BOOK SEVEN

Apollonius greets Attalus.

Peace be on you. | have sent to you with this letter of mine the seventh book of
the treatise on Conics. In this book are many wonderful and beautiful things on the top-
ics of diameters and the eidoi corresponding to theml, set out in detail. All of this is of
great use in many types of problems, and there is much need for it in the kind of prob-
lems which occur in conic sections which we mentioned, among those which will be dis-
cussed and proved in the eighth book of this treatise 2 .

[Proposition] 1

If the axis of a parabola is continued in a straight line outside of the section to a
point such that the part of it which falls outside of the section is equal to the latus rec-
tum, and furthermore a straight line is drawn from the vertex of the section to any point
on the section and a perpendicular to the axis dropped from where it meets it, then the
straight line which was drawn [from the vertex is equal in square to the rectangular
plane under the straight line between the foot of the perpendicular and the vertex of the
section, and the straight line between of the foot of the perpendicular and the point two
which the axis was continued 3.

Let there be the parabola AB whose axis AI'. We continue I'A to A, let AA be
equal to the latus rectum. We draw from A the straight line AB in any position [so as to
cut the section again at B], and drop BI" as perpendicular to AT". Then | say that sq.AB
is equal to pl.AT'A.

[Proof].AT is the axis of the section, BI" is perpendicular to it, and AA is equal to
the latus rectum. Therefore sq.BI" is equal to pl.AAT, as is proved in Theorem 11 of
Book I.

Therefore we make sq.AI' common. Then the sum of sg.AI" and sq.I'B is equal
to the sum of pl.AAT" and sq.AT".

But the sum of sq.AI" and sq.I'B is equal to sq.AB, and the sum of pl.AAT" and
sq.Al is equal to pl.AT’A. Therefore sq.AB is equal to pl.AT'A.

[Proposition] 2

If the axis in a hyperbola is continued in a straight line so that the part of it falling
outside of the section in the transverse diameter, and a straight line is cut off adjacent
one of the ends of the transverse diameter such that the transverse diameter is divided
into two parts in the ratio of the transverse diameter to the latus rectum, and the straight
line cut off corresponds to the latus rectum, and a straight line is drawn from that end of
the transverse diameter which is the end of the straight line which was cut of to the sec-
tion, in any position, and from the place where [that straight line] meets it, a perpendicu-
lar is dropped to the axis, then the ratio of the square on the straight line drawn from the
end of the transverse diameter to the corresponding plane under two straight lines be-
tween the foot of the perpendicular and two ends of the straight line which was cut off is
equal to the ratio of the transverse diameter to the excess of it over the straight line
which was cut off. And let the straight line that was cut off be calledt he fAhonfol ogue?od
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Let the hyperbola be the section whose continued axis AI'E , and let the eidos of
the section I'A. Let A® be cut off from AT, and let as I'® is to ®A, so
["A is to AA, which is the latus rectum.
We draw from A to the section the arbitrary straight line AB, and drop BE perpen-
dicular to the axis. Then | say that as sq.AB is to pl.®EA, so AT" isto I'®.

[Proof]. We make pl.AEZ equal to sq.BE. Therefore as pl.AEZ is to pl.AET’, so
sq.BE is to pl.AEI". But the ratio sq.BE to pl.AET is equal to the ratio of the latus rectum
[which is AA] to the transverse diameter [which is AI'], as is proved in Theorem 21 of
Book I. Therefore the ratio pl. AEZ to pl.AET is equal to the ratio AA to AT and to the ra-
tio ZE to EI', and as AA is to AT, so A® is to ®I'. Therefore the ratio ZE to EI" is equal to
the ratio A® to ®I". So the ratio ZI" to I'E is equal to the ratio AI' to I'®, and the ratio ZA
to OF is equal to the ratio AT to ['®. But, when we make AE a common height, as ZA is
to ®FE , so pl.ZAE is to
pl.®EA. Therefore as Al is to I'®, so pl.ZAE is to pl.AE®. But pl.ZAE is equal to sq.AB.
Therefore as sq.AB is to pl.AE®, so AT'isto 'O -

[Proposition] 3

Let there be the ellipse whose axis AI" and eidos I'A. Let the straight line con-
structed on the continuation of the axis be A®, and let as I'® is to ®A, so 'A is to AA.

If a straight line is constructed on the continuation of one of axes of an ellipse,
whichever axis it may be, and one of its ends is one of the ends of the transverse di-
ameter, and the other end is outside of the section and the ratio of it to the straight line
between its other end and the remaining and of the transverse diameter is equal to the
ratio of the latus rectum to the transverse diameter, and a straight line is drawn from the
common end to the transverse diameter and the straight line constructed on the axis to
any point on the section and from the place where its meet the section a perpendicular
is dropped to the axis, then the ratio of the square on the straight line which was drawn
[to the section] to the pl. two straight lines between the foot of the perpendicular and
two ends of the straight line which was constructed on the axis is equal to the ratio of
the transverse diameter to the straight line between those two ends of the transverse
diameter and the straight line which was constructed that are different from each other.
Let the straight |line that wae’Sconstructed be

From A let AB be drawn to the section, and let us drop BE perpendicular to the
axis. Then | say that sq.AB is to pl.OEA, so A" isto I'®.

[Proof].We make pl.AEZ equal to sg.BE. Then as pl.AEZ to pl.AETI’, so sq.BE is to
pl.AET.

But the ratio sq.BE to pl.AEI is equal to the ratio of the latus rectum which is AA
to the transverse diameter which is AT, as is proved in Theorem 21 of Book I. Therefore
the ratio pl.AEZ to pl.AET is equal to the ratio AA to A’
and to the ratio ZE to EI', and as AA is to A, so A® is to ®I'. Therefore as ZE is to EI’,
SO A®isto®I'. Andas ZI'isto I'E, so Al'isto I'®, and as ZA is to ®F, so Al is to I'®.

But, when we make AE a common height, as ZA is to ®F, so pl.ZAE is to pl.®EA.
Therefore as Al isto I'®, so pl.ZAE is to pl. AE®. But pl.ZAE is equal to sq.AB. There-
fore as sq.AB is to pl.AE®, so AT istoI'® 7.
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[Proposition] 4

If a straight line is tangent to a hyperbola or an ellipse, so as to fall on one of its
diameter, and an ordinate is drawn from the point of contact to that diameter, and from
the center a straight line is drawn parallel to the tangent and equal to the half of the di-
ameter conjugate with the diameter passing through the point of contact, then the ratio
of the square on the tangent to the square on the straight line parallel to it is equal to the
ratio of the straight line between the point of intersection of the tangent and the diameter
and the foot of the perpendicular to the straight line between the foot of the perpendicu-
lar and the center 8.

Let the diameter of the hyperbola or the ellipse be AT’, and its center ®, and the
straight line tangent to the section be BA. Let BE be an ordinate to 'AE and let ®H be
parallel to BA, and let ®H be equal to the half of the diameter conjugate with the diame-
ter passing through B.

Then | say that sq.AB is to sq.®H, so AE is to E®.

[Proof]. We draw from B the diameter B®Z, and draw AA and AK parallel to BE
[and let AA meets BA at O]. Let the ratio of the straight line M to BA be equal to the ratio
OB to BA. Then M is the half of the straight line such that, when the rectangular planes
applied to it in the hyperbola with the addition of a rectangular plane similar to the plane
under ZB and the double M, and in the ellipse with the subtraction of a rectangular
plane similar to the plane under the double M and ZB, the ordinates falling on B® are
equal to those rectangular planes. And that has been proved in Theorem 50 of Book I.
And BH is the half of the diameter conjugate with the diameter BZ. Therefore pl.6B,M
is equal to sgq.®H, as is proved in Theorems 1 and 21 of Book Il. And the ratio OB to BA
is equal to the ratio M to BA and to the ratio AB to BK. Therefore pl.M,BK is equal to
sq.BA. But the ratio pl.M,BK to pl.M,B® is equal to the ratio BK to B®. Therefore the
ratio sq.BA to pl.BO®,M is equal to the ratio BK to B®.

But as for the ratio BK to B0, it is equal to the ratio EA to E®. And as for the rec-
tangular plane pl.B®,M ,it is has we have shown, equal to sq.®H.

[Proposition] 5

If there is a parabola and one of its diameters is drawn in it, and from the vertex
of that diameter a perpendicular is dropped to the axis, then the straight line such that
straight lines drawn from the section to the diameter parallel to the tangent drawn from
the vertex of the diameter [as ordinates] are equal in square to the rectangular planes
under the mentioned straight line and the segment cut off from the diameter by ordi-
nates [that straight line is the latus rectum corresponding to the diameter] is equal to the
latus rectum corresponding to the axis larger by the quadruple amount cut off from it by
the perpendicular from the axis adjacent to the vertex of the section °.

Let there be the parabola whose axis AH, and one of its diameters BI, and let the
straight lines such that the perpendiculars dropped to AH are equal in
square analogous rectangular planes be AI' i this is corresponding to the axis .

We draw from B the perpendicular BZ to the axis.
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Then | say that the straight lines drawn from the section to BI parallel to the tan-
gent [BA] from B are equal in square to the eidos applied to the straight line equal to AT’
in creased by the quadruple AZ, that straight line is the latus rectum corresponding to
the diameter BI

[Proof]. We draw EA perpendicular to the axis and continue IB to E and draw -
tangent to the section at B, and draw so that it forms a right angle with -Then the
triangle IS similar to the triangle . Therefore as BO is to BE, so IS to
Therefore Is equal to the half of the latus rectum corresponding to the diameter
as is proved in Theorem 49 of Book I.

But pl. is equal to sq.BZ because the angle is right and BZ is perpendi-
cular [to ]. And sq.BZ is equal to pl. . Therefore pl. is equal to pl.

But  is equal to the double , asis proved in Theorem 35 of Book I.
Therefore AT is equal to the double , and the quadruple is equal to the double

. Therefore the sum AI" and the quadruple is equal to the double . And we
have [already] shown that the double is the latus rectum corresponding to the di-
ameter . Therefore the latus rectum corresponding to the diameter BI is equal to the
sum of A" and the quadruple

[Proposition] 6

If there are constructed on the continuation of the axis of a hyperbola two straight
lines adjacent to two ends of the axis which is the transverse diameter, each of them
equal to the straight | i raedpladedasitisplaeed,@al | ed fih
two conjugate diameters from among the diameters of the section are drawn, and from
the vertex of the section a straight line is drawn parallel to the upright diameter of two
opposite hyperbolas to cut the section, and from the place where it meets it a perpendi-
cular is dropped to the axis, then the ratio of the transverse diameter of two conjugate
diameters to the upright one is equal in square to the ratio of the straight line between
the foot of the perpendicular and the end of the more remote of two homologues to the
straight line between the foot of the perpendicular and the end of the nearer of two ho-
mologues, and the ratio of the transverse diameter to the latus rectum corresponding to
it parallel to the second diameter is in length equal to the ratio of two straight lines which
we mentioned previously to each other in length 10,

Let there be the hyperbola whose axis EI" , and transverse diameter AT,
as the continuation of the axis, and center ©. Let each of two straight lines and
be equal to the homologue. Let two conjugate diameters and pass through G,
and let us draw AA parallelto , and draw the perpendicular to . Then | say
that the ratio of the square on the transverse diameter to the square on the upright
diameter is equal to the ratio to .

[Proof]. We join , and draw the perpendicular from B, and draw from it also -
parallel to . Then that straight line [BA] is tangent to the section.

And since I'® is equal to ®A, and Is equal to , is parallel to B®. Therefore as
is to E®, so IS to because of the similarity of the triangles.
But as Is to E®, so sq.AB is to sgq.®H, as is proved in Theorem 4 of this Book.
Therefore as Is to , SO SQ.AB is to sq.0OH. And since as sq.®B issg. , SO s(.
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