BOOK SEVEN

Apollonius greets Attalus.

Peace be on you. | have sent to you with this letter of mine the seventh book of
the treatise on Conics. In this book are many wonderful and beautiful things on the top-
ics of diameters and the eidoi corresponding to theml, set out in detail. All of this is of
great use in many types of problems, and there is much need for it in the kind of prob-
lems which occur in conic sections which we mentioned, among those which will be dis-
cussed and proved in the eighth book of this treatise 2 .

[Proposition] 1

If the axis of a parabola is continued in a straight line outside of the section to a
point such that the part of it which falls outside of the section is equal to the latus rec-
tum, and furthermore a straight line is drawn from the vertex of the section to any point
on the section and a perpendicular to the axis dropped from where it meets it, then the
straight line which was drawn [from the vertex is equal in square to the rectangular
plane under the straight line between the foot of the perpendicular and the vertex of the
section, and the straight line between of the foot of the perpendicular and the point two
which the axis was continued 3.

Let there be the parabola AB whose axis AI'. We continue I'A to A, let AA be
equal to the latus rectum. We draw from A the straight line AB in any position [so as to
cut the section again at B], and drop BI" as perpendicular to AT". Then | say that sq.AB
is equal to pl.AT'A.

[Proof].AT is the axis of the section, BI" is perpendicular to it, and AA is equal to
the latus rectum. Therefore sq.BI" is equal to pl.AAT, as is proved in Theorem 11 of
Book I.

Therefore we make sq.AI' common. Then the sum of sg.AI" and sq.I'B is equal
to the sum of pl.AAT" and sq.AT".

But the sum of sq.AI" and sq.I'B is equal to sq.AB, and the sum of pl.AAT" and
sq.Al is equal to pl.AT’A. Therefore sq.AB is equal to pl.AT'A.

[Proposition] 2

If the axis in a hyperbola is continued in a straight line so that the part of it falling
outside of the section in the transverse diameter, and a straight line is cut off adjacent
one of the ends of the transverse diameter such that the transverse diameter is divided
into two parts in the ratio of the transverse diameter to the latus rectum, and the straight
line cut off corresponds to the latus rectum, and a straight line is drawn from that end of
the transverse diameter which is the end of the straight line which was cut of to the sec-
tion, in any position, and from the place where [that straight line] meets it, a perpendicu-
lar is dropped to the axis, then the ratio of the square on the straight line drawn from the
end of the transverse diameter to the corresponding plane under two straight lines be-
tween the foot of the perpendicular and two ends of the straight line which was cut off is
equal to the ratio of the transverse diameter to the excess of it over the straight line
which was cut off. And let the straight line that was cut off be calledt he fAhonfol ogue?od
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Let the hyperbola be the section whose continued axis AI'E , and let the eidos of
the section I'A. Let A® be cut off from AT, and let as I'® is to ®A, so
["A is to AA, which is the latus rectum.
We draw from A to the section the arbitrary straight line AB, and drop BE perpen-
dicular to the axis. Then | say that as sq.AB is to pl.®EA, so AT" isto I'®.

[Proof]. We make pl.AEZ equal to sq.BE. Therefore as pl.AEZ is to pl.AET’, so
sq.BE is to pl.AEI". But the ratio sq.BE to pl.AET is equal to the ratio of the latus rectum
[which is AA] to the transverse diameter [which is AI'], as is proved in Theorem 21 of
Book I. Therefore the ratio pl. AEZ to pl.AET is equal to the ratio AA to AT and to the ra-
tio ZE to EI', and as AA is to AT, so A® is to ®I'. Therefore the ratio ZE to EI" is equal to
the ratio A® to ®I". So the ratio ZI" to I'E is equal to the ratio AI' to I'®, and the ratio ZA
to OF is equal to the ratio AT to ['®. But, when we make AE a common height, as ZA is
to ®FE , so pl.ZAE is to
pl.®EA. Therefore as Al is to I'®, so pl.ZAE is to pl.AE®. But pl.ZAE is equal to sq.AB.
Therefore as sq.AB is to pl.AE®, so AT'isto 'O -

[Proposition] 3

Let there be the ellipse whose axis AI" and eidos I'A. Let the straight line con-
structed on the continuation of the axis be A®, and let as I'® is to ®A, so 'A is to AA.

If a straight line is constructed on the continuation of one of axes of an ellipse,
whichever axis it may be, and one of its ends is one of the ends of the transverse di-
ameter, and the other end is outside of the section and the ratio of it to the straight line
between its other end and the remaining and of the transverse diameter is equal to the
ratio of the latus rectum to the transverse diameter, and a straight line is drawn from the
common end to the transverse diameter and the straight line constructed on the axis to
any point on the section and from the place where its meet the section a perpendicular
is dropped to the axis, then the ratio of the square on the straight line which was drawn
[to the section] to the pl. two straight lines between the foot of the perpendicular and
two ends of the straight line which was constructed on the axis is equal to the ratio of
the transverse diameter to the straight line between those two ends of the transverse
diameter and the straight line which was constructed that are different from each other.
Let the straight |line that wae’Sconstructed be

From A let AB be drawn to the section, and let us drop BE perpendicular to the
axis. Then | say that sq.AB is to pl.OEA, so A" isto I'®.

[Proof].We make pl.AEZ equal to sg.BE. Then as pl.AEZ to pl.AETI’, so sq.BE is to
pl.AET.

But the ratio sq.BE to pl.AEI is equal to the ratio of the latus rectum which is AA
to the transverse diameter which is AT, as is proved in Theorem 21 of Book I. Therefore
the ratio pl.AEZ to pl.AET is equal to the ratio AA to A’
and to the ratio ZE to EI', and as AA is to A, so A® is to ®I'. Therefore as ZE is to EI’,
SO A®isto®I'. Andas ZI'isto I'E, so Al'isto I'®, and as ZA is to ®F, so Al is to I'®.

But, when we make AE a common height, as ZA is to ®F, so pl.ZAE is to pl.®EA.
Therefore as Al isto I'®, so pl.ZAE is to pl. AE®. But pl.ZAE is equal to sq.AB. There-
fore as sq.AB is to pl.AE®, so AT istoI'® 7.
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[Proposition] 4

If a straight line is tangent to a hyperbola or an ellipse, so as to fall on one of its
diameter, and an ordinate is drawn from the point of contact to that diameter, and from
the center a straight line is drawn parallel to the tangent and equal to the half of the di-
ameter conjugate with the diameter passing through the point of contact, then the ratio
of the square on the tangent to the square on the straight line parallel to it is equal to the
ratio of the straight line between the point of intersection of the tangent and the diameter
and the foot of the perpendicular to the straight line between the foot of the perpendicu-
lar and the center 8.

Let the diameter of the hyperbola or the ellipse be AT’, and its center ®, and the
straight line tangent to the section be BA. Let BE be an ordinate to 'AE and let ®H be
parallel to BA, and let ®H be equal to the half of the diameter conjugate with the diame-
ter passing through B.

Then | say that sq.AB is to sq.®H, so AE is to E®.

[Proof]. We draw from B the diameter B®Z, and draw AA and AK parallel to BE
[and let AA meets BA at O]. Let the ratio of the straight line M to BA be equal to the ratio
OB to BA. Then M is the half of the straight line such that, when the rectangular planes
applied to it in the hyperbola with the addition of a rectangular plane similar to the plane
under ZB and the double M, and in the ellipse with the subtraction of a rectangular
plane similar to the plane under the double M and ZB, the ordinates falling on B® are
equal to those rectangular planes. And that has been proved in Theorem 50 of Book I.
And BH is the half of the diameter conjugate with the diameter BZ. Therefore pl.6B,M
is equal to sgq.®H, as is proved in Theorems 1 and 21 of Book Il. And the ratio OB to BA
is equal to the ratio M to BA and to the ratio AB to BK. Therefore pl.M,BK is equal to
sq.BA. But the ratio pl.M,BK to pl.M,B® is equal to the ratio BK to B®. Therefore the
ratio sq.BA to pl.BO®,M is equal to the ratio BK to B®.

But as for the ratio BK to B0, it is equal to the ratio EA to E®. And as for the rec-
tangular plane pl.B®,M ,it is has we have shown, equal to sq.®H.

[Proposition] 5

If there is a parabola and one of its diameters is drawn in it, and from the vertex
of that diameter a perpendicular is dropped to the axis, then the straight line such that
straight lines drawn from the section to the diameter parallel to the tangent drawn from
the vertex of the diameter [as ordinates] are equal in square to the rectangular planes
under the mentioned straight line and the segment cut off from the diameter by ordi-
nates [that straight line is the latus rectum corresponding to the diameter] is equal to the
latus rectum corresponding to the axis larger by the quadruple amount cut off from it by
the perpendicular from the axis adjacent to the vertex of the section °.

Let there be the parabola whose axis AH, and one of its diameters BI, and let the
straight lines such that the perpendiculars dropped to AH are equal in
square analogous rectangular planes be AI' i this is corresponding to the axis .

We draw from B the perpendicular BZ to the axis.
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Then | say that the straight lines drawn from the section to BI parallel to the tan-
gent [BA] from B are equal in square to the eidos applied to the straight line equal to AT’
in creased by the quadruple AZ, that straight line is the latus rectum corresponding to
the diameter BI

[Proof]. We draw EA perpendicular to the axis and continue IB to E and draw BA
tangent to the section at B, and draw BH so that it forms a right angle with BA. Then the
triangle BAH is similar to the triangle BOE. Therefore as BO is to BE, so AH is to BA.
Therefore AH is equal to the half of the latus rectum corresponding to the diameter BI,
as is proved in Theorem 49 of Book I.

But pl.AZH is equal to sq.BZ because the angle ABH is right and BZ is perpendi-
cular [to AH]. And sq.BZ is equal to pl.T’”AZ. Therefore pl.AZH is equal to pl.['AZ.

But AZ is equal to the double AZ, as is proved in Theorem 35 of Book I.
Therefore AT is equal to the double ZH, and the quadruple AZ is equal to the double
AZ. Therefore the sum AT and the quadruple AZ is equal to the double AH. And we
have [already] shown that the double AH is the latus rectum corresponding to the di-
ameter BI. Therefore the latus rectum corresponding to the diameter BI is equal to the
sum of AT" and the quadruple AZ.

[Proposition] 6

If there are constructed on the continuation of the axis of a hyperbola two straight
lines adjacent to two ends of the axis which is the transverse diameter, each of them
equal to the straight | i raedpladedasitisplaeed,@al | ed fih
two conjugate diameters from among the diameters of the section are drawn, and from
the vertex of the section a straight line is drawn parallel to the upright diameter of two
opposite hyperbolas to cut the section, and from the place where it meets it a perpendi-
cular is dropped to the axis, then the ratio of the transverse diameter of two conjugate
diameters to the upright one is equal in square to the ratio of the straight line between
the foot of the perpendicular and the end of the more remote of two homologues to the
straight line between the foot of the perpendicular and the end of the nearer of two ho-
mologues, and the ratio of the transverse diameter to the latus rectum corresponding to
it parallel to the second diameter is in length equal to the ratio of two straight lines which
we mentioned previously to each other in length 10,

Let there be the hyperbola whose axis EI" , and transverse diameter AT,
as the continuation of the axis, and center ®. Let each of two straight lines AN and I'=
be equal to the homologue. Let two conjugate diameters ZH and BK pass through ©,
and let us draw AA parallel to ZH, and draw the perpendicular AM to AM. Then | say
that the ratio of the square on the transverse diameter BK to the square on the upright
diameter ZH is equal to the ratio ZM to MN.

[Proof]. We join T'A, and draw the perpendicular from B, and draw from it also BA
parallel to ZH. Then that straight line [BA] is tangent to the section.

And since I'® is equal to ®A, and AO is equal to OA, I'A is parallel to B®. Therefore as
AE isto E®, so AM is to MI" because of the similarity of the triangles.

But as AE is to E®, so sq.AB is to sq.0H, as is proved in Theorem 4 of this Book.

Therefore as AM is to MI', so sg.AB is to sq.®@H. And since as sq.®B is sq.AB, so sq.I'A

243



is to sq.AA because of the similarity of the triangles [@BA and 'AA], and as sg.BA is to
Sg.®H, so AM is to MI, the ratio sq.®B to sq.®H is compounded of [the ratios] sq.['A to
Sq.AA and AM to MI".

But the ratio sq.I'A to sq. AA is compounded of [the ratios] sq.T'A to
pl.I'ME , p.’'MZE to pl. AMN, and pl. AMN to sq.AA. Therefore the ratio sgq.®B to
Sg.®H is compounded of [the ratios] sq.I'A to pl.TME, pl.['ME to pl. AMN,
pl. tosq.AA, and AM to MI'. But the ratio sg.I'A to pl.TMZE is equal to the ratio AT to
AZE, as is proved in Theorem 2 of this Book, and the ratio pl. AMN to sq.AA is equal to
the ratio I'N to AT, as is also proved in Theorem 2 of this Book, and the ratio pl.TME to
pl.AMN is compounded of [the ratios] M= to MN and I'M to AM. Therefore the ratio
S0.0®B to sq.®H is compounded of [the ratios] A" to AE, TN to AI', 'M to AM, ME to
MN, and AM to MI'. And the ratio compounded of these ratios which we mentioned is
equal to the ratio M= to MN because the part of it T'N to AI', when combined with AT
to AZ, is equal to the ratio NI" to A=, and NI" is equal to AZ, and as for the part of it 'M
to AM, when combined with AM to I'M, it is equal to the ratio of I'M to itself. Therefore
the ratio compounded of these ratios is equal to the remaining ratio, which is the ratio
MZE to MN. Therefore the ratio sq.B® to sq.®H is equal to the ratio EM to MN, and
[hence] the ratio sq.BK to sq.ZH is equal to the ratio M= to MN.

Furthermore the ratio sq.BK to sq.ZH is equal to the ratio of KB to the
straight line such that straight lines drawn from the section to KB parallel to ZH
[are equal in square to corresponding rectangular plane] as is proved in Theorems 1
and 21 of Book II. Therefore the ratio of KB to the mentioned straight line [that is the la-
tus rectum corresponding to KB] is equal to the ratio M= to MN.

[Proposition] 7

If there are constructed on the continuation of the axis of an ellipse two straight
lines at two ends of it, each of them equal to the homologue straight lines, and two con-
jugate diameters are drawn in the section, and from the vertex of the section a straight
line is drawn parallel to one of the conjugate diameters so as to meet the section
[again], and from the place there it meets [the section] a perpendicular is dropped to the
axis, then the ratio of the diameter which is not parallel to the straight line drawn to oth-
er diameter is equal in square to the ratio to each other of two parts [of the straight line
between the ends of two homologues straight lines which are not the ends of the diame-
ter] into which it is cut by the perpendicular, according to how two homologues are
placed, if [they are found on the major axis , they are outside the section, and if in minor
axis, then they are on the axis itself. And the ratio of the mentioned diameter to the
straight line such that the ordinates dropped on it are equal in square to corresponding
rectangular planes is [also] equal to the mentioned ratio **.

Let there be the ellipse whose axis AI'. Let two homologues straight lines be AN
and I'=. Let the diameters ZH and BK be conjugate, in any position. We draw AA paral-
lel to the diameter ZH, and drop from A the perpendicular AM to the axis. Then | say
that the ratio sq.BK to sq.ZH is equal to the ratio M= to MN,and that the ratio of KB to
the straight line such that straight lines drawn to it in the section parallel to ZH are equal
in square to corresponding rectangular
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planes, this straight line is the latus rectum, also is equal to the ratio ME to MN.

[Proof]. We join T'A, and drop the perpendicular BE from B and draw from it too
the straight line BA parallel to ZH. Then that line is tangent to the section. And since
'O is equal to ®A and AO is equal to OA, I'A is parallel to BO.

Therefore as AE is to E®, so AM is to MI" because of the similarity of the triangles.

But as AE is to E®, so sq.AB is to sq.®H, because of what is proved in Theorem
4 of this Book. Therefore as AM is to MI', so sq.AB is to sq.®H. And since as sq.BO is
to sq.BA, so sq.I'A is to sq.AA because of the similarity of two triangles, and as sq.BA is
to sq.®H, so AM is to MI'.

The ratio sq.0®B to sq.®H is compounded of [the ratios] sq.I'A to sq.AA and AM
to MI'.

But the ratio sq.I'A to sq.AA is compounded of [the ratios] sq.I'A to pl.TME,
pl.'ME to pl. AMN, and pl. AMN to sq.AA. Therefore the ratio sq.®B to sq.®H is com-
pounded of [the ratios sq.I'A to pl.TMZE, pl.['ME to pl. AMN, pl.AMN to sq.AA, and AM to
MI.

But the ratio sq.I'A to pl.’ME is equal to the ratio AT" to AZE, as is proved in Theo-
rem 3 of this Book, and the ratio pl. AMN to sg.AA is equal to the ratio I'N to AI', as is
also proved in Theorem 3 of this Book, and the ratio pl.'MZE to pl. AMN is compounded
of [the ratios] I'M to AM and MZE to MN, therefore the ratio sq.®B to sq.®H is com-
pounded of [the ratios] AI" to AZ, I'N to AT, 'M to AM, MZE to MN, and AM to MTI.

And the ratio compounded of those ratios mentioned by us is equal to the ratio
MZE to MN because the part of it I'N to AI', when combined with AT" to A= is equal to the
ratio 'N to A=, and I'N is equal to A=, and as for the part of it 'M to AM, when com-
bined with AM to I'M, it is equal to the ratio of I'M to itself. Therefore the ratio com-
pounded of these ratios is equal to the remaining ratio MZ to MN. Therefore the ratio
sq.BO to sq.0H is equal to the ratio EM to MN. And furthermore the ratio sq.BK to
Sq.ZH is equal to the ratio of KB to the straight line by which straight lines drawn from
the section to KB parallel to ZH are equal in square to corresponding rectangular
planes. Therefore the ratio of BK to the latus rectum corresponding to it is equal to the
ratio M= to MN.

Hence it will be proved that if the perpendicular dropped from A on the axis
passes through the center ®, then the diameter KB will be equal to the diameter ZH be-
cause ME is equal to MN 12,

[Proposition] 8

Furthermore we set the diagram for the hyperbola and the ellipse in the
way it was in Theorems 6 and 7 of this Book, then | say that the ratio of the square on
AT which is the transverse diameter to the square on BK and ZH which are two conju-
gate diameters, when whey are joined together in a straight line is equal to the ratio of
pl.NI',ME to the square on the straight line equal to the sum of M= and the straight line
equal in square to pl.NME 13,

245



[Proof]. We make EI a mean proportional between NM and ME. Then as sq.ATl is
to sq.BK, so0 sq.A® is to sq.0B. But sq.A® is equal to pl.A®E, as is proved in Theorems
37 and 38 of Book I. Therefore as sq.Al is to sg.BK, so
pl.A®E is to sq.OB.

But as pl.A®GE is to sq.0®B, so pl. AT M is to sq.I'A because AB and B® are parallel
to AA and AT [respectively]. Therefore the ratio pl. AT'M to sq.I'A is equal to the ratio
sq.Al to sq.BK. And when we make I'M a common height, as
'Aisto I'N, so pl. AT'M is to MI'N. And the ratio sg.I'A to pl.ZMI is equal to the ratio
AT to AE, as is proved in Theorems 2 and 3 of this Book. And I'N is equal to AE be-
cause AN and I'Z are two homologue straight lines. Therefore as
pl.ATM is to pl.MI'N, so sq.I'A is to pl.EMTI".

Therefore permutando as pl.A'M is to sq.I'A, so pl.MI'N is to pl.EMT.

But we have [already] proved that as pl.AI'M is to sg.I'A, so sq.AT is to sq.BK.
Therefore the ratio sq.AI" to sg.BK is equal to the ratio pl. NI'M to pl.EMI" and is equal
to the ratio NI" to ZEM. And as NI is to ZM, so pl.NI",ZM is to
sq.ME. Therefore as sq.Al is to sq.BK, so pl.NI',ZM is to sq.ME.

Furthermore as sq.BK is to sq.ZH, so ZM is to MN, as was proved in two preced-
ing theorems. Therefore as BK is to ZH, so ME is to ZI because =l is the mean propor-
tional between ZM and MN. Therefore the ratio BK to the sum of BK and ZH is equal to
the ratio M= is to MI, and the ratio of sq.BK to the square on the sum of BK and ZH is
equal to the ratio sq.ME to sq.MI.

But we have [already] proved that as sq.AI is to sq.BK, so pl.NI',ZM is to sq.ME.
Therefore ex a equali the ratio sq.AI to the square on the sum of BK and ZH is equal to
the ratio pl.I'N,EZM to sg.MI, and MI is equal to the sum ME and the straight line whose
square is equal to pl. NMZE. Therefore the ratio of sq.AI" to the square on the sum of two
conjugate diameters BK and ZH is equal to the ratio of pl.NI',MZE to the square on MI
which is equal to the sum of MZ and the straight line whose square is equal to pl.NMZ.

[Proposition] 9

Furthermore we set out what we have mentioned in the situation of Theorems 6
and 7 of this Book, then | say that the ratio sq.AI" to the square on the difference of BK
and ZH is equal to the ratio of pl.NI',MZ to the square on the difference of MZ and Xi,
where Zl is the straight line equal in square to
pl.NMZ.

[Proof]. The ratio of KB to ZH is equal to the ratio ME to ZI, as is shown in the
proof of the preceding theorem. Therefore the ratio sq.BK to the square of the differ-
ence of BK and ZH is equal to the ratio sq.MZE to the square of the difference M= and
=1L

But as sq.Al" is to sg.BK, so pl.NI',MZE is to sq.ME, as is proved in the preceding
theorem. Therefore ex the ratio sq.AI to the square on the difference BK and ZH is
equal to the ratio pl.NI',MZE to the square on the difference of MZ and ZI. But sq.Z1 is
equal to pl.NMZ=. Therefore the ratio sq.Al" to the square on the difference of BK and
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ZH is equal to the ratio pl.NI',MZ= to the square on the difference of ME and ZI, where
=l is the straight line equal in square to pl.NME.

[Proposition] 10

We again set the diagram as it was in Theorems 6 and 7 of this Book. Then | say
that the ratio sq.AI” to pl.BK,ZH is equal to the ratio of NI to the straight line equal in
square to pl.NM= 15,

[Proof]. It has been shown in the proof of Theorem 8 of this Book that as sq. AT is
to sq.BK, so NI' is to ME. And is was proved there also that as sq.BK is to pl.BK,ZH ,
so ME is to ZI because the ratio ME to ZI is equal to the ratio KB to ZH. Therefore as
sq.ATl is to pl.BK,ZH ,so NI is to ZI.

But sq.EI is equal to pl. NMZE. Therefore the ratio sq.AI to pl.BK,ZH is equal to
the ratio of NI to the straight line equal in square to pl. NME.

[Proposition] 11

Furthermore we set things in the state that we prescribed for the hyperbola in
Theorem 6 of this Book, then | say that the ratio sq.AI to the sum of sq.BK and sq.ZH is
equal to the ratio I'N to the sum of NM and M= 16,

[Proof]. As sq.AT" is to sq.BK, so I'N is to MZE, as was proved in Theorem 8 of this
Book. And the ratio sq.BK to the sum of sq.ZH and sg.BK is equal to the ratio ME to the
sum of M= and NM because it was proved in Theorem 6 of this Book that as sq.BK is to
sq.ZH, so ME is to MN. Therefore a equali the ratio sq.AI" to the sum of sq.BK and
Sq.ZH is equal to the ratio I'N to the sum of
ME and MN.

[Proposition] 12

In any ellipse the sum of the squares on any two of its conjugate diameters what
ever is equal to the sum of the squares on its two axes 17.

Let the diagram for the ellipse be as it was in Theorem 7 of this Book.

Then the axis is AT, two conjugate diameters BK and ZH, and two homologue
straight lines AN and X=. And the ratio of sq.AI" to the square on other of two axes of
the section is equal to the ratio of AI" which is the transverse diameter to the latus rec-
tum corresponding [to it], as is proved in Theorem 15 of Book I.

But the ratio of AT to its latus rectum is equal to the ratio I'N to AN because AN
is the homologue straight line. And AN is equal to I'=. Therefore the ratio of sq.AI" to
the square other of two axes of the section is equal to the ratio NI" to I'=Z. And for that
reason the ratio of sq.AI to the sum of sq.AI" and the square on other of two axes of
the section is equal to the ratio NI" to N=.

Furthermore as sq.AI" is to sq.BK, so NI' is to MZ, as is proved in the proof of
Theorem 8 of this Book. And the ratio sq.BK to the sum sq.BK and sq.ZH is equal to the
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ratio M= to the sum ME and NM because it was proved in Theorem 7 of this Book that
as sq.BK is to sq.ZH, so ME is to MN.

But the sum of M= and NM is equal to EN. Therefore the ratio sq.AI to the sum
of sq.BK and sq.ZH is equal to the ratio NI" to N=. And we had
[already] proved that the ratio NI" to N= is equal to the ratio sq.AI to the sum of the
squares on two axes. Therefore the sum of the squares on two axes is equal to the sum
of sq.BK and sq.ZH.

[Proposition] 13

In every hyperbola the difference between the squares on its axes is equal to the
difference between the squares on any pair of its other conjugate diameters whatever
18

Let the diagram of the hyperbola be as it was in Theorem 6 of this Book.

Then the ratio of the square on AT, which is one of the axes to the square on the other
of two axes of the section, is equal to the ratio of AT to its latus rectum, as was proved
in Theorem 16 of Book I. But the ratio of AT to its latus rectum is equal to the ratio I'N to
AN because AN is the homologue straight line. And AN is equal to I'=. Therefore the
ratio of sq.AI" to the square on the other of two axes of the section is equal to the ratio
NI" to I'Z, and therefore the ratio of sq.ATI to the difference between sg.AI" and the
square on the other on two axes of the section is equal to the ratio NI' to NE.

Furthermore as sq.AI" to is sq.BK, so NI' is to ME, as is proved in
Theorem 8 of this Book. And the ratio sq.BK to the difference between sq.BK and sq.ZH
is equal to the ratio ME to N= because it was proved in Theorem 6 of this Book that as
sq.BK is to sq.ZH, so M= is to MN.

Therefore ex a equali the ratio sq.AI to the difference between sq.KB and sq.ZH
is equal to the ratio NI" to N=. And we had [already] proved that the ratio of sq.AI to the
difference between sq.AI" and the square on the other of two axes of the section is
equal to that ratio which is the ratio NI" to N=. Therefore the difference between sq.AI
and the square on the other of two axes of the section is equal to the difference be-
tween sq.BK and sq.ZH.

[Proposition] 14

Furthermore we let the diagram of the ellipse as we represented it in Theorem 7
of this Book, then | say that the ratio of the square on the axis AT to the difference be-
tween the squares on BK and ZH is equal to the ratio NI" to the double M® when AA is
parallel to the diameter ZH and AM is the perpendicular to the axis 1°.

[Proof]. The ratio sq.AI to sq.BK is equal to the ratio NI"' to MZ, as is proved in
Theorem 8 of this Book. And the ratio sg.BK to the difference between sq.BK and sq.ZH
is equal to the ratio ZM to the difference between =M and MN because it was proved in
Theorem 7 of this Book that as sg.BK to sq.ZH, so M= is to MN. But the difference be-
tween MZE and MN is equal to the double M®. Therefore the ratio sg.AI to the differ-
ence between sg.BK and sg.ZH is equal to the ratio NI" to the double M®.
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[Proposition] 15

Furthermore we set the diagram for the hyperbola and the diagram for the ellipse
in the situation we represented in Theorems 6 and 7 of this Book, then | say that the
ratio of sq.AT to the square on the straight line which bounds together with the diame-
ter BK the eidos of the section, this straight line is the latus rectum corresponding to the
diameter BK, is equal to the ratio of
pl.NI",MZ to sq.MN 20,

[Proposition] 16

Furthermore we set the diagram as it was in Theorems 6 and 7 of this Book, and
let the latus rectum corresponding to BK be T, then | say that the ratio sq.AT to the
square on the difference between BK and T is equal to the ratio pl.NI',MZ= to the square
on the difference between MN and MZ 21,

[Proof]. The ratio BK to the difference between BK and T is equal to the ratio MZ
to the difference between M= and MN for it was proved in Theorems 6 and 7 of this
Book that as BK is to T, so MZ is to MN. Therefore the ratio sq.BK
to the square on the difference between BK and T is equal to the ratio sq.MZE to the
square on thee difference between MZ and MN.

[Proposition] 17

[Proof]. As BK isto T, so ME is to MN, as is proved in Theorems 6 and 7 of this
Book. Therefore the ratio sq.BK to the square on the sum of BK and T is equal to the
ratio sq.MZ to the square on the sum of M= and MN. But as sq.AI is to sq.BK, so
pl.NI', ME is to sq.MZ. Therefore the ratio sq.AI" to the square on the sum of BK and T
is equal to the ratio pl.NI",MZ to the square on the sum of M= and MN.

[Proposition]18

Furthermore we set the diagram as it was in Theorems of this Book, then | say
that as sg.AI' is to pl.BK,T ,so NI is to NM 23,

[Proof]. As sg.Al" is to sg.BK, so NI is to MZE, as is proved in the proof of Theo-
rem 8 of this Book. But as sq.BK is to pl.BK,T ,so BK isto T, and as BK is to T, so M=
is to MN, as is proved in Theorems 6 and 7 of this Book. Therefore as sq.Al is to
pl.BK,T , so NI" is to MN.

[Proposition] 19

Furthermore we set the diagram as is was in Theorems 6 and 7 of this Book,
then | say that the ratio sq.AI to the sum of sq.BK and sq.T is equal to the ratio
pl.NI',ME to the sum of sq.MN and sq.M= 24,
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[Proof]. As sq.AT is to sg.BK, so pl.NI',MZE is to sq.ME , as is proved in Theorem
8 of this Book. But the ratio BK to the sum of sq.BK and sq.T is equal to the ratio sq.ME
to the sum of sq.MN and sq.ME because it was proved in the proof of Theorems 6 and
7 of this Book that as KB is to T, so ME is to MN.
Therefore the ratio sq.AT to the sum of sq.BK and sq.T is equal to the ratio
pl.NI",MZ to the sum of sq.MN and sq.M=.

[Proposition] 20

Furthermore we set the diagram as is was in Theorems 6 and 7 of this Book,
then | say that the ratio sq.ATI to the difference between sq.BK and
sq.T is equal to the ratio pl.NI',MZE to the difference between sq.MN and
SQ.MN 25,

[Proof]. As sg.AT" is to sg.BK, so pl.NI',ME to sq.MZ, as is proved in the
proof of Theorem 8 of this Book.

But the ratio sq.BK to the difference between sq.BK and sq.T is equal to the ratio
sq.ME to the difference between sq.M= and sq.MN because it was proved in Theorems
6 and 7 of this Book that as BK is to T, so M= is to MN.

Therefore the ratio sq.AT to the difference between sq.BK and sq.T is equal to the ratio
pl.NI",ME to the difference between sq.MZ and sq.MN.

[Proposition] 21

If there is a hyperbola, and its transverse axis is greater than its upright axis, then
the transverse diameter of each pair of conjugate diameters among its other diameters
is greater than the upright diameter of that pair, and the ratio of the greater axis to the
smaller axis is greater than the ratio of the transverse diameter to the upright diameter
among the other conjugate diameters, and the ratio of a transverse diameter nearer to
the greater axis to the upright diameter conjugate with it is greater than the ratio of a
transverse diameter farther [from that axis] to the upright diameter conjugate with it 26,

Let there be the hyperbola whose axes AI" and 10, and let there be two other
transverse diameters BK and ZH, and let AT be greater than I0O.

Then | say that BK is greater than the upright diameter conjugate with it, and that
the diameter ZH also is greater than the upright diameter conjugate with it, and that the
ratio AT to OI is greater than the ratio of BK to the upright diameter conjugate with it
and than the ratio of ZH to the upright diameter conjugate with it, and that the ratio of
BK to the upright diameter conjugate with it is greater than the ratio of ZH to the upright
diameter conjugate with it.

[Proof]. We make each of the ratios NI"' to AN and A= to I'=Z equal to the ratio of
I"A to its latus rectum. Then AN and I'Z belongtothe classofst r ai ght | iones <cal
mol ogueso.

Therefore we draw AA parallel to the tangent to the section at B, and make AA
parallel to the tangent to the section at Z, and drop to the greater axis the perpendicu-
lars AE and AM. Then the ratio of sq.BK to the square on the upright diameter conju-
gate with it is equal to the ratio ZE to EN, as is proved in Theorem 6 of this Book.
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And likewise the ratio of sg.ZH to the square on the upright diameter conjugate
with it is equal to the ratio ZEM to MN. Therefore BK is greater than the upright diameter
conjugate with it, and likewise too the diameter ZH is greater than the upright diameter
conjugate with it.

Furthermore the ratio of I'A to its latus rectum is equal to the ratio I'N to AN and
is equal to the ratio A=Z to =I'. Therefore I'N is equal to A=, and asI'Nisto AN, so A=
is to AN. But the ratio ZE to EM is smaller than the ratio ZA to AN. Therefore the ratio
EA to I'E is greater than the ratio ZE to EN.

Similarly too it will be proved that the ratio ZA to I'=E is greater than the ratio ZEM
to MN.

But as ZA isto I'E, so sq.AT is to sq.10 because each of these two ratios is
equal to the ratio of AT to its latus rectum, as is proved in Theorem 16 of Book I. There-
fore the ratio sq.AI” to sq.IO is greater than the ratio ZE to EN and is greater than ratio
=M to MN.

But the ratio ZE to EN is equal to the ratio of sq.BK to the square on the upright
diameter conjugate with it, and the ratio M= to MN is equal to the ratio of sq.ZH to the
square on the upright diameter conjugate with it.

Therefore the ratio sq.AT" to sq.IO is greater than the ratio of sq.BK to the square
on the upright diameter conjugate with it, and is greater than the ratio of sq.ZH to the
square on the upright diameter conjugate with it.

Therefore the ratio A" to 10 is greater than the ratio of BK to the upright diameter
conjugate with it, and is greater than the ratio of ZH to the upright diameter conjugate
with it.

Furthermore the ratio EZE to NE which is equal to the ratio of sg.BK to the square
on the upright diameter conjugate with it is greater than the ratio EM to MN which is
equal to the ratio of sgq.ZH to the square on the upright diameter conjugate with it.
Therefore the ratio of BK to the upright diameter conjugate with it is greater than the ra-
tio of ZH to the upright diameter conjugate with it.

[Proposition] 22

If there is a hyperbola and its transverse axis is smaller than its upright axis,
then the transverse diameter of each pair of diameters among the other conjugate di-
ameters is smaller than the upright diameter of that pair, and the ratio of the smaller
axis to the greater axis is smaller than the ratio of any of the other transverse diameters
to the upright diameter conjugate with it, and the ratio of a transverse diameter nearer to
the smaller axis to the upright diameter conjugate with it is smaller than the ratio of [a
transverse diameter] farther [from that axis] to the diameter conjugate with it 27.

Let there be the hyperbola whose axes AT and OI and center ®, and with two of
its diameter BK and ZH, and let [the transverse axis] AI' be smaller than
[the upright axis] OI.

Then | say that each of BK and ZH is smaller than the upright diameter conjugate
with it, and that the ratio Al to IO is smaller than the ratio of BK to the upright diameter
conjugate with it, and [is smaller] than the ratio of ZH to the upright diameter conjugate
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with it, and that the ratio of BK to the upright diameter conjugate with it is smaller than
the ratio of ZH to the upright diameter conjugate with it.

[Proof]. We make the ratios NI" to AN equal to the ratio of the diameter
I"A to its latus rectum, and also equal to the ratio AZ to =ZI'. Then ZI" and AN belong to
the class of straight I|Iines called fAhomol ogue

We draw AA parallel to the tangent passing through B,and AA parallel to the
tangent passing through Z, and drop from A and A the perpendiculars AE and AM to
the axis. Then the ratio of the square on the diameter BK to the
square on the upright diameter conjugate with it is equal to the ratio ZE to EN, as is
proved in Theorem 6 of this Book.

And likewise the ratio of sg.ZH to the square on the upright diameter conjugate
with it is equal to the ratio =M to MN. Therefore the diameter BK is smaller than the
upright diameter conjugate with it, and the diameter ZH is smaller than the upright di-
ameter conjugate with it.

Furthermore the ratio of I'A to its latus rectum is equal to the ratio I'N to AN and
is equal to the ratio A= to ZI'. Therefore I'N is equal to AZ, and as I'N i 28,

For we set the diameter conjugate with it % .

[Proof]. Let the major of two axes of the ellipse be AB, and its minor axis I'A, and
[two pairs of] its conjugate diameters be EZ and HK, and N=Z and OI1.

Let EZ be greater than HK, its conjugate, and N= be greater than OI1, its conjugate,
[and let EZ be closer to the major axis than NZ].

We drop from E and N the perpendiculars EA and NP to the axis AB, and drop

from H and O the perpendiculars HM and OZX to T'A.

Then the ratio pl.A®GB to sq.@I  is equal to the ratio pl.ALB to sq.AE, as is proved
in Theorem 21 of Book I.

But pl.A®B is greater than sq.®I", therefore pl.AAB is greater than sqg.AE.
Therefore A® is greater ®E, and [hence] AB is greater than EZ.

Furthermore as pl.I'®A is to sq.0B, so pl.I'MA is to sq.MH.

But pl.I'®A is smaller than sq.®B. Therefore pl.'MA is smaller than sq.MH.
Therefore ©OA is smaller than ®H, and [hence] T'A is smaller than KH.

But it was proved that AB is greater than EZ. Therefore the ratio ABtoI'A is
greater than ratio EZ to KH. And the diameter EZ is conjugate with the diameter KH,
and KH is parallel to the tangent to the section at B.

[Furthermore] the diameter I1O is conjugate with the diameter 2N, and it
[T10] is parallel to the tangent to the section at N. And the diameter OIT is closer to the
major axis AB than is the diameter KH.

And as pl.AAB is to pl.APB, so sq.AE is to sq.NP, as is proved in Theorem 21 of
Book I.

But pl.APB is greater than pl.AAB. Therefore sq.NP is greater than sqg.EA.

And the difference between pl.APB and pl.AAB is greater than the difference be-
tween sq.NP and sq.EA because it has been proved that pl. APB is greater than sq.NP.

But the difference between pl.APB and pl.AAB is equal to the difference between
Sq.0A and sq.®P. Therefore the difference between sq.®A and sq.®P is greater than
the difference between sqg.NP and sg.EA. Therefore the sum of sq.®A and sq.AE is
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greater than the sum of sq.®P and sq.PN. Therefore ®E is greater than ®N, and [hence]
the diameter EZ is greater than the diameter N=.

Furthermore as pl.I'ZA is to pl.I’'MA, so sq.OZ is to sq.HM, as is proved in Theo-
rem 21 of Book I. But pl.I'’2A is smaller than sq.0O%, and pl.I'MA is smaller than sq.MH.
Therefore the difference between pl.I'A and T'MA is smaller than the difference be-
tween sq.OX and sq.MH.

But the difference between pl.I'ZA and pl.I’'MA is equal to the difference between
Sg.®M and sq.®ZX. Therefore the difference between sq.®M and sq.®% is smaller than
the difference between sq.OX and sq.MH. Therefore the sum of sq.®M and sgq.MH is
smaller than sq.©X and sq.20. Therefore ®H is smaller than ®0, and [hence] the di-
ameter HK is smaller than the diameter OIT.

And when the diameter EZ conjugate with HK is greater than the diameter EN
conjugate with OTIT, and the diameter HK is smaller than the diameter OIl, then the ratio
of EZ to its conjugate HK is greater than the ratio of ZN to its conjugate OIT.

[Porism 1]

And hence it becomes clear that the difference between AB and I'A is greater
than the difference between EZ and HK, and that the difference between EZ and HK is
greater than the difference between ZN and OI1, and that the difference between sq.AB
and sq.I'A s greater the difference between sq.EZ and sq.HK which is greater than the
difference between esq. and
sq.OIl.

[Porism 2]

Then | say that the straight line under which and AB the eidos of the section is
formed is smaller than the straight line under which and EZ the eidos of the section is
formed, and that the straight line under which and EZ the eidos of the section is formed
,is smaller than the straight line under which and =N the eidos of the section is formed,
and that the straight line under which and
EN the eidos of the section is formed is smaller than the straight line under
which and I'A the eidos of the section is formed 30.

[Proof]. For let AB be greater than OIT, and OIT be greater than HK, and HK be
greater than I'A, and I'A be smaller than NZ, and N be smaller than EZ, and EZ be
smaller than AB. And sq.AB is equal to the rectangular plane under I'A and the straight
line under which and I'A the eidos of the section is formed, as is proved in Theorem 15
of Book I. And sq.OIT is equal to the eidos of the section corresponding to N=, and
sq.HK is equal to the eidos of the section
corresponding to EZ, and sqg.I'A is equal to the eidos of the section corresponding to
AB.
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[Proposition] 25

In every hyperbola the straight line equal to [the sum of] its two axes is smaller
than the straight line equal to [the sum of] any other pair whatever of its conjugate di-
ameters, and the straight line equal to the sum of a transverse diameter closer to the
greater axis together with its conjugate diameter is smaller than the straight line equal to
the sum of a transverse diameter farther from the greater axis together with its conju-
gate diameter 31

Let there be the hyperbola whose axis AI" and center ®, with the some of its
conjugate diameters KB and ZH, and OI and YT. Then the axis AT is either equal to
the other of two axes of the section or it is unequal to it. Now if it is equal to it, then the
diameters KB and ZH are equal, as is proved in Theorem 23 of this Book, and likewise
the diameter YT is equal to the diameter 10.

But the diameter KB is greater than the axis T'A, and the diameter YT is greater
than diameter KB. Thus what we desired has been proved.

But as form [what happens] if the axis AI" is unequal to the other of two axes of
the section, the difference between sq.AI" and the square on the other of two axes of
the section is equal to the difference between sq.KB and sq.ZH
as is proved in Theorem 13 of this Book.

Therefore the straight line equal to [the sum of] two axes is smaller than the
straight line equal to [the sum of] diameters BK and ZH. And because the difference be-
tween sq.BK and sq.ZH is equal to the difference between sg.YT and sq.OI the straight
line equal to [the sum of] diameters BK and ZH is smaller than the straight line equal to
[the sum of] the diameters YT and OI.

[Proposition] 26

In every ellipse the sum of its two axes is smaller than [the sum] of any conjugate
pair of its diameters, and the sum of any conjugate pair of its diameters which is closer
to two axes is smaller than the sum of any conjugate pair of its diameters farther from
two axes, and the sum of the conjugate pair of its diameter each of which is equal to the
other is greater than that of any [other] conjugate pair of its diameter 32,

Let there be the ellipse whose major axis AB and minor axis I'A, and conjugate
diameters EZ and KH, and N= and OI1, and YT and PZ, and let EZ be greater than [its
conjugate KH, and let EN be greater than [its conjugate] OIT, and let PX be equal to [its
conjugate] YT.

Then | say that the straight line equal to [the sum of] two axes AB and T'A is
smaller than the straight line equal to [the sum of] two diameters EZ and HK, and that
the straight line equal to [the sum of] two diameters N= and OI1, and that the greatest of
them [the sums of the pairs of conjugate diameters]

is the straight line equal to [the sum of] two diameters PX and YT.

[Proof]. The ratio AB to I'A is greater than the ratio EZ to KH, as is proved in
Theorem 24 of this Book. Therefore the ratio of the square on the sum AB and I'A to the
sum of sq.AB and sg.I'A is smaller than the square on the sum EZ and KH to the sum
of sg.EZ and sq.KH. But the sum of sq.EZ and sq.KH is equal to the sum of sq.AB and
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sq.I'A, asis proved in Theorem 12 of this Book. Therefore the square on the sum AB
and I'A is smaller than the square on the sum of EZ and KH. Therefore the straight line
equal to the sum of two axes AB and I'A is smaller than the straight line equal to the
sum of two diameters EZ and KH.

Similarly too if will be proved that the straight line equal to [the sum of] EZ and
HK is smaller than the straight line equal to the sum of two diameters PZ and YT.

[Proposition] 27

In every ellipse or hyperbola in which two axes are unequal the increment of the
greater axis over the smaller is greater than the increment of [the greater of] any conju-
gate diameter among its diameters over the diameter conjugate with it, and the incre-
ment of [the greater of a pair of] them nearer to the greater axis over the diameter con-
jugate with it is greater than the increment of [the greater of a pair of them] farther [from
the major axis] over the diameter conjugate with it 33 .

Now it has been proved in Theorem 24 of this Book that in case of the ellipse that
is as we stated, but as for the hyperbola it will be proved as follows. We make the axis
of the hyperbola AI'. Let some of its conjugate diameters be KB and ZH, and TY and
I10.

Then | say that the difference between AI" and the other axis is greater than the
difference between KB and ZH, and that the difference between KB and ZH is greater
than the difference between TY and IO.

[Proof]. The difference between sq.AI" and the square on the other of two axes of
the section is equal to the difference between sq.KB and sq.ZH, as is proved in Theo-
rem 13 of this Book. And the diameter BK is greater than the axis AI'. Therefore the dif-
ference between AI" and the axis conjugate with it is greater than the difference be-
tween KB and ZH.

Similarly too it will be proved that the difference between KB and ZH is greater
than the difference between TY and IO.

[Proposition] 28

In every hyperbola or ellipse the rectangular plane under its two axes is smaller
than the rectangular plane under any conjugate pair whatever of its diameters, and of
the conjugate diameters for those in which the greater [of the pair] is closer to the
greater axis ,the rectangular plane under the diameter and the diameter conjugate with
it is smaller than rectangular plane under one of those in which it is farther from it [the
greater axis] and the diameter conjugate with it 34 .

Now as for the case of the hyperbola, that will be proved from what we said in
that precedes. For each of two axes is smaller than the diameter adjacent to it of any
pair of conjugate diameters, and those of the [diameters]
closer two axes are smaller than those farther.

But as for the case of the ellipse we make its major axis AB and the minor I'A,
and let some of its conjugate diameters be EZ and KH, N= and OI1, and PX and YT,

255



then | say that pl. AB,I’A is smaller than pl.EZ,KH and that pl.EZ,KH is smaller than
pl.NZ,I10, and pl.NE,I10 is smaller than pl.TY,PX.

[Proof].The sum of two axes AB and I'A is smaller than the sum of two diameters
EZ and HK, as is proved in Theorem 26 of this Book, and [hence] the square on the
sum AB and I'A is smaller than the square on the sum EZ and HK.

But the sum sg.AB and sq.T'A is equal to the sum of sq.EZ and sg.HK, asis
proved in Theorem 12 of this Book. Therefore the by subtraction the double pl.AB,I’'A is
smaller than the double pl.EZ,KH . Therefore pl.AB,I’'A is smaller than pl.EZ,KH .

Similarly too it will be proved that pl.EZ,KH is smaller than pl.NZ,0P ,and
pl.NE,OIT is smaller than pl.YT,PX .

[Proposition] 29

The differences between the eidoi corresponding to [each of] the diameters of
any hyperbola and [each of] the squares onthose diameters are equal 35 .

Let there be the hyperbola whose axis A" and center ®, and let some of its con-
jugate diameters be KB and TY, and OY and ZH, then | say that the difference between
the eidos of the section corresponding to AT" and sq.AT" is equal to the difference be-
tween the eidos of the section corresponding to KB and sq.KB, and [also is equal to] the
difference between the eidos corresponding to TY and sq.TY.

[Proof]. The difference between sq.AI" and the square on the other of the two
axes of the section is equal to the difference between sq.KB and sq.ZH, and [also is

equal to] the difference between sq.YT and sq.1O, as was proved in Theorem 13 in this
Book.

But as for the eidos of the section corresponding to AT, it is equal to the square
on the other of two axes of the section, has we stated in Theorem 16 of Book I. And as
for the eidos of the section corresponding to KB, it is equal to sq.ZH, and as for the ei-
dos of the section corresponding to TY, it is equal to
sq.0lI. Therefore the difference between the eidos of the section corresponding to AI’
and sq.AT is equal to the difference between the eidos of the section corresponding to
BK and sg.BK, and [also is equal to] the difference between the eidos of the section
corresponding to TY and sq.TY.

[Proposition] 30

If there is added to [one of] the eidoi corresponding to any of the diameters of an
ellipse the square of that diameter [the sum always] comes out equal 36.

Let the center of the ellipse be ®, and some of its conjugate diameters be BK and
ZH, and TY and OlI.

Then | say that the eidos of the section corresponding to BK together with sq.BK
is equal to the eidos of the section corresponding to TY together with sq.TY.

[Proof]. The sum of sq.BK and sg.HZ is equal to the sum of sq.YT and sq.0I, as
is proved in Theorem 12 of this Book.
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But as for the eidos of the section corresponding to BK, is equal to sq.ZH, and as
for sg.0l, it is equal to the eidos of the section corresponding to TY, as is proved in
Theorem 15 of Book I.

Therefore the eidos of the section corresponding to BK together with sq.BK is
equal to the eidos of the section corresponding to TY together with
sq.TY

[Proposition] 31

When a pair of conjugate diameters is drawn in an ellipse or between conjugate
opposite hyperbolas, then the parallelogram under that pair of diameters with angles
equal to the angles under the diameter at the center is equal to the rectangular plane
under two axes 37.

Let there be the ellipse or the conjugate opposite hyperbolas whose center ® and
axes AB and I'A , and with one pair of its conjugate diameters ZA and EN.

Let the tangents [to these section] pass through Z and A, and = and N be HP and
KM, and HK and PM. Then HP and KM are parallel to the diameter ZN, and HK and PM
are parallel to the diameter ZA, as is proved in Theorems 5 and 20 of Book Il. Therefore
the quadrangle HM is a parallelogram, and its angles are equal to the angles under the
diameters ZA and EN at the center ©.

Then | say that the quadrangle MH is equal to the rectangular plane under two
axes AB and I'A.

[Proof]. We drop from Z the perpendicular ZIT to BOA, and make the straight line
I1O a mean proportional between EIT and I1®. Then as sq.A® is to sq.@TI", so pl.OIIE is
to sq.ZI1, as is proved in Theorem 37 of Book I. But pl.®IIE is equal to sq.I1O. There-
fore as sq.A® is to sq.0I, so sq.I10 is to sq.ZI1, and as A® is to OI, so I10 is to ZI1,
and as sq.A® is to pl.A®I', so pl.OI,@E is to pl.ZI1,GE .

And permutando as sg.A® is to pl.OIT,®E , so pl.A®I  is to pl.ZI1,®E .

But sq.A® is equal to pl.E®II, as is proved in Theorem 37 of Book I.

Therefore as pl.E®IT is to pl.OIT,®FE , so pl.A®I is to pl.ZI1.0E . And ®ZF is parallel to
ZE. Therefore as sq.ZE is to sq.0ZF, so EIlis to I1®, as is proved in Theorem 4

of this Book. And as the triangle ®ZE is to the triangle Z0T, so sq.ZE is to sq.0OZ be-
cause two triangles are similar. Therefore as the triangle ®ZE is to the triangle ZOT, so
EIT is to I1®, and as the double triangle ®ZE is to the double the triangle ZOT, so EIT is
to I1®. But the quadrangle Z®ZH is a mean proportional between the double triangle
®ZE and the double triangle ZOT.

And similarly OIT is a mean proportional between EIT and I'1®. Therefore as
the double triangle ®ZE is to the parallelogram ®H, so OIT is to I16.

But as OIT is to I1®, so pl.OI1,GE is to pl.IIOE. Therefore as the double triangle
®ZE is to the quadrangle ®H, so pl.OI1,BE is to pl.I[TOE.

And we had [already] proved that as pl.OIT,®E is to pl.I1®E, so pl.ZI1,8E is to
pl.A®TI". Therefore as the double triangle ®ZE is to the quadrangle ®H, so pl.ZI1,®E is
to pl.A®I". But the double triangle ®ZE is equal to pl.ZI1,0E. Therefore, the quadrangle
O®H is equal to pl.A®T", and [hence] the quadruple quadrangle ®H with is [the quadran-
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gle] HM is equal to the quadruple pl.A®I" with is equal to the rectangular plane under
two axes AB and I'A. Therefore the quadrangle MH is equal to the rectangular plane
under two axes AB and I'A.

[Porisms]

Thus it has been shown from the preceding theorems that:

1) in every hyperbola the sum of the squares on its two axes is smaller than [the
sum of] the squares on any conjugate pair whatever of its
diameter , and [the sum is] the squares on a pair of conjugate diameters closer to two
axes is smaller than [the sum of] the squares on a pair of conjugate diameters farther
from two axes 38.

2) and that in every ellipse the difference between the squares on its two axes is
greater than the difference between the squares on any conjugate pair whatever of its
diameters ,and the difference between the squares on [a pair of] conjugate diameters
close to two axes is grater than the difference between the squares on [a pair of] conju-
gate farther from two axes 39,

3) and that if there is a hyperbola in which the transverse diameter of the sides of
the eidos of the section corresponding to the axis is greater than the latus rectum, then
the transverse diameter of [each of] eidoi of the section corresponding to the other di-
ameters is greater than its latus rectum and [in that case] the rate of the transverse di-
ameter of the eidos corresponding to that axis to the latus rectum is greater than the ra-
tio of every [other] transverse diameter to the latus rectum of the eidos corresponding
to it , this ratio in the eidoi corresponding to those transverse diameters closer to the

axis is greater than in those corresponding to transverse diameters farther from the axis
40,

4) but if the transverse diameter of the eidos corresponding to the axis of the
hyperbola is smaller than the latus rectum, then other transverse diameters of other ei-
doi are smaller than their latera recta, and the ratio of the transverse diameter of the
eidos corresponding to that axis to its latus rectum is smaller than the ratio of every
[other] transverse diameter to the latus rectum of the eidos corresponding to it, and this
ratio in the eidoi corresponding to those transverse diameters closer to the axis is
smaller than in those corresponding to transverse diameter farther from the axis 41,

5) and if the eidos of the hyperbola corresponding to the axis is equilateral, then
the eidoi of the section corresponding to other diameters are equilateral 42,

It has also been shown that

6) in every ellipse the transverse diameter of the eidos of the section corres-
ponding to the diameters drawn between the major axis and two equal conjugate di-
ameters is greater than their latus rectum, and the ratio of it [the transverse diameter] to
it [the latus rectum in the eidoi corresponding to these diameters closer to the major axis
is greater than in those corresponding to transverse diameters farther from it 43 ,

7) but as for the transverse diameter of the eidoi of the ellipse corresponding to
the diameters between the minor axis and two equal conjugate diameters, it is smaller
than latus rectum, and the ratio of it [the transverse diameter] to it [the latus rectum in
these eidoi corresponding to those diameters closer to the minor axis is smaller than in
those corresponding the diameters farther from it 44.
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These are theorems which can be proved from what we proved in the
treatment of the diameters and eidoi of sections and their sides, and the ratios
of the conjugate diameters and corresponding latera recta.

[Proposition] 32

In every parabola the latus rectum which is the straight line such that the ordi-
nates dropped to the axis are equal in square to the rectangular planes under that
straight line and the segments of the axis cut off by ordinates is the smallest of the late-
ra recta which are the straight lines such that the ordinates dropped on the other diame-
ters are equal in square to corresponding rectangular planes, and the latus rectum cor-
responding to [one of] those diameters closer to the axis is smaller than the latus rectum
corresponding to the diameter farther 45.

Let there be the parabola AB whose axis AZ and with two other of its diameters
B® and I'H, and let the latera recta [correspondingly to the diameters AZ, -and BO]
be ,I'Aand [respectively] .

| say that is smaller than I'A, and that T'A is smaller than

[Proof]. We drop from B and I" the perpendiculars BA and I'E to the axis.

Then I'A is equal to the sum of and the quadruple  , asis proved in Theorem 5 of
this Book. And similarly is equal to the sum of and the quadruple . Therefore
is smaller than , and is smaller than

[Proposition ] 33

If there is a hyperbola, and the transverse diameter of the eidos corresponding to the
axis is not smaller than its latus rectum, then the latus rectum of the eidos correspond-
ing to the axis is smaller than the latus rectum of [any of] the eidoi corresponding to oth-
er diameters of the section, and the latus rectum of [any of] the eidoi corresponding to
diameters closer to the axis is smaller than the latus rectum of the eidoi corresponding
to the diameters farther from the axis 46 .

Let there be the hyperbola whose axis AI" and center ®, and with two of its di-
ameters KB and YT.

Then | say that the latus rectum of the eidos of the section corresponding to AT’
is smaller than the latus rectum of the eidos of the section corresponding to KB, and
that the latus rectum of the eidos of the section corresponding to KB is smaller than the
latus rectum of the eidos of the section corresponding to YT.

[Proof]. First we make the axis AI" equal to the latus rectum to the eidos corres-
ponding to it. Then the diameter BK is equal to the latus rectum of the eidos corres-
ponding to it, which can be proved from Theorem 23 of this Book and Theorem 16 of
Book I.

But AI' is smaller than . Therefore the latus rectum of the eidos corresponding
to is smaller than the latus rectum of the eidos corresponding to

Furthermore the diameter is equal to the latus rectum of the eidos of the sec-
tion corresponding to it. But the diameter KB is smaller than the diameter TY. Therefore
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