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BOOK SIX 
 

Preface 
Apollonius greets  Attalus 

 
 I have sent you the sixth Book of the Conics. My aim in it is to report on conic 

sections which are equal1 to each other and those unequal to each other, and  those 
unequal to each other, and on those similar to each other and dissimilar to each other, 
and on segments of conic sections. In this we have enunciated more than what was 
composed by  others among our predecessors. In this Book there is also how to find a 
section in a given right cone equal to a given section, and 211or to find a right cone, 

containing a given conics section, similar 2 to a given cone. What we have stated on this 
[subject] is fuller and clearer than the statements of our predecessors. Farewell. 
 

Definitions 
 

 1. Conic sections which are called equal are those which can be fit one on 

another, so that the one does not exceed the other3  Those which are said to be un-
equal are those for which that is not so. 
 2. And similar [conic section] are such that, when ordinates are drawn in them to 
fall on the axes, the ratios of the ordinates are drawn in them to the lengths they cut off 
from the vertex of the section are equal  to one  another, while the ratios to each other 

of the portions which the ordinates cut off from the axes are equal ratios 4. Sections that 
are dissimilar are those in which what we stated above does not occur. 
 3. The line that subtends a segment of the circumference of a circle or of a conic 
section is called the base of that segment 5 . 
 4. The line that bisects all the lines drawn in that segment parallel to the base is 

called the diameter to that segment 6 . 
 5. And the point on the section from which the diameter is drawn is called the 

vertex of the segment 7. 
 6. Segments that are called equal from their bases up are those that can be ap-
plied, one to another, so that one does not exceed the other. And segment that are 
called unequal are those for which what we stated is not the case. 
 7.And segments that are called similar are those in which the angles formed be-
tween their bases and their diameters are equal, and for which, an equal number of 
lines having been drawn in each of them parallel to their base, the ratios of these  lines, 
and also the ratio of each base, to the ratios of these lines, and also the ratio of each 
base to the lengths which they cut off from the diameter from the vertex of the section 
are equal for every segment similarly the ratio of the part cut off from the diameter of 
one to the part cut off from the diameter of the other. 
 8.A conic section is said to the be placed in a cone, or a cone is said to contain a 
conic section, when the whole of the section is in the surface bounding the cone be-
tween its vertex and its base, or in that surface after it has been produced beyond the 
base, so that the whole of the section is in the surface below the base, or else some of 
the section is in this surface and some in the other surface. 
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 9. Right cones that are said to be similar are those for which the ratios of their 
axes to the diameters of their bases are equal. 
 10.The eidos that I call the eidos of the section corresponding to the axis or to 
the diameter is that [eidos] under the axis or diameter together with the latus rectum 8. 
 

[Proposition] 1 
 

 Parabolas in which the latera recta which are perpendiculars to the axes 
are equal, them selves equal, and if parabolas are equal, their latera recta are equal 9.  

 Let there be two parabolas whose axes  and  and equal latera recta 

 and . 
 I say that these sections are equal. 

 [Proof]. When we apply the axis  to the axis , then the section will 
coincide with the section so as to fit on it for if it does not fit on it, let there be 

a part of the section  that does not fit on the section . We take the point  on the 

part of it that does not coincide with , and draw from it [to the axis] the perpendicular 

, and complete the rectangular plane . We make  equal to , and draw from 

 the perpendicular  to the axis [meeting the section at ], and complete the rectan-

gular plane . Then  and  are equal to  and  each to its correspondent. 

 Therefore the quadrangle  is equal to the quadrangle . And  is equal in 

square to the quadrangle , as is proved in Theorem 11 of Book I. 

 And similarly too  is equal in square to the quadrangle . Therefore  is 

equal to . 

 Therefore when the axis [of one section] is applied to the axis [of the other],  

will coincide with , and  will coincide with , and  will coincide with . But it was 

supposed not to fall on the section , which is impossible. 

Therefore it is impossible for the section [ ] not to be equal to the section [ ] 

 Furthermore we make the section [ ] equal to the section [ ], and make  

equal to , and draw the perpendiculars [to the axis] from  and  , and complete rec-

tangular planes  and , then the section  will coincide with the section , and 

therefore the axis  will coincide with the axis  for if it does not coincide with it, the 

parabola  has two axes which is impossible. 

 Therefore let it coincide with it. Then  will coincide with L because  is equal 

to , and  will coincide with . Therefore  is equal to , the quadrangle   is 

equal to the quadrangle ,  is equal to , and  is equal to . 
 

[Proposition] 2  
 

 If the eidoi corresponding to the transverse axes of hyperbolas of ellipses are 

equal and similar10, then the sections will be equal, and if the sections are equal, then 
the eidoi corresponding to their transverse axes are equal and similar, and their situa-
tion is similar11 . 

        Let there be two hyperbolas or ellipses  and  whose axes  and . 

Let the eidoi corresponding to their transverse axes be equal and similar, these are  

and . 
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 I say that the sections  and  are equal. 

 [Proof]. We apply the axis  to the axis , then the section [ ] will coincide 

with the section [ ] for if that it no so, let a part of the section  not coincide with the 

section  we take the point  on that part, and draw from it the perpendicular  to 

the axis, and complete the rectangular plane  We cut off from  a segment  

equal to , and draw from  the perpendicular  to , and complete the rectangu-

lar plane . Then  and  are [respectively] equal to  and . Therefore the 

quadrangle  is equal to the quadrangle . 

 Furthermore the rectangular planes  and  are similar and similarly situated 

because they are similar to the rectangular planes  and  [respectively], and  is 

equal to . Therefore the quadrangle  is equal to the quadrangle . And the rec-

tangular planes  and  were [already proved] equal. Therefore the quadrangle  

is equal to the quadrangle , and the straight lines equal to them in square are [re-

spectively]  and , as is proved in Theorems 12 and 13 of Book I. 

 Therefore when the axis is applied to the axis,  will coincide with , and  

will coincide with . But it was supposed to fall on the section , which is impossible. 

Therefore the whole section  will fit on the section . 

 Furthermore we make two sections equal, and make   and   equal, and 

draw from them the perpendiculars  and , and complete [the rectangular planes] 

, , , and , then the section  will fit on the section , and the axis  will 

coincide with the axis  for if it did not coincide with it, then the hyperbola would have 

two axes and the ellipse three axes, which is impossible. Therefore  coincides with 

, and it is equal to it. So  will coincide with , and  will coincide with ,  and 

[hence]  will coincide with , and  will fit on , therefore  is equal to . 

 For that reason the quadrangle  is equal to the quadrangle . 

 But  is equal to , therefore  is equal to . 

 Furthermore we make  equal to , then it will be proved, as we 

proved above, that  is equal to . Therefore  is equal to , and  is equal to 

. Therefore the rectangular planes  and  are equal and similar. 

 Therefore the quadrangle  is similar to the quadrangle , and also the qua-

drangle  is similar to the quadrangle . But  is equal to . Therefore 

 is equal to . But it was [assumed] that  is equal to . Therefore  is equal 

to  and the quadrangle  is similar to the quadrangle . Therefore  is equal to 

, and the quadrangle  is equal to the quadrangle . And these are the eidoi cor-
responding to the axes. 
 

Porisms  
 

          If there are [a number of] parabolas, and ordinates falling on one of their 
diameters meet the diameters at equal angles, and their latera recta are equal,  then the 
sections are equal, and if there are [a number of] hyperbolas or ellipses, and the ordi-
nates falling on one of their diameters meet the diameter at equal angles, and eidoi cor-

responding to those diameters are equal and similar, then the sections are equal 12 . 
 That is proved as it was proved for the axes. 
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[Proposition] 3 
 

 As for the ellipse it is evident that it cannot be equal to any of other sections be-
cause it is bounded, but they are unbounded. 

 Then I also say  that no parabola can be equal to a hyperbola 13 . 

 [Proof]. For let there be the parabola  and the hyperbola . Then, if 

possible, let it be equal to it, and let the axes of the sections be  and , and let the 

transverse axis of the hyperbola be , and let  and  be equal to  and  [re-

spectively]. We draw from the axes the perpendiculars , ,  

, and . Now the section fits on the section because it is equal to it, and 

[hence] , , , and  coincide with , , , and  [respectively], and as  is to , so 

 is to , as is proved in Theorem 20 of Book I. Therefore as  is to , so  is 

to . But that is impossible because as sq.  is to sq. , so  

pl.  is to pl. , as is proved in Theorem 21 of Book I.  
Therefore the parabola is not equal the hyperbola.  

     
[Proposition] 4 

 
 If there is an ellipse and a straight line passes through its center such 
that its extremities end at the section,  then it cuts the boundary of the section  into two 

equal parts. And the surface is also bisected [by it] 14 . 

 Let there be the ellipse  whose center , and let the straight line AB pass 

through its center. And first let  be one of the axes of the section. 

 Then I say that the line  fits on the line , when it is applied to it, and the 

surface  coincides with the surface . 

 [Proof]. For let, if possible, the line  not coincide wholly with the line . We 

take  on the part of it that does not coincide with it,  and draw from it the perpendicular 

 to , and continue it to [meet the section again at] . Then  coincides with  

because the angles at  are right, and  is equal to 

. Therefore  coincides with .  
 But it had been assumed not to coincide with it, which is impossible. Therefore 

the line  coincides with the line  so as to fit to it, and the surface  will coin-

cide with the surface . Hence the line  is equal to the line ,  and the surface 

 to the surface . 
 

[Proposition] 5 
 

 Furthermore we do not make  one of the axes 15 . And let the axes be  and 

, and we draw two perpendiculars  and  [to the axis], then the line  fits on 

the line , as was proved in the preceding theorem, and Z coincides with , and the 

surface  coincides with the surface  .  Furthermore [the line]  coincides with 

[the line] , and  coincides with , and  with  because  is equal to , 

and  to BH, and the surface  coincides with the surface . Therefore the sur-
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face coincides with the surface . So it is equal to it, and [hence] the line  is 

equal to the line . 

 Furthermore [ ]  is equal to [ ] . Therefore [the surface]  is equal to 

[the surface] , hence the remainder [line]  is equal to the remainder [line] . 

And [hence] the line  is equal to the line . Therefore the whole surface  is 

equal to the whole surface , and the line  is equal to the line . 
 

[Proposition] 6 
 

 If there is a conic section, and a part of it coincides with another part of another 

section so as to fit on it, then the [first] section is equal to the[second] section 16 . 

 Let the arc  of the section , when applied to the arc  of the section  

fit on it. I say that the section  is equal to the section . 

 [Proof]. For let, if that is not so, then the part  coincide with the part , and let 
the remainder of the section not coincide with the other section, but let them be as the 

sections  and . We take the point  on , and 

join it to , and draw in the section  the diameter  bisecting . Then the tangent 

to the section  at  is parallel to , and the diameter  bisects the straight lines 

parallel to . Therefore we draw from  the straight line  parallel to . Then  

bisects it, and it is parallel to the tangent to the section  at . And that [tangent] is 

also the tangent to the section . Therefore 

 is a diameter to the section , as is proved in Theorem 7 of Book II. 

Therefore it bisects the diameter  at L. But  was [assumed to be] bisected at [the 

same point] , which is impossible. Therefore the whole section  coincides with the 

section  so as to fit on it, therefore it is equal to it. 
 

[Proposition] 7 
 

The perpendiculars drawn from a parabola or a hyperbola to its axis, and contin-
ued to the other side, cut off from the section on both sides of the axis the segments 
which, when one is applied to an other fit so as not to exceed or fall short of it, but do 

not fit on any other part of the section if placed on it17 . 

 Let there be the parabola or the hyperbola  whose axis . We take 

on the section two points  and , and draw from them two perpendiculars to , and 

continue them to the other side of the section, these are  and . 

Let them cut off from the section two segments  and . I say that the line  fits 

on the line , and the line  on the line  and the surface  on the surface , 

and the arc   of the section on the arc . 
 [Proof]. The proof of that is like the preceding proofs for all perpendiculars drawn 

from the arc  to the axis  are equal in square to figures that are equal to those 

figures to which the perpendiculars drawn from the arc  to the axis , being conti-

nuous with those perpendiculars, are equal in square. Therefore  is equal to , and 

 is equal to , and the angles at  and  are right. 
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 Therefore the arc , when applied to the arc , will fit on it, and the arc  will 

coincide with the arc , and the [corresponding] surfaces will coincide with the surfac-
es. 

 Therefore let the arc  be another arc which is not cut off by these two 

perpendiculars. Then I say that the arc , if applied to it, will not fit on it.  

 [Proof]. For let if that it not so, and if possible, it fit. Then, when  is applied to 

 so as to fit on it, the line  will coincide with the arc, which is 

adjacent to the arc , as is proved in the preceding theorem. And the point  of the 

arc  will fall on a place different from its position on the arc  because the arc 

 is not equal to the arc , and the axis  will fall on a place different from the 
position it has [now]. Therefore the parabola or the hyperbola has two axes, which is 

impossible. So the arc  does not coincide with the arc . 
 

[Proposition] 8 
 

 In every ellipse perpendiculars which are drawn to the axis and continued in a 
straight line to the other side of it cut off from the section on either side of the axis arcs 
which fit when one is applied to another, and if they are applied to the arcs cut off by the 
perpendiculars whose distance from the center towards other side is equal to the dis-
tance of the perpendiculars drawn [above], they will fit on them, but will not fit on [any] 

other arc of the section 18 . 

 Let there be the ellipse  whose axis  and . Let there be drawn in it 

two perpendiculars to , and let them be continued in a straight line to both sides [of 

the section], let them be  and . And let them cut off from it two arcs  and . 
And let there also be drawn in the section two other perpendiculars of this kind whose 
distance from the center is [respectively] equal to the distance of those two perpendicu-

lars, these are  and  . 

 Now as to [the statement] that when one of  and  is applied to the other, it 
will fit on it, which will be proved as it was proved in the preceding theorem. 

 And  similarly it will be proved that  will fit on . And because the surface 

, when applied to the surface , lies on it, as is proved in Theorem 4 of this 

Book,  will coincide with  because the distance of each from the center is one and 
the same. 

 And  will coincide with , and [hence] the arc  will coincide with the arc 

.Therefore it will fit on the arc  because one of them fits on other. 

 And likewise too the arc  [will fit on  and ]. 

 Therefore let there be another arc  of the section, apart from these four. Then 
I say  that none of these arc will fit on it. 

 [Proof]. For let if possible the arc  fit on it. Then it will necessarily follow, as it 
did in the preceding theorems, that the ellipse would have more than two axes, which is 

impossible. Therefore  will not fit on . 
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[Proposition] 9 
 

 In equal sections those parts of them at equal distances from their vertices will fit 
one on another, and those [parts] not at  equal distances from 

their vertices will not fit one on another 19 . 

 Let there be two equal sections with axes  and . Let the distance of the arc 

 from  be equal to the distance of the arc  from . 

 Then I say that  will fit on . 

 [Proof]. Then the section  is applied to the section , the point  will coincide 
with H because the distance of each from the vertices of two sections is equal. And A 

will coincide with , and [hence] the section  will coincide with the section . Then I 
say that it will not coincide with any other arc so as to fit on it. 

 [Proof]. For let, if possible, it coincide with the arc . Now we have proved that it 

fits on . Therefore the arc  will fit on the arc . But the arcs  and  are not 
the arcs cut off by two perpendiculars, and their distances from the vertices are not 
equal. That is impossible as is proved in two 
preceding theorems two. 
 

 [Proposition] 10 
 
 In the sections that are unequal no part of one of them will fit on a part of anoth-
er20 . 

 Let there be two unequal sections  and . 
 That no part of one of them will fit on a part of another. 

 [Proof]. For let, if possible, the part  fit on a part . Then the whole 

 section  will fit on the section , as is proved in Theorem 6 of this Book. 

Therefore the section  is equal to the section , which is impossible.  So no part 

of  fits on a part of . 
 

          [Proposition ] 11 
 

 Every parabola is similar to every parabola 21 . 

 Let there be two parabolas  and  whose axes  and . 
 I say that two sections are similar. 

 [Proof]. For let their latera recta  and , and let as  be to , so  be to 

. We cut  at two  arbitrary points  and , and cut  into the same number of 

arcs with the same ratio at the points  and . We draw from the axes  and  the 

perpendiculars , , , , , and  [and continue them to meet the sections 

again at , , , , , and ]. Then as  is to , so  is to , and  is the mean 

proportional between  and , and  is the mean proportional between  and , 
because of what is proved in Theorem 11 of Book I. 

 As  is to , so  is to . And  is equal to the double , and  is 

equal to the double . Therefore as  is to , so  is to . 

 Furthermore as  is to , so  is to . And as  is to , so  is to , 

and as  is to , so  is to . 
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 Hence it will be proved, as we proved above, that as  is to , so  is to . 

 And similarly too it will be proved that as  is to , so  is to . 

 Therefore the ratio of [each of] , , and  ,which are perpendiculars to the 

axis, to the amounts , , and  which they cut off from the axis is equal to the ra-

tio of , , and  ,which are perpendiculars to the axis, to the amounts , , 

and  which they cut off from the axis. 
 And the ratios of the segments cut of from one of the axes to the segments cut 

off from the other are equal. Therefore the section  is similar to the section . 
 

[Proposition] 12 
 

 Hyperbolas and ellipses in which the eidoi corresponding to their axes are similar 
are also [themselves] similar, and if the sections are similar, then the eidoi correspond-

ing to their axes are similar 22. 

 Let there be two hyperbolas or ellipses  and  whose eidoi corresponding to 

their axes   and  are similar, the transverse diameters of these conic are  and 

. We cut off from the axes the segments  and  and let as  be to , so  

be to . 

 We cut  arbitrarily at  and , and cut  into the same number of segments 

as , and in the same ratios at  and  we draw from , , , , , 

and   the  , , , , , and  to the axes, [and continue them to meet the 

sections again at , , , , , and ]. 

 Then because the eidoi of the sections are similar as sq.  is to pl. , so sq.

  is to pl. , as may be proved from Theorem 21 of Book I. 

 But as pl.  is to sq. , so pl.  is to sq. . Therefore as sq.  is to 

sq. , so sq.  is to sq.  , and as  is to  , so  is to , and as  is to 

, so  is to . 

 Furthermore as  is to , so  is to , and as  is to , so  is to . 

Therefore as  is to , so  is to . Hence it will proved, as we proved above, that 

as  is to , so  is to , and that as  is to , so      is to . 

 Therefore the ratios of the perpendiculars ,  and  to the amounts  

, , and  they cut of from the axis are [respectively] equal to the ratios of the 

perpendiculars , , and  to the amounts , , and  they cut off from the 
axis. 

 And the ratios of the parts of  that the perpendiculars cut of to the parts of  

which the perpendiculars cut off are equal. Therefore the section  is similar to the 

section . 

 Furthermore we make the section  similar to the section . Then since two 

sections are similar we draw in the section  some perpendiculars , , and  to 

the axis, and in the section  the perpendiculars , , and , and let the ratios of 
these perpendiculars to the amounts they cut off from the axes be equal [respectively], 
and likewise the ratios of the parts they cut off from one of the axes to the parts they cut 

off from other axis, then as  is to , so  is to , and as  is to , so  is to 

, and as  is to , so  is to . Therefore as  is to , so  is to . 
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 And as sq.  is to sq. , so sq.  is to sq. . Therefore as pl.  is to 

pl. , so pl.  is to pl.  because of what was proved in Theorem 21 of Book I. 

and because as  is to , so  is to , [and as  is to , so  is to ], as 

 is to , so  is to , and [hence] as  is to , so  is to . But as  is to 

, so  is to . Therefore as  is to , so  is to     And [hence] as pl.  

is to sq. , so pl.  is to sq. . 

 But as sq.  is to sq. , so sq.  is to sq. . Therefore as pl.  is to sq. , 

so pl.  is to sq. . 

 But the ratio pl.  to sq.  is equal to the ratio of  to the latus rectum [of 

], as is proved in Theorem 21 of Book I. Therefore the eidoi corresponding to  and 

 are equal 23-24 . 
 

[Proposition] 13 
 

   Let there be two hyperbolas or ellipses whose centers   and I, and diameters  

and . Let the angles that those diameters form with their ordinates be equal, and let 

the eidoi corresponding to L and  be similar. 
 If those eidoi of hyperbolas or ellipses that are corresponding to diameters other 
than the axes are similar, and the ordinates falling on those diameters form equal an-
gles with the diameters, then the sections are similar25. 

I say that the sections are similar. 

 [Proof]. For let from  and  the tangents  and  to the sections be drawn. 

Then these tangents are parallel to the ordinates fallen. We draw through  and  the 

straight lines   and  parallel to the tangents. 

Now the eidoi corresponding to  and  are similar latus rectum proved in Theorem 

37 of Book I. And likewise [the ratio pl.  to sq. ] is equal to the ratio of the [trans-
verse] diameters to [its] the latus rectum. Therefore the ratios of the transverse diameter 

 to [its] latus rectum. Therefore two ratios of the [transverse] axes  and  to their 
latera recta are equal. And the eidoi corresponding to the axes of these sections are 
similar. Therefore two sections are similar as is proved in the preceding theorem . 
 And it is evident too that in the case on two ellipses this requires that the axes 

 and  both be the major axes or the both be the minor axes  because the ratio of 

 to its latus rectum in both cases is equal to the ratio of  to its latus rectum. And 
the rule is one and the same for major and minor [axes]. 
 

[Proposition] 14 
 

 A parabola is not similar to a hyperbola and to an ellipse 27. 

 Let there be the parabola  whose axis , and the hyperbola or the ellipse  

similar to it. And let the axis of  be the straight line , and let the side of the eidos of 

the section, the transverse axis, be . 

       Let there be the perpendiculars  and  in the sections [in the parabola], 

and  and  [in the hyperbola on the ellipse], and let the ratios of these [perpendicu-
lars] to the segments they cut off from the axes in one of the sections be equal to [their] 
ratios to the segments they cut off from the axis of other section, and let the ratios of the 
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segments cut off from one of the axes to the segments cut off from the other axis be 

equal. Then as  is to , so  is to , and as  is to , so  is to . 

 But as  is to , so  is to . Therefore as  is to , so  is to , and 

as sq.  is to sq. , so sq.  is to sq. . 

 But as sq.  is to sq. , so  is to , as is proved in Theorem 20 of Book I. 

And as  is to , so  is to . Therefore as sq.  is to sq. , so  is to , but 

as  is to sq. , so pl.  is to pl. , as is proved in Theorem 21 of Book I. 

Therefore as  is to , so pl.  is to pl. . Therefore  is equal to , but 
that is impossible. Therefore the parabola is not equal to any other section 
 

[Proposition] 15 
 

 A hyperbola is not similar to an ellipse 28. 

 Let there be the hyperbola  and the ellipse . Let their axes be 

[respectively]  and , and let their transverse diameters be  and . 
 Then, if these two sections are similar, then there are in the sections some per-

pendiculars, for instance , , , and , such that the ratios of these [perpendicu-
lars] to the segments they cut off from the axes in both sections are [respectively] equal. 

Then we will prove as we proved in the preceding theorem that as sq.  is to sq. , so 

sq.  is to sq. , and pl.  is to pl. , and pl.  is to pl. . Therefore as pl.  

is to pl. , so pl.  is to pl. . And when what is so and as  is to , so  is 

to , and [hence] as  is to , so  is to , that is impossible, therefore the sec-

tion  is not similar to the section . 
 

[Proposition] 16 
 

 Opposite hyperbolas are similar and equal  29.  

 Let there be two opposite hyperbola  and  whose axis . 

 I say that the hyperbolas  and  are similar and equal. 

 [Proof]. The latera recta of the hyperbolas  and  are equal, as is proved in the 
proof of Theorem 14 of Book I. 

 And the straight line  is a side common to their eidoi. Therefore the eidoi cor-

responding to the axis of the hyperbolas  and  are similar and equal. Therefore the 

hyperbola  is similar to the hyperbola  and is equal to it, as is proved in Theorem 12 
of this Book. 
 

[Proposition] 17 
 

 If there are similar sections, and tangents are drawn to them ending at their axes 
and forming equal angles with the axes, and diameters are drawn to the sections from 
the points of contact, and a point is taken on each of those diameter, and the ratios of 
the segments between the taken points and the vertices of those diameter to the tan-
gents are equal and straight lines are drawn through [each] taken point parallel to the 
tangents so that they cut off segments from the sections then those segments are simi-
lar, and their position is similar, and if  segments are similar and their position is similar, 
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then the ratios of their diameters to the [corresponding] tangents are equal,  and the an-
gles which the tangents form with the axes are equal 30. 

 First let the similar sections be two parabolas  and , let their axis be  

and , and the tangents to them are  and . Let the angles  and  be 

equal. We draw through  and  the diameters  and  to the sections. Let as  is 

to , so  be to . We draw through  and  the straight lines   and  parallel  

to  and . 

 I say that the segments  and  are similar and similarly situated. 

 [Proof]. We draw from  and  the perpendiculars  and  to the axes 

[cutting  and  at  and ] , and continue the diameters  and  until they meet 

them at  and .  

 We make the ratio  to the double  equal to the ratio  to , and the ratio 

 to the double  equal to the ratio  to . Then  and  are latera recta cor-

responding to the diameters  and  [respectively]. Therefore sq.  is equal to 

pl. , as is proved in Theorem 49 of Book I. And likewise sq.  is equal to pl. . 

And the angle  is equal to the angle , the angle  is equal to the angle 

, and the angle  is equal to the angle  because  and EH are parallel to 

 and   [respectively], as is proved from Theorem 46 of Book I. Therefore the angle 

 is equal to the angle ,and the angles at  and  are equal, therefore the trian-

gle  is similar to the triangle , and [hence] as  is to , so  is to . 

Therefore as  is to , so  is to . 

 But the ratio  to  had been made equal to the ratio  to  therefore as 

 is to , so  is to . 
 Hence it will be proved, as we proved in Theorem 11 of this Book  that, if the 

straight lines are drawn to  parallel to  and the straight lines are drawn to  pa-

rallel to ,  and the ratio of these straight lines which are parallel to 

[the segment] bases  and  to the segments they cut off from the [corresponding] 

diameters adjacent to  and M are equal, and the ratios of the segments cut off from 
one of the diameters to those cut off from other diameter are also equal, and the angles 
formed by the coordinates to parallel to these bases and the diameters in both sections 

are equal [because the angles at  and  are equal], then the segment  is similar to 

the segment , and its position is similar to its position. 

 Furthermore we make the segment  of one section similar to the segment 

 of other section, and let their diameters be  and , and their bases be  and 

,  and the points of their vertices be  and  and let   and MO be tangents to the 

sections at these points. Then I say that the angle  is equal to the angle , and 

that as  is to , so  to . 
 We draw the straight lines that we drew previously. Then since the sections are 

similar, two angles formed by  and  are equal to two angles formed by  and 

. And  and  are parallel to  and  [respectively]. 

Therefore the angles at , , , and  are equal. 

 Therefore, since that is so, and [since] the angles  and  are obtuse, the 

angle  is equal to the angle . Therefore the angle at  is equal to the angle at 

. 
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 Furthermore as  is to , so  is to  because of the similarity of the seg-

ments of the sections, and [hence] as  is to , so  is to , and as  is to , 

so  is to , and as  is to , so  is to . Therefore as  is to , so  is 

to . And as  is to , so  is to  because that the triangle  is similar to 

the triangle . Therefore as  is to , so  is to . And we had [already] 

proved that the angles at  and  are equal . 
 

[Proposition] 18 
 

 Furthermore we make the  mentioned  sections hyperbolas or ellipses,  and let 

every thing else be as we stated in the preceding theorem 31 , and let the diameters  

and  end at the centers   and  of the sections, and let the ratio of [abscissa]  to 

the tangent  be equal to the ratio of [abscissa]  to [the tangent] , and let the 

angles  and  be equal, then I say that the segments  and  are similar, 

and let the ratio  to the double  be equal to the ratio  to , and let the ratio  

to the double MO be equal to the ratio  to . Then  and  are latera recta cor-

responding to the diameters  and  [respectively], as is proved in Theorem 50 of 
Book I. 

 Therefore we draw from  , , , and  the perpendiculars , , , and  
to the axes. Then, since two sections are similar, the eidoi corresponding to their axes 
are also similar, as is proved in Theorem 12 of this Book, and since the eidoi of these 

two sections corresponding to their axes are similar, as pl.  is to sq. , so pl.  is 

to sq.  because of what is proved in Theorem 37 of Book I. 

 And we had constructed the angles at  and  as equal, and the angles at  and 

 are equal because they are right. Therefore the triangle  is similar to the triangle 

. 

 And we had [already] proved that as pl.  is to sq. , so pl.  is to sq. . 

Therefore the triangle  is similar to the triangle 32 . 

 And [hence] the angle at I is equal to the angle at , and the angle  is equal 

to the angle . And the angles at  and  are equal because the tangent is parallel 

to the ordinates. And the angles at  and  are right, and the angles at  and I have 

[already] been proved equal. Therefore the remaining angles [in the triangles  and 

] at  and  are equal. And it has [already] been proved that the angle  is equal 

to the angle . Therefore the triangle  is similar the triangle , and [hence] 

as  is to , so  is to . But we had made the ratio  to the double  equal to 

the ratio  to  , and the ratio  to the double  equal to the ratio  to . 

Therefore as  is to , so  is to . 

 But as  is to , so  is to . Therefore as  is to , so  is to , and 

as  is to , so  is to .e Therefore the eidoi of which one is pl.  and the oth-
er is pl.TM  eare similar. 

 Furthermore as  is to , so  is to ,e and we had made the ratio  to  

equal to the ratio  to .Therefore as  is to , so  is to . 

 And since that is so, and since the eidos pl.  is similar to the eidos  
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pl.TMO, then, when we divide  into partitions and draw through the points of partition 

straight lines parallel to  which is the base of the segment [ ], and divide  in 

the same ratios as the partitions of , and again draw through the points of partition 

straight lines parallel to  which is the base of the segment [ ], then it will be 
proved, as we proved in Theorem 12 of this Book, that the ratios of the parallel straight 

lines cutting  to the portions they cut off from it adjacent to  are equal to the ratios of 

the parallel straight lines cutting  to the portions they cut off from it adjacent to M. 

And the angles formed by the base  with  are equal to the angles formed by the 

base  with , because these angles are equal to the angles at  and  continued 
by the tangent and the diameter. 

 Therefore two segments  and  are similar, and their position is similar. 

 Furthermore we make the segment  similar to the segment , then I say 

that the angle  is equal to the angle , and that as  is to , so  is to . 
 [Proof]. For, since two segments are similar, there can be drawn in them 

some straight lines parallel to  and  equal, to number, cutting  and  at equal 

angles, and [then] the ratios between them and [also] the ratios of the bases  and  
to the portions they cut off from the diameters are equal, and also the ratios of the parti-

tions of  [continued by these straight lines] to the 

partitions of  are equal to each other, and the straight lines drawn to  in the seg-

ment  parallel to  are equal in square to the rectangular planes applied to  and 
greater than it [in the case of the hyperbola] or smaller than 

it [in the case of the ellipse] by are rectangular plane similar to pl. , as is proved in 

Theorem 50 of Book I, and likewise too the straight lines drawn to  in the segment 

 parallel to  are equal in square to the rectangular planes applied to  and 
greater and smaller than it by a plane similar to pl.TM .e 
 Therefore, since that is so, then it will be proved, as we proved in Theorem of this 

Book, that as  is to , so  is to .e 
 And when that is so, and the ordinate meet two diameters at equal angles, and 

[for that reason] as pl.  is to sq. , so pl.  is to sq. , and the angles at  and  

are right, and the angle  is equal to the angle , then the triangle  is similar to 

the triangle  . 
 And that will be proved in the case of the hyperbola by a proof that is  
universally applicable, but in the case of the ellipse it will be proved [only] by the axes 

 and  being either both major or both minor axes.  

       Then, since as  is to , so MT is to M ,e as pl.  is to sq. , so pl.  e

is to sq. , as is proved in Theorem 21 of Book I. And as sq.  is to sq. , so 

sq.  is to sq. . Therefore as pl.  is to sq. , so pl.ₑ   is to sq. , and as  

is to , so ₑ   is to . 

 But as  is to , so  is to  because of the similarity of the triangles  

and . And  is equal to the double , and M  eis equal to the double . There-

fore as  is to , so  is to . And the angles at  and  are equal. 
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[Proposition] 19 
 

 When straight lines are drawn in a parabola or a hyperbola as perpendiculars to 
the axis, then two segments cut off by each pair of perpendiculars on either side [of the 
axis] are similar and similarly situated, but as for other segments [in that section], they 
are dissimilar to them 34. 

 Let there be the parabola or the hyperbola whose axis , and let a pair of 

straight lines be drawn in the section as perpendiculars  and  to the axes, and let 

them cut off from the section the segments  and , and let the segments  and 

 be two segments not cut off by the same [pair of] perpendiculars. Then I say that the 

segments  and  are similar, and that the segments  and  are dissimilar. 

 [Proof]. As for [the statement] that the segments  and  are similar, that is 
evident because each of them will fit on other, as is proved in Theorem7 

of this Book. But as for [the statement] the segments  and  are dissimilar, that will 

be proved as follows. Let, if possible, the segments  and  be similar. We join  

and , and continue them to [meet the continued  axis at]  

 and . Now the segments  and  are similar, therefore the segment  will fit on 

the segment , as is proved in Theorem 7 of this Book. Therefore the section  is 

similar to the section . Therefore when the straight lines  and  are continued in 
a straight line, they will meet the axis at equal angles 

because of what was proved in two preceding theorems. We draw  bisecting  and 

, draw from  [lying on the section]  parallel to . Then  is the diameter to 

the section because of what is proved in Theorem 28 of Book II. And  is parallel to 

the ordinates falling on it, therefore it is tangent to the section. And the segments  

and  are similar, therefore as  is to , so  is to , as is proved in two preced-

ing theorems. But that is impossible. Therefore the segment  is dissimilar to the 

segment . 
 

[Proposition] 20 
 

 When straight lines are drawn in an ellipse as perpendiculars to its axis, then 
every pair of these perpendiculars cuts off on either side [of the axis] two segments 
similar to each other and similar to two segments cut off by the pair of perpendiculars 
whose distance from the center is equal to the distance of that pair of perpendiculars, 
and the position of these four segments is similar, and no other segment [in that ellipse] 
is similar [to these]34. 

 Let there be the ellipse whose axis , and let there be in it  the pair of straight 

lines   and  cutting the axis at right angles. And let there be the other pair of 

straight lines  and  cutting the axis at right angles, the distance of which from the 

center is equal to the distance of those [straight lines]. Then I say that the segments , 

, , and  are similar, and that none of other segments is similar to them. 

 [Proof]. As for [the statement] that the segments , , , and  are similar 
and similarly situated, that  is evident because these segments will fit one on another as 
is proved in Theorem 8 of this Book. 
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 But as for [the statement] that no other segment is similar to them; this will be 

proved as follows. Let, if possible the segment  be similar to those segments. We join 

 and . Then, when they continued, if one of them meets the axis, the other will 
meet it at the same angle as the first, as is proved in Theorem 18 of this Book. There-

fore  and  are parallel. Therefore we bisect them and draw through two points of 

bisection . Then  is a diameter to two segments, as is proved in Theorem 28 

of Book II. Therefore since the segments  and  are similar, as  is to , so  

is to . That is impossible for when we join  and  and continue them, they will 

not pass through  and . Therefore the segment  is dissimilar to the segment . 
 

[Proposition] 21 
 

 When straight lines are drawn in parabolas so as to be perpendiculars to the 
axes and to cut off from the axes in the directions of the vertices of the sections the 
segments whose ratios to the latera recta in all sections are equal, then  the segments 
that those perpendiculars cut off from one on the sections are similar to the segments 
that the other perpendiculars cut off from the other section, and their situation is similar, 

but they are not similar to any of other segments that are taken from those sections 35. 

 Let there be two parabolas  and  whose axes  and BY and their 

latera recta be  and . We draw in one of two sections the perpendiculars  and 

, and in other section the perpendiculars  and Y, and let as  be to , so F 

be to ,  and let as  be to , so  be to . 

 Then I say that the segment  is similar to the segment , and that the arc 

 is similar to the arc , and that the arc  is similar to the arc . 

 [Proof]. Now as to [the statement] that the segment  is similar to the seg-

ment ;e this will be proved as we proved [it] in Theorem 11 of this Book. Therefore 

we join  and  and continue them in a straight line to [meet the respective axes at] 

 and . We bisect  and  at  and , and draw through them  and  paral-

lel to the axes, and draw from  and  the perpendiculars  and  to the axes cutting 

 and  at  and ] . 

 Then the ratio of  to each of  and  is equal to the ratio of  to each of 

 [respectively]. 
 Therefore it will be proved from that, as we proved in Theorem 11 of this Book, 

that as sq.  is to sq. , so sq.  is to sq. . Therefore as  is to , so  is to 

, and as  is to , so  is to . 

 And convertendo as  is to , so  is to . 

 Furthermore as sq.  is to sq. , so sq.  is to sq. . Therefore as   is to 

, so  is to  because of what is proved in Theorem 20 of Book I. 

 And convertendo as  is to , so  is to .  

 But we have proved that as  is to , so  is to . Therefore as  is to 

, so  is to . 

      But as  is to , so  is to . Therefore as  is to , so  is to .  And 

the angles at  and  are right. Therefore the triangle  is similar to the triangle 

, and [hence] the angles at  and  are equal, and as  is to , so  is to . 
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 And convertendo as  is to ,so  is to . 

 And  was bisected at , and  was bisected at . Therefore  is to , so 

 is to . 

 But  is equal to  and  is equal to  . Therefore as  is to , so  is 

to . 

 And therefore as  is to , so  is to , axis proved in Theorem 20 of Book 
I. 

 And convertendo as  is to , so  is to . 

 But  we have proved that as  is to , so  is to . Therefore as  is to 

, so  is to . And therefore as  is to , so  is to . 

 And separando as  is to , so  is to . 

 But it was shown that as  is to  , so  is to . Therefore as  is to , 

so  is to . 

 But as  is to , so  is to  because the triangle  is similar to the trian-

gle . Therefore as  is to , so  is to . 

 But  is equal to the tangent drawn from  to the axis because it is parallel to 

, and they are between parallel straight lines [  and ]. 

 Similarly too  is equal to the tangent drawn from  to the axis. Therefore the 

ratio of the tangent drawn from  to  is equal to the ratio of the tangent drawn from  

to .And it was proved in Theorem 17 of this Book 
that, when that is the case, and when the angles formed by the tangent and the axis are 
equal [in both sections], then the segments from the vertices of which the tangents are 

drawn are similar. Therefore the segments  and  are similar and similarly si-
tuated. 

Furthermore, we make the segment  ן  a segment which is not cut off by the 

mentioned perpendiculars, then I say that it is not similar to the segment . 

 [Proof]. For the segment  is similar to the segment , but the segment 

 is dissimilar to the segment  ן  ,as is proved in Theorem 19 of this Book because it 

is not cut off by the same pair of perpendiculars [as the segment ן  ]. Therefore the 

segment ן  is not similar to the segment . 
 

[Proposition] 22 
 

 For similar hyperbolas and ellipses the same properties hold as we proved  
hold for parabolas in the preceding theorem 36. 

Let the situation described for the parabola remain the same [for the hyperbola 

and the ellipse], and let the diameters  and  end at centers  and  [respectively]. 

 We draw from  and  tangents  and ן to the and  tangents  and ן the 

sections. Then they are parallel to  and  [respectively]. 

` Now the ratio of  to the latus rectum [of ] is equal to the ratio of  to the 
latus rectum of other section. Therefore ,since the sections are similar, then their eidoi 
are also similar, as is proved in Theorem 12 of this Book 
Therefore the ratio of the transverse diameter of one of the sections to the latus rectum 
is equal to the ratio of the transverse diameter of other section to its latus rectum. 
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 And we had made the ratio of two latera recta to  and  [respectively] equal. 
Therefore, since that is the case, and since the eidoi of two sections are similar, then it 
will be proved, as was proved in Theorem 12 of this Book, that the straight lines can be 

drawn in the segment  parallel to , and in the segment oe parallel to ,e and 

the number of the straight lines drawn in the segment  eis equal to the number of the 

straight lines drawn in the segment , and their ratios are equal to their ratios, and 

the ratios of the straight lines drawn in the segment ,e and [also] of  eto the por-

tions they cut off from the axis adjoining  are equal to the ratios of the straight lines 

drawn in [the segment] , and [also] of  to the portions they cut off from the axis 

adjoining  and [also] the ratios of the portions cut off the axis  to the portions cut off 

from the axis   are equal, therefore the segment   and  eare similar. 

 Furthermore the ratio  to  is equal to the ratio  to . And also as  is 

to , so  is to . Therefore as  is to  ,so  is to , and as  is to , 

so  is to . And as  is to , so  is to , and as AM is to , so  is to 

. Therefore as  is to , so  is to , and as  is to , so  is to . And 

convertendo as  is to , so  is to . 

 But as  is to , so  is to  because as  is to , so  is to . 

Therefore as  is to , so  is to . 

 But as  is to , so  is to . Therefore as  is to , so  is to . 

And the angles at  and  are right. Therefore the angles at  and  are also equal. 

Therefore the angles at  and ן are equal. And the sections are similar, therefore their 
eidoi are similar. 

 And  and ן are tangents. Therefore as pl.  is to sq.  , so  

pl. .is to sq ן , because of what is proved in Theorem 37 of Book I. And as sq.  

is to sq. , so sq.  is to ן because of the similarity of the triangles  and ן 
.Therefore as pl.  is to sq. , so pl.   is to ן

sq.ן  .Therefore as is to  is to , so  is to ן  . 

 But as  is to , so ן  is to  because of the similarity of the triangles [  

and ן ]. Therefore as  is to , so  is to  , and the angles [at]  and  are 

right. Therefore the triangle  is similar to the triangle . Therefore the angles at 

 and  are equal. 

 But it was [already] shown that the angles at  and ן are equal. Therefore as  

is to , so ן  is to , and as  is to , so ן is to because  is parallel to 

, and ן to . 

 Furthermore the eidoi of two section are similar, therefore as  is to , so  

is to . 

 But as  is to , so  is to . Therefore as  is to , so  is to . 

And dividendo as  is to , so  is to . 

 Furthermore as  is to , so  is to  because as  is to , so  is to 

, and as  is to , so  is to . Therefore as  is to , so  is to , and 

as  is to , so  is to . 

 Furthermore as  is to , so  is to ן  because of the similarity of the tri-

angles. But as  is to , so sq.  is to sq.  because of what is proved in Theorem 
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37 of Book I. And likewise as  is to ן , so sq.  is to sq. .Therefore sq. ן  is to 

sq. , so sq.  is to sq.  . ן and [hence] as  is to , so  is to , ן
 But we have proved that as  is to , so  is to . Therefore as  is to 

, so ן is to , therefore as  is to , so ן is to ן  . And as  is to , so  

ן is to ן   because the triangle  is similar to the triangle  

ן  , therefore as  is to  , so ן is to ן . 

 But we have proved above that as  is to , so ן  is to , therefore as  

is to , so ן is to  . 

 And the angles at  and  ן are equal. Therefore the segments  and  are 
similar and similarly situated, as is proved in Theorem 18 of this Book. 
 Furthermore we make a segment not cut off by the mentioned perpendiculars, 
and also [in the case of the ellipse] not cut off by perpendiculars whose distances from 
the center is equal to that of others 

perpendiculars, then I say that it is dissimilar to the segment . 

 [Proof]. For let, if possible, it be similar to it. Now the segment  is similar to the 

segment . Therefore the segment  is similar to the segment . But it is not cut off 

by the same perpendiculars [as ], nor [in the case of the ellipse] by perpendiculars 
whose distance from the center is equal to the distance of [those perpendiculars]. But 
that is impossible, as is proved in Theorems 19 and 20 of this Book. Therefore the seg-

ment  is not similar to the segment , nor to the segment . 
 

[Proposition] 23 
 

 In sections that are not similar no segment of one of them is similar to an seg-
ment of another 37. 

 Let there be two dissimilar sections  and . And first let them both be hyper-
bolas or ellipses. 

 Then I say that no segment of  is similar to an segment of . 

 [Proof]. For let, if that is possible, the segment  be similar to the  segment 

.We join   and , and bisect them at  and . Let the centers of the sections be 

 and  We join  and , then they are diameter to the sections, as is proved in 

Theorem 47 of Book I. Now  and  are either axes or not. Therefore, if they are 

axes, and the segments  and  are similar, then there can be drawn to the axis 

straight lines parallel to  such that the ratios of them and the ratio of  to the por-

tions cut off [by these straight lines], and the ratio of  to the portions cut off [by these 
straight lines} from the axis adjacent to its vertex are equal to the ratios of the straight 

lines equal in  number to those [first straight lines] drawn to other axis parallel to  and 

[to the ratio] of  to the portions cut off [by  them] from the axis of other section adja-
cent to its vertices, and [such that] the ratios of the  segments cut off from one of the 
axes to the  segments cut off from other axis are [all] equal, and the parallel straight 

lines are perpendiculars to the axes, therefore the sections  and  will be similar. 

 But if the diameters  and  are not axes then we make the axes  and 

, and draw from  and also  draw from them [ ] tangents to the section  and 

. Then, since the  segments  and  are similar, and the tangents  and  
have been drawn from their vertices it will be proved thence, as was proved in Theorem 




