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Abstract. Let T be a lattice in SU (n, 1). For each loxodromic element y5 € I we define
a closed curve {yp} on I'\SU (n, 1) that projects to the closed geodesic on the factor of
the complex hyperbolic space I'\H{. associated with . We prove that the cohomological
equation ® F = f has a solution if f is the lift of a holomorphic cusp form to SU (n, 1)
under the following condition: for each restriction of f to {yp} a finite number of Fourier
coefficients vanish, and this finite number grows linearly with the length of the curve.
This is a generalization of the classical Livshitz theorem for SU (1, 1) (A. Livshitz. Mat.
Zametki 10 (1971), 555-564) where the curves are the closed geodesics themselves and
the vanishing of the integrals of f over them, i.e. the zeroth Fourier coefficients, is both
necessary and sufficient. An application of our result to the construction of spanning
sets for spaces of holomorphic cusp forms on complex hyperbolic spaces is given in
Appendix A.

0. Introduction

One form of the celebrated Livshitz theorem [7] states that given a compact manifold X,
a topologically transitive Anosov flow ¢ : R x X — X and a Lipschitz function
f: X — R™, the cohomological equation

DF = f, 1)

where © is the differentiation operator in the direction of the flow, has a solution
F : X — R™ which is Lipschitz and differentiable in the direction of the flow if

f has zero integrals over all closed orbits of ¢. 2
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It was proved later [6] that if the function f is C°°, the solution F is also C*°.
The leading example of an Anosov flow is the geodesic flow on the unit tangent bundle
to a negatively curved manifold. The original proof works with minor alterations for some
non-compact manifolds of finite volume, in which case it is natural to formulate it for the
class of bounded Lipschitz functions on X (the proof for geodesic flows corresponding
to Fuchsian groups of the first kind is given in [3, Appendix]). The hyperbolic
properties of the geodesic flow imply the Anosov Closing Lemma and its strengthening
(see [4, Theorem 6.4.15 and Proposition 6.4.16]). As a consequence, the Livshitz theorem
holds. In particular, it can be applied to the geodesic flow on factors of the complex
hyperbolic space Ht. = G/K, where G = SU(n,1) and K is a maximal compact
subgroup of G, by lattices ' C G, i.e. on the unit tangent bundle to M = I'\G/K
denoted by SM. Closed geodesics on M are exactly the axes of loxodromic elements in T
We denote a closed geodesic corresponding to the axis of a loxodromic element 35 € T in
M as well as its lift to SM by [yo].

In this paper we study the unitary frame flow on T\G. It projects to the geodesic flow
on SM and is partially hyperbolic but not Anosov. In fact, it is an isometric extension of
the geodesic flow on SM. By Moore’s ergodicity theorem [8, Theorem 2.2.6], the unitary
frame flow is ergodic and, hence, topologically transitive but the Closing Lemma does not
hold. The reason for this is that the lifts of the closed geodesics to I'\G are usually not
closed. However, each lift of the closed geodesic [yo] belongs to a torus in '\G which
projects to [yp]. Its generators can be chosen in such a way that one of them is a closed
curve in T\G which projects to [yp], and the others are curves in I'\G which project to
a point. We denote the generator of the torus containing the standard lift of [y9] which
projects to [yo], by {y0}. This construction is described in §2.

A loxodromic elementin yg € G has two eigenvalues of the form

re”Vo and ATlemiVo, (3)

where A > 1 is real, and all other eigenvalues are of absolute value one. The number g
is called the coefficient of loxodromy of yy. If yp € T is loxodromic, Inx = T is half the
length of the closed geodesic [yo].

Let« > 1 be a half-integer such that (n + 1)« is an integer, po = 2(n + 1)k and S, (I")
be the space of holomorphic cusp forms of weight pg. The cusp forms and their lifts to G
are described in 83.

For any loxodromic yp € T" and any ¢ > 0, we define a finite set of integers

D0 = ([—cT, ¢T1U p;_f) nz. (4)

where T and g are as before. The main result of this paper is the following generalization
of the Livshitz theorem.

THEOREM 1. Let ¢ > 0 and f be the lift of a cusp form f € S,,(I') to G such that for
every loxodromic yg € T’

flgne /T dr =0 (5)
{ro}
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forallk € @, ., where ®, - was defined in (4). Then there exists a Lipschitz function F
on '\G differentiable in the direction of the frame flow, such that

DF = f, (6)
where ® is the operator of differentiation in the direction of the frame flow.

Remark 1. The sufficient condition (5) for solution of the cohomological equation (6) is
the vanishing of |®,, .| Fourier coefficients of a restriction of f to each {yo}, where the
number |®,, .| grows linearly with 7. This is a weaker result than the Livshitz Theorem
for the geodesic flow where the vanishing of the zeroth Fourier coefficients (2) is both
necessary and sufficient for the solution of (1).

Remark 2. This result was inspired by a question from the theory of holomorphic
automorphic forms and provides a valuable application given in Appendix A. It will
probably hold for a wider class of functions whose restrictions to fibers belong to certain
compact families.

1. The frame flow on the complex hyperbolic space
We give here only the information necessary for further exposition: all details can be found
in [1].

Foranyn > 1, G = SU(n, 1) is the group of (n + 1) x (n + 1) complex unimodular
matrices preserving the Hermitian form

(z,w) = z2W1 + -+ - + 2y Wy — L1 Wyl

on C™!, The maximal compact subgroup of G

K = S(Un) x UL) = {(”0” 2)

u, e U(n), a = (detu,,)‘l}. @)

The complex hyperbolic space H. = G/K can be identified with the unit ball in C":
B" = {z € c | 2121+ + 2020 < 1}

endowed with a G-invariant Riemannian metric of negative sectional curvature pinched
between —1 and —% forn > 1, and equal to —1 for n = 1, called the Bergman metric.
The last identification is obtained by the biholomorphic embedding of C" onto the affine
chart of P(C™1) defined by z,11 # 0 and given by

. @ 6)

We shall always assume that negative vectors (such that (z,z) < 0) and null vectors
(such that (z, z) = Q) are represented in the form (8) and keep the notation

(z,w)y=z1w1 + -+ zzw, — 1 (9)

for them.
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The group G acts on B" by biholomorphic transformations (automorphisms): for

a1 ... ai, b
§= apl ... Gy by ’
c1 ... ¢ d
a11z1 + - - +azy + b1 an1z1 + -+ + appzn + by
8(z) = e (10)
c1z1+ - +cepzn+d ciza1+---+cepzn+d

(sometimes we will also use gz for this action), which is an isometry of B" with respect
to the Bergman metric. The point 0 € B”" is the fixed point of the subgroup K (7) in
G/K = B" and the natural projection

7:G— B"
is given by

g g0). (11)
The real rank of G is equal to 1 and one can choose

1,-1 0 0
A= {a = 0 cosht sinhr ||t eR
0 sinht cosht

as a maximal split Abelian subgroup of G. The action of A by right multiplication on G
defines a standard flow &; on G,
o (8) = ga. (12)

An orbit of ¢ € G, {ga; | t € R} projects by (11) to the geodesic {ga;(0) =
ga,g_l(xg) | + € R} on B" passing through x, = g(0) [2, p. 208]. The subgroup A
itself projects on B" to the ‘standard geodesic’

IJ={a(0) |1 €R}

passing through 0. There is a subgroup

u 0 0
w={|0 eV 0 ueUm—1), detu =2V} C K,
0 0 e

which, acting on B" on the left by isometries, fixes the geodesic J pointwise.
The centralizer of A has the form Z(A) = AW = W A. Following [1] we call an element
g € G hyperbolic if it is conjugate to an element in A and loxodromic if it is conjugate
to an element in Z(A). Note that the loxodromy coefficient of any hyperbolic element is
equal to 0 or 7. Following [1], we call loxodromic elements for which the loxodromy
coefficient is equal to 0 or 7 “almost hyperbolic’.

A loxodromic element yg fixes a unique geodesic in B" called its axis and denoted
by C(y0) and has two fixed points in the boundary 9 B", one attracting and repelling
which correspond to the eigenvectors with eigenvalues (3). Geodesics naturally lift to
G/ W which can be identified with the unit tangent bundle S(G/K). For any geodesic C
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in B" passing through a point xp, there exists a g € G mapping J into C in such a way that
2(0) = xo.

Let I" be a lattice in G and '\G/K = M. The action of A descends to the factor
'\ G and defines the flow ¢, on I'\G which can be interpreted as a flow of unitary frames
of tangent vectors or the unitary frame flow which, in turn, projects to the geodesic flow
on SM. The operator of differentiation in the direction of the frame flow is given by the
formula

d
/(@) = Ef(@z(g))lzzo,

defined on the set of functions on '\ G differentiable along the orbits of &,.

2. Lift of closed geodesics to T\ G
Let yo be a loxodromic element yo € T" with eigenvalues

e , ei‘p’“*l, )»ef"‘/’o, A Leivo,

g oo

By [1, Proposition 10], there exists & € G such that

vt o0 ... 0 0 0
0 eV2 ... 0 0 0
e T A 0 0 - 13
0 0o .- 0  coshTe Vo sinhTe Vo
0 0o .- 0  sinhTe V0 coshTe Vo

where T is half the length of the closed geodesic [y9] and

Y14+ v+ -+ Y1 = 240.

Then h(J3) = ha;(0) = C(yp), the axis of yp, and all lifts of C(yp) are parametrized by
w € W and are given by

C(yo)w = {hwa; | t € R}.

We shall denote the family of lifts of [yg] to T\G by {[y0]w | w € W}; w = 1,11 gives
the standard lift to which we have referred in the Introduction.

Let
it/ T 0 e 0 0 0
0 eivet/T .. 0 0 0
b = 0 0 cor ei¥m—1t/T 0 0
0 0 Coe 0 coshreVot/T  ginhte—ivot/T
0 0 Coe 0 sinhze=Vo!/T  cosh te~iVot/T

We see that {b; | t+ € R} is a one-parameter subgroup of G, b; s = b;bs = bsby, bg = 1,41,
and by = h~1yph.
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Let
ei1//1 0 . 0 0 0
0 e’"ﬁz . 0 0 0
=110 o0 AN 0
0 0 .. 0 e~ Yo 0
0 0 0 0 e~ o

For afixed w € W, let g, = hb,w;lw. We have
gi+T = hb,+Tw;01w = hbTb,w;Olw = yohb,w;olw = Y08&:,

hence, {g; | 0 < ¢ < T} is aclosed curve on I'\G: we denote it by {yp},. It projects to
the closed geodesic [yo] on SM. Note that the distance with respect to the Bergman metric
differs from the parameter ¢ of the frame flow by a factor of two, so T is half the length
of [yol.

Let T~ be the Abelian subgroup of W of matrices in the form

0 .. 0 0 0
0 e ... 0 0 0
“=lo o R I |t
0 0 0 e 0
0 0 0 0 e

where

X1t x2+ X
= 5 .
Let TS ={b |0 <t =T} Thenh(T}, x T" Hw, lw=T"  isatoruson"\G which
projects to the closed geodesic [yo].
A generic element of this torus has the form

-i =(-x17"'1-xn71)7 X

hegbw, 'w = h

e(iv1t/T)+ixg 0 0 0 0
0 eiV2t/T)+ixp 0 0 0
0 0 e(H//;1—1I/T)+lX;1—1 0 0
0 0 0 cosh re~(¥0t/T)=ix  sjnh o= vt/ T)=ix
0 0 0 sinhte—¥0?/T)=ix  cogh e~ Vot/T)—ix

-1

X W, W,
where

O<xi<2m, 0=<t=<T, x=@1+x2+- - +x,-1)/2.
Note thatif, forl < j <n — 1,

vt
TS

then

Yot .
T +x = yo.
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It follows that cxb; = a,wy, and, hence, the lift of the closed geodesic
[volw = {haw |0 <t < T}

belongs to the torus T}, ,, and is given in the coordinates (x1, ..., x,—1, 1) by the linear
equations

it
wT]—i-x]':wj, l1<j<n-1
The operator of differentiation along this orbit of the frame flow is given by

n—1

T 9
==Y L(—)+—.

Y2 ()%

j=1

3. Cusp forms and their lifts to G
As in [1] we use the following local (partial) coordinates (z, n, ¢) on G:

z2(g) = g0) € B", n(g) =J(g,0) 1€ S(B"), (14)
where ¢ is the unit tangent vector at 0 to the ‘standard geodesic’ J, introduced in 81 and
£(g) =j(g,0)=d " #0.

Left multiplication by go € G corresponds to the action on z € B”" by a biholomorphic
transformation go(z) (10), on € S,(B") by the Jacobian matrix J(go, z), and on ¢ by

J(go, 2) = (detJ (go, 2)¥/ Y.

Let « > 1 be a half-integer such that (n + 1)« is an integer, and pg = 2(n + 1)x. The lift
of acusp form f € S,,(I') to G (see [1]) has a nice expression in these coordinates:

f(g) = f¢ro.

Let us fix a loxodromic yp € T and

u 0 0
w=|0 eV 0 ew. (15)
0 0 e iV

The restriction of f to the torus T%,.w 1S given by

Flhezbiwytw) = f(hezbawyw(0)) j (hezbywytw, 0)7
_ el’po(l//o—llf)f(h(xt))j(h, xt)l’oé—go

where
0
... it/ T)+ix
x; = czb (0) = tar?ht s bx, = jlcxbs, 0) = “ooshr (16)

1
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Thus it can be rewritten in coordinates (x, ¢) as
- - . h . .
f@& 1) = fhezbw) = e'Po(Yo—1) J;;sriié)t)j(h’ xt)POelPOWOI/TelPOx
= £(0, 1)e'Po~. (17)

Note that the restrictions to the tori corresponding to different lifts of the closed geodesic
[volw to T\G differ by a constant multiplicative factor e ~i”0¥ where ¥ comes from (15).
We write the Fourier expansion of the restriction of f to the torus T" = T

0,w?*
z o 3 ~ -1
f&0=Y" foaxpg P2 qeZ
P.q
where
Xﬁ q(i’ t) — el’(ﬁ'f"‘(Zﬂl]/T)[)

and

~ 1 5 - —_— -
fﬁ,q = (ZJ-OT].T '/Tn f(x, t)Xﬁ)q(.x, t) d.xdt

1 2 2 T _ . L
= 7(2 iT / .. / / £, t)elpoxe—l(P'X-i'(Z?Tfi/T)f) dxdt.
) 0 o Jo

It follows from (17) that f,;,q = 0 for p # p*, where

p* = 3(po..... po), (18)

and
~ 1 7T . omiot/T 1 . pion /T
Tirg = —/ (0, e 27T qp = — Fgre 2miat/T gy
- T T Jioh

It follows from the remark after (17) that
/ Flgne /T dr = emrov / F(gne e at, (19)
{volw {vo}
where {y0} = {y0}1,,4-

4.  Proof of Theorem 1
First, for each loxodromic yp € I', we solve the cohomological equation (6) on the torus
Tn

Yo,w*

PROPOSITION 2. Givenc > 0, let f = f(2)¢P° be the lift of the cusp form f(z) € Spo(M)
to T\G, such that Fourier coefficients of its restriction to Ty ., fpk vanish for all
k € @y ¢, where the set @, . was defined in (4). Then the cohomological equation

f=9F (20)

n
Yo, w

function f, but not on yy, in particular, noton T.

has a Lipschitz solution F on T whose Lipschitz constant depends only on ' and the
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Proof. First let us find a solution formally as a Fourier series
Fx.t)=> FpgXpg-
12
We have

o, _iCra=p-9)
Xp,q—fxlhqa

where ¥ = (Y1, ..., ¥,_1). Equation (20) implies the following relations between the
Fourier coefficients of F and f:

P fpaT
P9 — . — NG}
i2rg —p-¥)
and since fﬁ)q =0if p # p* (18), we set F; ;, = 0 for p # px* and
F- _ fﬁ*qu _ fﬁ*,qT

p*.q — . — TN .
i@2rqg—px-¥) i@2rg— poo)

The function F on T7, , defined by its Fourier series

F o~ Z FixqXpr.q
qeZ
with Fjy 4 = 0forg € @, ., and
o fﬁ*,qT
Fp*,q - T 3
(27 q — Yo po)

for other ¢, satisfies (20).

If |g| < cT or g = Yopo/2m we have f,;*,q = 0. For g # Yo po/2m, the denominators
do not vanish and, for |g| > ¢T, |2rq — Yopol > c1T for some constant c1. Therefore,
for some constant ¢2, we obtain

|Fﬁ*,q| =< C2|fﬁ*,q|-

Since the function f is smooth and belongs to L2(T’;,0)w), we conclude that the function

F e LZ(T';O,w) and its Fourier series converges to it absolutely. So
F(x, 1) = Z Fﬁ*)qei(Poer(ZTW/T)f) — lP0X Z Fﬁ*’qe(ZUiQ/T)f — eipOxF(O, 1.
lg|>cT lg|>cT
We shall show that
|Fllc1 =sup|F|+ sup

oF
—‘ +Sup |DF|
0x

is bounded from above by a constant independent of 7. Since

oF -

2T _iPF and oF =7

ox; 2
it is sufficient to prove that C-norms are bounded, i.e. that |F (0, ¢)| and | (0, 1)| are
bounded from above on [0, T'] by a constant independent of 7. Since f(O, t) isarestriction
of a smooth function on I'\ G, which is globally bounded, it remains to estimate | F (0, ¢)|.
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We have
F@O,r) = Z Fﬁ*,qe(znlq/T)’_
|g|>cT

We make change of variables s = 277/T and let Fo(s) = F(0,sT/2x) and fo(s) =
f(0,sT/2m). The functions Fy and fu are periodic with period 27 and have Fourier
expansions

Fo(s)= Y Fpge'® and fos)= D frege'®,

|g|>cT |g|>cT

respectively. We have
2 - -
DFO.1) = F'(0,1) = Fa(s)7” = F0.0) = fols).

which implies Fy(s) = (T/27) fo(s). It follows from the ‘reverse Bernstein inequality’
[5, §8.4], with B = C[0, 2] and m = 1 that

_ T -
mtax|F(0, D] = |lFollp < 12(cT) 1||F6||B = 12(cT) 1E”f0”3’
Since || follz = max, | fo| < K with the constant K independent of 7', we have received

the desired estimate. O

Now we construct a solution F on a dense orbit by integrating f along it and prove
that it satisfies a Lipschitz condition using a modification of Livshitz’s original argument
similar to the argument in the proof of Theorem 8 in [1]. Assume that the orbit is e-closed.
Then by Lemma 9 of [1], there exists a lift of a closed geodesic on SM which exponentially
e-approximates this piece of the dense orbit. On the torus where this lift belongs, we have
a solution satisfying the Lipschitz condition with a constant K independent of the length
of the closed geodesic on SM. We have, on the dense orbit,

o 2
F(X1)=/(; (@ (x0)) dt, F(X2)=/(; (@ (x0)) dt,

and d(x1, x2) < € and, on the lift of the closed orbit, we have two points x; and x; such
that d(x1, x7) < €, d(x2, x5) < €, and

T ~
F(xp) — F(xp) =/0 f@(xp)dt.

We have Y
Flxa) — Flxp) = / F(Gixo)) d.
151

By Lemma 9 of [1], the last two integrals are e-close:

= O (e).

T N 72
‘/o f(fﬁz()d))dt—/ f (g1 (x0)) dt
n

Since |F(x5) — F(xp)| < Kd(x], x;) < Ke, we conclude that

|F(x2) — F(x1)| = O(e).
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A. Appendix: Spanning sets for cusp forms on complex hyperbolic spaces

The purpose of this note is to correct an error found in [1]. We construct a family of new
relative Poincaré series and prove that they span the space of cusp forms. The dynamical
ingredient in the proof is Theorem 1.

Let
an al, b1
Vo= ..
danl ann by
c1 ... Cp d

be a loxodromic element in . As an automorphism of B”, it has two fixed points on the
boundary 9B", X and Y.

In [1] we introduced the function Q,,(z) = (z, X){(z, Y) # 0, where (-,-) has the same
meaning as in (9). However, it transforms according to the formula

0y (102) = j (10, %0y (2) = (c121 + - - + Cuzn + d) 20 (2) (21)

only if yg is ‘almost hyperbolic’, i.e. if its loxodromy coefficient is equal to 0 or 7. If ¥
is a general loxodromic element with the eigenvalues (3), corresponding to X and Y,
respectively, the transformation law is

0,,(102) = j(y0,2)%e 400, (2),

and Q,, (z) cannot be used for the construction of a relative Poincaré series.

In order to correct this, we construct a function that transforms according to (21) for
each loxodromic element in I". As a matter of fact, we construct infinitely many such
functions for each loxodromic element.

For each integer k, we set

o~ (k/(n + Do)
T =

T
and
0 (2) = {2, X) 171 (z, Y) 1+, 22)
We have
vo-X =i VOX and yp-Y = A "le Yoy,
Then

Q;/?(VO(Z)) = <VO(Z), X)l—irk <)/O(Z), Y)l-‘rirk
= ](yo’ Z)Z(A—le—iWO)l—iTk (Ae—ilﬁo)1+ifk . ()/O 2,90 X)]__irk(yo v Y)l-‘,—irk
= j(yo’ Z)Z)\Zil’kefziiflo <Z, X)l*i‘[k <Z, Y>l+i‘[k
= j(10. 2% TV W (7)
= j(yo, Z)26—2i(nk/(n+1),() Q;/g) 2)
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and, hence,
)(i’l-’rl)K

1
0PI (10(2)) = ji(yo, 2D QI ),

The function ¢x(z) = 1/Q(")§,';+1)K(z) is an automorphic form of type u(g,z) =

j(g, 2)2+Dx for the subgroup I'o = (yo) and it satisfies the conditions (1) and (2) of

Theorem 5 of [1]. Thus, foranyx € K, = {k > 1 |k € %Z, (n + Dk € Z} and any

k € Z, we produce a relative Poincaré series

% = > @y (23)

yelo\I"

of weight 2(n + 1)k = po which belongs to L1(I"\G) and, by Satake’s theorem, is a cusp
form.
The period formula (Theorem 11 of [1]) now holds for all relative Poincaré series.

THEOREM 3. Forany f € Sp,, any k € Z and any loxodromic yg € T,

(f’ @(k) ) — (al‘l’ifk&l*ifk)*(n‘Fl)KC \/YOZO f(Z)Q(k) (Z)(n+l)K dt (24)

Y0,k Y0,k
20

Here zg € C(yp), and the integration is over C (yo) in B", t is the parameter of the geodesic

flow, o = —(X,Y)/2#0, and

m" 12201 (py —n — 1)
(po — 2)!

This formula can be lifted to '\ G as follows.

C =

s
/ (Sin )P ~2eP0T! g1 = 0.
0

THEOREM 4.

(f. O, = @)~ vo) [ Fge2mikiT g (25)
{vo}w

Proof. Letz; € C(yp). Using (13) and (16), we have

2 =h(x), X =h(Xo), Y =~h(Yo),

where
0 0
xxe€J, Xo=1]0 and Yp=] 0
1 -1
1 1
Then

W () = (2, XY (g, Y)Y
= (h(x1), h(X0)) "™ (h(x;), h(Yo)) ™
— i (hy x)2 LT, Xo) % T Yo) s ™ (h - xo, - Xo) ™1™ (h - x,, b - Yo) i

= _](h, xt)z&lfil’k (xt, Xo)l*i‘[k (xt’ Yo>l+i‘[k
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and

Q%) (Zt)(n+l)K — ](h’ xt)Z(n+l)K (&lfifk)(rbkl)l(((l — tanh t)lfi‘[k (1 + tanh t)l+itk)(n+l)/(
= ](h’ xt)Z(n-‘rl)K (&l—ifk)(n-i-l)lc (1 — tanh t)("+1)K€2iTkt(n+1)K

— ](h, xt)Z(nJrl)K (C—Ylfirk)(nJrl)K (l — tanh t)(n+l)/(eipowot/T672nikt/T.
Then

f, @5/18)”() = (@M rglminy =tk o /VOZO f(z;)Qg,];),,((Zz)("H)K dt
20
T
_ A4y —(4Dx J(h(x0)) . po ipovot/T —2mikt)T
= (a '%) C “Cosh?o 7 (h, x;)P0e'POVOI/ £ g dt.
However, using (17) with ¥ = 0, we obtain that the restriction of the cusp form f to {yo}w
is given by the formula

F©.1) = f(g) = ePoWVom?) <% J(h, xp)Poeirovor/ T)

and we obtain

(f, @5/18)’() — (al+i‘[k)7(Vl+l)l(cel'po(lﬂ71//0) f(gt)efhtikt/T dt. 0
' {volw

Theorem 1 of [1] holds in a modified form.

THEOREM 5. Let @, . be the set defined in (4). For any constant ¢ > 0, the relative
Poincaré series

{0%) | yo € T loxodromic, k € y, .}

span Sy, ().

The proof follows the same scheme as in [1]. We suppose that there is a cusp form
f € Sp,(I") which is orthogonal to all @%fk above. By Theorem 4, which replaces
Theorem 14 of [1], and (19), the function f satisfies Theorem 1, which replaces Theorem 8
of [1]. The rest of the proof remains the same.

In the Fuchsian groups case (n = 1), all loxodromic elements are hyperbolic. However,
the new relative Poincaré series (23) can still be constructed for any hyperbolic yg € T
(and o = 0). Moreover, they already give us a spanning set for cusp forms.

THEOREM 6. Let T" be a lattice in G = SU(1,1), and y9 € T a hyperbolic element.
Then the relative Poincaré series {@g,]é),,(, k € Z} span Sp,(I").

Proof. Let us assume that there is a cusp form f e S,,(I") such that (f, ®§,'ng) = 0.
Then by Theorem 4, all Fourier coefficients of f restricted to {yo} (which, in this case, is
simply the closed geodesic [yp] lifted to the unit tangent bundle SM = I'\G) are equal
to 0. Therefore, f/ = 0 on [y]. But f = f(z)¢? and since ¢ # 0, we conclude that
f(z) = 0o0n [y]. Since f(z) is holomorphic, this implies that f(z) = 0 for all z. ]

Remark. These new relative Poincaré series are exact ‘hyperbolic’ analogues of the
classical Poincaré—Eisenstein series associated with a cusp of I'\G, i.e. a conjugacy class
of parabolic elements in I



140

(11

[2]
3]

[4]
[5]
[6]

[71
(8]

S. Katok

REFERENCES

T. Foth and S. Katok. Spanning sets for automorphic forms and dynamics of the frame flow on complex
hyperbolic spaces. Ergod. Th. & Dynam. Sys. 21 (2001), 1071-1099.

S. Helgason. Differential Geometry, Lie Groups, and Symmetric Spaces. Academic Press, New York, 1978.
S. Katok. Modular forms associated to closed geodesics and arithmetic applications. PhD Thesis,
University of Maryland. 1983.

A. Katok and B. Hasselblatt. Infroduction to the Modern Theory of Dynamical Systems (Encyclopedia of
Mathematics and its Applications, 54). Cambridge University Press, New York, 1995.

Y. Katznelson. An Introduction to Harmonic Analysis, 3rd corrected edn. Cambridge University Press,
to appear.

R. de laLlave, J. Marko, and R. Moriyon. Canonical perturbation theory and Anosov systems and regularity
results for Liv€ic cohomology equation. Ann. Math. 123(3) (1986), 537-612.

A. Livshitz. Some homological properties of U-systems. Mat. Zamerki 10 (1971), 555-564.

R. Zimmer. Ergodic Theory and Semisimple Groups (Monographs in Mathematics, 81). Birkhalser,
Boston, Basel, Stuttgart, 1984.



