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APOLLONIUS OF PERGACONICS. BOOKS ONE - SEVEN 
 
 

INTRODUCTION 
 

A. Apollonius at Perga 
 

 Apollonius was born at Perga ( ) on the Southern coast of Asia Minor, near 
the modern Turkish city of Bursa. Little is known about his life before he arrived in Alex-
andria, where he studied. Certain information about Apolloniusô life in Asia Minor can be 
obtained from his preface to Book 2 of Conics. 
  The name ñApolloniusò(Apollonius) means ñdevoted to Apolloò, similarly to ñAr-
temiusò or  ñDemetriusò meaning ñdevoted to Artemis or Demeterò.  
 In the mentioned preface Apollonius writes to Eudemus of Pergamum that he 
sends him one of the books of Conics via his son also named Apollonius. The coinci-
dence shows that this name was traditional in the family, and in all probability Apollo-
niusô ancestors were priests of Apollo. 
 Asia Minor during many centuries was for Indo-European tribes a bridge to Eu-
rope from their pre-fatherland south of the Caspian Sea. 
The Indo-European nation living in Asia Minor in 2nd and the beginning of the 1st mil-
lennia B.C. was usually called Hittites. 
 Hittites are mentioned in the Bible and in Egyptian papyri. A military leader serv-
ing under the Biblical king David was the Hittite Uriah. His wife Bathsheba, after his 
death, became the wife of king David and the mother of king Solomon. 
 Hittites had a cuneiform writing analogous to the Babylonian one and hieroglyphs 
analogous to Egyptian ones.  
 The Czech historian Bedrich Hrozny (1879-1952) who has deciphered Hittite 
cuneiform writing had established that the Hittite language belonged to the Western 
group of Indo-European languages [Hro]. Hence it is clear that such nations of Europe 
as Greeks and Romans, Galls and Goths, Slavies and Lithuanians were descendants of 
Hittite tribes. As the masculine words in the most ancient of these languages have the 
endings of -os,  -us, -as, -es, -is, the Hittite masculine words had ending of -ash, -ush, -
ish. 
 The Hittite word ñvadarò for water is near to the Russian and Czech ñvodaò, Eng-

lish ñwaterò, German ñWasserò, and Greek ñ ñ. The Hittite word ñpahhurò for fire is 

near to the English word ñfireò, German ñFeuerò, and Greek ñòThe Hittite word ñgor-
dionò for town is near to Russian ñgorodò and ñogradaò, Czech ñhradò, English ñgardenò, 
and German ñGartenò.  The Hittite word ñeshmiò for ñI amò is near to Russian ñyesmô ñ, 

Czech ñjsemò, Latin ñsumò, Greek ñ ñ and English ñI amò. 
 In the first millennium B.C., after migration of Hittite tribes from the East to the 
west of Asia Minor and to Europe, the Hittite Empire disintegrated and many separate 
Hittite kingdoms appeared.  The most important of these kingdoms were situated in the 
Western part of Asia Minor. The most famous cities of these Hittite kingdoms were Ilion 
in Troy, Pergamum in Moesia, Sardis in Lydia, Gordion in Phrygia, and Myres in Lycia. 
The king of Lydia Croeses was famous for his richness; with the name of the king of 
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Phrygia Gordias was connected the legend of ñGordiasô knotò. City of Pergamum was 
the first city where pergament was made. 
   In the same millennium on the Jonian coast of Asia Minor the Greek cities Mile-
tus, Ephesus and others appeared. 
 During the Greek - Persian wars all of Asia Minor was occupied by the Persians. 
After the victory of Greeks all Hittite states of Asia Minor became Greek states. In this 
period Pergamum was the cultural and scientific center of Asia Minor.  
 Later all these states were conquered by Romans and became provinces of the 
Roman Empire. After the division of this empire into Western and Eastern parts, Asia 
Minor entered into Byzantium. In 14-15th centuries Asia Minor was conquered by Turks 
and entered into Turkey. 
 The Greek state where the city Perga was located had the name Pamphylia. This 
name, as well as its Hittite prototype, meant ñbelonging to all tribesò. This name shows 
that Pamphylia played an exclusive role among Hittite states.   
 It is explained by the fact that main shrines common for all Hittite tribes were si-
tuated there. B.Hrozny proved that Greeks borrowed from Hittites the cults of the god of 
thunder, Zavaya, the god of Sun, Apulunash, and his sister-twin goddess of Moon, Arti-
mu, whom they called Zeus, Apollo and Artemis [Hro, p.147]. 

 The Hittite name ñPergaò is near to Greek ñò and German ñBurgò and 
means ñtower, castleò; in the original sense of the word ñpergaò, ñrockò, is near to Ger-
man ñBergò - ñmountainò. This word was connected with the words ñperunashò and ñper-
ginashò meaning ñgod of thunder, destroyer of rocksò. The word ñpergaò enters in the 
name of the city Pergamum. 
  Hittite Perga was the center of the cults of Zavaya, Apulunash, and Artimu. 
  When Perga became a Greek town, the main shrines of Zeus and Apollo were 
moved to Olympia and Delphi, and the main shrine of Artemis was left in Perga. The 
other shrine of Artemis, one of the ñSeven Wonders of the Worldò, was also situated in 
Asia Minor at Ephesus. 
 Herodotus in his History wrote that kings of some Hittite states sent rich gifts to 
the Apolloôs shrine in Delphi, where the shrine was situated in his time. No doubt that 
they in fact sent their gifts into Perga. 
 It is very probable that Apolloniusô kin comes from priests of Apulunash. 

 
B. Apollonius at Ephesus 

 

 In the preface to Book 2 of Conics, Apollonius writes to Eudemus of Pergamum 
that he sends him his son Apollonius bringing the second book of Conics. He asks Eu-
demus to acquaint with this book Philonides, the geometer, whom Apollonius introduced 
to Eudemus in Ephesus, if ever he happens to be about Pergamum. 
 German historian Cronert [Cro] reports that Philonides was a student of Eude-
mus, mathematician and philosopher - Epicurean, who later worked at the court of Se-
leucid kings Antioch IV Epiphanus (183-175 B.C.) and Demetrius I Soter (162-150 
B.C.).  
 Eudemus was the first teacher of Philonides. No doubt that Eudemus was also 
the teacher of Apollonius at Ephesus, and it is natural that Apollonius sent him his main 
work. 
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 When Apollonius finished his study at Ephesus, Eudemus recommended that he 
continue his study at Alexandria. 
 

 C. Apollonius at Alexandria 
 

 Apolloniusô teachers at Alexandria were pupils of Euclid. In the preface to Book 1 
of Conics, Apollonius writes that he composed this work at Alexandria. 
 Apolloniusô nickname in this scientific capital of the Hellenistic world was ñEpsi-
lonò. Since the nickname of Eratosthenes was ñBetaò, it is clear that the most great 
Alexandria mathematicians had as nicknames the first letters of the Greek alphabet:  
Euclid - ñAlphaò, Archimedes - ñGammaò, and Conon of Samos - ñDeltaò 
 Apolloniusô first works were on astronomy. Claudius Ptolemy quotes in Chapter 1 
of Book 12 of Almagest Apolloniusô non-extant work on equivalence of epicyclic and ec-
centric hypotheses of motion of planets.  This quotation shows that Apollonius was one 
of the initiators of the theory of motion of planets by means of deferents and epicycles 
presented in Almagest. 
 Further works of Apollonius were devoted to mathematics. Since his main work 
Conics and many treatises were on geometry, Apollonius was called at Alexandria 
ñGreat Geometerò.  
 

D. Conic sections before Apollonius 
 

 The appearance of conic sections was also connected with the cult of Apollo. 
There sections were used for solving the so-called Delic problem of duplication of cube. 
 This problem was connected with following legend: on the island Delos, believed 
to be the place of birth of Apollo and Artemis, a plague epidemic broke out. The inhabi-
tants of the island appealed to the shrine of Apollo at Delphi for aid. The priests of the 
shrine told them that they must duplicate the cubic altar of the shrine. The Delians made 
the second cube equal to the first one and stood over it, but the plague did not cease. 
Then the priests told that the double altar must be cubic like the old one. If the edge of 
the old altar was equal to a, the edge of the new altar must be equal to the root of the 
equation  
 

x3  =  2a3 .    (0.1) 
 

 It is possibly that the legend on the duplication of Apolloôs cubic altar appeared 
earlier when the main shrine of Apollo was at Perga. 
 The problem of duplication of a cube was solved by some Greek mathematicians 
of the 4th c. B.C. Menaechmus found that this problem can be reduced to the finding 
two mean proportionals between a and b, that is 
 

a : x = x : y = y : b           (0.2) 
 

 for b = 2a. 
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 Menaechmus found that the solution x of equation (0.1) is equal to the abscissa 
of the point of intersection of two parabolas x2 = ay and y2 = 2ax or of one of these pa-

rabolas with the hyperbola xy = 2a2. 
 Menaechmus defined a parabola as the section of the surface of a right circular 
cone with right angle at its vertex by a plane orthogonal to a rectilinear generator of the 
cone, and a hyperbola as the analogous section of the surface of a right circular cone 
with obtuse angle at its vertex. The equations of these conic sections are determined by 
equalities (0.2).  
 The works of Menaechmus are lost. The first known titles of works on conic sec-

tions are On Solid Loci ( ) by Aristaeus and Elements of Conics 

( ) by Euclid. Both of these works are also non-extant, but it is known 
that Aristaeusô work consisted of 5 books and Euclidôs work consisted of 4 books. 
 Ancient mathematicians used the word ñlocusò for lines and surfaces. Modern 
mathematicians regard lines and surfaces as sets of points, but this viewpoint was im-
possible for ancient scientists because they could not conceive that a set of points hav-
ing no sizes has a non-zero length or a non-zero area. Aristotle wrote in his Physics: 
ñNothing that is continuous can be composed of indivisible parts: e.g., a line cannot be 
composed of points, the line being continuous and the point indivisible [Ar, p. 231a]. 

Therefore ancient mathematicians regarded lines and surfaces only as ñlociò (), 
that is places for points.   
 Greek mathematicians called straight lines and circumferences of circles that can 
be drawn by a ruler and compass ñplane lociò and conic sections they called ñsolid lociò.  
 Conic sections are considered in many works of Archimedes who called a para-
bola a ñsection of right-angled coneò, single branch of a hyperbola - a ñsection of ob-
tuse-angled coneò, and an ellipse - a ñsection of acute-angled coneò. Archimedes called 
a paraboloid of revolution a ñright-angled conoidò and a single sheet of a hyperboloid of 
revolution of two sheets an ñobtuse-angled conoidò. No doubt that Menaechmus, Aris-
taeus, and Euclid used the same names of conic sections. 
 The equations of parabolas used by Menaechmus for solving the Delic problem 
are particular cases of the equation 
 

y2 = 2px   (0.3) 
 

 in the system of rectangular coordinates whose axis 0x is the axis of symmetry of 
this parabola and whose axis 0y is the tangent to this parabola at its vertex. The magni-
tude p is now called the parameter of the parabola. 

 Euclid in Prop. II.14 of Elements proves that if  is an arbitrary point of the cir-

cumference of a circle with the diameter , and  is the basis of the perpendicular 

dropped from  onto , the line  is mean proportional between  and , that is 

:  = : .  If we denote  = x,  = xô, 

  = y, we obtain the equation 
 

y2 = xxô        (0.4) 
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 of the circumference with ñtwo abscissasò in the system of rectangular coordi-

nates whose axis 0x =  and axes 0y and 0yô are tangents to the circumference at the 

points  and . 
 Archimedes in Prop. I.4 of his treatise On Conoids and Spheroids proves that an 
ellipse can be obtained from a circumference of a circle by the contraction to its diame-
ter in the direction perpendicular to this diameter 
 

xô = x ,  yô = ky     (0.5) 
 

 where k < 1. Therefore the equation with two abscissas of an ellipse in the sys-
tem of rectangular coordinates whose axis 0x is the major axis of the ellipse and axes of 
ordinates are tangents to the ellipse at the ends of its major axis has the form 
 

y2 = k2xxô .      (0.6) 
 

 The branch of a hyperbola used by Menaechmus in the system of rectangular 
coordinates whose axes are asymptotes of the hyperbola is determined by the equation 
xy = const. In another system of rectangular coordinates, whose axis 0x is the axis of 
symmetry of the hyperbola, and axes of ordinates are tangents to both branches of the 
hyperbola at their vertices, this hyperbola is determined by equation (0.4).   
 An arbitrary hyperbola can be obtained from the equilateral hyperbola used by 
Menaechmus by transformation (0.5), which is a contraction to the axis of symmetry of 
this hyperbola for k <1 and a dilatation from this axis for k >1. Therefore the equation 
with two abscissas of an arbitrary hyperbola in the system of rectangular coordinates 
whose axis 0x is the axis of symmetry of the hyperbola and the axes of ordinates are 
tangents to both branches of the hyperbola at their vertices has form (0.6). 
 Archimedes determined ellipses and hyperbolas by equations (0.6). 
 If the major axis of an ellipse and the real axis of a hyperbola are equal to 2a and 
the minor axis of an ellipse and the imaginary axis of a hyperbola are equal to 2b, the 
coefficient k in equations (0.6) is equal to b/a.  in the case of the ellipse xô= 2a - x and in 
the case of the hyperbola xô = 2a + x.  
Therefore these equations have the form 
 

y2 = (b2/a2)x(2a - x)      (0.7) 
 

 for the ellipse and 
 

y2 = (b2/a2)x(2a + x) .     (0.8) 
 

 for the hyperbola. If we denote b2/a = p, equations (0.7) of an ellipse      can be 
rewritten as 
 

y2 = 2px - (p/a)x2 ,     (0.9) 
 

 equations (0.8) of a hyperbola can be rewritten as 
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        y2 = 2px + (p/a)x2 .    (0.10) 

 
 Equations (0.9) and (0.10) are given in the systems of the rectangular  coor-
dinates whose axis 0x is the major axis of the ellipse and the real axis of the hyperbola, 
and whose axis 0y is tangent to the ellipse at the left end of its major axis and tangent to 
the hyperbola at the right end of its real axis. Magnitudes p in these equations are called 
parameters of the ellipse and hyperbola. 
 

E. Structure of Conics 
 

 Apolloniusô Conics consisted of 8 books. Books 1-4 are extant in Greek original, 
Books 5-7 are extant only in medieval Arabic translations by Thabit ibn Qurra edited by 
his teachers Ahmad and al-Hasan banu Musa ibn Shakir, Book 8 is lost. 
 The books of Conics consist of prefaces addressed to Eudemus or Attalus of 
Pergamum, definitions, and propositions. 
 Apolloniusô propositions, like propositions of Euclidôs Elements, are theorems or 
problems. 
 In the beginning of every proposition, its general statement in italic and its formu-
lation with notations of points and lines are given. The formulations of propositions Apol-

lonius begins with the words  - ñI sayò. 
 After that, the proof of a theorem or the solution of a problem follows. In begin-
ning of the solution of every problem its analysis is given, where known points and lines 
are indicated; next, the synthesis, that is the required construction, is described. 
 Apolloniusô style is very concise, therefore the translators insert in the text expla-
natory words in brackets and references to Euclid and Apolloniusô propositions in paren-
theses. 
 

F. Editions of Conics 
 

 The most important editions of Apolloniusô Conics are: 
 [Ap1] - the first Latin translation of Books 1-4 published by Federigo Commandi-
no (1509-1575). 
 [Ap 2] - the Greek text of Books 1-4 and the Latin translation of all 7 books pub-
lished by Edmund Halley (1656-1742). 
 [Ap 3] - the critical Greek text of Books 1-4 established by Johan Ludvig Heiberg 
(1854-1928) and published by him with the Latin translation. 
 [Ap 4] - the English translation of Books 1-3 by Robert Catesby Taliaferro  (1907-
1987) published by Encyclopedia Britannica in the Great Books of the Western World 
series. The translation of Book 1 was first published in 1939 by St. Johnôs College at 
Annapolis in The Classics of the St. Johnôs Program series. 
         [Ap 5] - the revised edition of the translation [Ap4] published by Dana Densmore 
and William H. Donahue. 
[Ap 6] - the English translation of Book 4 by Michael N. Fried (b. 1960). This translation 
was first published as Appendix to the book [FU](pp.416 -485).  
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         [Ap 7] - the critical Arabic text of Books 5-7 established by Gerald James Toomer 
(b. 1934) and published by him with the English translation and commentary  
 Critical Arabic text is based on 3 manuscripts: Oxford one, translated by Halley; 
Istanbul one, published in [Ap12]; and Teheran one. 
        [Ap 8] - the detailed English exposition of all 7 books on the basis of the editions 
[Ap 2] and [Ap3] published by Thomas Little Heath (18611940).  
        [Ap9] - commented French translation of all 7 books published by Paul Ver Eecke. 
        [Ap10] - German translation of Books 1- 4 published by Arthur Czwalina. 
 [Ap11] - the Greek text of Heiberg reproduced and published with the Modern 
Greek translation of all 7 books by Euangelos Stamatis (1898-1990). 
 [Ap12] - facsimile edition of the Istanbul manuscript of the medieval Arabic trans-
lation of all 7 books by Hilal al-Himsi and Thabit ibn Qurra copied by the famous ma-
thematician and physicist al-Hasan Ibn al-Haytham (965-ca.1050) prepared by Nazim 
Terzioglu (1912- 1976). 
[Ap13] - commented Russian translation of 20 propositions by I. Yagodinsky (1928). 
[Ap14] - commented Russian translation of all 7 books published by B. A. Rosenfeld - in 
press.  
 Many mathematicians undertook attempts of restoration of Book 8. Let us men-
tion the attempt by Ibn al-Haytham [IH] published with the English translation by Jan 
Pieter Hogendijk  (b.1955) and the attempt by Halley added to his translation [Ap2].  
 Let us mention the excellent exposition of Apolloniusô Conics: [Ze] -  
The Theory of Conic Sections in Antiquity by Hieronymus Georg Zeuthen  
(1839-1920). 
 [Hea, pp.126-196] - in the book A History of Greek Mathematics by T.L. Heath. 
 [VdW, pp.241-261] - in the book The Science Awakening by Bartel Leendert Van 
der Waerden (1903-1996).  
 [VZ, pp.97-108] - in the book History of Mathematics by Michail E. Vashchenko-
Zakharchenko (1825-1912). 
 [IM, pp.129-139] - in the book History of Mathematics from most ancient times to 
beginning of 19th century, vol.1 by Adolf P. Yushkevich (1906-1993).    
[Too] - the article Apollonius of Perga by G. J. Toomer. See also Introduction to his edi-
tion [Ap7],   
 [FU] Apollonius of Pergaôs Conica. Text, Context, Subtext by M.N.Fried and Sa-
betai Unguru. 
 [Rho] - Apollonius of Perga, Doctoral Thesis by Diana L. Rodes (2005) 
 [Ro3] - Apollonius of Perga (in Russian by B.A.Rosenfeld 2003). See also his ar-
ticle [Ro4]. 
 

G. Other mathematical works of Apollonius 
 

 Besides Conics Apollonius was the author of following mathematical works: 

 1) Cutting off of a ratio ( ) in two books. 

 2) Cutting off of an area in two books. 

 3) Determinate section  two books. 

 4) Inclinations ( ) in two books.  

 5) Tangencies ( ) in two books 
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 6) Plane loci ( ) in two books. 
 7) Comparison of dodecahedron and isocahedron 

(

 8) On non-ordered irrationals ( . 

 9) Rapid obtaining of a result ( ).  

 10) Screw lines ( ). 
 11) Treatise on great numbers. 

 12) General treatise (
 From these works only treatise (1) is extant in medieval Arabic translation. There 
are the Latin translation [Ap15] by E. Halley and the English translation [Ap16] by 
E.M.Macierowski of this treatise. 
 The short expositions of treatises (1) - (6) are given by Pappus of Alexandria (3rd 
c. A.D.) in Book 7 of Mathematical Collection [Pa, pp. 510 -546; Ap11, vol.1, pp.100 - 
120]. 
 The fragments of medieval Arabic translations of these treatises and English 
translations of these fragments are published by J.P.Hogendijk [Ho]. 
 In works (1) and (2) the following problems are solved: given two straight lines 

 and  with fixed points  and , to find two points  and , such that, in the case 

of treatise (1), the ratio /  would be equal to the given ratio, and, in the case of 

treatise (2), the product .  would be equal to the given area. 

 In treatise (3) the problems of the following type are solved: given four points , 

, ,  on a straight line, to find a point  such that ratio . / .  would have the 
given or an extremal value. The last problem is equivalent to the problem of determining 
an extremum of a function that is a ratio of two quadratic polynomials. 
 In work (4) the problems equivalent to quadratic and cubic equations are solved 
by geometrical means called ñinclinationsò. 
 In treatise (5) the problem of construction of a circle tangent to given objects of 
three kinds, which can be circles, straight lines, and points, is solved.  
 In treatise (6) theorems on plane loci, which is on circles and straight lines, are 
proven. In this treatise, homotheties, inversions with respect to circles, and other trans-
formations mapping plane loci to plane loci are considered. 
  There is only the commentary on work (7) by Hypsicles (2nd -1st c. B.C.) added 
to Euclidôs Elements as Book 14 [Ap11, vol.1, pp.60-66]. In this work, Aristaeusô treatise 
Comparison of five solids is mentioned, where the theorem, that if a cube and a regular 
octahedron are inscribed in the same sphere, then as their volumes are one to the oth-
er, so their surfaces are one to the other, is proven. Apollonius proves analogous theo-
rem on regular dodecahedron and icosahedron inscribed in the same sphere. 
 The commentary by Pappus on the work (8) is extant only in the medieval Arabic 
translation [Ap11, vol.1, pp. 134-144]. This commentary shows that in this treatise, be-
sides quadratic irrationals considered in Book 10 of Euclidôs Elements, cubic and higher 
irrationals are also considered. 
 Work (9) is mentioned by Eutocius (6th c. A.D.) on Archimedes Measuring a cir-
cle [Ap11, vol.1, p. 48]. This information shows that in the treatise, the approximate val-
ue of the ratio of the circumference of a circle to its diameter was found in a more rapid 
way than in Archimedesô work. 
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 The work (10) is mentioned by Proclus Diadochus (5th c. A.D.) in his commen-
tary on Book 1 of Euclidôs Elements [Ap11, vol.1, p. 144]. According to this information, 
in the work (10) screw lines in the surface of a right circular cylinder are considered. 
  The commentary by Pappus on the work (11) is extant in Book 2 of his Mathe-
matical Collection  [Ap.11, vol.1, pp. 70-72]. The beginning of this book containing the 
title of the work (11) is lost. The commentary shows that in this work a system of names 
of great numbers was proposed, which later was improved by Archimedes in Psam-
mites.  
 The work (12) is mentioned by Marinus (5th c. A.D.) in his commentary to Euc-
lidsô Data together with Apolloniusô Inclinations [Ap11, vol.1, pp.68-70]  
Therefore it is clear that this work is geometrical. Probably, in it, like in Inclinations, 
problems equivalent to algebraic equations were solved by geometrical methods. The 
title of the work (12) shows that these methods were more general than inclination. 
Probably, in this work Apollonius described the methods used by him for obtaining pro-
portions from which he derived in Prop. I.11 - I.13 of Conics equations of parabola, 
hyperbola and ellipse and proportions equivalent to algebraic equations of evolutes of 
conics given by him in Prop. V.51 and V.52. 
 Some mathematicians of Western Europe undertook attempts to restore lost 
works of Apollonius. F.Viete (1540-1603) in [Vi] and M.Ghetaldi (1566-1622) in [Ghe1] 
restored Tangencies. Ghetaldi in [Ghe2] - Inclinations. F.van Schooten (1615-1660) 
[Sch] and P.Fermat (1601-1665)[Fe] -Plane loci. 
 

H. Letters and their numerical values 
 

 The Greek alphabet of the classic epoch consisted of 24 letters, which had fol-
lowing numerical values: 

-- alpha=1, -- bƉta=2, -- gamma=3, -- delta =4, -- epsilon=5, -- 

zƉta=7, -- Ɖta= 8, -- theta=9, -- iota=10, -- kappa=20, -- lambda=30, 

-- mu=40, -- nu=50, -- xi =60, -- omicron=70,  -- pi=80, -- 

rho=100, -- sigma=200, -- tau=300, -- upsilon=400, -- phi=500, -- 

chi= 600, -- psi=700, -- omƉga=800. Numbers 6, 90, 900 were represented by 

3 archaic letters ₠ -- wau,  e-- koppa,  ̾ð sabi or sampi. 
 The last of these letters was not in use in the most ancient times, the first and 
second ones were used during the time when the Latin alphabet was created, on the 
base of the Greek one. From them, Latin letters F and Q were derived. The numbers 

1000, 2000,3000, etc. were represented by ô, ô, ô, etc. Apollonius used these let-
ters for numbering propositions in Conics. 
 Claudius Ptolemy, who borrowed from Babylonian astronomers not only informa-

tion on their observations but also sexagesimal fractions, used these letters from  =  

to  =  for recording of sexagesimal fractions. Zero in these fractions was denoted 

by the first letter of the word  -- ñnothingò, hence our figure 0 came. 
 The Greek letters and their names came from Phoenician letters. These letters 
were invented in the city of Biblos where Egyptians   imported Lebanese cedars.  
Phoencians replaced Egyptian hieroglyphs denoted the things imaging by them by the 
letters denoting the first sounds of the names of these things. Phoenician letters are im-
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ages of things whose names begin from these letters, for instance, the letter ñalephò 
meaning ñbull headò, has the form of the turned A, and hence Greek alfa came, the let-
ters ñ bethò meaning ñhouseò has the form of the rectangle with the gap in the lower 

side, hence Greek beta came 
      Phoenician letters likewise have numerical values. 

 The Greek letters from  to  have the same numerical values as corresponding 
Phoenician letters. The value 90 was denoted by the Phoenician letter ñcadeò from 

which the letter  ̾came, whose name is ñsampiò or ñsabiò. The numerical values of the 

Phoenician letters corresponding to Greek letters ₑ and  are 100, 200, 300, and 
400. 
 From Phoenician letters also Hebrew and Arabic letters came .The names of He-
brew letters are the same as of Phoenician ones. Arabs added to these letters, which 
came from Phoenician ones, six new letters. The names of Arabic letters are simplified 
Phoenician names. The numerical values of Hebrew and Arabic letters, which came 
from the same Phoenician letters, have the same values of these letters. 

The names and numerical values of arabic letters are as follows: 
alif ï 1, bað2, teð400, tahð500, jivð3, t aL, dalð4, dhalð600, rað200, zað7, sinð60, 
shinð300, ᵶadð90, ᴠadð800, tað9, afð900, ainð70, gainð1000, fað80, qafð100, kafð20, 
lamð30, mimð40, nunð50, wawð6, hað5, iað10. 
 In editions [Ap5] and [Ap6], Greek letters in Apolloniusô diagrams and text are 
represented by Latin letters. In edition [Ap5], Greek letters are represented by the dif-
ferent Latin letters. 

 In proposition 53 of Book 2 in edition [Ap5], the archaic letters  and  eare 
represented by the letters Xô and Yô.  
 In edition [Ap7] Arabic letters in Thabit ibn Qurraôs diagrams are represented by 
Greek letters with the same numerical values. The letter ñwawò with numerical value 6 is 

represented not by F, but by  the letter ñghaynò with numerical value 1000 is 

represented not by Aô but by 
 Edition [Ap12] shows that in the translation by Hilal al-Himsi of Books 1-4 Greek 
letters in Apolloniusô diagrams are represented by Arabic letters which came from the 
same Phoenician letters, but in the translation by Thabit ibn Qurra of Books 5-7 Greek 
letters of Apollonius are represented by Arabic letters according to a more complicate 

rule. For instance, the first three letters  and  he transcribes by the first three 
Arabic letters ñalifò, ñbaò, and ñtaò.   
 In our translation we transcribe Arabic letters in diagrams and text in Books 5-7 
by the same Greek letters as in the translation by Toomer. 
 
 
 
 
 

 
 
 
 
 



10 

COMMENTARY ON BOOK ONE 
 

Preface to Book I 
 

  1. Apollonius dedicated Books 1-3 of Conics to his teacher Eudemus of Perga-
mum (see Introduction, B), with whom he discussed the structure of this work. Last 
books of Conics finished after Eudemusô death Apollonius dedicated to Eudemusô stu-
dent Attalus. 
 The preface to Book1 is essentially the general preface to the whole of Conics. 
 2. Apolloniusô information on geometer Naucrates is the only known to us men-
tion of this scholar. Naucrates was a friend of Apollonius, visited him at Alexandria, dis-
cussed with him theory of conics, and Apollonius gave him the first variant of Conics.  

 The name of Naucrates is connected with the word  - ñpower of sea-
menò. The name Naucratis of the town founded by Greek seamen in the delta of Nilus in 
5th c. B.C. is connected with the same word. 
 3. Apolloniusô words that the first four books of Conics contain the elements of 
theory of conics show that these four books are revisions of Euclidôs Elements of conics.                                                          
 4. ñThree sectionsò are three conics which Euclid and Archimedes called ñsec-
tions of right, obtuse and acute conesò. Apollonius called them a parabola, a hyperbola, 
and an ellipse. Like his precursors, Apollonius used the term ñhyperbolaò only for a sin-
gle branch of a hyperbola.  
 Unlike his precursors, Apollonius considers two branches of a hyperbola and 

calls them  Ǽ  ǽ   - ñoppositeò. In [Ap5], [Ap6], and [Ap7], this term is translated 
as ñopposite sectionsò. 
 5. ñA locus with respect to three straight linesò l1 , l2 , and l3  is a locus of points 

whose distances  di  from the lines  li  satisfy the equation 

 
d1d3 = kd2

2  .         (1.1) 

 
 ñA locus with respect to four straight linesò l1, l2 , l3 , and l4 is a locus of points 

whose distances  di  from the lines  li  satisfy the equation 

 
d1d3 = kd2 d4  .        (1.2) 

 
 The loci with respect to three or four straight lines are conic sections. Apollonius 
believes that Euclidôs proof of this fact in his Elements of Conics is not sufficient and can 
be completed by the theorems in Book 3 of Conics.  
This proof was fulfilled by R.C.Taliaferro in Appendix A to his translation of Conics [Ap5, 
pp.267-275]. 
 This fact was proved by means of analytic geometry by the creator of this discip-
line Rene Descartes (1596 - 1650) in his Geometry. 
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First Definitions 
 

 6. Apollonius defines a conic surface as a surface described by a straight line of 
an indefinite length passing through a fixed point called the vertex and through points of 
the circumference of a circle the plane of which does not pass through the vertex. This 
surface consists of two surfaces located ñverticallyò on both sides of the vertex.  
 The straight line joining the vertex of a conic surface with the center of the cir-
cumference determining this surface Apollonius calls the axis of this surface. 
 Apolloniusô definition differs from the one by Euclid.  For Euclid a conic surface 
was the surface of a right circular cone formed by a rectangular triangle revolving 
around one of its catheti. 

 The Greek word ñȗ ò originally meant ñpine coneò. 
 Ancient mathematicians used the terms ñstraight lineò only for rectilinear seg-
ments, ñplaneò- only for bounded parts of planes, usually rectangles, ñsurfaceò- only for 
bounded parts of surfaces. 
 Ancient mathematicians never used the term ñinfiniteò for lines, planes, and sur-
faces and replaced it by words ñof indefinite lengthò and ñof indefinite sizeò. 
 7. Apollonius defines the cone as a solid bounded by a conic surface and the cir-
cle whose the circumference determines this surface. Apollonius calls the vertex of the 
conic surface ñvertex of the coneò, the circle with circumference determining the conic 
surface ñthe base of the coneò, and the segment of the axis of the conic surface be-
tween the vertex and the base of a cone ñthe axis of the coneò. 
 Unlike Euclid who considered only right circular cones, Apollonius considered 
cones that can be both right and oblique. 
 8. In the case when a plane curve has a family of parallel chords whose mid-

points are on a straight line, Apollonius calls this straight line a diameter

( ǽ ) of this plane curve.    
         Apolloniusô definition of a diameter of a plane curve is the generalization of Euc-
lidôs definition of a diameter for the circumference of a circle. Diameters of circumfe-
rences are perpendicular to the chords bisected by them. Diameters of plane curves in 
a general case are not perpendicular to such chords. 
 If on the plane there is a system of oblique coordinates whose axis 0x coincides 
with a diameter of a plane curve and axis 0y is parallel to the bisected chords, the curve 
maps to itself by reflection 
 

xô = x ,   yô = -y .    (1.3) 
 

 This reflection is said to be either right or oblique depending on whether the 
coordinate angle x0y is right or acute, respectively.  
         The points of intersection of a diameter of a plane curve with its diameters Apollo-
nius calls ñverticesò of this curve. 
 The term ñdiameterò for curves that are not circumferences of circles was used by 
Archimedes, but only in the cases when the diameter is perpendicular to the bisected 
chords.  
Diameters of conic sections are considered by Apollonius below. 
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 9. An oblique reflection (1.3) is a particular case of an affine transformation in a 
plane, which is a bijective transformation in a plane mapping straight lines to straight 
lines. 
 Right and oblique contractions to a straight line and right and oblique dilatations 
from a straight line (0.4) are also affine transformations.  
 Since parallel lines have no common points, affine transformations map parallel 
straight lines to parallel ones. Therefore affine transformations map parallelograms to 
parallelograms and vectors to vectors, and if vectors x and y are mapped to vectors xô 
and yô, the sum x + y is mapped to the sum xô + yô and a product kx by an arbitrary real 

number k is mapped to the product kxô. Therefore if , , are three points in a straight 

line, the affine transformations preserve simple ratios of oriented segments = / , 
and, in a general case, affine transformations in rectangular and oblique coordinates 
have the form 
 

xô = x + y +  ,     yô = x + y + .   (1.4) 
 

  Under the affine transformation (1.4) the areas of all figures in the plane are mul-
tiplied by the absolute value of the determinant AE-BD. In the case when this value is 
equal to 1, the transformation (1.4) is an equiaffine one.  

 Since the determinants -  of the reflections (1.3) are equal to -1, they are 

equiaffine transformations too. In particular, if transformation (1.3) maps a point  to a 

point ô and points  and  are fixed points of this transformation, the triangles  

and ô have the same base and equal heights and, therefore, equal areas. 
 Equiaffine and general affine transformations were used by Thabit ibn Qurra and 
by his grandson Ibrahim ibn Sinan (908-946), respectively. 
         For the affine geometry and its history see [Ro1, pp.106-114] and [Ro2, pp. 130-
133, 143-146]. 
 10. The segments of the bisected chords between the curve and the diameter 

are called by Apollonius ǽ  Ǿ -- ñapplied in orderò. 
 Federigo Commandino (1509-1575) in his Latin translation [Ap1] of 
Conics wrote the above expression as ñordinatim applicataeò from which the term ñordi-
natesò had come. Therefore in editions [Ap5], [Ap6], [Ap7] this 
Apolloniusô expression is translated as ñlines drawn ordinatewiseò. 
 11. If two plane curves have a family of parallel chords whose midpoints are on a 
straight line, Apollonius calls this line a ñtransverse diameter of the two plane curvesò. 
The points of intersection of the transverse diameter with the curves Apollonius calls 
ñverticesñ of these curves. 
 If the midpoints of the parallel straight lines joining two plane curves are on a 
straight line, Apollonius calls this line an ñupright diameterò of these plane curves. 
 The segments of parallel chords between the curves and the transverse diameter 
are called the ordinates of points of these curves. 
 Transverse and erect diameters were used by Apollonius for two ñopposite 
hyperbolasò. 
 12. The diameter drawn in the direction of parallel chords is called by Apollonius 
a conjugate one with the diameter bisecting these chords. 
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 13. The diameter of a plane curve as well as transverse and upright diameters of 
two plane curves are called by Apollonius ñaxesò when these diameters are perpendicu-
lar to the chords bisected by them. Two perpendicular axes of one or of two plane 
curves Apollonius calls ñconjugate axesò. 
 Later Apollonius considers axes of conics. 
 14. Modern mathematicians use the terms ñdiameterò and  ñaxisò for conic sec-
tions in the same sense as Apollonius, while the term ñvertexò is used in the same 
sense as by Apolloniusô precursors, i.e. as a point of intersection of a conic section with 
its axis.  
 

Propositions I.1-I.5 on cones 
 

 15. In Prop. I.1 Apollonius proves that a straight line joining the vertex of a conic 
surface and any point on the latter lies entirely on this surface. 
 In the porism (corollary) to this proposition, Apollonius proves that the straight 
line joining the vertex of a conic surface with any point which is within this surface lines 
entirely within this surface, and the straight line joining the vertex of the conic surface 
with any point which is outside this surface lies entirely outside this surface. 
 16. In Prop. I.2 Apollonius proves that the segment joining two points of a vertical 
sheet of this conic surface and its continuation and not passing through the vertex of the 
cone lies within the cone, and continuations of this segment lie outside the cone. 
 Apollonius does not prove an analogous proposition: the segment joining two 
points of two vertical sheets of a conic surface and not passing through the vertex of the 
cone lies outside the conic surface and continuations of this segment lie within the conic 
surface. 
 No doubt that Apollonius did not prove this proposition since it was not in Euclidôs 
Elements of conics. 
 Note that the line which is the sum of two abscissas of a point of the ellipse (0.7) 
joins two points of a surface of a cone, and the line which is the difference of two ab-
scissas of a point of the hyperbola (0.8) joins two points of different sheets of a conic 
surface. Apollonius calls these segments latera transversa of an ellipse and a hyperbo-
la. 
 17. In Prop. I.3 Apollonius proves that the section of a cone by a plane passing 
through its vertex and meeting its base is a triangle. 
 18. In Prop. I.4 Apollonius proves that the section of the surface of a circular 
cone by a plane parallel to its base is the circumference of a circle. 
 19. In Prop. I.5 Apollonius proves that the surface of an oblique circular cone be-
sides sections parallel to its base has another family of circular sections. It can be ex-
plained by the fact that the section of the surface of an oblique circular cone by a plane 
perpendicular to its axis is an ellipse, therefore the solid bounded by this plane and the 
conic surface is a right elliptic cone. Since the ellipse has two perpendicular axes of 
symmetry, the right elliptic cone and its surface have two perpendicular planes of sym-
metry passing through the axes of symmetry of an ellipse and the vertex of a cone. 

The reflection with respect to one of these planes maps any circular section of 
the cone parallel to its base to itself. The reflection with respect to the second plane 
maps circular sections parallel to the base of the cone to circular sections of the second 
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family. Apollonius calls the circles bounded by circumferences of different families and 

the planes of these circles  ḥ  ǿ which we following P. Ver Eecke [Ap 9, p.10] 
translate as ñantiparallelò. The expressions of Apollonius ñthe line is equal in square to 
the rectangular planeò means that the square on the line is equal to mentioned plane. 

 20. Apolloniusô abbreviations òḤȕ ñ,  ñ  ñ, and ñᶩȕ ò, which 

mean a rectangular plane with sides  and , a rectangular plane with sides  and 

, and a square with a side  we translate by the abbreviations pl. , pl.  

and sq. , respectively. 

Prepositions  and mean ñunderò and ñonò. 
 The expressions of Apollonius ñthe line is equal in square to the rectangular 
planeò means that the square on the line is equal to mentioned plane. 
 21. Prop. I.5 forms the basis for the theory of stereographic projection, that is the 
projection of a sphere from its point P onto the plane tangent to the sphere at its antipo-
dal point. If a curve on the sphere, not passing through the point P under this projection 
is mapped onto the circumference of a circle, then the projecting lines are rectilinear 
generators of a circular cone. 
 If this cone is right, the plane of the projected curve is parallel to the plane of pro-
jection. If the cone is oblique, the plane of the projected curve is antiparallel to the plane 
of projection. In both cases, the projected curve is the circumference of a circle. Thus 
stereographic projection maps circumferences of circles on the sphere not passing 
through the point P to circumferences of circles on the plane. 
 If the circumference of a circle on the sphere passes through the point P, its 
plane intersects the plane of projection in a straight line, and the stereographic projec-
tion maps these circumferences to straight lines. 
  Apollonius knew stereographic projection. This is clear from the description by a 
Roman architect of the 1st c. B.C.  Vitruvius Pollio in his Ten Books on Architecture of 

an astronomical instrument called ñspiderò ( ᶩ Ǽ),  invented by ñthe astronomer Eu-
doxus, or as some say, Apolloniusò [Vi1, p.256; Vi2, p.320].  
 Vitruvius wrote that the instrument contained bronze rods and ñbehind these rods 
there is a drum on which the firmament and zodiac are drawn and figured: the drawing 
being figured with the twelve celestial signsñ [Vi1, p.261 Vi2, p. 322]. 
 Daniele Barbaro (1513-1570) in his commentary on this Vitruviusô work describes 
the projection (ñanalemmaò) in a spider as follows: ñAnalemma is projected from the 
pole of the sphere onto a plane. To project the sphere onto the plane [by means of an 
analemma] is to describe in the plane all circles and all [zodiacal] signs that are on the 
sphere. Thus all that is on the sphere is represented in the plane according to the same 
optical mode as in making of the table of an astrolabeò [Vi2, p. 322]. 
 These words show that the projection in a spider is stereographic. 
Therefore this instrument could not have been invented by Eudoxus who lived in 4th c. 
B.C. when the stereographic projection based on Proposition I.5 of Apolloniusô Conics 
was not known yet. 
  The drum portrays the tropics, the ecliptic (the zodiacal circle), and the images 
of some most bright stars. These circles and images of stars form the figure similar to a 
spider, this fact explains the name of the instrument. The drum can rotate by means of a 
hydraulic machine. 
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 The rods form a motionless part of the instrument. This part portrays the celestial 
equator, the tropics, the horizon, and circles of altitude over the horizon that is the paral-
lels of the horizon. These circles form the ñspider-webò in which the ñspiderò movies. 
 The ecliptic is the circumference of the great circle on celestial sphere where the 
visual annual way of the Sun is realized. Every day the Sun 
makes its way along the ecliptic about 1o . The ecliptic is divided into 12 zodiacal signs 
corresponding to the months. The ecliptic intersects the celestial equator at the begin-
nings of the signs of Aries and Libra where the Sun is on the days of the spring and au-
tumn equinoxes. The Sun is at the maximal distance from the celestial equator at the 
beginnings of the signs of Cancer and Capricorn where the Sun is on the days of the 
summer and winter solstices. These last points under diurnal rotation of the celestial 
sphere describe the circumference of circles called tropics of Cancer and Capricorn.  

The celestial equator as well as tropics is invariant under the diurnal rotation of 
the celestial sphere. 
 No doubt Apollonius knew that stereographic projection is conformal, that is it 
preserves the magnitudes of the angles between curves, because this property can be 

proved by means of Euclidôs Elements. Let the stereographic projection with the pole  

maps the point  and circular arcs on the sphere with the tangents  and  to point ô 

and the circular arcs on the plane with tangents ôô and ôô. Let the points  and  be 

the points of the intersection of the tangents  and  with the plane tangent to the 

sphere at . The segments  and  are equal as two tangents to the sphere drawn 

from one point, and, analogously,  = . Therefore the triangles  and  are 

equal, because the angles  and  are equal. 

Since the lines  and ôô are parallel, as the lines  and ôô, the angle ôôô 

is equal to the angle . This equality means that stereographic projection is confor-
mal. 
 It is well known that the celestial equator on the terrestrial equator is perpendicu-
lar to the horizon, and at the terrestrial poles it coincides with the horizon. If an observer 

is at the point with latitude  he sees that the celestial equator intersects the horizon 

under an angle equal to 90o -  .  
 The celestial equator and the tropics are represented by rods by circumferences 
of three concentric circles. Since the ecliptic touches both tropics, the image of it also 
touches the images of the tropics. 
 If the instrument is used at night, the altitude of a bright star is measured; at day-
time, the altitude of the Sun is measured. The drum is turned to such position that the 
image of the star with the measured altitude or the image of the point of the ecliptic cor-
responding to the day of measuring the altitude of the Sun will be under the image of a 
circle of the measured altitude. Then the image of the whole firmament will be obtained 
at the moment of the observation and the spherical coordinates of all its points and stars 
can be found too. The altitude of a celestial point over the horizon is determined accord-
ing to the altitude circle passing through the image of this point, the azimuth of this point 
is determined by the position of the image of this point on the altitude circle. In particu-
lar, the position of the ñhoroscopeò, that is the point of intersection of the ecliptic and the 
eastern part of the horizon, which is important for astrological predictions, will be found. 
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 The angle by which the drum turns determines the exact time of the moment of 
the observation. 
 Probably, the invention by Apollonius of an instrument for measuring time con-
nected with a hydraulic machine described by an architect was known in medieval East, 
and therefore an Arabic treatise on a water clock dedicated to an architect (al-najjƃr al-
muhandis) was ascribed to Apollonius. There are three manuscripts of this work entitled 
Treatise on construction of [an instrument with] a flute (Risala san a [cǕla] al- afmr) kept 
in Paris, London, and Beirut. The German translation of this treatise according to all 
manuscripts was published by E. Wiedemann [Wie]. When the surface of the water in 
this clock is dropped to a certain level, the sound of the flute is heard. F.Sezgin [Sez, 
p.143] also believes that this treatise is only ascribed to Apollonius. 
 An instrument similar to Apolloniusô one called ñhoroscopical instrumentò was de-
scribed by Claudius Ptolemy in Planispherium. 

 Later, analogous instrument called  ᶩ Ǽ - ñlittle [instrument] seizing 
starsò was invented by Theon of Alexandria in 4th c. A.D. He replaced Apolloniusô mo-
tionless ñspider-webò by a motionless metallic continuous disk called ñtympanumò, and 
the rotating drum - by a rotating fretted disk, also called ñspiderò. Unlike in Apolloniusô 
instrument, in Theonôs  ñastrolabonò the motionless tympanum is located under the ro-
tating ñspiderò. 
 This instrument was very popular in the medieval East by the name ñasturlabò 
and in medieval Europe as ñastrolabiumò.   
 Now these instruments are called ñastrolabesò. Medieval astrolabes were porta-
tive circular cylinders, with a radius of 10 to 20 cm and a height of 4 to 5 cm. The cy-
linders contained 10 to 20 tympanums for different latitudes.  
 The operations with the medieval astrolabes were similar to ones with Apolloniusô 
instrument. 
 On the lower base of medieval astrolabes the instrument for measuring altitudes 
of the Sun and the stars was situated. This instrument contained 
an alhidad with two diopters and arrows at the ends, which could rotate around the cen-
ter of the cylinder base and whose arrows pointed out altitude on the degree scale on 
the circumference of the base. To measure the altitude of a celestial point, the astrolabe 
was suspended vertically, and the ahidad was directed to this point. The arrow of the 
alhidad showed the altitude of this point  
 Both Apolloniusô instrument and the medieval astrolabes can be regarded as 
transparent nomograms, in which the role of the transparent is played by the upper part 
of the instrument. 
 On the stereographic projection and astrolabes see [Ro1, pp.116-117; 295-206] 
and [Ro2, pp. 121-130]. 
 

Propositions I.6 - I.10 on diameters and ordinates of conics  
 

 22. In Prop. I.6 Apollonius considers a circular cone, right or oblique, with the ver-

tex  and the base . The triangle  containing the axis of the cone is called an 

axial triangle. From the point of the circumference of the base, the perpendicular  

to the diameter  of the base is dropped. 
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 Apollonius proves that the line  that is drawn from the point  on the surface of 

the cone parallel to and reaches the surface of the cone again is bisected by the 

plane 
 23. In Prop. I.7 Apollonius considers the same cone as in Prop. I.6. This cone is 

cut by the plane passing through the point of the rectilinear generator  of the cone 

and along the line in its base perpendicular to the diameter  of the base or to con-
tinuation of this diameter. This plane cuts off from the surface of the cone the conic sec-

tion . Apollonius proves that chords of this conic parallel to  are bisected by the 

plane  and the line  of the intersection of the planes  and  is a diameter 
of this conic. 
 Apollonius proves that these chords are perpendicular to the diameter bisecting 
them if the cone is right, and if the cone is oblique, and the axial triangle is perpendicu-
lar to the plane of the base of the cone. 

 The plane  can be inclined to the line  under an arbitrary angle unequal to 
the angle of the inclination of planes parallel or antiparallel to the plane of the base of 
the cone. Therefore an arbitrary section of the cone that is not a pair of intersecting 
straight lines can be obtained from the circumference of the base of the cone by the 
central projection from the vertex of the cone. 
 24. Since every section of a cone that is not a pair of intersecting straight lines 
can be obtained from a circumference of a circle by a central projection, every such 
conic section can be obtained from the circumference of a circle by a projective trans-
formation.   

 Projective transformations in a plane can be defined as follows. If the plane  is 

located in the space and is projected from a point  which is outside this plane onto 

another plane ô, the plane ô is projected from a point ô onto a plane ò, the plane ò is 

projected from a point ò onto a plane ôôô, and after several such projections the plane 
(k) is projected from a point  (k)  onto the plane E, we obtain a projective transforma-

tion in the plane  . This transformation is not bijective, and for it to become bijective all 

planes , ô , ò, . . ., (k)   must be supplemented by new points ,so that the supple-
mented planes will be in a bijective correspondence with a bundle of straight lines 
through a point in  the space. These supplemented planes are called ñprojective 
planesò, the new points of these planes are called ñpoints at infinityò.   

 The point  in the plane  is represented by the infinite straight line  in the 
space or by vectors directed along this line. These vectors are determined up to a non-
zero real multiplier. Elie Cartan (1869-1951) called these vectors ñanalytic pointsò. 

Points at infinity are represented by lines and vectors parallel to the plane . 
 If three linearly independent vectors e1 , e2 , e3 are given in the space, vectors x 

representing the point M in the projective plane can be written in the form of x1e1 +x2e2 

+x3e3. The numbers xi are called ñprojective coordinatesò of points in the projective 

plane. These coordinates, as well as the vectors x representing the points, are deter-
mined up to a non-zero multiplier. 

 If vectors e1 and e2 are parallel to the plane , then affine coordinates x and y of 

a point  in the plane  are connected with projective coordinates xi  of this point by cor-
relations x = x1/x3 , y = x2/x3 . 
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 Points in the projective plane that are on one straight line are represented by the 
lines of the bundle that are in one plane. These lines form a plane pencil of straight 
lines. Therefore straight lines in the projective plane are determined by equations 
 

u1x1 + u2x2 + u3x3 =0 .    (1.5) 

 
 Numbers ui , called ñtangential coordinatesò of straight lines, as well as projective 

coordinates of points, are determined up to a non-zero real multiplier. 
 Since points at infinity of parallel straight lines in the plane E are represented by 
the same straight line of the bundle, parallel straight lines in the projective plane have a 
common point at infinity, that is they meet at this point. All points at infinity in the projec-
tive plane are represented by straight lines of a plane pencil and form a straight line 
called ñthe straight line at infinityò. 
 Projective transformations in the projective plane can be defined as bijective 
transformations in this plane preserving straight lines. These transformations map 
points at infinity to usual points, and therefore they map parallel lines to intersecting 
ones. 
         In projective coordinates, projective transformations have the form  
 

óxi = j j
i xj .     (1.6)  

 
 In affine coordinates, these transformations have the form  

xô= (x + y + )/( x + y + ) , 

yô = (x + y + )/( x + y + ).    (1.7) 
 

             Since conics can be obtained from the circumferences of circles by projective 
transformations, these transformations map conics to conics. 
 Conics in the projective plane that have no common points with the straight line 
at infinity are ellipses. Conics that touch this line are parabolas. Conics that intersect 
this line at two points are hyperbolas, the straight line at infinity divides hyperbolas into 
two branches. 
 In Apolloniusô Conics many theorems of projective geometry are proved, but he 
never uses the term ñpoint at infinityò. This term was first mentioned in Optical Part of 
Astronomy by Johannes Kepler (1571-1630). 
 Important theorems of projective geometry were proved by Pappus of Alexandria 
in his commentary on Euclidôs Porisms.  
 Ibrahim ibn Sinan considered the projective  transformation  xô = a2/x,    yô = ay/x  
mapping the circumference of a circle x2 + y2 = a2 to the equilateral hyperbola  x2 -y2 = 

a2. More complicated projective transformations were considered by Abuôl-Rayhan al-
Biruni (973-1048) in the theory of an astrolabe based not on a stereographic projection 
but on the central projection from an arbitrary point of the axis of the celestial sphere. 

On projective geometry and its history see [Ro1. pp.114-122, 125-128],    [Ro2, 
pp.116-121, 133-142, 147-150], and [RoY, pp. 470-475]. 
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 25. In Prop. I.8 Apollonius finds the conditions for conics to be continued indefi-
nitely, that is, as modern geometers say, to extend to infinity. These conics are parabo-
las or hyperbolas. 
 26. In Prop. I.9 Apollonius proves that sections of an oblique circular cone by 
planes intersecting both lateral sides of an axial triangle are not circumferences of cir-
cles if these planes are not parallel or antiparallel to the plane of the base of the cone. 
In this proof, Apollonius supposes that the section of a cone by a plane not parallel to 
the plane of the base of the cone is a circumference of a circle and proves that this 
plane is antiparallel to the plane of the base of the cone. 
         27. In Prop. I.10 Apollonius proves that conic sections are convex curves.   
 In this proposition the notions of interior and exterior points of conics  are men-
tioned for the first time. The propositions on these points are analogous to the proposi-
tions of Book 3 of Euclidôs Elements on interior and exterior points of circles. The interior 
and exterior points of a circle are points whose distances from its center are less or 
greater than its radius, respectively. This metric definition is impossible for conics. 
 Apollonius does not give the definitions of interior and exterior points of conics 
but essentially transfers these notions from circles to conics by  projective transforma-
tions. 
    

      Propositions I.11- I.16 on equations of conics  
 

 28. In Prop. I.11-I.13 Apollonius finds  the equations of conics in systems of 
coordinates whose axis 0x is a diameter of a conic, ordinates are parallel to the diame-

ter conjugate to this diameter and the point  is the end of first diameter. 

  Apollonius called any such equation ȗ  meaning ñcaseò, ñcoincidenceò. 
The ordinates of points of a conic in these equations were determined in Prop. I.7.  The 
abscissas of these points are segments of the diameter from the vertex to the ordinate. 
See Note 9 for the term ñordinateò. Apollonius called abscissa 

ᶩȕǽ ȕ Ǿ-- ñcut off from the vertex ñ.Our term ñabscissaò came 
from Latin translation by Commandino in [Ap1] of these words by expression ñex verticis 
abscissa.ò 
 Apollonius proves that the equations of conics in these coordinates which can be 
rectangular or oblique have the same forms (0.3), (0.9), and (0.10) as given by his pre-
cursors in rectangular coordinates. 
 In those equations Apollonius uses the expression ñthe line is equal in square to 
a rectangular planeò (see Note 19 on this book). 

 29. In Prop. I.11 a circular cone has the same vertex , base , and axial trian-

gle  as in Prop. I.7. This cone may be right or oblique, the angle at the vertex of 
this cone can be an arbitrary angle less than 180 o. This cone is cut by a plane meeting 

the line  at a point , parallel to the line  and intersecting the diameter of the 

base of the cone at a point . This plane cuts off the conic  from the surface of the 

cone. The line  is perpendicular to the line  and meets it at the point . The line 

 is a diameter of this conic.  

 If  is an arbitrary point of the conic, its ordinate y =  is parallel to the line  

and its abscissa x = . 
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 To obtain the equation of the conic, Apollonius determines the line 

which he called  ̧ ǿ Ḥ - ñright sideò (some rectangular plane).  
We, like the majority historians of mathematics, translate this  term  of Apollonius by 

Latin translation latus rectum . The line  is the perpendicular to the diameter  at 

point . The length of the line is given by the proportion 

/  = 2/ .   (1.8)   

 Apollonius often calls the latus rectum by one word and by long expression 
ñthe straight line of application [of rectangular planes] to which the ordinates to the di-
ameter are equal in squareò, but we in all cases call this straight line ñthe latus rec-

tumò.We denote latus rectum by 2p. Proportion (1.8) shows that latus rectum 2p is pro-

portional to the segment . Therefore every diameter of a conic corresponds to a cer-
tain value of latus rectum. 
  Since the segment p in the equations of conics in rectangular coordinates is 
called ñparameterò, sometimes the segment 2p in oblique coordinates is also called ñpa-
rameterò. 
 30. The term ñcompounded ratioò was used by ancient mathematicians for ratios 
of geometrical magnitudes which modern mathematicians call ñproducts of ratiosò. This 
is explained by the fact that the term ñproductò ancient mathematicians used only for in-
teger and rational numbers.  
 In Book 5 of Euclidôs Elements, only particular cases of compounded ratios were 
defined - double, triple and multiple ratios, that is ratios compounded from equal ratios. 
The general compounded ratio was considered by Euclid only in Prop. VI.23 of Ele-
ments where in he proved that the ratio of two equiangular parallelograms is com-
pounded from the ratios of corresponding sides of these parallelograms.  
 The definition of a compounded ratio in the original text of Elements was absent. 
It was added only by Theon of Alexandria in 4th c. A.D., who defined compounded ratio 
by means of multiplication of ñquantities of ratiosò, which was not used by Euclid. But 

the proof of proposition VI.23 shows that a ratio :  is compounded from ratios :  and 

:  if there are such magnitudes , ,  that :  = : ,  :  = : , and :  = : .  

 In our commentary a ratio  compounded from ratios :  and :  is denoted 

as :  = ( : ) x ( : ) .  
 According to Prop. VI.23 of Euclidôs Elements, the right hand side of proportion 
(1.8) is equal to a compounded ratio and this equality can be rewritten as 
 

 = ( ) x ( ) .   (1.9) 
 

A plane parallel to the base of the cone and drawn through the line cuts off from the 

surface of the cone the circumference  of a circle with the diameter parallel to 

the straight line  and perpendicular to the straight line       

         The similarity of the triangles HML and  implies the proportion 
 

=  .     (1.10) 

         The straight line drawn from the point  parallel to  and equal to cuts off 

from the triangle  a similar triangle. Hence the proportion 
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 =        (1.11) 
 

 holds. Proportions (1.10) and (1.11) imply that equality (1.9) can be rewritten as 
 

 = ( )  ( ) .  (1.12) 
 

 According to Prop. VI.23 of Euclidôs Elements, equality (1.12) can be rewritten as 
 

 =  :  .  (1.13)   
 

 The straight line  is a diameter of the circumference  of a circle. The 

straight line  = y is perpendicular to the diameter and divides it at L into the seg-

ments  = x1 and = x2. Therefore according to Prop. II.14 of Elements,  = 

 and equality (1.13) can be rewritten as 
 

.      (1.14) 
 

 Since  = 2p,   = x,   and   =y, the equality (1.14) is equivalent to the eq-
uation (0.3) in rectangular, as well as in oblique coordinates. 

 Since the angle  at the vertex of the cone now can be different from a right 
angle, the old name ñsection of right-angled coneò for the conic (0.3) no longer makes 
sense. Therefore Apollonius gave it a new name. The equation (0.3) shows that for 
each point of this conic with a given ordinate y the abscissa x of this point is obtained by 
the ñapplicationò to the given straight line 2p of a rectangle whose area is equal to the 

square on the straight line y. Apollonius called this conic Ǿ - ñapplicationò, 
hence our term ñparabolaò came.  
 The parameter p of a parabola is equal to half of the latus rectum corresponding 
to the axis of this parabola. 
 31. In Prop. I.12 Apollonius considers the same cone as in the  

Prop. I.11 and the plane that meets the straight line  at the point  between A and B 

and intersects the triangle  in , so that the angle  is greater than the angle 

. It also intersects the base of the cone in perpendicular to the straight line . 

This plane cuts off the conic  from the surface of the cone. is a diameter of this 
conic.   

 If  and are continued, they meet at the point . Apollonius calls the straight 

line  ǿ Ȗ  - ñtransverse sideò (of some rectangular plane).  Like the majority 
of historians mathematics we translate this Apolloniusô expression by the Latin words 
the latus transversum . We denote this straight line by 2a.   

 Through the vertex of the cone Apollonius draws the straight line  to the 

point  on the  straight line  and parallel to the diameter  . 

  If is an arbitrary point of the conic, its ordinate y =  is parallel to , and its 

abscissa is x = 
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 To obtain the equation of the conic Apollonius determines the straight line  

and represents it by the perpendicular to the diameter  at the point . The length of 

 is given by the proportion 
 

 = 2/ .    (1.15) 
 

 The straight line  Apollonius called by the same expressions as the straight 
line HZ in Prop.I.1. We call this straight line the latus rectum and denoted it by 2p.  
 The proportion (1.15) shows that the ratio 2a/2p depends on the position of the 

diameter . Therefore each diameter 2a of a conic corresponds to a certain value of 
the latus rectum 2p. 
 According to Prop.VI.23 of Euclidôs Elements, the right hand side of proportion 
(1.15) is equal to a compounded ratio and equality (1.15) can be rewritten as 
 

:  = ( : ) x ( : ).  (1.16) 
 

 A plane parallel to the base of the cone and drawn through  cuts off from the 

surface of the cone the circumference  of a circle with the diameter  parallel to 

 and perpendicular to . 

 The similarity of the triangles  and  implies the proportion 
 

 =       (1.17) 
 

         The similarity of the triangles  and  implies the proportion 
 

: = :         (1.18) 
 

 Proportions (1.17) and (1.18) imply that equality (1.16) can be rewritten as 
 

:  = ( : ) x ( : ) .  (1.19) 
 

 According to Prop. VI.23 of Elements, equality (1.19) can be rewritten as 
 

:  = .  : .  .      (1.20)  
 

 The straight line  is a diameter of the circumference  of a circle, and  

= y is perpendicular to the diameter  and divides it at  into the segments = x1 and 

 = x2. Therefore according to Prop. II.14 of Elements .  = 2 and  equality 

(1.20) can be rewritten as 
 

       /  = . / 2  .      (1.21) 

 Since = 2a,  = 2p,  =x , and  = y, equality (1.21) can be rewritten as 

2a/2p = x(2a + x)/y2,  which is equivalent to equation (0.10) in rectangular, as well as in 
oblique, coordinates. 
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 Since the angle  at the vertex of the cone does not have to be obtuse now, 
the old name ñsection of obtuse-angled coneò for the conic (0.10) no longer makes 
sense. Apollonius gave it a new name. This equation shows that for each point of this 
conic with a given ordinate y the abscissa x of this point is obtained by the ñapplication 
with excessò to the given line 2p + (p/a)x of the rectangle equal to the square on the line 

y. Therefore Apollonius calls this conic  Ḥ Ǿ - ñexcessò, from which our term 
ñhyperbolaò came.  

 The application with excess can be fulfilled by the addition to the rectangle  

the rectangle  similar to the rectangle with sides =2a and  = 2p. The diagon-

als  and  of these rectangles are segments of one straight line. Since  = x, the 

side  of the rectangle  is equal to 2px/2a = (p/a)x and the area of this rectangle 

is equal to (p/a)x2 , and the area of the rectangle  is equal to y2.  
 The parameter p of a hyperbola is equal to half of the latus rectum corresponding 
to the axis of this hyperbola. 
 32. In Prop. I.13 Apollonius considers the same cone as in the Prop. I.11 and 

I.12, and the plane which meets the straight lines and at the points  and  and 

intersects the plane of the base of the cone in the straight line  perpendicular to the 

continuation of the straight line  The angle between the continuations of  and  

is less than the angle  This plane cuts off from the surface of the cone the conic 

 The straight line  is a diameter of this conic. 

 If  is an arbitrary point of this conic, its ordinate y =  is parallel to  and the 

abscissa is x = 

 To obtain the equation of the conic Apollonius determines the straight lines  

and . The straight line  is perpendicular to  at the point  Apollonius calls the 

line  ǿ Ȗ , that is the  latus rectum , and the line  ̧ ǿ Ḥ  latus 
transversum of the conic. 
We will denote the latera rectum and transversum by 2p and 2a. 

 The length of the straight line  Apollonius determines as follows. 

  From the vertex  of the cone Apollonius draws the straight line parallel to 

the diameter  to the point  on the continuation of the straight line BG and deter-

mines the length of   from the proportion 
 

 .  (1.22) 
 

 The proportion (1.22) shows that the ratio 2a/2p depends of the position of the 
diameter DE, and each diameter 2a of the conic corresponds to a certain value of 2p. 
 According to Prop.VI.23 of Elements, the right hand side of equality (1.22) is a 
compounded ratio and this equality can be rewritten as 
 

x . (1.23) 
 

 If through  a plane parallel to the plane of the base of the cone is drawn, it will 

cut off from the surface of the cone the circumference of a circle with the diameter 
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parallel to  and perpendicular to  which divides it onto the segments  = 

x1 and  = x2. Therefore  =

 The similarity of the triangles EPM and  implies the proportion 
 

.   (1.24) 
 

 The similarity of the triangles  and  implies the proportion 
 

  (1.25) 
 

 Therefore equality (1.23) can be rewritten as 
 

 x ) . (1.26) 
 

 According to Prop. VI.23 of Elements, equality (1.26) can be rewritten as 
 

 :  . (1.27). 
 

 Since , equality (1.27) can be rewritten as 
 

(1.28) 
 

 Since  = 2p,  = 2a,  = x,  =y, equality (1.28) can be rewritten as 2a/2p 
= x(2a - x)/y2,  which is equivalent to equation (0.9) in rectangular, as well as in oblique 
coordinates. 

  Since the angle at the vertex of the cone does not have to be acute, now 
the old name ñsection of acute-angled coneò for the conic (0.9) no longer makes sense, 
Apollonius gave it a new name. Equation (0.9) shows that for each point of this conic 
with a given ordinate y the abscissa x of this point is obtained by the ñapplication with 
defectò to given line 2p - (p/a)x of the rectangle equal to the square on the line y. There-

fore Apollonius calls this conic  ǽ ǿ  ñdefectò, hence our term ñellipseò came. 
 The ñapplication with defectò can be fulfilled by subtraction from the rectangle 

the rectangle  similar to the rectangle with sides =2a and EZ= 2p. The 

diagonal of one of these rectangles contains the diagonal  of the other one. 

The diagonal of this rectangle is a part of the diagonal  of the rectangle with 

sides  = 2a and  = 2p. The sides of the subtracted rectangle are x and (p/a)x.  
 The parameter p of an ellipse is equal to half of the latus rectum corresponding to 
the major axis of this ellipse. 
 Apollonius did not write how he obtained proportions (1.8), (1.15), (1.22) from 
which he derived the equations of conics. B.L.Van der Waerden wrote in Science Awa-
kening : ñApollonius was a virtuoso in dealing with geometric algebra, and also a virtuo-
so in hiding his original line of thought. This is what makes his work hard to understand; 
his reasoning is elegant and crystal clear, but one has to guess at what led him to rea-
son in this way, rather than in some other wayò [VdW, p. 248] 
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 It is probable that Apollonius described how he came to these proportions in his 

lost General Treatise (see Introduction, ). 

 33. Conics can also be characterized by the magnitude  called eccentricity. The 
eccentricity of an ellipse is expressed through its latera rectum and transversum by the 

formula 2 = 1- p/a.    (1.29) 

 The eccentricity of a hyperbola is expressed through its latera rectum and trans-
versum by the formula 

2 = 1+ p/a.    (1.30) 

 

 Like the magnitudes p and a, the value  is determined for each diameter of an 

ellipse and a hyperbola. 
 Equations (0.9) and (0.10) in rectangular, as well as in oblique, coordinates can 
be written in the unitary form 
 

y2 = 2px + ( 2 - 1)x2.   (1.31) 

 

 Equation (1.31) coincides with equation (0.3) for  =1 and with equation x2 +y2 = 

2px or (x - p)2 + y2 = p2  for  = 0. Therefore it is possible to believe that for parabolas  

= 1 and for circumferences of circles  = 0. Since for ellipses p < a, the eccentricity of 

ellipses satisfies inequalities  

0 <  < 1.  

Since for hyperbolas p/a > 0, the eccentricity of hyperbolas satisfies the inequali-

ty   > 1. 
 Modern mathematicians consider only eccentricities corresponding to major axes 
of ellipses and to real axes of hyperbolas. 
 34. The angle xOy of the coordinate system in which the equation of a conic has 
the form (1.31) can be determined as follows. Let the unit vectors i, j, k be directed 

along the diameter  of the base of the circular cone, along the perpendicular to  in 
the plane of the base of the cone, and along the perpendicular to this plane, respective-
ly. Let the unit vectors h and l be directed along the axis of the circular cone and along 

the diameter of the conic. These vectors have the form h = j sin  + k cos   and l = i cos 

 +h sin . The axis Ox has the direction of the vector l, the axis 0y has the direction of 

vector j. Therefore the angle  = xOy is determined by the formula 
 

cos  = lj = sin .sin .    (1.32) 
 

 Apollonius in Prop. I.7 mentioned that parallel chords are orthogonal to the di-
ameter bisecting them in two cases - if the cone is right and if the axial triangle of the 
cone is orthogonal to the plane of its base. In the first case, the vector h coincides with 

the vector k and the angle  = 0. In the second case, the cross product h x i = -k sin + j 

cos  must be collinear with the vector j, hence sin  = 0. 
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 In the case  = 0, the vector l coincides with the vector i. In this case, the angle 

x y is right, but the section of the cone is the circumference of a circle whose plane is 
parallel to the base of the cone. 
 35. The sine law of the plane trigonometry, discovered in 10th c. A.D. and de-
scribed by al-Biruni, 
 

sin /  = sin /  = sin /      (1.33) 
 

 for the triangle , allows for equalities (1.8), (1.15) and (1.22) to be expressed 
via angles. 
 Equality (1.8) can be expressed in the form 
 

2p/  = sin2 /sin sin  = sin2(  + )/sin sin  . (1.34)  
 

 If  is the angle between the plane of a hyperbola or an ellipse and the plane of 
the base of the cone, equalities (1.15) and (1.22) can be expressed, respectively, in the 
forms 
 

2a/2p = sin   

sin /sin( + ) sin ( - )      (1.35) 
 
 And 
 

2a/2p = sin sin /sin( + ) sin( - ) .    (1.36) 
 

 36. In the case where a circular cone is right, the line of intersection of the plane 

of the conic and of the plane is the axis of the conic. In this case the triangle  

is isosceles and the angle  is equal to the angle . In this case equality (1.34) has the 
form 
 

2p/  = 4cos2  .    (1.37) 
 

 Equation (0.3) of a parabola first found by Menaechmus apparently was obtained 
by him as follows.  Menaechmus considered a right circular cone with right angle at its 

vertex  and intersected this cone by the plane perpendicular to the rectilinear genera-

tor  at the point . 
 The plane cuts off from the surface of the cone a parabola and from the axial tri-

angle with the side   = p the axis of this parabola.  

 If  is an arbitrary point of the parabola, the perpendicular  dropped from  to 

the axis is the ordinate y of the point  and the segment  is its abscissa x. Since the 

segments , , and  are mutually perpendicular, the segment  is a diagonal of 

a parallelepiped built on these three segments and 2 = 2 + 2 + 2 = p2 +x2 + 

y2 . Since  = p + x ,  2 = p2 +2px +x2 = p2 + x2 + y2 , equation (0.3) is thus ob-
tained.  
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The latus rectum of this parabola is 2p. 

 Since the cone considered by Menaechmus is right-angled, each of the angles  

and  is equal to 45o . From formula (1.37) we obtain  

2p/  = 4cos245o = 2 , that is  = p. 
 37. In the case of right circular cone, equalities (1.35) and (1.36) have the form  
 

2a/2p = sin2 /(sin2  - sin2 )   (1.38) 
 

         for a hyperbola and 
 

2a/2p = sin2 /(sin2  - sin2 ).   (1.39) 
 
 for an ellipse. 
 Left hand sides of equalities (1.38) and (1.39) are equal to  

a/p = a2/b2. Therefore formulas (1.29) for an ellipse and (1.30) for a hyperbola imply in 

both cases that 2 = sin2K/sin2 , hence 

 

 = sin /sin .      (1.40) 

 

 If we denote the angle at the vertex  of the right circular cone by 2 , the angle  

is equal to 90o - 

 If the conic is cut off from the surface of a right circular cone by a plane perpen-
dicular to its rectilinear generator, that is, if the conic is determined by precursors of 

Apollonius, the angle K is equal to . Therefore for this conic formula (1.40) implies that 

 

 = tan  .      (1.41) 

 
 In the case of the circumference of a circle, the role of a right circular cone is 
played by a right circular cylinder obtained from a cone by limiting process in which its 

vertex tends to infinity. In this case,  = 0o and  = 0.  

For an ellipse,  0o<  < 45o and  0 <  < 1; for a parabola,   = 45o  and   

= 1; for a hyperbola,  > 45o  and    > 1. 

 38. The possibility of obtaining different conics from the same right circular cone, 
proved by Apollonius, led Persian mathematician of 10th c.A.D. Abu Sahl al-Kuhi, to the 
invention of an instrument for drawing conics. The treatise of al-Kuhi was published with 
French translation by Franz Woepcke [Woe] (see also [RoY, p. 459]). The instrument 
called by al-Kuhi ñperfect compassò was a compass whose motionless leg could be in-

clined to the plane of paper under an arbitrary angle  and the rotating leg forming with 

the motionless leg an arbitrary acute angle  could change its length so that a pencil at 
its end would always touch the paper. The rotating leg of this compass describes the 

surface of a right circular cone with angle 2  at its vertex and the plane of paper cuts off 

from this surface a conic described by the pencil. The angle K between the plane of a 

conic and the plane of the base of the cone is equal to 90o -  , the angle  is equal to 
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90o - . Therefore, from formula (1.40) we obtain that the eccentricity of the described 

conic is equal to 
 

 = cos /cos   .  (1.42)  

 

 For the circumference of a circle,  = 90o and  = 0; for an ellipse  < 

90o  and 0 <  < 1;  for a parabola,  and  = 1; for a hyperbola,   and  > 1.     

        In medieval Arabic translations of Conics, Apolloniusô terms ñhyperbolaò, ñellipseò, 
and ñparabolaò are translated as ñqat zaidò (surplus section), ñqat  naqisò (insufficient 
section), and ñqat  mukafiò (sufficient section). Apolloniusô terms latus rectum and latus 
transversum are translated, respectively, as ñdil  qaimò (right side) and ñdil  mailò(oblique 

side). The last translation is explained by double meaning of the Greek word  -
òtransverseò and ñobliqueò. 

 39. Apolloniusô term ǽǿ , means ñform, figureò, preserved in Euclidôs term  

Ằ ǿ  - rhomboid  for a parallelogram which is not a rhombus, and Archimedesô 

terms ǿ  - conoid  and ǿ  - spheroid. It was used by Apollonius for a 
rectangle with the sides 2a and 2p for an ellipse and a hyperbola.  
 This rectangle was considered in Prop. I.12 and I.13.  
 Besides the geometrical sense the word ñeidosò has also a philosophical sense. 
 In works of Plato this word is often translated as ñideaò, it means that which in in-
teraction with ñspaceò forms a stable phenomenon. For living beings Platoôs eidos is 
equivalent to soul. This notion obtained the further development in Aristotleôs ñente-
lechyò and in Hegelôs ñAbsolute Ideaò. 
Probably, Apollonius also put into the notion of eidos a philosophical sense. 
 40. In Prop. I.14 Apollonius considers opposite hyperbolas and proves: 
 1) the diameter of one of two opposite hyperbolas lies on the continuation of the 
diameter of the other hyperbola, 
 2) the latus transversum of these hyperbolas is the same straight line, whose 
ends are the vertices of these hyperbolas, 
 3) the latera recta of these hyperbolas, called here ñstraight lines of application 
[of rectangular planes], to which ordinates drawn to the diameter are equal in squareò, 
are equal one to other. 
 Apollonius, unlike his precursors, considered opposite hyperbolas as one whole 
formed by intersection of a plane with both vertical sheets of the conic surface. 
 In modern geometry, opposite hyperbolas of Apollonius are called two branches 
of a hyperbola, the straight line containing the axes of two opposite hyperbolas is called 
the real axis of a hyperbola, and the straight line perpendicular to the real axis and in-
tersecting it in the midpoint of the segment between the vertices of the opposite hyper-
bolas is called the imaginary axis of the hyperbola. 
 41. If one of two opposite hyperbolas is determined by equation (0.10) in rectan-
gular or oblique coordinates, then the second of these hyperbolas is determined by the 
same equation. If two points of two opposite hyperbolas have equal ordinates y, then 
the abscissas x and xô of these points are connected by the correlation xô= -2a - x. Since 
two opposite hyperbolas have the same latus transversum 2a and equal latera recta 2p 


