APOLLONIUS OF PERGACONICS. BOOKS ONE - SEVEN

INTRODUCTION
A. Apollonius at Perga

Apollonius was born at Perga (Ilepya) on the Southern coast of Asia Minor, near
the modern Turkish city of Bursa. Little is known about his life before he arrived in Alex-
andria, where he studied. Certain information
obtained from his preface to Book 2 of Conics.
The name A Apdidnibshnimeané fAdevoted torApoll oo
temi uso or A De me terdi usod0 Ametaemii sg ofrd eDveartet er 0 .
In the mentioned preface Apollonius writes to Eudemus of Pergamum that he
sends him one of the books of Conics via his son also named Apollonius. The coinci-
dence shows that this name was traditional in the family, and in all probability Apollo-
ni usd ancestors were priests of Apoll o.
Asia Minor during many centuries was for Indo-European tribes a bridge to Eu-
rope from their pre-fatherland south of the Caspian Sea.
The Indo-European nation living in Asia Minor in 2nd and the beginning of the 1st mil-
lennia B.C. was usually called Hittites.
Hittites are mentioned in the Bible and in Egyptian papyri. A military leader serv-
ing under the Biblical king David was the Hittite Uriah. His wife Bathsheba, after his
death, became the wife of king David and the mother of king Solomon.
Hittites had a cuneiform writing analogous to the Babylonian one and hieroglyphs
analogous to Egyptian ones.
The Czech historian Bedrich Hrozny (1879-1952) who has deciphered Hittite
cuneiform writing had established that the Hittite language belonged to the Western
group of Indo-European languages [Hro]. Hence it is clear that such nations of Europe
as Greeks and Romans, Galls and Goths, Slavies and Lithuanians were descendants of
Hittite tribes. As the masculine words in the most ancient of these languages have the
endings of -0s, -us, -as, -es, -is, the Hittite masculine words had ending of -ash, -ush, -
ish.

The Hittite word Avadaro for water gs near
' i sh Awat eWass &red ,maawapiGr ddle MHi tti te word dApal
near to the English word Afrvpaddh,e Gernmarn efi Wou a
diono for town is near to Russian fAgorodo and
and German AnGartend.ine3hmi 6li tortél wamo i s nea
Czech fAj semo, L &dquifin afmsgdu rac,g | Grsehe Ki I i a mo .

In the first millennium B.C., after migration of Hittite tribes from the East to the
west of Asia Minor and to Europe, the Hittite Empire disintegrated and many separate
Hittite kingdoms appeared. The most important of these kingdoms were situated in the
Western part of Asia Minor. The most famous cities of these Hittite kingdoms were llion
in Troy, Pergamum in Moesia, Sardis in Lydia, Gordion in Phrygia, and Myres in Lycia.
The king of Lydia Croeses was famous for his richness; with the name of the king of
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Phrygia Gordias was connected the | egend of i
the first city where pergament was made.
In the same millennium on the Jonian coast of Asia Minor the Greek cities Mile-
tus, Ephesus and others appeared.
During the Greek - Persian wars all of Asia Minor was occupied by the Persians.
After the victory of Greeks all Hittite states of Asia Minor became Greek states. In this
period Pergamum was the cultural and scientific center of Asia Minor.
Later all these states were conquered by Romans and became provinces of the
Roman Empire. After the division of this empire into Western and Eastern parts, Asia
Minor entered into Byzantium. In 14-15th centuries Asia Minor was conquered by Turks
and entered into Turkey.
The Greek state where the city Perga was located had the name Pamphylia. This
name, as well as its Hittite pr otnamewhows, meant
that Pamphylia played an exclusive role among Hittite states.
It is explained by the fact that main shrines common for all Hittite tribes were si-
tuated there. B.Hrozny proved that Greeks borrowed from Hittites the cults of the god of
thunder, Zavaya, the god of Sun, Apulunash, and his sister-twin goddess of Moon, Arti-
mu, whom they called Zeus, Apollo and Artemis [Hro, p.147].
The Hittite name APewpwcdoand GeamanhoinBuegh

means fAtower, castl eod; tihre twhoe do riipgirmgale ,s d&imr e k
man fABBmgontaino. This word was connect-ed wit|
ginasho meaning Aigod of thunder, destroyer of

name of the city Pergamum.
Hittite Perga was the center of the cults of Zavaya, Apulunash, and Artimu.
When Perga became a Greek town, the main shrines of Zeus and Apollo were
moved to Olympia and Delphi, and the main shrine of Artemis was left in Perga. The
ot her shrine of S3\@uemiWagn deares odf tthlkee AWor | do, v
Asia Minor at Ephesus.
Herodotus in his History wrote that kings of some Hittite states sent rich gifts to

the Apoll obés shrine in Delphi, where the shri
they in fact sent their gifts into Perga.
It is very probable that Apoll oniusd kin ¢

B. Apollonius at Ephesus

In the preface to Book 2 of Conics, Apollonius writes to Eudemus of Pergamum
that he sends him his son Apollonius bringing the second book of Conics. He asks Eu-
demus to acquaint with this book Philonides, the geometer, whom Apollonius introduced
to Eudemus in Ephesus, if ever he happens to be about Pergamum.

German historian Cronert [Cro] reports that Philonides was a student of Eude-
mus, mathematician and philosopher - Epicurean, who later worked at the court of Se-
leucid kings Antioch IV Epiphanus (183-175 B.C.) and Demetrius | Soter (162-150
B.C.).

Eudemus was the first teacher of Philonides. No doubt that Eudemus was also
the teacher of Apollonius at Ephesus, and it is natural that Apollonius sent him his main
work.
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When Apollonius finished his study at Ephesus, Eudemus recommended that he
continue his study at Alexandria.

C. Apollonius at Alexandria

Ap ol | o n hessattAlexamdaacvere pupils of Euclid. In the preface to Book 1
of Conics, Apollonius writes that he composed this work at Alexandria.

Apol l oniusd nickname in this scient-i fic ca
l ono. Since the hnenceksn anmaes ofif BeHraaot,ositt i s cl ear

Alexandria mathematicians had as nicknames the first letters of the Greek alphabet:
Euclid-A Al phao, AfnGammadesand Con®el tho0oSamos
Apol l oniusdé first wor ks Ptwemyquotesnn Caapterlo n o my .
of Book 12 of Al maaxtarg work Arpeguivalence ioflecyclicramdrec-
centric hypotheses of motion of planets. This quotation shows that Apollonius was one
of the initiators of the theory of motion of planets by means of deferents and epicycles
presented in Almagest.
Further works of Apollonius were devoted to mathematics. Since his main work
Conics and many treatises were on geometry, Apollonius was called at Alexandria
ARGreat Geometer o.

D. Conic sections before Apollonius

The appearance of conic sections was also connected with the cult of Apollo.
There sections were used for solving the so-called Delic problem of duplication of cube.

This problem was connected with following legend: on the island Delos, believed
to be the place of birth of Apollo and Artemis, a plague epidemic broke out. The inhabi-
tants of the island appealed to the shrine of Apollo at Delphi for aid. The priests of the
shrine told them that they must duplicate the cubic altar of the shrine. The Delians made
the second cube equal to the first one and stood over it, but the plague did not cease.
Then the priests told that the double altar must be cubic like the old one. If the edge of
the old altar was equal to a, the edge of the new altar must be equal to the root of the
equation

x3 = 2a3. (0.1)

It i s possibly that the | egend on the dupl
earlier when the main shrine of Apollo was at Perga.

The problem of duplication of a cube was solved by some Greek mathematicians
of the 4th c. B.C. Menaechmus found that this problem can be reduced to the finding
two mean proportionals between a and b, that is

a:x=x:y=y:b (0.2)

for b = 2a.



Menaechmus found that the solution x of equation (0.1) is equal to the abscissa
of the point of intersection of two parabolas x2 = ay and y2 = 2ax or of one of these pa-
rabolas with the hyperbola xy = 2a2.
Menaechmus defined a parabola as the section of the surface of a right circular
cone with right angle at its vertex by a plane orthogonal to a rectilinear generator of the
cone, and a hyperbola as the analogous section of the surface of a right circular cone
with obtuse angle at its vertex. The equations of these conic sections are determined by
equalities (0.2).
The works of Menaechmus are lost. The first known titles of works on conic sec-
tions are On Solid Loci (Ilept otepeot tonot) by Aristaeus and Elements of Conics
(Kovikov otoiéea) by Euclid. Both of these works are also non-extant, but it is known
that Aristaeuso6 work consisted of 5 books and
Ancient mathematicians used the word Al ocu
mathematicians regard lines and surfaces as sets of points, but this viewpoint was im-
possible for ancient scientists because they could not conceive that a set of points hav-
ing no sizes has a non-zero length or a non-zero area. Aristotle wrote in his Physics:
ANot hing that is continuous can be cobgposed o
composed of points, the line being continuous and the point indivisible [Ar, p. 231a].
Therefore ancient mathematicians r eg@) de
that is places for points.
Greek mathematicians called straight lines and circumferences of circles that can
be drawn by a ruler and compass fdAplane | oci o
Conic sections are considered in many works of Archimedes who called a para-
bola a fAsewamigémdofcomieg®ht shypergdaea biiaecthi o a&af o
tuse-angl ed coneo, -aa mMds eacnt i esanh gojfe da ccuotnee 6. Ar c hi me
a parabol oid of-anghvedutopnpaoi dofiandha single sh
revolution of t wangledican@dds &b @dobbtséhas- Menaec
taeus, and Euclid used the same names of conic sections.
The equations of parabolas used by Menaechmus for solving the Delic problem
are particular cases of the equation

o
-]

y2=2px (0.3)

in the system of rectangular coordinates whose axis 0x is the axis of symmetry of
this parabola and whose axis Oy is the tangent to this parabola at its vertex. The magni-
tude p is now called the parameter of the parabola.

Euclid in Prop. 11.14 of Elements proves that if B is an arbitrary point of the cir-
cumference of a circle with the diameter AX, and A is the basis of the perpendicular
dropped from B onto AX, the line BA is mean proportional between AA and AX, that is
AABA = BA:AX. If we denote AA=x,AX= X 0,

BA =y, we obtain the equation

y2= Xxx 0 (0. 4)



of the circumference with Atwo absici ssasbo
nates whose axisOx=AXand axes Oy and Oyd6 are tangents
points A and X.

Archimedes in Prop. 1.4 of his treatise On Conoids and Spheroids proves that an
ellipse can be obtained from a circumference of a circle by the contraction to its diame-
ter in the direction perpendicular to this diameter

X6 = x yo = ky (0.5)

where k < 1. Therefore the equation with two abscissas of an ellipse in the sys-
tem of rectangular coordinates whose axis 0x is the major axis of the ellipse and axes of
ordinates are tangents to the ellipse at the ends of its major axis has the form

y2=k2x x 6 . (0.6)

The branch of a hyperbola used by Menaechmus in the system of rectangular
coordinates whose axes are asymptotes of the hyperbola is determined by the equation
Xy = const. In another system of rectangular coordinates, whose axis 0x is the axis of
symmetry of the hyperbola, and axes of ordinates are tangents to both branches of the
hyperbola at their vertices, this hyperbola is determined by equation (0.4).

An arbitrary hyperbola can be obtained from the equilateral hyperbola used by
Menaechmus by transformation (0.5), which is a contraction to the axis of symmetry of
this hyperbola for k <1 and a dilatation from this axis for k >1. Therefore the equation
with two abscissas of an arbitrary hyperbola in the system of rectangular coordinates
whose axis 0x is the axis of symmetry of the hyperbola and the axes of ordinates are
tangents to both branches of the hyperbola at their vertices has form (0.6).

Archimedes determined ellipses and hyperbolas by equations (0.6).

If the major axis of an ellipse and the real axis of a hyperbola are equal to 2a and
the minor axis of an ellipse and the imaginary axis of a hyperbola are equal to 2b, the

coefficient k in equations (0.6) is-xanguwmal to

the case of the hyperbola x6 = 2a + Xx.
Therefore these equations have the form

y2 = (b%/a2)x(2a-x) (0.7)
for the ellipse and
y2 = (b2/a?)x(2a + x) .  (0.8)

for the hyperbola. If we denote b2/a = p, equations (0.7) of an ellipse  can be
rewritten as

y2=2px - (p/a)x2, (0.9)
equations (0.8) of a hyperbola can be rewritten as
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y2 = 2px + (p/a)x2 . (0.10)

Equations (0.9) and (0.10) are given in the systems of the rectangular coor-
dinates whose axis Ox is the major axis of the ellipse and the real axis of the hyperbola,
and whose axis Oy is tangent to the ellipse at the left end of its major axis and tangent to
the hyperbola at the right end of its real axis. Magnitudes p in these equations are called
parameters of the ellipse and hyperbola.

E. Structure of Conics

Apol l oniusd Conics condarseaxtandin Gréek @Biginalo ok s. B
Books 5-7 are extant only in medieval Arabic translations by Thabit ibn Qurra edited by
his teachers Ahmad and al-Hasan banu Musa ibn Shakir, Book 8 is lost.

The books of Conics consist of prefaces addressed to Eudemus or Attalus of
Pergamum, definitions, and propositions.

Apol l oniusdé propositions, |ike proposition
problems.

In the beginning of every proposition, its general statement in italic and its formu-
lation with notations of points and lines are given. The formulations of propositions Apol-
lonius begins with the words Asyo -l s ayo.

After that, the proof of a theorem or the solution of a problem follows. In begin-
ning of the solution of every problem its analysis is given, where known points and lines
are indicated; next, the synthesis, that is the required construction, is described.

Apol l oniusdé style is very conci ®dexpla-herefo
natory words in brackets and referencen to Eu
theses.

F. Editions of Conics

The most i mportant editions of Apoll oniusé
[Ap1l] - the first Latin translation of Books 1-4 published by Federigo Commandi-
no (1509-1575).
[Ap 2] - the Greek text of Books 1-4 and the Latin translation of all 7 books pub-
lished by Edmund Halley (1656-1742).
[Ap 3] - the critical Greek text of Books 1-4 established by Johan Ludvig Heiberg
(1854-1928) and published by him with the Latin translation.
[Ap 4] - the English translation of Books 1-3 by Robert Catesby Taliaferro (1907-
1987) published by Encyclopedia Britannica in the Great Books of the Western World
series. The translation of Book 1 was first publishedin1939 by St. Johnés Col
Annapolis in The Classics of the St. Johndés P
[Ap 5] - the revised edition of the translation [Ap4] published by Dana Densmore
and William H. Donahue.
[Ap 6] - the English translation of Book 4 by Michael N. Fried (b. 1960). This translation
was first published as Appendix to the book [FU](pp.416 -485).
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[Ap 7] - the critical Arabic text of Books 5-7 established by Gerald James Toomer
(b. 1934) and published by him with the English translation and commentary

Critical Arabic text is based on 3 manuscripts: Oxford one, translated by Halley;
Istanbul one, published in [Ap12]; and Teheran one.

[Ap 8] - the detailed English exposition of all 7 books on the basis of the editions
[Ap 2] and [Ap3] published by Thomas Little Heath (18611940).

[Ap9] - commented French translation of all 7 books published by Paul Ver Eecke.

[Ap10] - German translation of Books 1- 4 published by Arthur Czwalina.

[Apll] - the Greek text of Heiberg reproduced and published with the Modern
Greek translation of all 7 books by Euangelos Stamatis (1898-1990).

[Ap12] - facsimile edition of the Istanbul manuscript of the medieval Arabic trans-
lation of all 7 books by Hilal al-Himsi and Thabit ibn Qurra copied by the famous ma-
thematician and physicist al-Hasan Ibn al-Haytham (965-ca.1050) prepared by Nazim
Terzioglu (1912- 1976).

[Ap13] - commented Russian translation of 20 propositions by I. Yagodinsky (1928).
[Ap14] - commented Russian translation of all 7 books published by B. A. Rosenfeld - in
press.

Many mathematicians undertook attempts of restoration of Book 8. Let us men-
tion the attempt by Ibn al-Haytham [IH] published with the English translation by Jan
Pieter Hogendijk (b.1955) and the attempt by Halley added to his translation [Ap2].

Let us mention the excellent exposit
The Theory of Conic Sections in Antiquity by Hieronymus Georg Zeuthen
(1839-1920).

[Hea, pp.126-196] - in the book A History of Greek Mathematics by T.L. Heath.

[VdW, pp.241-261] - in the book The Science Awakening by Bartel Leendert Van
der Waerden (1903-1996).

[VZ, pp.97-108] - in the book History of Mathematics by Michail E. Vashchenko-
Zakharchenko (1825-1912).

[IM, pp.129-139] - in the book History of Mathematics from most ancient times to
beginning of 19th century, vol.1 by Adolf P. Yushkevich (1906-1993).

[Too] - the article Apollonius of Perga by G. J. Toomer. See also Introduction to his edi-
tion [Ap7],

[ FU] Apol | onionica. Text, Cdhtext, §ubtéxs by B.N.Fried and Sa-
betai Unguru.

[Rho] - Apollonius of Perga, Doctoral Thesis by Diana L. Rodes (2005)

[Ro3] - Apollonius of Perga (in Russian by B.A.Rosenfeld 2003). See also his ar-
ticle [Ro4].

G. Other mathematical works of Apollonius

Besides Conics Apollonius was the author of following mathematical works:
1) Cutting off of a ratio (Aoyov amotopa) in two books.

2) Cutting off of an area (Xoptov arotopa) in two books.

3) Determinate section (Atwpicueva topo) v two books.

4) Inclinations (Nevoeig) in two books.

5) Tangencies (Eradoat) in two books
6
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6) Plane loci (Torol emimedot) in two books.

7) Comparison of dodecahedron and isocahedron
(Zuykpioi1g dmdeKAESPOL KAl EIKOGAEIPOV).

8) On non-ordered irrationals (Ilept ToV atakTOV AAOY®V).

9) Rapid obtaining of a result (Qxvtokiov).

10) Screw lines (Ko&htag).

11) Treatise on great numbers.

12) General treatise (Kaboiov npoypateiar).

From these works only treatise (1) is extant in medieval Arabic translation. There
are the Latin translation [Ap15] by E. Halley and the English translation [Ap16] by
E.M.Macierowski of this treatise.

The short expositions of treatises (1) - (6) are given by Pappus of Alexandria (3rd
c. A.D.) in Book 7 of Mathematical Collection [Pa, pp. 510 -546; Ap11, vol.1, pp.100 -
120].

The fragments of medieval Arabic translations of these treatises and English
translations of these fragments are published by J.P.Hogendijk [Ho].

In works (1) and (2) the following problems are solved: given two straight lines
AB and XA with fixed points A and X, to find two points B and A, such that, in the case
of treatise (1), the ratio AB/XA would be equal to the given ratio, and, in the case of
treatise (2), the product AB.XA would be equal to the given area.

In treatise (3) the problems of the following type are solved: given four points A,
B, X, A on a straight line, to find a point IT such that ratio ATT.XIT/BIT.AIT would have the
given or an extremal value. The last problem is equivalent to the problem of determining
an extremum of a function that is a ratio of two quadratic polynomials.

In work (4) the problems equivalent to quadratic and cubic equations are solved
by geometri cal means called Ainclinationso.

In treatise (5) the problem of construction of a circle tangent to given objects of
three kinds, which can be circles, straight lines, and points, is solved.

In treatise (6) theorems on plane loci, which is on circles and straight lines, are
proven. In this treatise, homotheties, inversions with respect to circles, and other trans-
formations mapping plane loci to plane loci are considered.

There is only the commentary on work (7) by Hypsicles (2nd -1st c. B.C.) added
to Eucliddéds El ements as-6Bdok Ih4 thApl Wworkqgl AX
Comparison of five solids is mentioned, where the theorem, that if a cube and a regular
octahedron are inscribed in the same sphere, then as their volumes are one to the oth-
er, so their surfaces are one to the other, is proven. Apollonius proves analogous theo-
rem on regular dodecahedron and icosahedron inscribed in the same sphere.

The commentary by Pappus on the work (8) is extant only in the medieval Arabic
translation [Apl11, vol.1, pp. 134-144]. This commentary shows that in this treatise, be-
sides quadraticirrat i onal s consi dered in Book 10 of Eucl
irrationals are also considered.

Work (9) is mentioned by Eutocius (6th c. A.D.) on Archimedes Measuring a cir-
cle [Ap11, vol.1, p. 48]. This information shows that in the treatise, the approximate val-
ue of the ratio of the circumference of a circle to its diameter was found in a more rapid
way than in Archi medesé wor k.
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The work (10) is mentioned by Proclus Diadochus (5th c. A.D.) in his commen-
tary on Book 1 of Eudl,p. tl4d]sAcderdirgnoghistinormétinp 11, v o
in the work (10) screw lines in the surface of a right circular cylinder are considered.

The commentary by Pappus on the work (11) is extant in Book 2 of his Mathe-
matical Collection [Ap.11, vol.1, pp. 70-72]. The beginning of this book containing the
title of the work (11) is lost. The commentary shows that in this work a system of names
of great numbers was proposed, which later was improved by Archimedes in Psam-
mites.

The work (12) is mentioned by Marinus (5th c. A.D.) in his commentary to Euc-
| idsdé6 Data together with Apol FK6ni usd I nclinat
Therefore it is clear that this work is geometrical. Probably, in it, like in Inclinations,
problems equivalent to algebraic equations were solved by geometrical methods. The
title of the work (12) shows that these methods were more general than inclination.
Probably, in this work Apollonius described the methods used by him for obtaining pro-
portions from which he derived in Prop. I1.11 - .13 of Conics equations of parabola,
hyperbola and ellipse and proportions equivalent to algebraic equations of evolutes of
conics given by him in Prop. V.51 and V.52.

Some mathematicians of Western Europe undertook attempts to restore lost
works of Apollonius. F.Viete (1540-1603) in [Vi] and M.Ghetaldi (1566-1622) in [Ghel]
restored Tangencies. Ghetaldi in [GheZ2] - Inclinations. F.van Schooten (1615-1660)
[Sch] and P.Fermat (1601-1665)[Fe] -Plane loci.

H. Letters and their numerical values

The Greek alphabet of the classic epoch consisted of 24 letters, which had fol-
lowing numerical values:
A,a -- alpha=1, B, -- bb t=3, I',y -- gamma=3, A,5 -- delta =4, E ¢ -- epsilon=5, Z,C --
zbta=7, H,n -- Bta= 8, 0,0 -- theta=9, 1,1 -- iota=10, K,k -- kappa=20, A,A -- lambda=30,
M,u -- mu=40, N,v -- nu=50, E,§ -- xi =60, O,0 -- omicron=70, I',n -- pi=80, P,p --
rho=100, X,c -- sigma=200, T, -- tau=300, Y,v -- upsilon=400, ®,¢ -- phi=500, X,y --
chi= 600, W,y -- psi=700, Q,» -- ombga=800. Numbers 6, 90, 900 were represented by

3 archaic letters & -- wau, e -- koppa,” & sabi or sampi.

The last of these letters was not in use in the most ancient times, the first and
second ones were used during the time when the Latin alphabet was created, on the
base of the Greek one. From them, Latin letters F and Q were derived. The numbers
1000, 2000,3000, etc. were represented by AOB6 16 , e tAmollonius used these let-
ters for numbering propositions in Conics.

Claudius Ptolemy, who borrowed from Babylonian astronomers not only informa-
tion on their observations but also sexagesimal fractions, used these letters from A =1
to N® =59 for recording of sexagesimal fractions. Zero in these fractions was denoted
by the first letter of the word ovdsv --finot hi ngo, hence our figure O

The Greek letters and their names came from Phoenician letters. These letters
were invented in the city of Biblos where Egyptians imported Lebanese cedars.
Phoencians replaced Egyptian hieroglyphs denoted the things imaging by them by the
letters denoting the first sounds of the names of these things. Phoenician letters are im-
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ages of things whose names begin from these |
meaning fAbul |l he ahttunedaasd héenbeecreékalfamame,fthe let-
ters A betho meani ng 0 é@mngle eith théhgasinthedoserf or m o f
side, hence Greek beta came
Phoenician letters likewise have numerical values.
The Greek letters from A to IT have the same numerical values as corresponding
Phoenician letters. The value 90 was denoted by the Phoenici an | adéeer f Aom

whichthe letter’ came, whose name is fAsampi 0 or f@Asabi o
Phoenician letters corresponding to Greek letters ¢ , P, X, and T are 100, 200, 300, and
400.
From Phoenician letters also Hebrew and Arabic letters came .The names of He-
brew letters are the same as of Phoenician ones. Arabs added to these letters, which
came from Phoenician ones, six new letters. The names of Arabic letters are simplified
Phoenician names. The numerical values of Hebrew and Arabic letters, which came
from the same Phoenician letters, have the same values of these letters.
The names and numerical values of arabic letters are as follows:
alifi 1, bad 2, ted 400, tahd 500, jivd 3, t- a, dald4, dhald600, rad200, zad7, sind60,
shind300, zadd90, vadd800, tad9, f ad900, aind70, gaind1000, fad80, gafd100, kafd20,
lamd30, mimd40, nund50, wawd6, hads, iadl0.
I n editions [Ap5] and [ Ap6], Greek |l etters
represented by Latin letters. In edition [Ap5], Greek letters are represented by the dif-
ferent Latin letters.
In proposition 53 of Book 2 in edition [Ap5], the archaic letters ¢ and ¢ are

represented by the | etters X6 and YOo.

In edition [Ap7] Arabiclett er s i n Thabit i1 bn Qurrads diag
Greek |l etters with the same numerical values.
represented not by F, butby c,t he | etter fighayno with numeri cé

represented not by AO6 but by
Edition [Ap12] shows that in the translation by Hilal al-Himsi of Books 1-4 Greek
|l etters in Apoll oniusdé diagrams are represent
same Phoenician letters, but in the translation by Thabit ibn Qurra of Books 5-7 Greek
letters of Apollonius are represented by Arabic letters according to a more complicate
rule. For instance, the first three letters A, B, and I" he transcribes by the first three
Arabi ¢ | etters dalifo, Abaodo, and nAtao.
In our translation we transcribe Arabic letters in diagrams and text in Books 5-7
by the same Greek letters as in the translation by Toomer.



COMMENTARY ON BOOK ONE
Preface to Book |

1. Apollonius dedicated Books 1-3 of Conics to his teacher Eudemus of Perga-
mum (see Introduction, B), with whom he discussed the structure of this work. Last
books of Conics finished after EHuddeenmuusstd dsetat h
dent Attalus.

The preface to Bookl is essentially the general preface to the whole of Conics.

2. Apoll oniusd6 information on geometer Nau
tion of this scholar. Naucrates was a friend of Apollonius, visited him at Alexandria, dis-
cussed with him theory of conics, and Apollonius gave him the first variant of Conics.

The name of Naucrates is connected with the word vavkpatia-i p owera- of se

menodo. The name Naucratis of the towhNildscnunded
5th c. B.C. is connected with the same word.
3. Apolloniusdé words that the first four b
theory of conics show that these four books a
4. fAThree sectionso are three conies which
tions of right, obtuse and acute coneso. Apol
and an ellipse. Like his precursors, Apollonius used thetermihy per bol aon- onl y f

gle branch of a hyperbola.

Unlike his precursors, Apollonius considers two branches of a hyperbola and
calls them Atke &or -fopposit eod. In [ Ap5], [ Asgated , and
as Nnopposite sectionso.

5.Afdl ocus with respect,l4d,andlsabasddointai ght | i

whose distances d; from the lines |, satisfy the equation
d1d3 = kd22 . (11)

AA | ocus with respegt, I4 andliealocusoftpoirdsi ght | i n
whose distances d; from the lines |i satisfy the equation

dids=kd,dy . (1.2)

The loci with respect to three or four straight lines are conic sections. Apollonius
believes that Eucl i dbs pr oo fcsionbtsuffibientsandfcanct i n
be completed by the theorems in Book 3 of Conics.

This proof was fulfilled by R.C.Taliaferro in Appendix A to his translation of Conics [Ap5,
pp.267-275].

This fact was proved by means of analytic geometry by the creator of this discip-
line Rene Descartes (1596 - 1650) in his Geometry.
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First Definitions

6. Apollonius defines a conic surface as a surface described by a straight line of

an indefinite length passing through a fixed point called the vertex and through points of

the circumference of a circle the plane of which does not pass through the vertex. This

surface consists of two surfaces | ocated fver
The straight line joining the vertex of a conic surface with the center of the cir-

cumference determining this surface Apollonius calls the axis of this surface.
Apol l oniusdé definition differs from the on

was the surface of a right circular cone formed by a rectangular triangle revolving

around one of its catheti.

The Gr ee#ivogoorodr iigi nal ly meant #@Apine coneo.
Anci ent mathematicians used the tegrms Astr
ments, -Dpl gn&€or bounded parts of pl-antyéos, usua
bounded parts of surfaces.
Anci ent mathematicians never used trhe term
faces and replaced it by words Aof indefinite
7. Apollonius defines the cone as a solid bounded by a conic surface and the cir-
cle whose the circumference determines this surface. Apollonius calls the vertex of the
conic surface Avertex of the coneo, the circl
surface Athe base of the coneodo, andebée-he segme
t ween the vertex and the base of a cone Athe

Unlike Euclid who considered only right circular cones, Apollonius considered
cones that can be both right and oblique.

8. In the case when a plane curve has a family of parallel chords whose mid-
points are on a straight line, Apollonius calls this straight line a diameter
(dropapoc) of this plane curve.

Apol l oniusé definition of a diameter of a p
|l idés definition of a diameter for thke circum
rences are perpendicular to the chords bisected by them. Diameters of plane curves in
a general case are not perpendicular to such chords.

If on the plane there is a system of oblique coordinates whose axis 0x coincides
with a diameter of a plane curve and axis Oy is parallel to the bisected chords, the curve
maps to itself by reflection

X6 = xvy. (13) yo =

This reflection is said to be either right or oblique depending on whether the

coordinate angle x0y is right or acute, respectively.
The points of intersection of a diameter of a plane curve with its diameters Apollo-

nius calls Averticeso of this curve.

The term Adi ametero for curves that are no
Archimedes, but only in the cases when the diameter is perpendicular to the bisected
chords.
Diameters of conic sections are considered by Apollonius below.

11



9. An oblique reflection (1.3) is a particular case of an affine transformation in a
plane, which is a bijective transformation in a plane mapping straight lines to straight
lines.
Right and oblique contractions to a straight line and right and oblique dilatations
from a straight line (0.4) are also affine transformations.
Since parallel lines have no common points, affine transformations map parallel
straight lines to parallel ones. Therefore affine transformations map parallelograms to
parall el ograms and vectors to vectors, and if
and yo6, the sum x + y is mapped to the sum x0
number kis mappedtothe pr oduct k xA B, Xark threegbirdsrinea straight
line, the affine transformations preserve simple ratios of oriented segments ¢ = AX/AB,
and, in a general case, affine transformations in rectangular and oblique coordinates
have the form

X 0 Ax=+ By + X, AX+ By& ©= (1.4)

Under the affine transformation (1.4) the areas of all figures in the plane are mul-
tiplied by the absolute value of the determinant AE-BD. In the case when this value is
equal to 1, the transformation (1.4) is an equiaffine one.
Since the determinants AE-BA of the reflections (1.3) are equal to -1, they are
equiaffine transformations too. In particular, if transformation (1.3) maps a point B to a
point Béand points A and X are fixed points of this transformation, the triangles ABX
and AB& have the same base and equal heights and, therefore, equal areas.
Equiaffine and general affine transformations were used by Thabit ibn Qurra and
by his grandson Ibrahim ibn Sinan (908-946), respectively.
For the affine geometry and its history see [Ro1, pp.106-114] and [Ro2, pp. 130-
133, 143-146].
10. The segments of the bisected chords between the curve and the diameter
are called by Apollonius tetaypaoc kot GOtor -Aappl i ed in order o.
Federigo Commandino (1509-1575) in his Latin translation [Ap1] of
Conics wrote the aobdmatire appligappece sfsriooom wehsi chhi- t he t e

nateso had come. Therefore in editions [Apb5],

Apol l oniusd expression irsditnraatneswiasteedd as Al i ne
11. If two plane curves have a family of parallel chords whose midpoints are on a

straight Il ine, Apollonius calls this |ine a in

The points of intersection of the transverse diameter with the curves Apollonius calls
Averticesfi of these curves.
If the midpoints of the parallel straight lines joining two plane curves are on a
straight |l ine, Apollonius calls this |ine an
The segments of parallel chords between the curves and the transverse diameter
are called the ordinates of points of these curves.
Transverse and erect diameters were used b
hyperbol aso.
12. The diameter drawn in the direction of parallel chords is called by Apollonius
a conjugate one with the diameter bisecting these chords.

12



13. The diameter of a plane curve as well as transverse and upright diameters of

t wo plane curves are called by Apoll onu-us

lar to the chords bisected by them. Two perpendicular axes of one or of two plane

curves Apollonius calls ficonjugate axeso.

Later Apollonius considers axes of conics.

14. Modern mat hematicians use the ¢er ms

fi ax

tions in the same sense as Apollonius, whil e the term fivertexo i ¢

sense as by Apoll oniusd precursors, i.e.
its axis.

Propositions 1.1-1.5 on cones

15. In Prop. 1.1 Apollonius proves that a straight line joining the vertex of a conic
surface and any point on the latter lies entirely on this surface.

In the porism (corollary) to this proposition, Apollonius proves that the straight
line joining the vertex of a conic surface with any point which is within this surface lines
entirely within this surface, and the straight line joining the vertex of the conic surface
with any point which is outside this surface lies entirely outside this surface.

16. In Prop. 1.2 Apollonius proves that the segment joining two points of a vertical
sheet of this conic surface and its continuation and not passing through the vertex of the
cone lies within the cone, and continuations of this segment lie outside the cone.

Apollonius does not prove an analogous proposition: the segment joining two
points of two vertical sheets of a conic surface and not passing through the vertex of the
cone lies outside the conic surface and continuations of this segment lie within the conic
surface.

No doubt that Apollonius did not prove this proposition sinceitwas not i
Elements of conics.

Note that the line which is the sum of two abscissas of a point of the ellipse (0.7)
joins two points of a surface of a cone, and the line which is the difference of two ab-
scissas of a point of the hyperbola (0.8) joins two points of different sheets of a conic
surface. Apollonius calls these segments latera transversa of an ellipse and a hyperbo-
la.

17. In Prop. 1.3 Apollonius proves that the section of a cone by a plane passing
through its vertex and meeting its base is a triangle.

18. In Prop. 1.4 Apollonius proves that the section of the surface of a circular
cone by a plane parallel to its base is the circumference of a circle.

19. In Prop. 1.5 Apollonius proves that the surface of an oblique circular cone be-
sides sections parallel to its base has another family of circular sections. It can be ex-
plained by the fact that the section of the surface of an oblique circular cone by a plane
perpendicular to its axis is an ellipse, therefore the solid bounded by this plane and the
conic surface is a right elliptic cone. Since the ellipse has two perpendicular axes of
symmetry, the right elliptic cone and its surface have two perpendicular planes of sym-
metry passing through the axes of symmetry of an ellipse and the vertex of a cone.

The reflection with respect to one of these planes maps any circular section of
the cone parallel to its base to itself. The reflection with respect to the second plane
maps circular sections parallel to the base of the cone to circular sections of the second
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family. Apollonius calls the circles bounded by circumferences of different families and
the planes of these circles hnevavt @ , which we following P. Ver Eecke [Ap 9, p.10]
translateasfiant i parall el 6. The expressions of Apoll
the rectangul ar planedo means that the square
20. A p o dbbreviations 8400 ABTAi , vrto AB, T'Af , & i ABON, whi ch
mean a rectangular plane with sides AB and BI, a rectangular plane with sides AB and
I'A, and a square with a side AB, we translate by the abbreviations pl.ABT", pl.AB,['A
and sg.AB, respectively.
Prepositionsvtroandarome an fiunder 6 and fAono.
The expressions of Apollonius Athe |l ine is
pl aned means that the square on the |line is e
21. Prop. 1.5 forms the basis for the theory of stereographic projection, that is the
projection of a sphere from its point P onto the plane tangent to the sphere at its antipo-
dal point. If a curve on the sphere, not passing through the point P under this projection
is mapped onto the circumference of a circle, then the projecting lines are rectilinear
generators of a circular cone.
If this cone is right, the plane of the projected curve is parallel to the plane of pro-
jection. If the cone is oblique, the plane of the projected curve is antiparallel to the plane
of projection. In both cases, the projected curve is the circumference of a circle. Thus
stereographic projection maps circumferences of circles on the sphere not passing
through the point P to circumferences of circles on the plane.
If the circumference of a circle on the sphere passes through the point P, its
plane intersects the plane of projection in a straight line, and the stereographic projec-
tion maps these circumferences to straight lines.
Apollonius knew stereographic projection. This is clear from the description by a
Roman architect of the 1st c. B.C. Vitruvius Pollio in his Ten Books on Architecture of

an astronomical i nstlpagwEnt icavéededshpyudér be (a:

doxus, or as some say;Vi2pp20] | oniuso [Vil, p.25
Vitruvius wrote that the instrument contai

there is a drum on which the firmament and zodiac are drawn and figured: the drawing

being figured with the twelve celestial signs
Daniele Barbaro (1513-1570) i n his commentary on this

the projection (fAanalemmad) in a spider as fo

pole of the sphere onto a plane. To project the sphere onto the plane [by means of an

analemma] is to describe in the plane all circles and all [zodiacal] signs that are on the

sphere. Thus all that is on the sphere is represented in the plane according to the same

opti cal mode as in making of the table of an
These words show that the projection in a spider is stereographic.

Therefore this instrument could not have been invented by Eudoxus who lived in 4th c.

B.C. when the stereographic projection based

was not known yet.
The drum portrays the tropics, the ecliptic (the zodiacal circle), and the images

of some most bright stars. These circles and images of stars form the figure similar to a

spider, this fact explains the name of the instrument. The drum can rotate by means of a

hydraulic machine.
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The rods form a motionless part of the instrument. This part portrays the celestial
equator, the tropics, the horizon, and circles of altitude over the horizon that is the paral-
l el s of the horizon. T-Webk ewhiincrhc [tense fAosrpm dtehred

The ecliptic is the circumference of the great circle on celestial sphere where the
visual annual way of the Sun is realized. Every day the Sun
makes its way along the ecliptic about 1° . The ecliptic is divided into 12 zodiacal signs
corresponding to the months. The ecliptic intersects the celestial equator at the begin-
nings of the signs of Aries and Libra where the Sun is on the days of the spring and au-
tumn equinoxes. The Sun is at the maximal distance from the celestial equator at the
beginnings of the signs of Cancer and Capricorn where the Sun is on the days of the
summer and winter solstices. These last points under diurnal rotation of the celestial
sphere describe the circumference of circles called tropics of Cancer and Capricorn.

The celestial equator as well as tropics is invariant under the diurnal rotation of
the celestial sphere.

No doubt Apollonius knew that stereographic projection is conformal, that is it
preserves the magnitudes of the angles between curves, because this property can be

proved by means of Eucliddés El ements. Xet the

maps the point = and circular arcs on the sphere with the tangents ZY and Ec to point 26
and the circular arcs on the plane with tangents Zd&6and Z@0 Let the points Y and ¢ be
the points of the intersection of the tangents ZY and Zc with the plane tangent to the
sphere at . The segments ZY and YZX are equal as two tangents to the sphere drawn
from one point, and, analogously, Zc =cX. Therefore the triangles ZY¢ and XY¢ are
equal, because the angles YZ¢ and YZ¢ are equal.

Since the lines YZ and Y&obare parallel, as the lines ¢ and ¢&q the angle Y&E&O
is equal to the angle YZc¢. This equality means that stereographic projection is confor-
mal.

It is well known that the celestial equator on the terrestrial equator is perpendicu-
lar to the horizon, and at the terrestrial poles it coincides with the horizon. If an observer
is at the point with latitude ¢, he sees that the celestial equator intersects the horizon
under an angle equal to 90°- ¢ .

The celestial equator and the tropics are represented by rods by circumferences
of three concentric circles. Since the ecliptic touches both tropics, the image of it also
touches the images of the tropics.

If the instrument is used at night, the altitude of a bright star is measured; at day-
time, the altitude of the Sun is measured. The drum is turned to such position that the
image of the star with the measured altitude or the image of the point of the ecliptic cor-
responding to the day of measuring the altitude of the Sun will be under the image of a
circle of the measured altitude. Then the image of the whole firmament will be obtained
at the moment of the observation and the spherical coordinates of all its points and stars
can be found too. The altitude of a celestial point over the horizon is determined accord-
ing to the altitude circle passing through the image of this point, the azimuth of this point
is determined by the position of the image of this point on the altitude circle. In particu-
|l ar, the position of the Ahoroscopeodo, that I
eastern part of the horizon, which is important for astrological predictions, will be found.

15
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The angle by which the drum turns determines the exact time of the moment of
the observation.

Probably, the invention by Apollonius of an instrument for measuring time con-
nected with a hydraulic machine described by an architect was known in medieval East,
and therefore an Arabic treatise on a water clock dedicated to an architect (al-najjbr al-
muhandis) was ascribed to Apollonius. There are three manuscripts of this work entitled
Treatise on construction of [an instrument with] a flute (Risala san a [*Ua] al-f amr) kept
in Paris, London, and Beirut. The German translation of this treatise according to all
manuscripts was published by E. Wiedemann [Wie]. When the surface of the water in
this clock is dropped to a certain level, the sound of the flute is heard. F.Sezgin [Sez,
p.143] also believes that this treatise is only ascribed to Apollonius.

An instrument similar to Apoll oniusé& one ¢
scribed by Claudius Ptolemy in Planispherium.

Later, analogous instrument called picpo | otporBov-fAl i tt 1 e [instr ume:
starso was invented by Theon of Al exapondria in
tionl eswebspbgern motionl ess met al &niucmoc,o natnidn u o
the rotating drum - by a rotatingfre t t ed di sk, al so call ed fAspi de:
instrument, in Theonos Nfastrol abond ©bhe moti
tatt ng fispi der o.

This instrument was very popular in the me
and in medieval Europe as fiastr ol abi umo.

Now these instruments are called fiastrol ab

tive circular cylinders, with a radius of 10 to 20 cm and a height of 4 to 5 cm. The cy-
linders contained 10 to 20 tympanums for different latitudes.
Theoper ations with the medieval astrol abes w
instrument.
On the lower base of medieval astrolabes the instrument for measuring altitudes
of the Sun and the stars was situated. This instrument contained
an alhidad with two diopters and arrows at the ends, which could rotate around the cen-
ter of the cylinder base and whose arrows pointed out altitude on the degree scale on
the circumference of the base. To measure the altitude of a celestial point, the astrolabe
was suspended vertically, and the ahidad was directed to this point. The arrow of the
alhidad showed the altitude of this point
Both Apoll oniusé instrument and the mediev
transparent nomograms, in which the role of the transparent is played by the upper part
of the instrument.
On the stereographic projection and astrolabes see [Ro1l, pp.116-117; 295-206]
and [Ro2, pp. 121-130].

Propositions 1.6 - 1.10 on diameters and ordinates of conics

22. In Prop. 1.6 Apollonius considers a circular cone, right or oblique, with the ver-
tex A and the base BI'. The triangle ABI" containing the axis of the cone is called an
axial triangle. From the point M of the circumference of the base, the perpendicular MN
to the diameter BI" of the base is dropped.
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Apollonius proves that the line AE that is drawn from the point A on the surface of
the cone parallel to MN and reaches the surface of the cone again is bisected by the
plane ABI.

23. In Prop. 1.7 Apollonius considers the same cone as in Prop. I.6. This cone is
cut by the plane passing through the point H of the rectilinear generator AB of the cone
and along the line AE in its base perpendicular to the diameter BI" of the base or to con-
tinuation of this diameter. This plane cuts off from the surface of the cone the conic sec-
tion AHE. Apollonius proves that chords of this conic parallel to AE are bisected by the
plane ABI, and the line H® of the intersection of the planes ABI" and AHE is a diameter
of this conic.

Apollonius proves that these chords are perpendicular to the diameter bisecting
them if the cone is right, and if the cone is oblique, and the axial triangle is perpendicu-
lar to the plane of the base of the cone.

The plane AHE can be inclined to the line AB under an arbitrary angle unequal to
the angle of the inclination of planes parallel or antiparallel to the plane of the base of
the cone. Therefore an arbitrary section of the cone that is not a pair of intersecting
straight lines can be obtained from the circumference of the base of the cone by the
central projection from the vertex of the cone.

24. Since every section of a cone that is not a pair of intersecting straight lines
can be obtained from a circumference of a circle by a central projection, every such
conic section can be obtained from the circumference of a circle by a projective trans-
formation.

Projective transformations in a plane can be defined as follows. If the plane E is
located in the space and is projected from a point £ which is outside this plane onto
another plane EQ the plane Edis projected from a point Zéonto aplane E0, t h &0 pil s ne
projected froma pointZ0 o nt o E&,@ndlafeemseveral such projections the plane
E® is projected from a point (X onto the plane E, we obtain a projective transforma-
tion in the plane E. This transformation is not bijective, and for it to become bijective all

planes E, E6, E0 , E(K) must be supplemented by new points ,so that the supple-

mented planes will be in a bijective correspondence with a bundle of straight lines

through a point in the space. These suppl eme
pl aneso, the new points of these planes are ¢

The point M in the plane E is represented by the infinite straight line =M in the
space or by vectors directed along this line. These vectors are determined up to a non-
zero real multiplier. Elie Cartan (1869-1 951) <cal l ed these vectors 0f;
Points at infinity are represented by lines and vectors parallel to the plane E.

If three linearly independent vectors e, , e, , e; are given in the space, vectors x
representing the point M in the projective plane can be written in the form of x1le; +x2e,
+x3e5. The numbersxiar e call ed fiprojective coordinates?o

plane. These coordinates, as well as the vectors x representing the points, are deter-
mined up to a non-zero multiplier.
If vectors e; and e, are parallel to the plane E, then affine coordinates x and y of

a point M in the plane E are connected with projective coordinates xi of this point by cor-
relations x = x1/x3 , y = x2/x3.
17



Points in the projective plane that are on one straight line are represented by the
lines of the bundle that are in one plane. These lines form a plane pencil of straight
lines. Therefore straight lines in the projective plane are determined by equations

uxt+ux2+ugx3=0. (1.5)

Numbersu,, cal |l ed fAtangent i alinescas well asiprojective s 0 o f

coordinates of points, are determined up to a non-zero real multiplier.

Since points at infinity of parallel straight lines in the plane E are represented by
the same straight line of the bundle, parallel straight lines in the projective plane have a
common point at infinity, that is they meet at this point. All points at infinity in the projec-
tive plane are represented by straight lines of a plane pencil and form a straight line
called Athe straight Iine at infinityo.

Projective transformations in the projective plane can be defined as bijective
transformations in this plane preserving straight lines. These transformations map
points at infinity to usual points, and therefore they map parallel lines to intersecting
ones.

In projective coordinates, projective transformations have the form

In affine coordinates, these transformations have the form
X 0 Ax +(By +X)/(Kx + Ay + M) ,
y 6 Ax+ Ef + ®)/(Kx + Ay + M). (1.7)

Since conics can be obtained from the circumferences of circles by projective
transformations, these transformations map conics to conics.

Conics in the projective plane that have no common points with the straight line
at infinity are ellipses. Conics that touch this line are parabolas. Conics that intersect
this line at two points are hyperbolas, the straight line at infinity divides hyperbolas into
two branches.

I n Apoll oniusé Conics many theorems of pro
neverusesthe term Apoint at infinityo. This term w
Astronomy by Johannes Kepler (1571-1630).

Important theorems of projective geometry were proved by Pappus of Alexandria
in his commentary on Euclidbés Pori sms.

Ibrahimibn Sinanc onsi dered t he projectétixve t ryabn s=f oa
mapping the circumference of a circle x2 + y2 = a2 to the equilateral hyperbola x2 -y2 =
a2 More complicated projective tr-Raymfiabr mati on

Biruni (973-1048) in the theory of an astrolabe based not on a stereographic projection
but on the central projection from an arbitrary point of the axis of the celestial sphere.

On projective geometry and its history see [Rol. pp.114-122, 125-128], [Ro2,
pp.116-121, 133-142, 147-150], and [RoY, pp. 470-475].
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25. In Prop. 1.8 Apollonius finds the conditions for conics to be continued indefi-
nitely, that is, as modern geometers say, to extend to infinity. These conics are parabo-
las or hyperbolas.

26. In Prop. 1.9 Apollonius proves that sections of an oblique circular cone by
planes intersecting both lateral sides of an axial triangle are not circumferences of cir-
cles if these planes are not parallel or antiparallel to the plane of the base of the cone.
In this proof, Apollonius supposes that the section of a cone by a plane not parallel to
the plane of the base of the cone is a circumference of a circle and proves that this
plane is antiparallel to the plane of the base of the cone.

27. In Prop. 1.10 Apollonius proves that conic sections are convex curves.

In this proposition the notions of interior and exterior points of conics are men-
tioned for the first time. The propositions on these points are analogous to the proposi-
tions of Book 3 @orintdiarand exeriospoirtd obcirctes The interior
and exterior points of a circle are points whose distances from its center are less or
greater than its radius, respectively. This metric definition is impossible for conics.

Apollonius does not give the definitions of interior and exterior points of conics
but essentially transfers these notions from circles to conics by projective transforma-
tions.

Propositions I.11- 1.16 on equations of conics

28. In Prop. 1.11-1.13 Apollonius finds the equations of conics in systems of
coordinates whose axis Ox is a diameter of a conic, ordinates are parallel to the diame-
ter conjugate to this diameter and the point O is the end of first diameter.

Apollonius called any such equation copntipe, meani ng fAcaseo, MAcoin
The ordinates of points of a conic in these equations were determined in Prop. I.7. The
abscissas of these points are segments of the diameter from the vertex to the ordinate.
See Note 9 for the term Aordinateo. Apoll oniuwu
| 7l tavopeva mplic Ta kopud@--fA c ut of fvertexmi®mrt her m fiabsci ssabo
from Latin translation by Commandino in [Ap1] of these words by expres s i exrvertitis
abscissa. 0

Apollonius proves that the equations of conics in these coordinates which can be
rectangular or oblique have the same forms (0.3), (0.9), and (0.10) as given by his pre-
cursors in rectangular coordinates.

In those equationsAp ol | oni us uses the expression fith
a rectangul ar planeo (see Note 19 on this boo

29. In Prop. 1.11 a circular cone has the same vertex A, base BI', and axial trian-
gle ABT, as in Prop. |.7. This cone may be right or oblique, the angle at the vertex of
this cone can be an arbitrary angle less than 180 ©. This cone is cut by a plane meeting
the line AB at a point H, parallel to the line AT" and intersecting the diameter BI" of the
base of the cone at a point ®. This plane cuts off the conic AHE from the surface of the
cone. The line AE is perpendicular to the line BI" and meets it at the point ®. The line
H® is a diameter of this conic.

If K is an arbitrary point of the conic, its ordinate y = KA is parallel to the line AE
and its abscissa x = HA.
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To obtain the equation of the conic, Apollonius determines the line HZ,
which he called , po@ nieHpa-Ar i ght si deo (some rectangul ar
We, like the majority historians of mathematics, translate this term of Apollonius by
Latin translation latus rectum . The line HZ is the perpendicular to the diameter H® at
point H. The length of the line HZ is given by the proportion

HZ/HA = BI'2/BA.AT . (1.8)

Apollonius often calls the latus rectum by one word op61a and by long expression
Athe straight | i ne o fplaneg)tp Whicl thetordioatestpthddi-r ect ang
ameter are equal i n squéthsstdightulti we dinheall atca:
t u nWde.denote latus rectum by 2p. Proportion (1.8) shows that latus rectum 2p is pro-
portional to the segment AH. Therefore every diameter of a conic corresponds to a cer-
tain value of latus rectum.

Since the segment p in the equations of conics in rectangular coordinates is

call ed fiparametero, sometimes the segmant 2p
rametero.

30. The term Acompounded rati oo was wused b
of geometrical magnitudes whichmoder n mat hemati ci ans cal l Aprod

i s explained by the fact that the term-fAdprodu
teger and rational numbers.

I n Book 5 of Eucliddéds El ements, only parti
defined - double, triple and multiple ratios, that is ratios compounded from equal ratios.
The general compounded ratio was considered by Euclid only in Prop. VI.23 of Ele-
ments where in he proved that the ratio of two equiangular parallelograms is com-
pounded from the ratios of corresponding sides of these parallelograms.

The definition of a compounded ratio in the original text of Elements was absent.
It was added only by Theon of Alexandria in 4th c. A.D., who defined compounded ratio
by means of multiplicationof fAquantities of ratioso, which \
the proof of proposition VI1.23 shows that a ratio A:B is compounded from ratios X:A and
E:® if there are such magnitudes K, A, M that A:B =K:M, X:A=K:A, and E:® = A:M.

In our commentary a ratio A:B compounded from ratios X:A and E:® is denoted
as A:B = (X:A) x (E:®D) .

According to Prop. VI.23 of Euclidbés EI eme
(1.8) is equal to a compounded ratio and this equality can be rewritten as

HZ:HA = (BI:BA) x (BI:AT) . (1.9)

A plane parallel to the base of the cone and drawn through the line KA cuts off from the
surface of the cone the circumference MKN of a circle with the diameter MAN parallel to
the straight line BI" and perpendicular to the straight line KA.

The similarity of the triangles HML and ABI" implies the proportion

BIAI'= MA:HA . (1.10)
The straight line drawn from the point H parallel to BI" and equal to AN cuts off
from the triangle ABI" a similar triangle. Hence the proportion
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BI:BA = AN:HA  (1.11)
holds. Proportions (1.10) and (1.11) imply that equality (1.9) can be rewritten as
HZ:HA = (AN:HA) x (MA:HA) . (1.12)
According to Prop. VI.23 of Euclidbs EI eme
HZ:HA = MA.AN : HAHA . (1.13)

The straight line MN is a diameter of the circumference MKN of a circle. The
straight line KA =y is perpendicular to the diameter MN and divides it at L into the seg-
ments MA = x; and AN = X,. Therefore according to Prop. 11.14 of Elements, MA.AN =

KAZ and equality (1.13) can be rewritten as
HZ/HA =KAYHAHA . (1.14)

Since HZ = 2p, HA =x, and KA =y, the equality (1.14) is equivalent to the eg-
uation (0.3) in rectangular, as well as in oblique coordinates.
Since the angle BAT at the vertex of the cone now can be different from a right
angle, the old namglfedectoinem dforr itdhlet conic (O
sense. Therefore Apollonius gave it a new name. The equation (0.3) shows that for
each point of this conic with a given ordinate y the abscissa x of this point is obtained by
the fAapplicationo to the given straight 1| ine
square on the straight line y. Apollonius called this conic tapapor@-fiappl i cati ono,
hence our term fiparabol ad came.
The parameter p of a parabola is equal to half of the latus rectum corresponding
to the axis of this parabola.
31. In Prop. .12 Apollonius considers the same cone as in the
Prop. 1.11 and the plane that meets the straight line AB at the point H between A and B
and intersects the triangle ABI" in H®, so that the angle HO®B is greater than the angle
AI'B. It also intersects the base of the cone in AE perpendicular to the straight line BI".
This plane cuts off the conic AHE from the surface of the cone. H® is a diameter of this
conic.
If H® and AT are continued, they meet at the point Z. Apollonius calls the straight
line HZ nhoy@ maeUpa -fit r ansver se sideo (of some rectang.
of historians mathematicswe tr ansl ate this Apoll oniusé expr
the latus transversum . We denote this straight line by 2a.
Through the vertex A of the cone Apollonius draws the straight line AK to the
point K on the straight line BI" and parallel to the diameter H® .
If M is an arbitrary point of the conic, its ordinate y = MN is parallel to AE, and its
abscissais x = HN..
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To obtain the equation of the conic Apollonius determines the straight line HA
and represents it by the perpendicular to the diameter H® at the point I'. The length of
HA is given by the proportion

HZ /HA = AK2/ BKXT. (1.15)

The straight line HA Apollonius called by the same expressions as the straight
line HZ in Prop.l.1. We call this straight line the latus rectum and denoted it by 2p.

The proportion (1.15) shows that the ratio 2a/2p depends on the position of the
diameter H®. Therefore each diameter 2a of a conic corresponds to a certain value of

the latus rectum 2p.
According to Prop. VI . 23 déanddde ofpropdriioe E| e me n
(1.15) is equal to a compounded ratio and equality (1.15) can be rewritten as

HZ:HA = (AK:BK) x (AK:KT). (1.16)

A plane parallel to the base of the cone and drawn through MN cuts off from the
surface of the cone the circumference PMZX of a circle with the diameter PNX parallel to
BI" and perpendicular to MN.

The similarity of the triangles HPN and ABK implies the proportion

AK:BK = HN:PN  (1.17)
The similarity of the triangles AKI" and ZNZX implies the proportion
AK:KI'= ZN:NX (1.18)
Proportions (1.17) and (1.18) imply that equality (1.16) can be rewritten as
HZ:HA = (HN:PN) x (ZN:NZ) . (1.19)
According to Prop. VI.23 of Elements, equality (1.19) can be rewritten as
HZ:HA =HN.ZN : PN.NZ .  (1.20)

The straight line PNX is a diameter of the circumference PMX of a circle, and MN
=y is perpendicular to the diameter PX and divides it at N into the segments PN = x; and
NX = x,. Therefore according to Prop. I.14 of Elements PN.NT = MN2 and equality
(1.20) can be rewritten as

HZ/HA = HN.ZN/MN2 . (1.21)
Since HZ = 2a, HA = 2p, HN =x, and MN =y, equality (1.21) can be rewritten as
2a/2p = x(2a + x)/y2, which is equivalent to equation (0.10) in rectangular, as well as in
oblique, coordinates.
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Since the angle BAT at the vertex of the cone does not have to be obtuse now,
the ol d name ndseqtlieadn cofnedbtfwge t he conic (0.
sense. Apollonius gave it a new name. This equation shows that for each point of this
concwi th a given ordinate y the abscissa x of
with excesso PRt (taxefthg restamgie equal toehe square on the line
y. Therefore Apollonius calls this conic Hreppol@ -fi € x ¢ e s swhich ofirteomm
Ahyper bol ad came.

The application with excess can be fulfilled by the addition to the rectangle HAON
the rectangle APZO0 similar to the rectangle with sides HZ=2a and HA = 2p. The diagon-
als ZA and AE of these rectangles are segments of one straight line. Since AO = x, the
side AIT of the rectangle AIT=ZO is equal to 2px/2a = (p/a)x and the area of this rectangle
is equal to (p/a)x2, and the area of the rectangle HIT=N is equal to y2.

The parameter p of a hyperbola is equal to half of the latus rectum corresponding
to the axis of this hyperbola.

32. In Prop. 1.13 Apollonius considers the same cone as in the Prop. 1.11 and
.12, and the plane which meets the straight lines AB and AI" at the points E and A and
intersects the plane of the base of the cone in the straight line ®H perpendicular to the
continuation of the straight line BI'. The angle between the continuations of EA and BI'
is less than the angle AT'B. This plane cuts off from the surface of the cone the conic
AAE. The straight line AE is a diameter of this conic.

If A is an arbitrary point of this conic, its ordinate y = AM is parallel to H® and the
abscissais x = EM.

To obtain the equation of the conic Apollonius determines the straight lines EZ
and AE. The straight line EZ is perpendicular to AE at the point E. Apollonius calls the
line EZ mhoyd nieUpa , that is the latus rectum , and the line AE , pf@: misHpo latus
transversum of the conic.

We will denote the latera rectum and transversum by 2p and 2a.

The length of the straight line EZ Apollonius determines as follows.

From the vertex A of the cone Apollonius draws the straight line AK parallel to
the diameter AE to the point K on the continuation of the straight line BG and deter-
mines the length of EZ from the proportion

AE/EZ =AK2/BK KT . (1.22)
The proportion (1.22) shows that the ratio 2a/2p depends of the position of the
diameter DE, and each diameter 2a of the conic corresponds to a certain value of 2p.

According to Prop.VI.23 of Elements, the right hand side of equality (1.22) is a
compounded ratio and this equality can be rewritten as

AE:EZ = (AK:BK) X (AK:KI). (1.23)

If through AM a plane parallel to the plane of the base of the cone is drawn, it will
cut off from the surface of the cone the circumference TTAP of a circle with the diameter

23



[IMP parallel to BI" and perpendicular to AM which divides it onto the segments 1M =
X1 and MP = x,. Therefore [IM.MP =AM?

The similarity of the triangles EPM and ABK implies the proportion
AK/BK =EM/IIM . (1.24)
The similarity of the triangles AXK and APM implies the proportion
AK/KX = MA/MP. (1.25)
Therefore equality (1.23) can be rewritten as
AE:E® = (EM:TIM) x (MA:MP) . (1.26)
According to Prop. VI.23 of Elements, equality (1.26) can be rewritten as
AE:E® = EM.MA :TIM.MP . (1.27).
Since [IM.MP = AM2, equality (1.27) can be rewritten as
AE/EZ = EM.MA/AMZ2.(1.28)
Since EZ = 2p, AE = 2a, EM = x, AM =y, equality (1.28) can be rewritten as 2a/2p

= x(2a - X)/y2, which is equivalent to equation (0.9) in rectangular, as well as in oblique
coordinates.

Since the angle BAT at the vertex of the cone does not have to be acute, now
the old name fargltedncowie@cfudre the coni c
Apollonius gave it a new name. Equation (0.9) shows that for each point of this conic

with a given ordinate y the abscissa x of

def ect 0 t Bp-(pla)xd the rectamgle equal to the square on the line y. There-

(0.9)

t hi

fore Apollonius calls this conic &sdyigc fdef ect 0, hence our term fAe

The fAapplication with defectd can be
EZNM the rectangle OZNZE similar to the rectangle with sides EA =2a and EZ= 2p. The
diagonal AZ of one of these rectangles contains the diagonal Z= of the other one.

The diagonal of this rectangle is a part of the diagonal ZA of the rectangle with
sides Z® = 2a and ZA = 2p. The sides of the subtracted rectangle are x and (p/a)x.

The parameter p of an ellipse is equal to half of the latus rectum corresponding to
the major axis of this ellipse.

Apollonius did not write how he obtained proportions (1.8), (1.15), (1.22) from
which he derived the equations of conics. B.L.Van der Waerden wrote in Science Awa-
kening : i as p wrtudsoin dealisg with geometric algebra, and also a virtuo-
so in hiding his original line of thought. This is what makes his work hard to understand;
his reasoning is elegant and crystal clear, but one has to guess at what led him to rea-
soninthisway, rather than in some other waybo
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It is probable that Apollonius described how he came to these proportions in his
lost General Treatise (see Introduction, I').

33. Conics can also be characterized by the magnitude ¢ called eccentricity. The
eccentricity of an ellipse is expressed through its latera rectum and transversum by the
formula €2 = 1- p/a. (1.29)

The eccentricity of a hyperbola is expressed through its latera rectum and trans-
versum by the formula

€2=1+pla. (1.30)

Like the magnitudes p and a, the value € is determined for each diameter of an
ellipse and a hyperbola.

Equations (0.9) and (0.10) in rectangular, as well as in oblique, coordinates can
be written in the unitary form

y2 =2px + (g2 - 1)x2. (1.31)

Equation (1.31) coincides with equation (0.3) for € =1 and with equation x2 +y2 =
2px or (x - p)2+y2=p2 for € = 0. Therefore it is possible to believe that for parabolas ¢

=1 and for circumferences of circles € = 0. Since for ellipses p < a, the eccentricity of
ellipses satisfies inequalities
O<e<l

Since for hyperbolas p/a > 0, the eccentricity of hyperbolas satisfies the inequali-
tye >1.

Modern mathematicians consider only eccentricities corresponding to major axes
of ellipses and to real axes of hyperbolas.

34. The angle xOy of the coordinate system in which the equation of a conic has
the form (1.31) can be determined as follows. Let the unit vectors i, j, k be directed
along the diameter BI" of the base of the circular cone, along the perpendicular to BI' in
the plane of the base of the cone, and along the perpendicular to this plane, respective-
ly. Let the unit vectors h and | be directed along the axis of the circular cone and along
the diameter of the conic. These vectors have the form h = j sina + k cosa. and | =i cos
A +h sin A. The axis Ox has the direction of the vector I, the axis Oy has the direction of
vector j. Therefore the angle ® = xOy is determined by the formula

cosom = lj = sina.sin . (1.32)

Apollonius in Prop. 1.7 mentioned that parallel chords are orthogonal to the di-
ameter bisecting them in two cases - if the cone is right and if the axial triangle of the
cone is orthogonal to the plane of its base. In the first case, the vector h coincides with
the vector k and the angle a = 0. In the second case, the cross product h xi = -k sina. + j
cosa must be collinear with the vector j, hence sina = 0.
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In the case A = 0, the vector | coincides with the vector i. In this case, the angle
xOy is right, but the section of the cone is the circumference of a circle whose plane is
parallel to the base of the cone.

35. The sine law of the plane trigonometry, discovered in 10th c. A.D. and de-
scribed by al-Biruni,

SinA/BX = sinB/XA =sinX/AB  (1.33)

for the triangle ABX, allows for equalities (1.8), (1.15) and (1.22) to be expressed
via angles.
Equality (1.8) can be expressed in the form

2p/ZA = sin2A/sinB-sinI” = sin(B + I')/sinB-sinI" . (1.34)

If K is the angle between the plane of a hyperbola or an ellipse and the plane of
the base of the cone, equalities (1.15) and (1.22) can be expressed, respectively, in the
forms

2a/2p = sinB
sinl'/sin(B+K)-sin (K-I')  (1.35)

And
2a/2p = sinB-sinl'/sin(B+K)-sin(I-K) .  (1.36)

36. In the case where a circular cone is right, the line of intersection of the plane
of the conic and of the plane ABI is the axis of the conic. In this case the triangle ABI'
is isosceles and the angle B is equal to the angle T. In this case equality (1.34) has the
form

2p/HA =4cos?B . (1.37)

Equation (0.3) of a parabola first found by Menaechmus apparently was obtained
by him as follows. Menaechmus considered a right circular cone with right angle at its
vertex A and intersected this cone by the plane perpendicular to the rectilinear genera-

tor AH at the point H.
The plane cuts off from the surface of the cone a parabola and from the axial tri-

angle with the side AH = p the axis of this parabola.

If K is an arbitrary point of the parabola, the perpendicular KA dropped from K to
the axis is the ordinate y of the point K and the segment HA is its abscissa Xx. Since the
segments AH, HA, and KA are mutually perpendicular, the segment AK is a diagonal of
a parallelepiped built on these three segments and AK2 = AI'2 + TA2 + KA2 = p2 +x2 +
y2 . Since AK =p + x, AK2=p2 +2px +x2 = p2 + x2 + y2 , equation (0.3) is thus ob-
tained.
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The latus rectum of this parabola is 2p.

Since the cone considered by Menaechmus is right-angled, each of the angles B
and I" is equal to 45°. From formula (1.37) we obtain
2p/HA = 4c0s2450 = 2 , that is HA = p.

37. In the case of right circular cone, equalities (1.35) and (1.36) have the form

2a/2p = sin2B/(sinK - sin2B) (1.38)
for a hyperbola and
2a/2p = sin2B/(sin?B - sin?K). (1.39)

for an ellipse.
Left hand sides of equalities (1.38) and (1.39) are equal to
a/p = a?/b2. Therefore formulas (1.29) for an ellipse and (1.30) for a hyperbola imply in

both cases that €2 = sin2K/sin2 B, hence
g2=sinK/sinB. (1.40)

If we denote the angle at the vertex A of the right circular cone by 2a, the angle B
is equal to 90° - ot .

If the conic is cut off from the surface of a right circular cone by a plane perpen-
dicular to its rectilinear generator, that is, if the conic is determined by precursors of

Apollonius, the angle K is equal to a. Therefore for this conic formula (1.40) implies that

e=tano. (1.41)

In the case of the circumference of a circle, the role of a right circular cone is
played by a right circular cylinder obtained from a cone by limiting process in which its
vertex tends to infinity. In this case, o = 0% and € = 0.

For an ellipse, 0°< o <45%and 0 <¢g < 1, for a parabola, o =45° and
€ = 1, for a hyperbola, o > 45° and ¢ > 1.

38. The possibility of obtaining different conics from the same right circular cone,
proved by Apollonius, led Persian mathematician of 10th c.A.D. Abu Sahl al-Kuhi, to the
invention of an instrument for drawing conics. The treatise of al-Kuhi was published with
French translation by Franz Woepcke [Woe] (see also [RoY, p. 459]). The instrument
called by al-K u h i Aperfect compassoO was a compass Wwho
clined to the plane of paper under an arbitrary angle p and the rotating leg forming with
the motionless leg an arbitrary acute angle o could change its length so that a pencil at
its end would always touch the paper. The rotating leg of this compass describes the
surface of a right circular cone with angle 2a at its vertex and the plane of paper cuts off
from this surface a conic described by the pencil. The angle K between the plane of a

conic and the plane of the base of the cone is equal to 90° - 3, the angle B is equal to
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900 - a . Therefore, from formula (1.40) we obtain that the eccentricity of the described
conic is equal to

€ = cosf/cosa . (1.42)

For the circumference of a circle, o <3 = 90° and € = 0; for an ellipse o < 3 <
900 and 0 < ¢ < 1; for a parabola, oo = 3 and € = 1; for a hyperbola, o> f3 and € > 1.

Il n medieval Arabic translations of Coni cs,
and fAparabol ado are transl ated as fAqat zai do (
section), and dndgat miupkoal flioon i (ussudf ftiecrimesn tl asteucst ir
transversum are transl ated, respectively, as
side). The last translation is explained by double meaning of the Greek word miayo -
Otransverseo and fiobliqueo.

39.Apol | oni @@ tmerams Aform, figureo, preserv
Aoppoedec-r homboi d for a parallelogram which is
terms. g -conoid and g - spheroid. It was used by Apollonius for a

rectangle with the sides 2a and 2p for an ellipse and a hyperbola.
This rectangle was considered in Prop. 1.12 and 1.13.
Besides the geometrical sense the word dei
I n works of Plato this woirnmganstsatwhithtirem tr ans
teraction with fAspaceo forms a stabl e phenome
equivalent to soul. This notion obtaened the
|l echyo and in Hegel 6s fAAbsolute I deabo.
Probably, Apollonius also put into the notion of eidos a philosophical sense.
40. In Prop. 1.14 Apollonius considers opposite hyperbolas and proves:
1) the diameter of one of two opposite hyperbolas lies on the continuation of the
diameter of the other hyperbola,
2) the latus transversum of these hyperbolas is the same straight line, whose
ends are the vertices of these hyperbolas,
3) the | atera recta of these hyperbolas, ¢
[of rectangular planes], to which ordinates drawn to the diamet er ar e equal i nooc
are equal one to other.
Apollonius, unlike his precursors, considered opposite hyperbolas as one whole
formed by intersection of a plane with both vertical sheets of the conic surface.
In modern geometry, opposite hyperbolas of Apollonius are called two branches
of a hyperbola, the straight line containing the axes of two opposite hyperbolas is called
the real axis of a hyperbola, and the straight line perpendicular to the real axis and in-
tersecting it in the midpoint of the segment between the vertices of the opposite hyper-
bolas is called the imaginary axis of the hyperbola.
41. If one of two opposite hyperbolas is determined by equation (0.10) in rectan-
gular or oblique coordinates, then the second of these hyperbolas is determined by the
same equation. If two points of two opposite hyperbolas have equal ordinates y, then
the abscissas x and x6 of these peaa-xtSmmcear e co
two opposite hyperbolas have the same latus transversum 2a and equal latera recta 2p
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