
1.7. Coordinate transformations.

We deal with coordinate transformations between rectangular coordinate sys-

tems, which play an important role in the definition of tensors.

Preliminary remark on tensors. Tensors are physical quantities that exist in-

dependent of coordinate systems. Scalar quantities are called zeroth-order tensors

(e.g., temperature); vectors are called first-order tensors (e.g., velocity); second-order

tensors can all be represented by 3× 3 matrices (e.g., the stress tensor), but not all

3 × 3 matrices are tensors. Tensors of orders greater than 2 cannot be represented

by 3 × 3 matrices. A n-th-order tensor requires 3n real numbers and is invariant

under change of coordinate systems. The requirement of the invariance is natural

since physical observables are invariant under change of coordinate systems.

Suppose we have two orthonormal bases:

i1, i2, i3, and i′1, i
′
2, i
′
3,

and two origin O and O′ to form two rectangular coordinate systems K and K ′. Let

a point M in space have the representation

r = x1i1 + x2i2 + x3i3
r′ = x′1i

′
1 + x′2i

′
2 + x′3i

′
3.

(1)

Note the equations:
r = r′ + r′0, r′0 = ~OO′

r′ = r + r0, r0 = ~O′O,
(2)

where the vector r′0 is a vector from O to O′ and r0 = −r′0. See Figure 1.7.1.
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Figure 1.7.1.   Coordinate transformation.
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Now we use the summation convention: a repeated index is automatically summed:

xkik =
3∑
k=1

xkik.

Thus, the equations in (2) can be written

xkik = x′ki
′
k + x′0kik

x′ki
′
k = xkik + x0ki′k

(3)

where x′0k are the coordinates of r′0 with respect to the old system K, etc. Take

inner product with il or i′l in equations (3) and note the Kronecker delta function

ik · il = δkl =

 0, k 6= l,

1, k = l.
(4)

We find
xl = x′k(i

′
k · il) + x′0l

x′l = xk(ik · i′l) + x0l.
(5)
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We introduce new notations

i′k · il = 1 · 1 · cos(i′k, il) = αk′l. (6)

Thus

ik · i′l = i′l · ik = αl′k. (7)

Therefore
xl = αk′lx

′
k + x′0l

x′l = αl′kxk + x0l.
(8)

The first equation of (8) is the transformation from K ′ to K, while the second

equation of (8) is the inverse transformation from K ′ to K. Note the index summed

in the second equation is the second index of α, while the index summed in the first

equation of (8) is the first index.

Properties of αl′k.

We note that the Kronecker delta in system K ′ is

δ′kl = i′k · i′l =

 0, k 6= l,

1, k = l.
(9)

Note the expansions:

i′k = αk′lil, and ik = αl′ki′l,

see Figure 1.7.2.

(Figure 1.7.2.)
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Figure 1.7.2.  Calculations of the coeffieients.
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The (αl′k) are often given as a 3× 3 matrix

(αl′k) =


α1′1 α1′2 α1′3

α2′1 α2′2 α2′3

α3′1 α3′2 α3′3

 .
Note also

δkm = ik · im = αl′ki′l · αj′mi′j = αl′kαl′m

δ′km = i′k · i′m = αk′lil · αm′jij = αk′lαm′l.

Thus we have the property
αl′kαl′m = δkm,

αk′lαm′l = δ′km.

These properties simply say that the columns of the matrix (αl′k) are orthonormal,

so are the rows of the matrix. Thus the matrix (αl′k) is an orthogonal matrix.
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