV, VU™,
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we thus deduce that
(VAU VU, VU
< V(AU HVU™) — Ay (UM DV VU 12| VU™ 1o
VAU VU™ s
< C (ViU i + [ViAi (U™ )| 1) [VaU" |22
In other words,we have
Ld

53| VU e < CIVU™ 1 VU™

Summing up above estimates for all |o| < k, we get

1d
§£|Un|?1k < CIVU™ oo [U™ [

(3.12)

(3.13)

(3.14)

Notice that |[U"[3,,(0) < C, it is standard to deduce from the above energy estimate

that there is a positive time T such that for all 0 <t < T,

U™ 3 () < C(T).

(3.15)

Le us now turn to the question of convergence of the approximate solutions. Set
Wn =U" — U™ ! for n > 1. Then W", having almost the zero initial condition, will

satisfy:

Wi 4 A (U HV W™ + (A (U™ — A (U )V, U0

+ AU VW™ 4+ (Ax(U™ ) — Ay(U™2)) VU
Vl(pnfl _ pn72)
VQ(pn—l _ pn—2)

0
0
0
0

(3.16)

Multiply the above equation by W™ and integrate over the space variables, we have

1d
2dt
H(A(U"TY) = AU VUL W)

F((Ay (U1 = Ay(UM2)) VU™, W) = 0.

A similar calculation as for the H* estimates gives:

1d

S W R < CITU™ e (W (W7 W7 2).
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From the uniform bound obtained (3.15) for |[U"|3,. and the Gronwall inequality, we
see that {U"} is a Cauchy sequence in L>(0,T; L*(R?)). Thus by interpolation, {U"}
is also a Cauchy sequence in L>(0,T; H*(R?)), for any s < k. Moreover,there exists a
U(z,t) in L>=(0,T; H*(R?)) such that

U — U, in L*(0,T; H*(R?)). (3.19)

Next by taking divergence of the first two components of the equation for U", we have

2
A"t = ViV g+ Vit V00, (3.20)

(A
i.j=1

where we used the divergence free property of (uy,us). Then from the uniform bound
(3.15), we see {p"~'} is a uniformly bounded sequence in L*°(0,T; H*(R?)). In addi-
tion, from the convergence of U™, {p"~1} is also a Cauchy sequence in L>(0, T; H*(R?))
for s < k. Therefore by letting n go to infinity, we get a local existence of a classical
solution to the system (3.1). Similar to the above convergence proof, we can also prove
the uniqueness of the smooth solution.

Theorem 3.1 Let k be a positive integer larger than 3, vo € H*(R?), ¢o(z) — x €
H%(R?), then there exists a positive time T such that the inviscid system (5.1) has a
unique solution v(t,x) € L*>(0,T; H*(R?)), V(¢ — x) € L>(0,T; H*(R?)) and p €
L>(0,T; H*(R?)). Moreover, if T* is the mazimal time of existence, then

-
/ IVo(-, s)|peom2) ds = 4-00. (3.21)
0

Proof. It suffices to prove the last statement (3.21). If fOT* |V (-, 8)| poo(m2) ds < +00,
then by the transport equation for ¢, we get |Vo|r~ < oo for 0 < ¢ < T*. Therefore
|IVU|p~ < oo for 0 < t < T*, then we can continue the the solution. This complete
the proof of the Theorem.

Remarks.

a) The equation (3.5) is not a standard symmetric hyperbolic system. The fact
that div(uy, us) = 0 is rather crucial in our proof. Without this property, since we only
have G € L*>(0,T, H*"*(R?)), in the iteration,that will be almost impossible to get
the desired estimates for U in order to make the iterative arguments to work.

b) Actually the corresponding inviscid system to (2.1) itself can be written as the
following symmetric hyperbolic system:

V- (Ul, UQ) = 0, (3 22)
Vi+ Bi(V)VV 4+ By (V)VoV =G, '
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where the vector G is the same as that in (3.5), and

(%1 U1 0 —F11 —F12 O 0
Vo 0 vu 0 0 —Fy—Fp
_ | Fu | —fu O U1 0 0 0
V= Fio |7 Bi(V) = —F, 0 0 v 0 0 |’
F21 0 —F11 0 0 U1 0
F22 0 —F12 0 0 0 U1
and
ve 0 —Fy —Fy» 0 0
0 V2 0 0 —F21 —FQQ
- F 0 VU 0 0 0

—F22 0 0 (%) 0 0
0 —F21 0 0 (%) 0
0 —FQQ 0 0 0 (%)

Similarly in 3 space dimensional cases, the inviscid system corresponding to (2.1) can
also be written as the symmetric hyperbolic system as (3.22). Moreover, by the Galilean
scaling invariance of this system, Sideris and Thomases [28] recently proved the global
existence of smooth solutions of a related system with sufficiently small initial data
by a rather different and seemly more complicated approach. Note by the weighted
energy estimates in [28], one can prove the global existence of smooth solution for small
initial data only when space dimension d > 3. The corresponding result for two space
dimension is open. However, with viscosity in the velocity equation, we already proved
the existence result in the previous section for d = 2.

4 A further remark to the 3D viscous case

As mentioned in the last section, in 3 space dimensional cases, recently Sideris and
Thomases [28] proved the global existence of smooth solution of a inviscid system that
is closely related to (2.1) via the weighted energy estimate. Naturally their proof there
could be adapted here to prove the global existence of smooth solutions to (2.1) in
the 3-D cases. However, due to the specific structure of this system, we actually do
not need such a complicated method here. To keep the length of this paper, we shall
simply present a sketch of the proof.

Theorem 4.1 Let k > 3 be an integer, vy € H*(R?), Iy — I € H*(R?) with divey =
and divF' = 0. There exists a sufficient small € > 0 such that

|U0|Hk+|FO—I|Hk SE. (41)

Then the system (2.1) has a unique global classical solution.
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Sketch of the proof. Let us linearize the system (2.1) around (/,0), and set F =
I+ H, then (2.1) can be rewritten as

V- (UlaUQ) = Oa
H, =Vv+ fi(VH,Vv), (4.2)
v+ Vp=pAv+ V- (F+F")+ fo(VH, Vo).

Here f;,i = 1,2, are quadratic terms.
Note by the second equation of (2.1), we have

at(leij — VjHil) +v- V(lez] - VjHil> + Vﬂ} . VHU — v]”U . VHZI
= Vvi(VilHy; — VjHy) + ViV Hy; — ViV Hy,  (4.3)

where the convention of the summation over the repeated indices are employed.
From (4.2), one expects that V,H;; — V,;H; = E;; is a higher order term. Since
divH = 0, we have

ViH + VoHis + ViHs
V- (H+H") = | ViHjy+ Vol + ViHsy | £ A, (4.4)
ViH3z + VaoHzy + V3 Hss

Then, one has
V1A1 == AHH + E, VQAQ - AH12 + E, V3A3 — AH13 + Ey7 (45)

and so on.

With the above preparation, we apply V; to the second equation of (4.2) and then
substitute the third equation of (4.2) into the resulting new first equation. By using
(4.5), we find

Htt = V’Ut + dgfl (VH, VU)
=V &Vp+pAH, + AH + E — pNV £(VH, Vo) + 0, f1(VH, Vv).  (4.6)

While by applying V; to the third equation of (4.2) and substitute the second equation
of (4.2) into the resulting new second equation, we obtain

Ut + th = ,LLAUt + Av -+ V- fl(VH, VU) -+ ath(VH, V’U) (47)

For the new system (4.6) and (4.7), we can use the method in [17] for the damped
wave equation to prove the global existence of smooth solution to the system with
sufficiently small initial data. In this way, we can complete the proof of the Theorem.
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