BOOK FIVE

Apollonius greets Attalus

In fifth book | have composed propositions on the maximal and minimal straight
lines. You should realize that our predecessors and contemporaries paid (a little) atten-
tion only to the minimal straight lines : they proved thereby which straight lines are tan-
gent to the section and also the reverse, that is what properties are possessed by the
tangents to the section” such that when those properties are possessed by straight lines
they are tangents. But as for us, we have proven those things in Book 1 without making
use, in our proof of that, of the topic of minimal straight lines, for we wanted to make the
place where those [things] were put near to our discussion of the derivation of the three
sections, in order to show in this way that in each of the sections there may occur an
indefinite number 2 of properties and necessities of these things, as is the case with the
original diameters. As for the propositions in which we speak of the minimal straight
lines, we have separated them out and treated them individually, after much investiga-
tion, and have attached the discussion of them to the discussion of the maximal
straight lines which we mentioned above, because of our opinion that students of this
science need them for the knowledge of analysis and determination of problems and
their synthesis, not to speak of the fact that they are one of the subjects which deserve
investigation in their own right. Farewell.

[Proposition] 1

If there is a hyperbola or an ellipse, and there is erected at the end of one of its
diameters the half of the latus rectum to that diameter at right angles, and a straight line
is drawn from its end to the center of the section, and from a place on the section is
drawn a straight line as an ordinate to the diameter, then that straight line will be equal
in the square to the double quadrangle formed on the half of the latus rectum as it is de-
scribed in the example 3.

Let there be the hyperbola or the ellipse AB whose the diameter BI" and the cen-
ter A and the latus rectum for the section BE, and the half of BE is BH. Let AH be joined,
and the ordinate AZ be drawn, and from Z the straight line Z® parallel to BE be drawn.

| say that sq.AZ is equal to the double quadrangle BZ®H.

[Proof], For let ET" be drawn from E. Then AH is parallel to T'E, because I'B and
BE are bisected at A and H [respectively]. Let Z® be continued to [meet I'E at] K. Then
OK is parallel to HE,and ®K is equal to HE.

But HE is equal to BH, therefore BH is equal to ®K.

We make Z® common, then ZK is equal to the sum of BH and Z®. Therefore
pl.BZK is equal to pl.BZ, the sum of BH and Z®.

But pl.BZK is equal to sq.AZ, therefore pl.BZ, the sum BH and Z® is equal to
Sq.AZ, asis proved in Theorems 12 and 13 of Book I.

And pl.BZ, the sum BH and Z® is equal to the double quadrangle BZOH.

Therefore sq.AZ is equal to the double quadrangle BZOH 4 .
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[Proposition] 2

But if the straight line drawn as an ordinate falls on A which is the center in the
ellipse, and BE is made double BZ, and AZ is joined, then sq.AA is equal to the double
triangle BZA 5.

[Proof]. For let T'E be joined, then BZ is equal to ZE.

But ZE is equal to AH, which is parallel to BE. Therefore pl.BAH is equal to the
double triangle AZB.

But pl.BAH is equal to sq.AA, as is proved in Theorem 13 of Book I.

Therefore sg.AA is equal to the double triangle ZBA..

[Proposition] 3

But if the straight line drawn as an ordinate in the ellipse falls on the other side of
A which is the center as AZ, and BH is made the half of BE
which is the latus rectum, and HA is joined and continued in a straight line, and there is
drawn from Z a straight line Z® parallel to BE, to meet HA , then sq.AZ is equal to the
double triangle BAH without the double triangle AZ® 6.

[Proof]. For let from I" be drawn a straight line T'K parallel to BE, and HA be con-
tinued until meets I'K at K, and the section AB be completed, and AZ be continued in a
straight line to [meet it at] L. Then sq.ZA is equal to the double quadrangle I'K®Z, as is
proved in Theorem | of this Book.

But ZA is equal to AZ, so sq.AZ is equal to the double quadrangle 'K®Z. And
the quadrangle I'K®Z is equal to the triangle I'KA without the triangle AZ®. But the tri-
angle I'KA is equal to the triangle ABH because BA is equal to AI'. Therefore sq.AZ is
equal to the double triangle ABH without the double triangle AZ®.

[Proposition] 4

If a point is taken on the axis of a parabola, the distance of which from the vertex
of the section is equal to the half of the latus rectum, and the straight lines are drawn
from that point to the section, then the minimal of these [straight lines] if the straight line
drawn to the vertex of the section, and those closer to this [straight line] will be smaller
than those farther [from it], and their squares will greater than the square on it by the
equal to the square on the segment cut off on the axis towards the vertex by the per-
pendiculars [drawn] to the axis from the end of each of them 7.

Let the axis of the parabola be I'E and let I'Z be equal to the half of the latus rec-
tum, and let from Z to the section ABI" be drawn ZH, Z®, ZB, and ZA.

| say that the least of the straight lines drawn from Z to the section ABI" is I'Z,
and that those [straight lines] which are nearer to it are smaller than those which are
farther [from it], and that the square on the segment between I" and the foot of the per-
pendicular from it [the end of the straight line].

{Proof]. For let the perpendiculars HK, ®A and AE be drawn. Let the half of the
latus rectum be I'M, then I'Z is equal to I'M.
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And the double pl.MI'K is equal to sq.KH, as is proved in Theorem 11 of Book I.
But the double pl.MI'K is equal to the double pl.ZT'K. Therefore the sum of the double
pl.ZT'K and sq.KZ is equal to the sum of sq.KZ and sq.KH.

But these two squares are equal to sq.ZH. Therefore the sum of the double pl.ZI'K and
sg.ZK is equal to sq.ZH. Therefore sq.ZH is greater than sq.ZI" by sq.I'K. And it will be
proved from this that ®Z is greater than ZH and ZH is greater than ZI'.

So ZI' is the shortest and those [straight lines] that are closer to it are shorter
than those which farther. And it is proved that the excess of the square on each of them
over the square on the shortest straight line is of the another of the square on the seg-
ment cut off from the axis towards the vertex of the section by the perpendiculars from
the ends of the straight lines.

[Proposition] 5

But is taken on the axis of a hyperbola such that its distance from the vertex of
the section is equal to the half of the latus rectum, then in this case the same result will
obtain as happened in the parabola, except that the increments of the square on the
straight lines over the square on the minimal straight line will be equal to the rectangular
plane on the straight line joining the foot of [each of] the perpendiculars to the vertex of
the section which is similar to the rectangular plane under the transverse diameter and
a straight line equal to the sum of the transverse diameter and the latus rectum where
the transverse diameter corresponds to straight line joining [the foot of] each of the per-
pendicular and the vertex of the section 8.

Let there be the hyperbola ABI" whose axis be I'E, and let the half of the latus
rectum be I'Z. From Z the straight lines ZA, ZB, ZI', ZH, and Z©.

To the section ABI', as many as we please.

| say that ZI" is the least of the straight lines drawn from Z to the section, and that
those which are closer to it are shorter than those farther, and that for each of the
straight lines Z®, ZH, ZB, and ZA the square on I'Z is smaller than the square on it by
an amount equal the rectangular plane on the segment between the foot of the corres-
ponding perpendicular and I" which similar to the rectangular plane under AT which is
the transverse diameter of the section and a straight line equal to the sum of AI" and the
latus rectum. So let the latus rectum. So let the latus rectum be I'X, and the half of it be
I'K, and the center of the section be ®.

[Proof]. For let the perpendiculars ®MN, HAZ, and AEII, to I'E be drawn and con-
tinued, and the perpendicular BZ be continued to O, and KT and =N parallel to I'M be
drawn. Then sq.®M is equal to the double quadrangle I’'KNM, as is proved in Theorem |
of this Book. And sg.ZM is equal to the double the triangle ZMI because ZM is equal
to MI for I'K is equal to I'Z. Therefore sq.0®Z is equal to the sum of double triangles I'KZ
and KNI for sq.0Z is equal to the sum of sq.0M and sq.MZ. But sq.I'Z is equal to the
double triangle I'KZ because I'Z is equal to I'K. And the quadrangle XNIY is equal to
the double triangle IKN.Therefore sq.I'Z is less than sq.®Z by the quadrangle YZNI.
And pl.AT'X is equal to pl.®I'K and as ®I"isto I'K, so KT is to TN. But KT is equal to
TI because IM is equal to MZ [for 'K is equal to I'Z]. Therefore pl. A['X is equal to ITN,
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and invertendo as XI"isT'A, so TN is to TI. And componendo as the sum of XI" and I'A
isto I'A, so NIl is to TL

But TI is equal to Y1, therefore as NI is to YI, so the sum XI"and I'A is to I'A. Let
XI" be continued to ¥, and let 'V be equal to ’'A. Then as NI is to
YI, so X¥isto We , and these sides that are in the same ratio and close the equal an-
gles. Therefore the rectangular planes YN and Xo are similar, and YI, which is
equal to I'M, corresponds to We , which is equal to I'A. Therefore the rectangular plane
on I'M similar to the rectangular plane under A" and a straight line equal to the sum of
AT and the latus rectum is the quadrangle YN. Therefore sq.®Z is greater than sq.I'Z by
an amount equal to the rectangular plane on I'M similar to the rectangular plane under
['A and the segment equal to the sum of I'A and the latus rectum.

Similarly too it will be proved that sg.ZH is greater than sg.ZI" by an amount
equal to rectangular plane on I'A similar to the mentioned plane.

And | say that sq.BZ is greater than sq.I'Z by an amount corresponding to the
mentioned plane for sq.BZ is equal to the double area 'KOZI, as is proved in Theorem |
of this Book.

But sq.I'Z is equal to the double triangle T’KZ. Therefore sq.BZ is greater than
sq.I'Z by the double triangle ZKO.

And similarly we will prove that the rectangular plane that the double triangle
ZKO is the rectangular plane on I'Z similar to the mentioned plane. Therefore sq.BZ is
greater than sq.I'Z by an amount equal to the double rectangular plane on I'Z similar to
the mentioned plane.

But | also say that sq.AZ is in the same case as we mentioned for
sq.AE is equal to the double quadrangle I'KIIE, as is proved in Theorem | of this Book.
But sq.ZE is equal to the double triangle PZE.

Therefore sgq.AZ is equal to the sum of the double triangles PKIT and I'KZ, for
Sq.AZ is equal to the sum of sq.AE and sg.EZ. But the double triangle I'KZ is sq.I'Z.
Therefore sq.AZ without sq. I'Z is equal to the double triangle PKIT.

And similarly too we will prove that the rectangular plane equal to the double tri-
angle PKIT is the rectangular plane on I'E similar to the mentioned t plane.

And because the increments of the squares on these straight lines over the
square on I'Z are the rectangular planes on T'E, I'Z, I'A, and I'M, and these rectangular
planes differ from each other, the rectangular plane on I'E is greater than that on I'Z,
and that on I'Z is greater than that on I'A, and that on I'A than that on I'M, and I'Z is the
least of the straight lines [so] drawn, and those of the other straight lines which are
closer to it are smaller than those which are farther.

And the square on each of straight lines [so] drawn is equal to the square on the
least of these straight lines together with the rectangular plane on the segment between
the foot of the perpendicular and T" similar to the rectangular plane under I'A and a
segment equal to the sum of I'A and the latus rectum 9-10,
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[Proposition] 6

But if the same conditions as we mentioned hold, except that the section is an
ellipse, and the axis is its major axis, then least of the straight lines drawn from that
point is the one equal to the half of the latus rectum, and the greatest of them is the re-
mainder of the axis. As for the other straight lines, those of them that are closer to the
minimal straight line are less than those that are farther from it. And each of them is
greater than it by an amount equal to rectangular plane on the segment between the
foot of the perpendicular from it and the vertex of the section similar to the rectangular
plane under the transverse diameter and the difference between the transverse diame-
ter and the latus rectum, where the transverse diameter corresponds to the segment
between the foot of the perpendicular and the vertex of the section .

Let there be the ellipse ABI' whose major axis be AI', and let XA be equal to the
half of the latus rectum. And let from A to the section AZ, AE, AB and AH are drawn.

| say that AT is the shortest of the straight lines drawn from A, and that AA is the
longest of them, and that of the remaining straight lines those which are closer to AT" are
shorter than those which are farther, and that the square on each of them is greater
than sg.AI' by an amount equal to the rectangular plane on the segment between the
foot of its perpendicular and I" similar to the rectangular plane under I'A to together with
excess of it over the latus rectum.

[Proof].For let I'® be made the half of the latus rectum, and the center be I, and the
perpendiculars ZKX, EA, and BAP [to the major axis] be drawn, and [from A] a straight
line AE parallel to the ordinates is drawn , and TY and Z® parallel to I'A are drawn.
Than sq.ZK is equal to the double quadrangle T'®ZK, as is proved in Theorem | of this
Book.

And sg.AK is equal to the double triangle KTA for KA is equal to KT [because AT’
is equal to I'®]. Therefore sg.AZ is equal to the sum of the double triangles AI'® and
TOZ.

But sq.Al" is equal to the double triangle AI'®G. And the quadrangle TY®ZX is equal
to the double triangle TOZ, therefore sq.AZ is greater than sq.I'A by an amount equal to
the quadrangle TX®Y. And as IT" is to T'A, so AT is to latus rectum, which is Z® is to ®0G.
Therefore as AT is to the latus rectum, so Z® is to ©O.

But Z® is equal to YO therefore as AT is to the latus rectum, so Y® is to
O®. And convertendo as I'A is to I'A without the latus rectum, so @Y is to Y.

But ®Y is equal to UT because I'A is equal to I'®. Therefore as YT is to TZ, so
AT is to AT without the latus rectum.

And AT corresponds to YT, which is equal to I'K. Therefore the rectangular plane
YX is equal to the rectangular plane on KI" similar to the rectangular plane under AT
and its excess over the latus rectum.

But sq.ZA is greater than sq.AI' by an amount equal to the rectangular plane YZ.
Therefore sg.ZA is greater than sq.AI' by an amount equal to the rectangular plane on
I'K similar to the mentioned plane.

| also say that sq.BA is in the same case as the mentioned straight line
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[ZA] for sg.BA is equal to the double quadrangle AT®P. And sqg.I'A is equal to the double
triangle AI'®. Therefore sq.AB without sq.Al is equal to the double triangle AGP.

But the rectangular plane on I'A similar to the mentioned plane is equal to the
double triangle A®P. Therefore the difference between sq.AB and sq.Al” is equal to the
rectangular plane on I'A similar to the mentioned plane.

| also say that sq.AH is grater than sg.AI" by an amount equal to the rectangular
plane on MI" similar to the mentioned plane for sq.HM is equal to the double area
MAOWY, as is proved in Theorem | of this Book. And sg.MA is equal to the double trian-
gle AMN because AM is equal to MN [for AT is equal to I'®]. Therefore sq.AH is equal
to the sum of the double triangle AIO and the double area I'PNA.

But the triangle OAI is equal to the triangle I'®I. Therefore sg.AH is equal to the
sum of the double triangle I'®I and the double area I'YNA. And these [latter] are equal
to the sum of the double triangles AT'® and NOY.

But sq.I'A is equal to the double triangle TA®. Therefore sq.AH without sq.T'A is
equal to the double triangle NOY. And the rectangular plane on I'M similar to the men-
tioned plane is equal to the double triangle NO®Y. Therefore sq.AH without sq.Al” is
equal to the rectangular plane on I'M similar to the mentioned plane.

Furthermore sqg.AA is equal to the double triangle ZAA. But the triangle OIA is
equal to the triangle ®I'], so sg.AA is equal to the sum of the double triangles Z©0 and
AI'®. But sq.T'A is equal to the double triangle Z©0. And the rectangular plane on I'A
similar to the mentioned rectangular plane is equal to the double triangle ®OZ=. There-
fore sq.AA is greater than sg.AI' by an amount equal to the rectangular plane on I'A to-
gether with the excess of it over the latus rectum. And the rectangular plane on T'A is
greater than that on I'M, and that on I'M is greater than that on T'A, [and that T'A is
greater than that on I'A, and that on I'A is greater than that on I'K].

Therefore T'A is the smallest of the straight lines drawn from A to the section, and
AA is the greatest of them. And as for the other straight lines those of them drawn
closes to shortest straight line are smaller than those drawn farther from it. And the
square of each of them is greater than the square on the shortest straight line by an
amount equal to the mentioned plane.

[Proposition] 7

If a point is taken on the mentioned minimal straight lines in one of three section,
and straight lines are drawn from it to the section, then the shortest of them is the
straight line between the point and the vertex of the section, and those of other straight
lines drawn in that half of the section closer to it are shorter than those drawn farther 11,

Let there be of a cone ABI'A whose axis be AH. Let the minimal straight line be
AE. Let there be an arbitrary point Z on AE. From it to the section straight lines ZI', ZB,
and ZA are drawn.

| say that AZ is the shortest of them, and that those [of them] drawn closer to it
are smaller than those drawn farther.

143



[Proof]. For let TE be drawn . Then I'E is greater than EA. Therefore the angle
I'AE is greater than the angle AT'E. By how much the more is the angle ZAT greater than
the angle AI'Z, so I'Z is greater than ZA.

Furthermore BE is greater than EI', so the angle BI'E is greater than the an-
gle I'BE. So by how much the more is the angle I'BZ less than the angle BI'Z, therefore
BZ is greater than ZI'.

Similarly also it will be proved that AZ is greater than BZ. So AZ is the shortest of
the straight lines drawn from Z to the section, and as for other straight lines those of
them drawn closer to AZ are shorter than those drawn farther.

[Proposition] 8

If a point is taken on the axis of a parabola, the distance of which from the vertex of the
section is greater than the half of the latus rectum, and there is cut off on the axis from
the point witch was taken on it towards the vertex of the section a straight line equal to
the half of the latus rectum, and from the [other] end of that straight line which was cut
off there is drawn a perpendicular to the axis, and that perpendicular is continued to
meet the section, and there is drawn from the place there it meets the section a straight
line to the taken point, then that straight line is the shortest of the straight lines drawn
from the taken point on the axis to the section, and of all other straight lines on both
sides [of it] those drawn closer to it are shorter than those drawn farther, and the square
on each of them is greater than thee square on the shortest straight line by an amount
equal to the square on the segment between the feet of the perpendiculars to the axis
from two of them. 12

Let there be the parabola ABI" whose axis I'A, and let TE be longer than the half
of the latus rectum, and let the half of the latus rectum be ZE. The perpendicular ZH to
I'E is drawn and EH is joined.

| say that EH is the shortest of the straight lines drawn from E to the section, and
as for other straight lines drawn from [E to] ABI" those of them drawn closer to EH are
shorter than drawn farther on both sides. From E to the section EK, EA, E®, and EA are
drawn.

| say also that the square on each of these straight lines are greater than sq.EH
be an amount equal to the square on the segment between the foot of the perpendicular
from it and Z.

[Proof]. For let the perpendiculars [KE, AM, ©X, and AA] be drawn and let BE be
a perpendicular [to the axis],and let I'N be the half of the latus rectum. Then the double
pl.NI'E is equal to sq.KZE, as is proved in Theorem 11 of Book I, and the double pl.NI'Z
is equal to the double pl.EZ, T'E.

We make the sum of the double pl.LEZZ, sq.EZ, and sg.Z=Z common. Then
the sum of the double pl.EZ,I'E ,the double pl.EZE, sq.EZ, and sq.Z= is equal to the
sum sq.K= and sq.EE which sq.KE .But the sum of the double pl.EZ,I'= and the double
pl.EZZ is equal to the double pl.I'ZE. Therefore sq.KE is equal to the sum of the double
pl.I'EZ, sq.ZZ, and sq.EZ. But the double pl.I'’ZE is equal to sq.ZH because ZE is equal
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to I'N. Therefore the sum of sq.ZH, sq.ZE, and sq.Z= is equal to sq.EK. But the sum of
sg.ZH and sq.ZE is equal to sqg.EH.

Therefore sq.KE is equal to the sum of sq.EH and sq.Z=. Therefore the amount by
which sg.KE is greater than sg.EH is equal to sq.Z= .

Similarly also it will be proved that the difference between sg.EA and sq.EH is
equal to sq.MZ. And since the double pl.T'ZE is equal to sq.ZH [because ZE is equal to
I'N], therefore the difference between sq.T'E and sq.EH is equal to sq.I'Z. And Z= is
smaller than ZM, which is smaller than ZI'.

Therefore EH is the least of the straight lines drawn from E to the section on the
side of I".

Furthermore sq.BE is equal to the double pl.NI'E and is equal to the double
pl.’EZ. And the double pl.I'ZE is equal to sq.ZH. Therefore sq.BE is equal to the sum of
sq.HE and sq.EZ. Therefore amount by which sq.BE is greater than sq.EH is equal to
sq.ZE.

Furthermore sg.X® is equal to the double pl.I'X,ZE because ZE is equal to I'N.
We make sq.XE common. Then the sum of the double pl.I'ZE, the double sq.ZE, and
the double sq.ZX is equal to sg.E®. But the sum of the double pl.XZE, and the double
sq.ZE is equal to sgq.EH. Therefore sq.E® without sq.EH is equal to sq.ZX.

Similarly also it will be proved that sq.AE without sq.EH is equal to sq.DZ. But AZ
is greater than ZX, which is greater than ZE.

Therefore EH is the least of the straight lines drawn from E to the section, and
those drawn closer to it are smaller than those drawn farther, and the difference be-
tween them and it is equal to the square on the segment between the foot of the per-
pendicular from it and Z.

[Proposition] 9

If a point is taken on the axis of a hyperbola such that the distance between it and the
vertex of the section is greater than the half of the latus rectum, and the segment be-
tween the taken point and the center is cut in two parts such that as one is to other, so
the transverse diameter is to the latus rectum, and the segment next to the center is one
corresponding to the transverse diameter, and there is drawn from the point at which
that segment was cut a perpendicular to the axis so as to meet the section and the
segment between the point of its meeting and the taken point is joined, then that joined
straight line is the least of thee straight lines drawn from the taken point to the section,
and as for the other straight lines on either side of it those of them drawn closer [to it]
are smaller than those drawn farther, and the amount by which the square on each of
them is greater than the square on it is equal to the rectangular plane on the segment
between the foot the perpendiculars from two of them similar to the rectangular plane
under the transverse diameter and a segment equal to the sum of the transverse diame-
ter and the latus rectum when the side corresponding to the transverse diameter is the
segment between two perpendiculars 13.

Let there be the hyperbola ABI" whose external axis QA and center H. Let I'E be
greater than the half of the latus rectum. Let as HB is to ZE, so transverse diameter is
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to the latus rectum [Then Z falls between I" and E] from Z a perpendicular Z® to the axis
is drawn, and ©E is joined.

| say that E® is the smallest of the straight lines drawn from E to the section, and
that [other straight lines] on both sides those drawn closer to it are smaller than those
drawn farther, and that the difference between the square on each of them and the
square on it is equal to rectangular plane on the segment between the feet of their two
perpendiculars similar to the rectangular plane under the transverse diameter and a
segment equal to the sum of the transverse diameter and the latus rectum, when the
transverse diameter corresponds to the segment between two perpendicular.

[Proof]. For let the half of the latus rectum be made I'l, and let the perpendicular
AN and K= and other perpendicular [BE, MT, and AA], be drawn and continued in a
straight line. Let HIY be joined [to meet the perpendicular at O, P, @, X, and Y] and PE
be joined and continued in both directions [to meet MX at I, KO| , and I'T at Y] . Then
as 'H is to I'l, so the transverse diameter is to the latus rectum. Butas 'H isto I'l, so
HZ isto ZP ,and as HZ is to ZE. Therefore ZE is equal to ZP.

But sq.Z@ is equal to the double area I'IPZ, as is proved in Theorem 1 of this
Book, and sq.ZE is equal to the double triangle ZEP. Therefore sq.®E is equal to the
double area I'EPI.

Furthermore sg.K= is equal to the double area OZITT, as is proved in Theorem 1
of this Book, and sq.EZ is equal to thee double triangle EZ] .

Therefore sg.KE is equal to the sum of the double area PEI'T and the double triangle
PO .

But it was proved that sq.®E is equal to the double area PEI'l. Therefore sq.EK
without sq.©E is equal to the double triangle PO| .

Let the straight lines O, PI1, and | e be drawn parallel to I'A. Then as
HG istoI'l, so | ITis to ITO because PIT is equal to IT] .

So as | ITis to ITO so the transverse diameter is to the latus rectum.

Therefore as I| is to | O, so transverse diameter is to a segment
equal to the sum of the transverse diameter and the latus rectum.

But IT| is equal to | e . Therefore the rectangular plane ZOJ ¢ is similar to the rec-
tangular plane under the transverse diameter and a segment equal to the sum of the
transverse diameter and the latus rectum.

And the quadrangle 20J ¢ is equal to the double triangle OP| , which is the difference
between sq.EK and sq.E®.

And XO is equal to Z=. Therefore sq.KE without sq.®E is equal to the rectangular
plane on ZZ similar to the mentioned plane when the transverse diameter corresponds
to ZE.

Similarly also it will be proved that sq.EA without sq.E® is equal to
rectangular plane on ZN similar to the mentioned plane when again the transverse di-
ameter corresponds to ZN.

Furthermore sqg.I'E is equal to the double triangle I'YE, and sq.E® is equal to the
double quadrangle I'EPI, as is proved in Theorem 1 of this Book.

Therefore sg.I'E without sq.E® is equal to the double triangle YPI.
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But the double triangle YPI is equal to the rectangular plane on I'Z similar to the
mentioned . Therefore sq.I'E without sq.E® is equal to the rectangular plane on I'Z simi-
lar to the mentioned plane.

And ZZ is smaller than ZN, which is smaller than ZI". Therefore ®E is smaller than EK,
which is smaller than EA, which is smaller than ET".

Therefore E® is the least of the straight lines drawn from E to the section on the
one side that towards I'.

Furthermore sq.BE is equal to the double quadrangle TI®E, as is proved in Theo-
rem 1 of this Book, and it was proved that sq.®E is equal to the double quadrangle
I'IPE. Therefore sg.EB without sq.E® is equal to the double
triangle ®EP, and the rectangular plane on ZE similar to the mentioned plane is equal
to the double that triangle.

Furthermore sg.MT is equal to the double quadrangle TXITI', as is proved in
Theorem 1 of this Book, and sq.TE is equal to the double triangle TE¢. Therefore sq.ME
is equal to the sum of the double triangle ¢cXP and the double quadrangle I'IPE.

But it was proved that sq.®E is equal to the double quadrangle I'TPE. And the
rectangular plane on ET similar to the mentioned plane is equal to the double triangle
cPX.

Similarly also it can be proved that sq.EA without sq.®E is equal to the rectangu-
lar plane on ZA similar to the mentioned plane. And EZ is smaller than ZT which is
smaller than EA. Therefore ®F is smaller than EB which is smaller than EM which is
smaller EA. Therefore E® is the least of the straight lines drawn from E to the section,
and of the straight lines on either side of ®E those of them drawn closer to ®F are
smaller than those drawn farther, and the square on each of them is greater than the
square on ®F by an amount equal to the rectangular plane on the segment between the
feet of their perpendiculars and the foot of its perpendicular similar to the mentioned
rectangular plane.

[Proposition] 10

If a point is taken on the major axis of an ellipse such that the distance
between that point and the vertex of the section is longer than the half of the latus rec-
tum, and as the segment between the vertex of the section and the taken point on the
axis is cut at a point such that the segment between the center of the section and the
point at which the cut was made is to the segment between that [latter] point and the
first taken point, so the transverse diameter is to the latus rectum, and from the point at
which the cut was made a perpendicular is drawn to the axis to meet the section, and
from the point where it meets [the sections] a straight line is drawn to the first taken
point, then this straight line is the smallest of the straight lines drawn from the taken
point to the section, and of the remaining straight lines [drawn from that point to the
section] those of them drawn closer to that straight line are smaller than those drawn
farther, and the amount by which [each of] the squares on them is greater than the
square on it is equal to the rectangular plane on the segment between feet of the per-
pendiculars from them and the foot of the perpendicular from it which is similar to the
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rectangular plane under the transverse diameter and the excess of the transverse di-
ameter over the latus rectum when the transverse diameter corresponds to that seg-
ment 14,

Let there be the ellipse ABI" whose major axis be AI', and center A. Let EI" be
greater than the half of the latus rectum, and as AZ is to ZE, so AT is to the latus rec-
tum. From Z a perpendicular to the major axis is drawn, namely ZH, it is continued to T,
and EH is joined.

| say that EH is the smallest of the straight lines, drawn from E to the section, and
that of thee other straight lines [drawn from E to the section] those of them drawn closer
to that straight line are smaller than those drawn farther and that the amount by which
their are squares are greater than its square is equal to the rectangular plane on the
segment between the feet of the perpendiculars from them and Z similar to the rectan-
gular plane under the diameter AT and the excess of that diameter over the latus rec-
tum then the diameter AI" corresponds to the segment between Z and the foot of the
perpendicular.

[Proof]. For let the straight lines [KE, ®F, AE, and ME] and the perpendiculars
[KZ, ®P, AA, MII, and 1A] be drawn as in the diagram, and let BE be perpendicular to
AT, and let I'N be the half of the latus rectum. NA, TE are joined and continued [and ®P
is continued to meet them at X and ¥, and BE is continued NA at e ].

Then as AT is to I'N, so the transverse diameter is to the latus rectum therefore
as AZisto ZE, so Al'isto I'N. But as A" isto I'N, so AZ is to ZT, therefore as AZ is to
ZE so AZ isto ZT. Therefore ZE is equal to ZT.

Let T| , XY, and WY@ be drawn parallel to AT". Then sq.ZE is equal to the double
triangle ZET, and sq.ZH is equal to the double quadrangle ZI'NT, as is proved in Theo-
rem 1 of this Book. Therefore sq.EH is equal to the double quadrangle NI'ET.

Furthermore sg.®P is equal to the double quadrangle I'PXN, as is proved in
Theorem 1 of this Book, and esq. is equal to the double triangle PWWE. Therefore sq.E®
is equal to the sum of the double quadrangle I'NTE and the double triangle WYTX.

But sq.EH was shown to be equal to the double quadrangle I'NTE.

Therefore sq.E® without sq.EH is equal to the double triangle T¥X. But the double tri-
angle T¥X is equal to the quadrangle YOYX.

Furthermore as EZ isto ZT, so T| isto | W. But EZis to ZT. Therefore T| is
equalto | V. Andas T| isto| X, so AI'isto I'N.

Therefore as | Wisto | X ,so AI'is to I'N.

But as AT"is to I'N, so the transverse diameter is to the latus rectum.

Therefore as | Wis to | X, so the transverse diameter is to the latus rectum.

Convertendo as | ¥ is to WX, so the transverse diameter is to the excess of the
transverse diameter over the latus rectum;

But | ¥ is equal to @YV, so the quadrangle X¥®Y is similar to the rectangular
plane under the transverse diameter and its excess over the latus rectum. Therefore
sq.E® without sq.EH is equal to the rectangular plane on ZP similar to the mentioned
one where ZP corresponds to the transverse diameter.
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Similarly also it will be proved that sq.KE without sq.EH is equal to the rectangu-
lar plane on ZX similar to the mentioned plane, and that sq.EI" without sg.EH is equal to
the rectangular plane on ZI" similar to the mentioned plane.

But ZP is smaller than ZX, which is smaller than ZI'. Therefore EH is smaller E®,
which is smaller than EK, which is smaller than ETI".

Furthermore sq.BE is equal to the double quadrangle EI'Ne , as is proved in
Theorem 1 of this Book. And sqg.EH is equal to the double quadrangle EI'NT, as we
moved above. Therefore sq.BE without sq.EH is equal to the double triangle ETe .

But the double triangle ETe is equal to the rectangular plane on ZE similar to the
mentioned plane, and that will proved in the way described previously.

Furthermore sg.AA is equal to the double triangle AT'N, as is proved in Theorem
2 of this Book. And sq.AE is equal to the double triangle AEc.

Therefore sg. AE is equal to the sum of the double triangle AcT and the double qua-
drangle I'NTE. Therefore sq.AE without sq.EH is equal to the double triangle AgT.

But the double triangle AcT is equal to the rectangular plane on AZ similar to the
mentioned plane.

Furthermore sg.MIT is equal to the double quadrangle ZOTITA, as is proved in
Theorem 3 of this Book.

And sq.ITE is equal to the double triangle TIEQ. Therefore sq.ME is equal to the
sum of the double triangle ZAA and the double quadrangle QEAO.

But the triangle ZAA is equal to the triangle I'AN. Therefore sq.ME is equal to the
sum of the double quadrangle TETN and the triangle OTQ. Therefore sq.ME without
sq.EH is equal to the double triangle QTO. But the double triangle QTO is equal to the
rectangular plane on ZIT similar to the mentioned plane.

Furthermore sg.EA is equal to the double triangle AEu, and the triangle AI'N is
equal to the triangle AAZ. Therefore sq.EA is equal to the sum of the double triangle
TZu and the quadrangle I'ETN. Therefore sq.AE without sq.EH is equal to the double
triangle TZu. But the double triangle Z1 is equal to the rectangular plane on AZ similar to
the mentioned plane.

And EZ is smaller than ZA which ZIT, which is smaller than ZA. Therefore BE is
smaller than EA which is smaller than EM which is smaller than EA.

Therefore EH is the least of the straight lines drawn from E to section ABI’, and
as for the rest of the straight lines on both sides [of EH] those drawn closer to EH are
smaller than those drawn farther, and the amounts by which the squares on them are
greater than the square on it are equal to the rectangular planes on the segments be-
tween the feet of their perpendiculars and the foot of its perpendicular similar to the
mentioned plane 1.

[Proposition] 11

The smallest of the straight lines drawn from the center of an ellipse to the boun-
dary of the section is the half of the minor axis, and the graters of them is the half on the
major axis, and those straight lines drawn [from the center] closer to the longest straight
line are greater than those drawn farther, and the amount by which the square on each
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of those straight lines is greater than the square on the shortest straight line is equal to
the rectangular plane on the segment between the foot of the perpendicular [from that
straight line] and the center similar to the rectangular plane under the transverse diame-
ter and the excess of it and over the latus rectum 16,

Let there be the ellipse ABI" whose major axis be AT" and minor axis BA.

| say that the longest of the straight lines drawn from the center E to the section
is EI', and the shortest of them is EB, and that of the other the straight lines between EB
and EI" those of them drawn closer to T'E are greater than those drawn farther from it,
and that the amounts by which the squares on them are greater the square on BE are
equal to the rectangular planes on the segments between the feet of the perpendiculars
from them onto AI" and E similar to the rectangular plane under A" and the excess of
AT over the latus rectum.

[Proof]. For let EZ and EH be drawn, and the perpendiculars ZI and HIT are
dropped. Let the half of the latus rectum be I'©. Then I'® is smaller than
I'E. So let TK be equal to TE. Let ®E and EK be joined, and HIT and ZI are continued
to O and E, and MA and NE be drawn parallel to AT". Then pl.ETK is equal to EIE. But
EI' is equal to I'K, therefore EI is equal to ZI. And sq.I'Z is equal to the double quadran-
gle '®AI, as is proved in Theorem 1 of this Book.

And sq.lE is equal to the double triangle IEZ. Therefore sq. ZE is equal to the
sum of the double triangles EI'® and EAZ. And sq.EB is equal to the double triangle
EI'®, as is proved in Theorem 2 of this Book.

And the double triangle EAE is equal to the quadrangle AZMN. Therefore
sq.EZ without sg.EB is equal to the quadrangle AN. And as KTI" is to I'®, so the trans-
verse diameter is to the latus rectum, and as KI" is to I'®, so =l is to IA, and converten-
do as =l is to ZA so the transverse diameter is to the excess of the transverse diameter
over the latus rectum.

But =l is equal to ZN. Therefore thee quadrangle AZNM is similar to the rectan-
gular plane under the transverse diameter and its excess over the latus rectum. But AM
is equal to IE. Therefore sq.EZ without sq.EB is equal to the rectangular plane on IE
similar to the mentioned plane.

Similarly also it will be proved that sq.EH without EB is equal to the rectangular
plane on EIT similar to the plane.

Furthermore sq.I'E is equal to the double triangle I'EK, and sqg.BE is equal to the
double triangle TE®. Therefore sq.I'E without sq.BE is equal to the double triangle EK®.
But the double triangle EK® is equal to the rectangular plane on I'E similar to the men-
tioned plane.

And EI is greater than EIT which is greater than EI. Therefore EI is greater than
EH which is greater than EZ, which is greater than EB.

Therefore the longest on the straight lines drawn from E is EI", and the shortest of
them is EB, and as for the other straight lines [from E] between EB and EI" those of
them drawn closer to EI" are longer than those drawn farther, the amount by which the
square on each of then is greater than the square on EB is equal to the rectangular
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plane on the segment between the foot the perpendicular from it onto AI" and the cen-
ter similar to the mentioned plane.

[Proposition] 12

If a point is taken on one of the straight lines which has been proved to be mi-
nimal on straight lines drawn from some point on the axis to one of the
[three] sections and straight lines are drawn from that [first] point to the section on one
side, then the shortest of them is the segment of the minimal line adjoining the section,
and those drawn closer to it are shorter than those drawn farther 17,

Let there be the conic section AB whose axis BI" and the minimal straight line
drawn from some point on it be T’A. On it an arbitrary point A is taken. | say that AA is
the shortest of the straight lines drawn from A in that part of the section.

[Proof]. For let AE, AZ, and AB be drawn, and ZT', I'E, AE, EZ , and ZB be joined
then EI" is greater than T'A, so the angle T'AE is greater than the angle
['EA. But the angle I'EA is greater than the angle AEA, therefore the angle EAA is mush
greater than the angle AEA. Therefore EA is greater than AA.

Furthermore ZI" is greater than I'E, therefore the angle ZET is greater than the
angle EZI'. Therefore the angle ZEA is much greater than the angle EZA. Therefore ZA
is greater than AE.

Similarly also it will be proved that BA is greater than AZ. Therefore AA is the
smallest of the straight lines drawn in this part of the section, and those drawn closer to
it are smaller than those drawn farther.

Similarly also it will proved concerning those straight lines where they are drawn
in the other part of the section.

[Proposition] 13

If there is drawn from a point from the axis of a parabola the minimal of the
straight lines drawn from that point to the section, so as to form an angle with the axis,
then that angle which it forms with the axis will be acute,
and if a perpendicular is dropped from its [other] end to the axis, then [that
perpendicular] cuts off from it segment equal to the half of the latus rectum?8,

Let there be the parabola AB whose axis BI', and the minimal straight line drawn
[from I'] in the parabola, AT".

| say that the angle at I" is acute, and that the perpendicular drawn from A to BI"
cuts off from it a segment equal to the half of the latus rectum.

[Proof]. For AT" is minimal, so BI" is greater than the half of the latus rectum. For
if it were not greater than it, would be either equal to it or less
than it.

But if it were equal to it, BI' would minimal, as is proved in Theorem 4 of this
Book. But that is not so for the minimal is AI". And if BI" were less than the half of the
latus rectum, then where a straight line equal to the half of the latus rectum was cut off
from the axis the point at which the cut was made would be beyond I'. Therefore it could
be proved from Theorem 4 of this Book that BI'" is smaller than I"A. Therefore BI" is not
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smaller than the half of the latus rectum. And we have proved that it is not equal to it.
Therefore it is greater than it. Therefore let the [straight line] equal to the half of the latus
rectum be I'A. Then | say that the perpendicular drawn from A meets A.

[Proof]. For let if that is not so the perpendicular be AE. Then ET is the shortest of
the straight lines drawn from I" to the section, as is proved in Theorem 8 of this Book.
But A" was the minimal. That is impossible.

Therefore the perpendicular drawn from A meets A, and Al is equal to the half of
the latus rectum, and the angle AT'B is acute.

[Propositions] 14

If there is drawn from the axis of a hyperbola a straight line which is minimal of
the straight lines drawn from that point, so as to form with the axis two angles, then that
angle of two which is towards the vertex of the section is acute, and if there is drawn
from the [other] end of the minimal straight line a perpendicular to the axis, it cuts the
straight line between the center of the section and the point on the axis from which the
minimal line is drawn into two parts such that as that part adjacent to the center is to the
other part, so the transverse diameter is to the latus rectum 19,

Let there be the hyperbola AB whose axis BI', and the minimal straight line AT’
drawn from I', and the center A.

| say that the angle AT'B is acute, and that the perpendicular falling from A onto
axis BI" cuts I'A into two parts such that as one part of two is to the other, so the trans-
verse diameter is to the latus rectum.

[Proof]. For BT is longer than the half of the latus rectum, as is proved from
Theorem 4 of this Book. And BA is the half of the transverse diameter. Therefore the
ratio AB to BT is less than the ratio of the transverse diameter to the latus rectum.

Therefore we cut AT into two parts at E such that as one of them is to the other,
so the transverse diameter is to the latus rectum.

Then | say that the perpendicular drawn from E to AI' reaches A for if that is not
so, let it be as perpendicular EZ let I'Z be joined then GZ is the minimal straight line
drawn from I', as is proved in Theorem 9 of this Book.

But the minimal straight line was AG, that impossible. Therefore the perpendicu-
lar drawn from E reaches A, therefore the angle AI'B is acute, and the perpendicular
drawn from A cuts I'A into two parts such that as one of them is to the other, so the
transverse diameter is to the latus rectum.

[Proposition] 15

If there is drawn from a point on the major of two axes of an ellipse a straight line
that is minimal of the straight lines drawn from that point, then that minimal straight line,
if it was drawn from the center, is a perpendicular to the major axis 20.

Let there be the ellipse ABI" whose the major axis is AI' and the center 1.
Let first from I the minimal straight line IB be drawn to the section.
| say that IB is perpendicular to A" .

152






