BOOK SIX

Preface
Apollonius greets Attalus

| have sent you the sixth Book of the Conics. My aim in it is to report on conic
sections which are equal! to each other and those unequal to each other, and those
unequal to each other, and on those similar to each other and dissimilar to each other,
and on segments of conic sections. In this we have enunciated more than what was
composed by others among our predecessors. In this Book there is also how to find a
section in a given right cone equal to a given section, and 211or to find a right cone,
containing a given conics section, similar 2 to a given cone. What we have stated on this
[subject] is fuller and clearer than the statements of our predecessors. Farewell.

Definitions

1. Conic sections which are called equal are those which can be fit one on
another, so that the one does not exceed the other3 Those which are said to be un-
equal are those for which that is not so.

2. And similar [conic section] are such that, when ordinates are drawn in them to
fall on the axes, the ratios of the ordinates are drawn in them to the lengths they cut off
from the vertex of the section are equal to one another, while the ratios to each other
of the portions which the ordinates cut off from the axes are equal ratios 4. Sections that
are dissimilar are those in which what we stated above does not occur.

3. The line that subtends a segment of the circumference of a circle or of a conic
section is called the base of that segment 5 .

4. The line that bisects all the lines drawn in that segment parallel to the base is
called the diameter to that segment 6 .

5. And the point on the section from which the diameter is drawn is called the
vertex of the segment 7.

6. Segments that are called equal from their bases up are those that can be ap-
plied, one to another, so that one does not exceed the other. And segment that are
called unequal are those for which what we stated is not the case.

7.And segments that are called similar are those in which the angles formed be-
tween their bases and their diameters are equal, and for which, an equal number of
lines having been drawn in each of them parallel to their base, the ratios of these lines,
and also the ratio of each base, to the ratios of these lines, and also the ratio of each
base to the lengths which they cut off from the diameter from the vertex of the section
are equal for every segment similarly the ratio of the part cut off from the diameter of
one to the part cut off from the diameter of the other.

8.A conic section is said to the be placed in a cone, or a cone is said to contain a
conic section, when the whole of the section is in the surface bounding the cone be-
tween its vertex and its base, or in that surface after it has been produced beyond the
base, so that the whole of the section is in the surface below the base, or else some of
the section is in this surface and some in the other surface.
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9. Right cones that are said to be similar are those for which the ratios of their
axes to the diameters of their bases are equal.

10.The eidos that | call the eidos of the section corresponding to the axis or to
the diameter is that [eidos] under the axis or diameter together with the latus rectum 8.

[Proposition] 1

Parabolas in which the latera recta which are perpendiculars to the axes
are equal, them selves equal, and if parabolas are equal, their latera recta are equal °.

Let there be two parabolas whose axes AA and Z® and equal latera recta
AE and ZM.

| say that these sections are equal.

[Proof]. When we apply the axis AA to the axis Z®, then the section will
coincide with the section so as to fit on it for if it does not fit on it, let there be
a part of the section AB that does not fit on the section ZH. We take the point B on the
part of it that does not coincide with ZH, and draw from it [to the axis] the perpendicular
BK, and complete the rectangular plane KE. We make ZA equal to AK, and draw from
A the perpendicular AH to the axis [meeting the section at H], and complete the rectan-
gular plane AM. Then KA and AE are equal to AZ and ZM each to its correspondent.

Therefore the quadrangle KE is equal to the quadrangle AM. And KB is equal in
square to the quadrangle EK, as is proved in Theorem 11 of Book I.

And similarly too AH is equal in square to the quadrangle AM. Therefore KB is
equal to AH.

Therefore when the axis [of one section] is applied to the axis [of the other], AK
will coincide with ZA, and KB will coincide with AH, and B will coincide with H. But it was
supposed not to fall on the section ZH, which is impossible.

Therefore it is impossible for the section [AB] not to be equal to the section [ZH]

Furthermore we make the section [AB] equal to the section [ZH], and make AK
equal to ZA, and draw the perpendiculars [to the axis] from K and A , and complete rec-
tangular planes EK and MA, then the section AB will coincide with the section ZH, and
therefore the axis AK will coincide with the axis ZA for if it does not coincide with it, the
parabola ZH has two axes which is impossible.

Therefore let it coincide with it. Then K will coincide with L because AK is equal
to ZA, and B will coincide with H. Therefore BK is equal to AH, the quadrangle EK is
equal to the quadrangle AM, AK is equal to ZA, and AE is equal to ZM.

[Proposition] 2

If the eidoi corresponding to the transverse axes of hyperbolas of ellipses are
equal and similar19, then the sections will be equal, and if the sections are equal, then
the eidoi corresponding to their transverse axes are equal and similar, and their situa-
tion is similarll

Let there be two hyperbolas or ellipses AB and I'H whose axes AK and I'®.
Let the eidoi corresponding to their transverse axes be equal and similar, these are AE
and NA.
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| say that the sections AB and I'H are equal.

[Proof]. We apply the axis AK to the axis I'®, then the section [AB] will coincide
with the section [['H] for if that it no so, let a part of the section AB not coincide with the
section I'H we take the point B on that part, and draw from it the perpendicular BK to
the axis, and complete the rectangular plane AZ We cut off from I'© a segment I'®
equal to AK, and draw from ® the perpendicular ®H to I'®, and complete the rectangu-
lar plane NM. Then AE and AK are [respectively] equal to A" and T'®. Therefore the
guadrangle EK is equal to the quadrangle A®.

Furthermore the rectangular planes AM and EZ are similar and similarly situated
because they are similar to the rectangular planes AE and NA [respectively], and AK is
equal to I'®. Therefore the quadrangle EZ is equal to the quadrangle AM. And the rec-
tangular planes KE and ®A were [already proved] equal. Therefore the quadrangle AZ
is equal to the quadrangle I'M, and the straight lines equal to them in square are [re-
spectively] BK and ®H, as is proved in Theorems 12 and 13 of Book I.

Therefore when the axis is applied to the axis, BK will coincide with ®H, and B
will coincide with H. But it was supposed to fall on the section I'H, which is impossible.
Therefore the whole section AB will fit on the section I'H.

Furthermore we make two sections equal, and make AK and I'® equal, and
draw from them the perpendiculars KB and ®H, and complete [the rectangular planes]
AE, AZ, NA, and NM, then the section AB will fit on the section T'H, and the axis AK will
coincide with the axis I'© for if it did not coincide with it, then the hyperbola would have
two axes and the ellipse three axes, which is impossible. Therefore AK coincides with
I'®, and it is equal to it. So K will coincide with ®, and KB will coincide with ®H, and
[hence] B will coincide with H, and KB will fit on HO, therefore KB is equal to H®.

For that reason the quadrangle AZ is equal to the quadrangle I'M.

But AK is equal to I'®, therefore KZ is equal to ©@M.

Furthermore we make AZ equal to I'TI, then it will be proved, as we
proved above, that =T is equal to ITX. Therefore XZ is equal to MY, and 2T is equal to
YX. Therefore the rectangular planes ZT and MX are equal and similar.

Therefore the quadrangle AE is similar to the quadrangle NA, and also the qua-
drangle AZ is similar to the quadrangle NM. But KZ is equal to ®M. Therefore
AK is equal to N®. But it was [assumed] that AK is equal to I'®. Therefore AA is equal
to NI" and the quadrangle AE is similar to the quadrangle NA. Therefore AE is equal to
I'A, and the quadrangle AE is equal to the quadrangle NA. And these are the eidoi cor-
responding to the axes.

Porisms

If there are [a number of] parabolas, and ordinates falling on one of their
diameters meet the diameters at equal angles, and their latera recta are equal, then the
sections are equal, and if there are [a number of] hyperbolas or ellipses, and the ordi-
nates falling on one of their diameters meet the diameter at equal angles, and eidoi cor-
responding to those diameters are equal and similar, then the sections are equal 12

That is proved as it was proved for the axes.

213



[Proposition] 3

As for the ellipse it is evident that it cannot be equal to any of other sections be-
cause it is bounded, but they are unbounded.

Then | also say that no parabola can be equal to a hyperbola 13 .

[Proof]. For let there be the parabola ABT" and the hyperbola HIKN. Then, if
possible, let it be equal to it, and let the axes of the sections be BZ and KM, and let the
transverse axis of the hyperbola be K®, and let BE and BZ be equal to KA and KM [re-
spectively]. We draw from the axes the perpendiculars AE, AZ,
IA, and HM. Now the section fits on the section because it is equal to it, and
[hence] E, Z, A, and A coincide with A, M, I, and H [respectively], and as ZB is to EB, so
AZ is to AE, as is proved in Theorem 20 of Book |I. Therefore as MK is to KA, so MH is
to Al But that is impossible because as sq.MH is to sq.IA, so
pl.®MK is to pl.®AK, as is proved in Theorem 21 of Book I.

Therefore the parabola is not equal the hyperbola.

[Proposition] 4

If there is an ellipse and a straight line passes through its center such
that its extremities end at the section, then it cuts the boundary of the section into two
equal parts. And the surface is also bisected [by it] 14 .

Let there be the ellipse AI'B whose center ©, and let the straight line AB pass
through its center. And first let AB be one of the axes of the section.

Then | say that the line AI'B fits on the line AEB, when it is applied to it, and the
surface AI'B coincides with the surface AEB.

[Proof]. For let, if possible, the line AT'B not coincide wholly with the line AEB. We
take I'" on the part of it that does not coincide with it, and draw from it the perpendicular
I'A to AB, and continue it to [meet the section again at] E. Then I'A coincides with AE
because the angles at A are right, and I'A is equal to
AE. Therefore I" coincides with E.

But it had been assumed not to coincide with it, which is impossible. Therefore
the line AT'B coincides with the line AEB so as to fit to it, and the surface AI'B will coin-
cide with the surface AEB. Hence the line AI'B is equal to the line AEB, and the surface
AI'B to the surface AEB.

[Proposition] 5

Furthermore we do not make AB one of the axes 1°. And let the axes be I'A and
KA, and we draw two perpendiculars AE and BH [to the axis], then the line TAA fits on
the line I'’ZA, as was proved in the preceding theorem, and Z coincides with A, and the
surface AT'E coincides with the surface I'ZE. Furthermore [the line] KI'A coincides with
[the line] KAA, and E® coincides with ®H, and EZ with BH because E® is equal to ®H,
and EZ to BH, and the surface I'EZ coincides with the surface AHB. Therefore the sur-
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face AI'E coincides with the surface BAH. So it is equal to it, and [hence] the line AT is
equal to the line AB.

Furthermore [A]JAE® is equal to [A]|®BH. Therefore [the surface] AI'® is equal to
[the surface] ®BA, hence the remainder [line] AK is equal to the remainder [line] BA.
And [hence] the line AKA is equal to the line TAB. Therefore the whole surface AKAB is
equal to the whole surface AI'AB, and the line AKAB is equal to the line ATAB.

[Proposition] 6

If there is a conic section, and a part of it coincides with another part of another
section so as to fit on it, then the [first] section is equal to the[second] section 16 .

Let the arc AB of the section AB, when applied to the arc I'A of the section 'AE
fit on it. | say that the section AB is equal to the section I'AE.

[Proof]. For let, if that is not so, then the part AB coincide with the part T'A, and let
the remainder of the section not coincide with the other section, but let them be as the
sections AI'M and AI'N. We take the point ® on I'M, and
join it to A, and draw in the section I'AE the diameter KA bisecting A®. Then the tangent
to the section I'AE at K is parallel to A®, and the diameter KA bisects the straight lines
parallel to A®. Therefore we draw from I" the straight line I'Z parallel to A®. Then KA
bisects it, and it is parallel to the tangent to the section AT'M at K. And that [tangent] is
also the tangent to the section AI'N. Therefore
KA is a diameter to the section AI'N, as is proved in Theorem 7 of Book II.

Therefore it bisects the diameter AN at L. But A® was [assumed to be] bisected at [the
same point] A, which is impossible. Therefore the whole section AB coincides with the
section I'AE so as to fit on it, therefore it is equal to it.

[Proposition] 7

The perpendiculars drawn from a parabola or a hyperbola to its axis, and contin-
ued to the other side, cut off from the section on both sides of the axis the segments
which, when one is applied to an other fit so as not to exceed or fall short of it, but do
not fit on any other part of the section if placed on it17 .

Let there be the parabola or the hyperbola I'BA whose axis T'H. We take
on the section two points B and A, and draw from them two perpendiculars to I'H, and
continue them to the other side of the section, these are BZA and AHE.

Let them cut off from the section two segments BI'A and AT'E. | say that the line BT fits
on the line T'A, and the line BA on the line AE and the surface ATH on the surface HI'E,
and the arc ABI" of the section on the arc I'AE.

[Proof]. The proof of that is like the preceding proofs for all perpendiculars drawn
from the arc ABI to the axis I'H are equal in square to figures that are equal to those
figures to which the perpendiculars drawn from the arc I'AE to the axis I'H, being conti-
nuous with those perpendiculars, are equal in square. Therefore BZ is equal to ZA, and
AH is equal to EH, and the angles at Z and H are right.
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Therefore the arc I'B, when applied to the arc I'A, will fit on it, and the arc AB will
coincide with the arc AE, and the [corresponding] surfaces will coincide with the surfac-
es.

Therefore let the arc ®K be another arc which is not cut off by these two
perpendiculars. Then | say that the arc AE, if applied to it, will not fit on it.

[Proof]. For let if that it not so, and if possible, it fit. Then, when AE is applied to
K® so as to fit on it, the line T'A will coincide with the arc, which is
adjacent to the arc ®K, as is proved in the preceding theorem. And the point I" of the
arc I'AE will fall on a place different from its position on the arc K®I" because the arc
K®TI is not equal to the arc I'AE, and the axis ['H will fall on a place different from the
position it has [now]. Therefore the parabola or the hyperbola has two axes, which is
impossible. So the arc AE does not coincide with the arc AK.

[Proposition] 8

In every ellipse perpendiculars which are drawn to the axis and continued in a
straight line to the other side of it cut off from the section on either side of the axis arcs
which fit when one is applied to another, and if they are applied to the arcs cut off by the
perpendiculars whose distance from the center towards other side is equal to the dis-
tance of the perpendiculars drawn [above], they will fit on them, but will not fit on [any]
other arc of the section 18 .

Let there be the ellipse AI'’AB whose axis AB and KA. Let there be drawn in it
two perpendiculars to AB, and let them be continued in a straight line to both sides [of
the section], let them be I'E and AZ. And let them cut off from it two arcs I'A and EZ.
And let there also be drawn in the section two other perpendiculars of this kind whose
distance from the center is [respectively] equal to the distance of those two perpendicu-
lars, these are M=Z and NO .

Now as to [the statement] that when one of 'A and EZ is applied to the other, it
will fit on it, which will be proved as it was proved in the preceding theorem.

And similarly it will be proved that MN will fit on Z@. And because the surface
KAA, when applied to the surface KBA, lies on it, as is proved in Theorem 4 of this
Book, T'E will coincide with N® because the distance of each from the center is one and
the same.

And AZ will coincide with M=, and [hence] the arc T'A will coincide with the arc
MN.Therefore it will fit on the arc Z0 because one of them fits on other.

And likewise too the arc EZ [will fit on Z6 and MN].

Therefore let there be another arc I'TP of the section, apart from these four. Then
| say that none of these arc will fit on it.

[Proof]. For let if possible the arc MN fit on it. Then it will necessarily follow, as it
did in the preceding theorems, that the ellipse would have more than two axes, which is
impossible. Therefore MN will not fit on ITP.
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[Proposition] 9

In equal sections those parts of them at equal distances from their vertices will fit
one on another, and those [parts] not at equal distances from
their vertices will not fit one on another 19 .

Let there be two equal sections with axes I'A and KA. Let the distance of the arc
AB from I be equal to the distance of the arc EH from K.

Then | say that AB will fit on EH.

[Proof]. Then the section I'A is applied to the section KE, the point B will coincide
with H because the distance of each from the vertices of two sections is equal. And A
will coincide with E, and [hence] the section AB will coincide with the section EH. Then |
say that it will not coincide with any other arc so as to fit on it.

[Proof]. For let, if possible, it coincide with the arc Z®. Now we have proved that it
fits on EH. Therefore the arc Z® will fit on the arc EH. But the arcs Z® and EH are not
the arcs cut off by two perpendiculars, and their distances from the vertices are not
equal. That is impossible as is proved in two
preceding theorems two.

[Proposition] 10

In the sections that are unequal no part of one of them will fit on a part of anoth-
er20

Let there be two unequal sections ABI" and AEZ.

That no part of one of them will fit on a part of another.

[Proof]. For let, if possible, the part AB fit on a part AE. Then the whole
OAE section ABI" will fit on the section AEZ, as is proved in Theorem 6 of this Book.
Therefore the section ABI is equal to the section AEZ, which is impossible. So no part
of ABI fits on a part of AEZ.

[Proposition ] 11

Every parabola is similar to every parabola 21 .

Let there be two parabolas AB and I'A whose axes AK and I'O.

| say that two sections are similar.

[Proof]. For let their latera recta AIT and I'P, and let as AK be to AIl, so I'O be to
I'P. We cut AK at two arbitrary points Z and ®, and cut I'O into the same number of
arcs with the same ratio at the points M and Z. We draw from the axes AK and I"O the
perpendiculars ZE, ®H, KB, MA, NZ, and AO [and continue them to meet the sections
againatl, X, T,Y, ®, and X]. Then as[TA is to AK, so I'P is to 'O, and KB is the mean
proportional between AIT and AK, and OA is the mean proportional between I'P and PO,
because of what is proved in Theorem 11 of Book I.

As KB is to KA, so AO isto OI'. And BT is equal to the double BK, and AX is
equal to the double AO. Therefore as BT is to AK, so A= isto I'O.

Furthermore as I[TA isto AK, soI'Pisto I'O. And as AK isto A®, so OI'isto I'E,
and as AlTisto A®,soI'PistoI'E.
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Hence it will be proved, as we proved above, that as HX is to A®, so N® is to I'E.

And similarly too it will be proved that as El is to ZA, so AY is to MI.

Therefore the ratio of [each of] BT, HX, and EI ,which are perpendiculars to the
axis, to the amounts AK, A®, and AZ which they cut off from the axis is equal to the ra-
tio of AX, N®, and AY ,which are perpendiculars to the axis, to the amounts OI', =I',
and MI" which they cut off from the axis.

And the ratios of the segments cut of from one of the axes to the segments cut
off from the other are equal. Therefore the section AB is similar to the section T'A.

[Proposition] 12

Hyperbolas and ellipses in which the eidoi corresponding to their axes are similar
are also [themselves] similar, and if the sections are similar, then the eidoi correspond-
ing to their axes are similar 22,

Let there be two hyperbolas or ellipses AB and I'A whose eidoi corresponding to
their axes AK and I'O are similar, the transverse diameters of these conic are AIT and
PI". We cut off from the axes the segments AI' and I'O and let as AK be to AIl, so I'O
be to I'P.

We cut AK arbitrarily at Z and ©, and cut I"O into the same number of segments
as AK, and in the same ratios at M and = we draw from Z, ©, K, M, E,
and O the BK, ®H, ZE, OA, EN, and MA to the axes, [and continue them to meet the
sections againat T, 2, I, X, @, and Y].

Then because the eidoi of the sections are similar as sq.BK is to pl. [TKA, so sq.

AO is to pl.POI', as may be proved from Theorem 21 of Book I.

But as pl.IIKA is to sq.KA, so pl.POI" is to sq.OI'. Therefore as sq.BK is to
sq.KA, so sq.AOistosq. OI',and as BK isto KA, so AOisto OI', and as BT is to
KA, so AX is to OT'.

Furthermore as TTA is to AK, so PI"isto 'O, and as KA isto A®, so OI'isto I'E.
Therefore as AITis to A®, so PI' is to I'=. Hence it will proved, as we proved above, that
as HX isto ®A, so N® is to =T, and that as El is to ZA, sO AY isto MI'.

Therefore the ratios of the perpendiculars BT, HX and EI to the amounts
AK, A®, and AZ they cut of from the axis are [respectively] equal to the ratios of the
perpendiculars AX, N®, and AY to the amounts OT'", HI', and MI they cut off from the
axis.

And the ratios of the parts of AK that the perpendiculars cut of to the parts of 'O
which the perpendiculars cut off are equal. Therefore the section AB is similar to the
section T'A.

Furthermore we make the section AB similar to the section T'A. Then since two
sections are similar we draw in the section AB some perpendiculars BT, AX, and EI to
the axis, and in the section I'A the perpendiculars AX, N®, and AY, and let the ratios of
these perpendiculars to the amounts they cut off from the axes be equal [respectively],
and likewise the ratios of the parts they cut off from one of the axes to the parts they cut
off from other axis, then as BK is to AK, so AO isto OI', and as KA isto A®, so OI'is to
['E, and as A® is to ®H, so '’E is to N=. Therefore as BK is to ®H, so AO is to NE.
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And as sq.BK is to sq.H®, so sq.AO is to sq.N=. Therefore as pl.IIKA is to
pl.IT®A, so pl.POI" is to pl.PEI" because of what was proved in Theorem 21 of Book I.
and because as KA isto A®, so OI'isto I'E, [and as KA is to AIl, so OI'is to I'P], as
KITis to I10, so PO is to PE, and [hence] as 10 is to K®, so P= is to OZ. But as K® is to
A®, so O=E isto EI'. Therefore as 10 is to ®A, so PEisto ZEI" And [hence] as pl.[IGA
is to sq.®A, so pl.PEI" is to sq.EI'.

But as sg.A® is to sq.0H, so sq.I'Z is to sq.NE. Therefore as pl.II®A is to sq.0©H,
so pl.PET" is to sq.EN.

But the ratio pl.TI®A to sq.®H is equal to the ratio of ITA to the latus rectum [of
AB], as is proved in Theorem 21 of Book I. Therefore the eidoi corresponding to ITA and
PT" are equal 23-24

[Proposition] 13

Let there be two hyperbolas or ellipses whose centers Z and I, and diameters I'A
and EM. Let the angles that those diameters form with their ordinates be equal, and let
the eidoi corresponding to I'L and EM be similar.

If those eidoi of hyperbolas or ellipses that are corresponding to diameters other
than the axes are similar, and the ordinates falling on those diameters form equal an-
gles with the diameters, then the sections are similar2s.

| say that the sections are similar.

[Proof]. For let from I" and E the tangents I'© and EO to the sections be drawn.
Then these tangents are parallel to the ordinates fallen. We draw through A and A the
straight lines TAY and ®AX parallel to the tangents.

Now the eidoi corresponding to I'A and EM are similar latus rectum proved in Theorem
37 of Book I. And likewise [the ratio pl.IZO to sg.EZ] is equal to the ratio of the [trans-
verse] diameters to [its] the latus rectum. Therefore the ratios of the transverse diameter
KA to [its] latus rectum. Therefore two ratios of the [transverse] axes AB and KA to their
latera recta are equal. And the eidoi corresponding to the axes of these sections are
similar. Therefore two sections are similar as is proved in the preceding theorem .

And it is evident too that in the case on two ellipses this requires that the axes
BA and KA both be the major axes or the both be the minor axes because the ratio of
BA to its latus rectum in both cases is equal to the ratio of KA to its latus rectum. And
the rule is one and the same for major and minor [axes].

[Proposition] 14

A parabola is not similar to a hyperbola and to an ellipse 27.

Let there be the parabola AB whose axis AH, and the hyperbola or the ellipse T'A
similar to it. And let the axis of I'A be the straight line T'A, and let the side of the eidos of
the section, the transverse axis, be I'M.

Let there be the perpendiculars BI and ZN in the sections [in the parabola],
and A= and KO [in the hyperbola on the ellipse], and let the ratios of these [perpendicu-
lars] to the segments they cut off from the axes in one of the sections be equal to [their]
ratios to the segments they cut off from the axis of other section, and let the ratios of the
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segments cut off from one of the axes to the segments cut off from the other axis be
equal. Then as ZH is to HA, so KA isto AT, and as HA is to AE, so Al'isto I'®.

But as AE is to EB, so I'® is to ®A. Therefore as ZH is to EB, so KA is to A®, and
as sq.ZH is to sq.BE, so sg.KA is to sq.A®.

But as sg.ZH is to sq.BE, so HA is to AE, as is proved in Theorem 20 of Book |I.
And as HA is to AE, so Al' is to I'®. Therefore as sq.KA is to sq.A®, so A" is to I'©®, but
as KA is to sq.A®, so pl.MAT is to pl.M®T, as is proved in Theorem 21 of Book |I.
Therefore as Al' is to I'®, so pl.MAT is to pl.M®TI". Therefore M@ is equal to MA, but
that is impossible. Therefore the parabola is not equal to any other section

[Proposition] 15

A hyperbola is not similar to an ellipse 28.

Let there be the hyperbola AB and the ellipse I'A. Let their axes be
[respectively] AK and I'M, and let their transverse diameters be AE and I'Z.

Then, if these two sections are similar, then there are in the sections some per-
pendiculars, for instance BN, ®=, AO, and AH, such that the ratios of these [perpendicu-
lars] to the segments they cut off from the axes in both sections are [respectively] equal.
Then we will prove as we proved in the preceding theorem that as sq.®K is to sq.BH, so
sq.AM is to sq. Al, and pl.EKA is to pl.EHA, and pl.ZMI is to pl.ZIT". Therefore as pl.EKA
is to pl.EHA, so pl.ZMTI is to pl.ZI". And when what is so and as KA is to AH, so MI' is
to I'l, and [hence] as KE is to EH, so ZM is to ZE, that is impossible, therefore the sec-
tion AB is not similar to the section T'A.

[Proposition] 16

Opposite hyperbolas are similar and equal 29.

Let there be two opposite hyperbola A and B whose axis AB.

| say that the hyperbolas A and B are similar and equal.

[Proof]. The latera recta of the hyperbolas A and B are equal, as is proved in the
proof of Theorem 14 of Book |I.

And the straight line AB is a side common to their eidoi. Therefore the eidoi cor-
responding to the axis of the hyperbolas A and B are similar and equal. Therefore the
hyperbola A is similar to the hyperbola B and is equal to it, as is proved in Theorem 12
of this Book.

[Proposition] 17

If there are similar sections, and tangents are drawn to them ending at their axes
and forming equal angles with the axes, and diameters are drawn to the sections from
the points of contact, and a point is taken on each of those diameter, and the ratios of
the segments between the taken points and the vertices of those diameter to the tan-
gents are equal and straight lines are drawn through [each] taken point parallel to the
tangents so that they cut off segments from the sections then those segments are simi-
lar, and their position is similar, and if segments are similar and their position is similar,

220



then the ratios of their diameters to the [corresponding] tangents are equal, and the an-
gles which the tangents form with the axes are equal 39.

First let the similar sections be two parabolas AB and KA, let their axis be AZ
and KO, and the tangents to them are I'’Z and MO. Let the angles AZI" and MOK be
equal. We draw through I and M the diameters I'E and MZE to the sections. Let as EI" is
to ['Z, so ME be to MO. We draw through E and = the straight lines AB and NA parallel
to ['Z and MO.

| say that the segments BI'A and AMN are similar and similarly situated.

[Proof]. We draw from A and K the perpendiculars AH and KP to the axes
[cutting ZT" and OM at ® and I1] , and continue the diameters EI" and ZM until they meet
them at H and P.

We make the ratio XI" to the double I'Z equal to the ratio ®I" to I'H, and the ratio
TM to the double MO equal to the ratio I[IM to MP. Then ZI" and TM are latera recta cor-
responding to the diameters I'E and MZE [respectively]. Therefore sq.AE is equal to
pl.=T'E, as is proved in Theorem 49 of Book I. And likewise sq.N= is equal to pl.TME.
And the angle KOM is equal to the angle AZT, the angle KOM is equal to the angle
PMO, and the angle AZI" is equal to the angle HI'Z because =P and EH are parallel to
OK and ZA [respectively], as is proved from Theorem 46 of Book I. Therefore the angle
PMO is equal to the angle HI'Z,and the angles at H and P are equal, therefore the trian-
gle ®I'H is similar to the triangle PMIT, and [hence] as OI" is to I'H, so M is to MP.
Therefore as XI"isto I'Z, so TM is to MO.

But the ratio I'Z to I'E had been made equal to the ratio MO to ME therefore as
JI'istoTE, so TM is to ME.

Hence it will be proved, as we proved in Theorem 11 of this Book that, if the
straight lines are drawn to I'E parallel to AB and the straight lines are drawn to ME pa-
rallel to AN, and the ratio of these straight lines which are parallel to
[the segment] bases AB and AN to the segments they cut off from the [corresponding]
diameters adjacent to I" and M are equal, and the ratios of the segments cut off from
one of the diameters to those cut off from other diameter are also equal, and the angles
formed by the coordinates to parallel to these bases and the diameters in both sections
are equal [because the angles at I' and M are equal], then the segment BI'A is similar to
the segment AMN, and its position is similar to its position.

Furthermore we make the segment AI'B of one section similar to the segment
AMN of other section, and let their diameters be T'E and MZE, and their bases be BA and
AN, and the points of their vertices be I and M and let T'Z and MO be tangents to the
sections at these points. Then | say that the angle AZI is equal to the angle KOM, and
that as EI'isto I'Z, so ME to MO.

We draw the straight lines that we drew previously. Then since the sections are
similar, two angles formed by AB and I'E are equal to two angles formed by AN and
MZE. And ZI" and OM are parallel to BA and AN [respectively].

Therefore the angles at I', E, M, and = are equal.

Therefore, since that is so, and [since] the angles ZI'E and OME are obtuse, the
angle ZI'E is equal to the angle OMZE. Therefore the angle at Z is equal to the angle at
0.
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Furthermore as AB is to EI', so NA is to ZEM because of the similarity of the seg-
ments of the sections, and [hence] as AE is to I'E, so NE is to EM, and as ZI" is to AE,
so AE is to ET', and as TM is to EN, so NE is to ZEM. Therefore as ZI"'isto T'E, so TM is
to ME. And as ZI' is to I'E, so MO is to MT because that the triangle I'®H is similar to
the triangle TIMP. Therefore as I'’Z isto I'E, so OM is to ME. And we had [already]
proved that the angles at Z and O are equal .

[Proposition] 18

Furthermore we make the mentioned sections hyperbolas or ellipses, and let
every thing else be as we stated in the preceding theorem 31 | and let the diameters I'E
and M= end at the centers 1 and @ of the sections, and let the ratio of [abscissa] I'E to
the tangent I'Z be equal to the ratio of [abscissa] ZM to [the tangent] MO, and let the
angles AZI" and KOM be equal, then | say that the segments AI'B and AMN are similar,
and let the ratio XI" to the double I'Z be equal to the ratio ®I" to I'H, and let the ratio TM
to the double MO be equal to the ratio ITM to MP. Then I' and TM are latera recta cor-
responding to the diameters I'E and MZE [respectively], as is proved in Theorem 50 of
Book I.

Therefore we draw from A, K, I', and M the perpendiculars AH, KP, I'Y, and MX
to the axes. Then, since two sections are similar, the eidoi corresponding to their axes
are also similar, as is proved in Theorem 12 of this Book, and since the eidoi of these
two sections corresponding to their axes are similar, as pl.IYZ is to sq.I'Y, so pl.®XO is
to sq.MX because of what is proved in Theorem 37 of Book I.

And we had constructed the angles at Z and O as equal, and the angles at Y and
X are equal because they are right. Therefore the triangle I'YZ is similar to the triangle
MXO.

And we had [already] proved that as pl.IYZ is to sq.I'Y, so pl.®XO is to sq.MX.
Therefore the triangle I'YI is similar to the triangle M®X32 .

And [hence] the angle at | is equal to the angle at ®, and the angle ZI'T is equal
to the angle ®MO. And the angles at E and = are equal because the tangent is parallel
to the ordinates. And the angles at A and K are right, and the angles at ® and | have
[already] been proved equal. Therefore the remaining angles [in the triangles IHA and
@®PK] at H and P are equal. And it has [already] been proved that the angle ZI'T is equal
to the angle OM®. Therefore the triangle ®I'H is similar the triangle TIMP, and [hence]
as OI' isto I'H, so IIM is to MP. But we had made the ratio I'Z to the double I'Z equal to
the ratio I'®© to T'H, and the ratio TM to the double MO equal to the ratio ITM to MP.
Therefore as I'X isto I'Z, so MT is to MO.

ButasI'Zisto I, so OM isto M®. Therefore asI'X is to I'l, so MT is to M®, and
asI'Xisto 'V, so MT is to Me . Therefore the eidoi of which one is pl.ZI''V and the oth-
eris pl.TMe are similar.

Furthermore as I'2 is to ZI', so MT is to Me , and we had made the ratio I'Z to I'E
equal to the ratio MO to ME.Therefore as I'Z is to I'E, so MT is to ME.

And since that is so, and since the eidos pl.ZI''V is similar to the eidos
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pl.TMO, then, when we divide I'E into partitions and draw through the points of partition
straight lines parallel to AB which is the base of the segment [AAB], and divide ME in
the same ratios as the partitions of I'E, and again draw through the points of partition
straight lines parallel to AN which is the base of the segment [AMN], then it will be
proved, as we proved in Theorem 12 of this Book, that the ratios of the parallel straight
lines cutting T'E to the portions they cut off from it adjacent to I" are equal to the ratios of
the parallel straight lines cutting M= to the portions they cut off from it adjacent to M.
And the angles formed by the base AB with T'E are equal to the angles formed by the
base AN with ME, because these angles are equal to the angles at I and M continued
by the tangent and the diameter.

Therefore two segments AI'B and NMA are similar, and their position is similar.

Furthermore we make the segment AI'B similar to the segment NMA, then | say
that the angle T'ZA is equal to the angle MOK, and thatas T'E is to I'Z, so ZM is to MO.

[Proof]. For, since two segments are similar, there can be drawn in them
some straight lines parallel to AB and NA equal, to number, cutting I'E and M= at equal
angles, and [then] the ratios between them and [also] the ratios of the bases AB and AN
to the portions they cut off from the diameters are equal, and also the ratios of the parti-
tions of T'E [continued by these straight lines] to the
partitions of M= are equal to each other, and the straight lines drawn to T'E in the seg-
ment AT'B parallel to AB are equal in square to the rectangular planes applied to I'Z and
greater than it [in the case of the hyperbola] or smaller than
it [in the case of the ellipse] by are rectangular plane similar to pl.ZI''V, as is proved in
Theorem 50 of Book I, and likewise too the straight lines drawn to M= in the segment
NMA parallel to AN are equal in square to the rectangular planes applied to TM and
greater and smaller than it by a plane similar to pl.TMe .

Therefore, since that is so, then it will be proved, as we proved in Theorem of this
Book, that as I'Z is to WI', so MT is to Me .

And when that is so, and the ordinate meet two diameters at equal angles, and
[for that reason] as pl.IYZ is to sq.I'Y, so pl.®XO is to sq.MX, and the angles at Y and X
are right, and the angle ZI'T is equal to the angle OM®, then the triangle IT'Z is similar to
the triangle ®MO .

And that will be proved in the case of the hyperbola by a proof that is
universally applicable, but in the case of the ellipse it will be proved [only] by the axes
Al and K@ being either both major or both minor axes.

Then, since asT'Zisto 'V, so MT is to Me , as pl.I'EY is to sq.AE, so pl.M Ze

is to sq.NZ, as is proved in Theorem 21 of Book I. And as sq.AE is to sq.I'E, so
sq.NZ is to sq.ME. Therefore as pl.WET is to sq.ET’, so pl.e ZEM s to sq.ZM, and as WE
isto EI', SO e E isto EM.

Butas II'isto I'Z, so ®M is to MO because of the similarity of the triangles IT'Z
and ®MO. And I''Y is equal to the double I'T, and Me is equal to the double M®. There-
foreasI'Zisto I'E, so MO is to M=. And the angles at Z and O are equal.
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[Proposition] 19

When straight lines are drawn in a parabola or a hyperbola as perpendiculars to
the axis, then two segments cut off by each pair of perpendiculars on either side [of the
axis] are similar and similarly situated, but as for other segments [in that section], they
are dissimilar to them 34,

Let there be the parabola or the hyperbola whose axis AA, and let a pair of
straight lines be drawn in the section as perpendiculars B® and I'K to the axes, and let
them cut off from the section the segments BI" and ©K, and let the segments AE and
OK be two segments not cut off by the same [pair of] perpendiculars. Then | say that the
segments BI" and ®K are similar, and that the segments AE and OK are dissimilar.

[Proof]. As for [the statement] that the segments BI" and ®©K are similar, that is
evident because each of them will fit on other, as is proved in Theorem?7
of this Book. But as for [the statement] the segments AE and ®K are dissimilar, that will
be proved as follows. Let, if possible, the segments AE and ®K be similar. We join AE
and I'B, and continue them to [meet the continued axis at]

Z and H. Now the segments AE and ®OK are similar, therefore the segment @K will fit on
the segment BI, as is proved in Theorem 7 of this Book. Therefore the section AE is
similar to the section BI'. Therefore when the straight lines BI" and AE are continued in
a straight line, they will meet the axis at equal angles

because of what was proved in two preceding theorems. We draw MZE bisecting I'B and
AE, draw from M [lying on the section] MI parallel to AEZ. Then ME is the diameter to
the section because of what is proved in Theorem 28 of Book Il. And MI is parallel to
the ordinates falling on it, therefore it is tangent to the section. And the segments I'B
and AE are similar, therefore as MI is to ME, so MI is to MN, as is proved in two preced-
ing theorems. But that is impossible. Therefore the segment AME is dissimilar to the
segment OK.

[Proposition] 20

When straight lines are drawn in an ellipse as perpendiculars to its axis, then
every pair of these perpendiculars cuts off on either side [of the axis] two segments
similar to each other and similar to two segments cut off by the pair of perpendiculars
whose distance from the center is equal to the distance of that pair of perpendiculars,
and the position of these four segments is similar, and no other segment [in that ellipse]
is similar [to these]**.

Let there be the ellipse whose axis AA, and let there be in it the pair of straight
lines BO and I'K cutting the axis at right angles. And let there be the other pair of
straight lines ZI and HO cutting the axis at right angles, the distance of which from the
center is equal to the distance of those [straight lines]. Then | say that the segments BT,
®K, ZH, and IO are similar, and that none of other segments is similar to them.

[Proof]. As for [the statement] that the segments BI', ®K, ZH, and OI are similar
and similarly situated, that is evident because these segments will fit one on another as
is proved in Theorem 8 of this Book.
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But as for [the statement] that no other segment is similar to them; this will be
proved as follows. Let, if possible the segment AE be similar to those segments. We join
AE and I'B. Then, when they continued, if one of them meets the axis, the other will
meet it at the same angle as the first, as is proved in Theorem 18 of this Book. There-
fore AE and I'B are parallel. Therefore we bisect them and draw through two points of
bisection MNZ. Then MNE is a diameter to two segments, as is proved in Theorem 28
of Book II. Therefore since the segments AE and I'B are similar, as I'B is to ZM, so AE
is to MN. That is impossible for when we join MB and MI" and continue them, they will
not pass through A and E. Therefore the segment AE is dissimilar to the segment I'B.

[Proposition] 21

When straight lines are drawn in parabolas so as to be perpendiculars to the
axes and to cut off from the axes in the directions of the vertices of the sections the
segments whose ratios to the latera recta in all sections are equal, then the segments
that those perpendiculars cut off from one on the sections are similar to the segments
that the other perpendiculars cut off from the other section, and their situation is similar,
but they are not similar to any of other segments that are taken from those sections 35.

Let there be two parabolas AB and EZ whose axes A=Z and BY and their
latera recta be AIT and BX. We draw in one of two sections the perpendiculars BM and
AZE, and in other section the perpendiculars Z® and PY, and let as AM be to ATIl, so EF
be to EX, and let as ZA be to ATIl, so EY be to EX.

Then | say that the segment BAO is similar to the segment ZEO, and that the arc
AA is similar to the arc PE, and that the arc AB is similar to the arc ZP.

[Proof]. Now as to [the statement] that the segment BAO is similar to the seg-
ment ZEe ; this will be proved as we proved [it] in Theorem 11 of this Book. Therefore
we join AB and PZ and continue them in a straight line to [meet the respective axes at]
K and Q2. We bisect AB and PZ at ® and T, and draw through them I'@A and HTY paral-
lel to the axes, and draw from I" and H the perpendiculars I'N and Ht to the axes cutting
AK and PQ atT and ¢] .

Then the ratio of AIT to each of AM and AE is equal to the ratio of EX to each of
EW [respectively].

Therefore it will be proved from that, as we proved in Theorem 11 of this Book,
that as sq.AZ is to sq.BM, so sq.PW is to sq.Z®. Therefore as A= is to BM, so PW is to
Z®, and as HK is to KM, so ¥Q is to Q.

And convertendo as K= is to M, so Q¥ is to VY o.

Furthermore as sq.AZ is to sq.BM, so sq.PY is to sq.Z®. Therefore as EA is to
AM, so YE is to E® because of what is proved in Theorem 20 of Book I.

And convertendo as AZ is to ZM, so EVY is to W ®.

But we have proved that as K= is to ZM, so QW is to WY®. Therefore as K= is to
EA, so Q¥ is to YE.

But as ZA is to EA, so EY is to WP. Therefore as KE is to EA, so QW is to WP. And
the angles at = and Y are right. Therefore the triangle K=ZA is similar to the triangle
QWYP, and [hence] the angles at K and Q2 are equal, and as AK is to KB, so PQ is to QZ.
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And convertendo as KA is to AB,so QP is to PZ.

And AB was bisected at ®, and PZ was bisected at T. Therefore ZA is to ZA, so
YPisto VY.

But A= is equal to I'N and WY is equal to Hi . Therefore as AZisto I'N, so W¥P is
to Hu.

And therefore as ZA is to AN, so YE is to Ei, axis proved in Theorem 20 of Book
l.

And convertendo as A= is to EN, so E¥ is to Y.

But we have proved that as K= is to ZA, so Q¥ is to WE. Therefore as KE is to
EN, so QY is to W1. And therefore as KA is to Al, so QP is to Pc.

And separando as KI is to IA, so Qg is to ¢P.

But it was shown that as K® is to KA , so QT is to TP. Therefore as K@ is to I,
so QT isto TI.

But as I® is to ®T", so ¢T is to TH because the triangle IOT is similar to the trian-
gle cTH. Therefore as K® is to OI', so QT is to TH.

But OK is equal to the tangent drawn from I to the axis because it is parallel to
OK, and they are between parallel straight lines [['A and KZE].

Similarly too QT is equal to the tangent drawn from H to the axis. Therefore the
ratio of the tangent drawn from H to HT is equal to the ratio of the tangent drawn from I
to I'®.And it was proved in Theorem 17 of this Book
that, when that is the case, and when the angles formed by the tangent and the axis are
equal [in both sections], then the segments from the vertices of which the tangents are
drawn are similar. Therefore the segments AI'B and PHZ are similar and similarly si-
tuated.

Furthermore, we make the segment | o a segment which is not cut off by the
mentioned perpendiculars, then | say that it is not similar to the segment AI'B.

[Proof]. For the segment AI'B is similar to the segment PHZ, but the segment
PHZ is dissimilar to the segment | o ,as is proved in Theorem 19 of this Book because it
is not cut off by the same pair of perpendiculars [as the segment | o ]. Therefore the
segment | a is not similar to the segment AI'B.

[Proposition] 22

For similar hyperbolas and ellipses the same properties hold as we proved
hold for parabolas in the preceding theorem 36,

Let the situation described for the parabola remain the same [for the hyperbola
and the ellipse], and let the diameters I'© and HT end at centers A and Y [respectively].

We draw from I" and H tangents I'X and H| to the and H tangents I'X and H| the
sections. Then they are parallel to AK and PQ [respectively].

Now the ratio of AM to the latus rectum [of ABI'] is equal to the ratio of E® to the
latus rectum of other section. Therefore ,since the sections are similar, then their eidoi
are also similar, as is proved in Theorem 12 of this Book
Therefore the ratio of the transverse diameter of one of the sections to the latus rectum
is equal to the ratio of the transverse diameter of other section to its latus rectum.

226



And we had made the ratio of two latera recta to AM and E® [respectively] equal.
Therefore, since that is the case, and since the eidoi of two sections are similar, then it
will be proved, as was proved in Theorem 12 of this Book, that the straight lines can be
drawn in the segment BAO parallel to BO, and in the segment ZEe o parallel to Ze , and
the number of the straight lines drawn in the segment ZEe is equal to the number of the
straight lines drawn in the segment BAO, and their ratios are equal to their ratios, and
the ratios of the straight lines drawn in the segment ZEe , and [also] of Ze to the por-
tions they cut off from the axis adjoining E are equal to the ratios of the straight lines
drawn in [the segment] BAO, and [also] of BO to the portions they cut off from the axis
adjoining A and [also] the ratios of the portions cut off the axis AM to the portions cut off
from the axis E® are equal, therefore the segmentc BAO and ZEe are similar.

Furthermore the ratio AM to AIl is equal to the ratio E® to EX. And also as AE is
to AIT, so EW¥ is to EX. Therefore as A= is to A= ,so P¥ is to EW¥, and as BM is to AM,
S0 Zd isto E®. And as EA is to WE, so AM is to E®, and as AM is to MB, so Ed is to
Z®. Therefore as A= is to BM, so P¥ is to Z®, and as ZK is to KM, so YQ is to Qd. And
convertendo as K= is to EM, so QY is to W o.

But as EM is to EA, so W® is to WE because as ZA is to AM, so YVE is to E®.
Therefore as K= is to ZA, so QY is to VE.

But as ZA is to EA, so EY is to WP. Therefore as K= is to ZA, so QW is to WP.
And the angles at = and ¥ are right. Therefore the angles at K and Q are also equal.

Therefore the angles at X and | are equal. And the sections are similar, therefore their
eidoi are similar.

And I'X and H| are tangents. Therefore as pl.ANX is to sq.I'N, so
pl.Yu] is to sq.H u, because of what is proved in Theorem 37 of Book I. And as sq.I'N
is to sq.NX, so sq.Hu is to 1] because of the similarity of the triangles I'NX and Hu|
.Therefore as pl. ANX is to sq.NX, so pl.Yu| isto
sq.|] u .Therefore asisto ANisto NX, so Yuisto| u.

But as NX isto I'N, so | u is to Hu because of the similarity of the triangles [[NX
and Hu| ]. Therefore as AN isto I'N, so Yu is to Hu , and the angles [at] N and u are
right. Therefore the triangle ANI is similar to the triangle YuH. Therefore the angles at
A and Y are equal.

But it was [already] shown that the angles at X and | are equal. Therefore as XA
istoI’'A,so| Yisto YH, and as XK isto I'®, so Q| is to HT because I'X is parallel to
®K, and H| to TQ.

Furthermore the eidoi of two section are similar, therefore as AM is to MB, so E®
is to ®Z.

But as MB is to MK, so ®@Z is to ®Q. Therefore as AM is to MK, so E® is to ®Q.
And dividendo as AM is to AK, so E® is to EQ.

Furthermore as AA isto AM, so EY is to E® because as AA is to AIT, so EY is to
EX, and as AIlis to AM, so EX is to E®. Therefore as AA is to AK, so YE is to EQ, and
as AAisto AK, so EY isto YQ.

Furthermore as AN is to NX, so Yu isto u| because of the similarity of the tri-
angles. But as NA is to AX, so sg.AA is to sq.AX because of what is proved in Theorem
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37 of Book I. And likewise as 11Y isto t1] , S0 sq.EY isto sq.Y| .Therefore sq.AA is to
Sq.AX, so sg.EY isto sq.Y| , and [hence] as AAisto AX,SOEYisto Y| .

But we have proved that as AA is to AK, so EY is to YQ. Therefore as AX is to
AK, so Y| isto YQ, therefore as AX isto XK, so Y] isto| Q. And as I'X is to XA, so
H| isto| Y because the triangle I'XA is similar to the triangle
H| Y, therefore as I'X is to XK , so H| isto | Q.

But we have proved above that as XK is to I'®, so | Q is to HT, therefore as I'X
isto'®, so H| isto HT .

And the angles at X and | are equal. Therefore the segments AI'B and PHZ are
similar and similarly situated, as is proved in Theorem 18 of this Book.

Furthermore we make a segment not cut off by the mentioned perpendiculars,
and also [in the case of the ellipse] not cut off by perpendiculars whose distances from
the center is equal to that of others
perpendiculars, then | say that it is dissimilar to the segment ATI'B.

[Proof]. For let, if possible, it be similar to it. Now the segment AB is similar to the
segment PZ. Therefore the segment Ia is similar to the segment PZ. But it is not cut off
by the same perpendiculars [as PZ], nor [in the case of the ellipse] by perpendiculars
whose distance from the center is equal to the distance of [those perpendiculars]. But
that is impossible, as is proved in Theorems 19 and 20 of this Book. Therefore the seg-
ment Ia is not similar to the segment PZ, nor to the segment AI'B.

[Proposition] 23

In sections that are not similar no segment of one of them is similar to an seg-
ment of another 37,

Let there be two dissimilar sections AB and I'A. And first let them both be hyper-
bolas or ellipses.

Then | say that no segment of AB is similar to an segment of T'A.

[Proof]. For let, if that is possible, the segment BE be similar to the segment
AZ.We join BE and AZ, and bisect them at H and ©. Let the centers of the sections be
K and A We join HMK and ®NA, then they are diameter to the sections, as is proved in
Theorem 47 of Book I. Now HNK and ®NA are either axes or not. Therefore, if they are
axes, and the segments BE and AZ are similar, then there can be drawn to the axis
straight lines parallel to EB such that the ratios of them and the ratio of BE to the por-
tions cut off [by these straight lines], and the ratio of BE to the portions cut off [by these
straight lines} from the axis adjacent to its vertex are equal to the ratios of the straight
lines equal in number to those [first straight lines] drawn to other axis parallel to AZ and
[to the ratio] of AZ to the portions cut off [by them] from the axis of other section adja-
cent to its vertices, and [such that] the ratios of the segments cut off from one of the
axes to the segments cut off from other axis are [all] equal, and the parallel straight
lines are perpendiculars to the axes, therefore the sections AB and I'A will be similar.

But if the diameters HMK and ®NA are not axes then we make the axes AK and
I'A, and draw from M and also draw from them [MN] tangents to the section MX and
NEZ. Then, since the segments BE and AZ are similar, and the tangents MX and N=
have been drawn from their vertices it will be proved thence, as was proved in Theorem
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