BOOK FOUR

Apollonius greets Attalus 1.

Earlier, | presented the first three books of my eight books treatise on con-
ics to Eudemus of Pergamum, but with his having passed away | decided to write out
the remaining books for you, because of your earnest desire to have them. To start,
then, | am sending you the fourth book. This book treats of the greatest number of
points at which sections of a cone can meet one another or meet a circumference of a
circle, assuming that these do not completely coincide, and, moreover, the greatest
number of points at which a section of a cone or a circumference of a circle can meet
the opposite hyperbolas. Besides these questions, there are more that a few others of a
similar character Conon of Samos presented the first mentioned question to Thrasy-
daeus without giving a correct proof, for which he was rightly attacked by Nicoteles of
Cyrene 2. As for the second question, Nicoteies, in replying to Conon only mentions
that it can be proved, but | have found no proof either by him or by anyone else. Re-
garding the third and similar questions, however, | have not found them even noticed by
anyone. And all these things just spoken of, whose demonstrations | have not found any
where, require many and various striking theorems, of which most happen to be pre-
sented in the first three books of my treatise on conics, and the rest in this book. The
investigation of these theorems is also of considerable use in the synthesis of problems
and limits of possibility . So, Nicoteles was not speaking truly when, for the sake of his
argument with Conon, he said that none of the things discovered by Conon were of any
use for limits of possibility, but even if the limits of possibility are able to be obtained
completely without these things yet, surely, some matters are more readily perceived by
means of them, for example, whether a problem might be done in many ways, and in
how many ways, or again, whether it might not be done at all. Moreover, this preliminary
knowledge brings with it a solid starting point for investigations, and the theorems are
useful for the analysis of limits of possibility. But apart from such usefulness, these
things are also worthy of acceptance for the demonstrations themselves: indeed, we
accept many things in mathematics for this and no other reason.

[Proposition] 1

If a point is taken outside a section of a cone or the circumference of a cir-
cle, and from this point two straight lines are drawn towards the section, of which one
touches the section and other cuts the section at two points, and if the straight line cut
off inside the section is divided in that ratio which the whole straight line cut off has to
the part outside bounded between the point and the section, so that homologous
straight lines are at the same point, then the straight line drawn from the point of contact
to the point of division will meet the line of the section, and the straight line drawn from
the point of meeting to outside point will touch the section 3.

Let there be the section of a cone or the circumference of a circle ABI" and
let A be taken outside the section, from A let AB touch the section at B and let AEI" cut
the sectionat Eand I, and letas I'Zisto ZE, so 'Ais to AE.

| say that the straight line from B to Z will meet the section, and the straight
line drawn from the point of meeting to A will touch the section.
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[Proof]. For let AA be drawn from A touching the section, and let BA be
joined cutting ET’, if possible, not at Z, but at H. Now since BA and AA, touch the sec-
tion, BA is drawn from the point of contact, and I'A goes through AB cutting the section
at I' and E and meeting AB at H, [according to Proposition 111.37] as T'A is to AE, so I'H
is to HE. But this is impossible for it was assumed that as I'A is to AE, so T'Z is to ZE.
Therefore BA does not cut I'E at a different point from Z, therefore it cuts T'E at Z.

[Proposition] 2

This is proved for all sections together. However regarding the hyperbola
only, if AE touches the hyperbola and AI" cuts it at two points E and I',.and if the point
of contact, B, is between E and I', and A is inside the angle between the asymptotes,
then the proof is carried out similarly for from A it is possible to draw another straight
line AA touching the hyperbola and the rest of the proof is done similarly 4.

[Proposition] 3

With the same suppositions if E and I" do not contain the point of contact,
B, between them, and let A be inside the angle between the asymptotes. Therefore
from A it is possible to draw another straight line AA touching the section, and rest is
proved as before .

[Proposition] 4

With the same suppositions if the points of the meeting E and T" contain the
point of contact, B, and A is in the angle adjacent to the angle between the asymptotes,
then the straight line from the point of contact to the point of division meets the opposite
hyperbola, and the straight line drawn from the point of meeting to A will touch the op-
posite hyperbola 6.

[Proof]. For let B and ® be opposite hyperbolas, let KA and MZN be asymp-
totes, and let A be in the angle AZN. Furthermore let AB be drawn from A touching, and
AT cut one of the hyperbolas, let the points of meeting E and I" contain the point of con-
tact B, and letas I'’Z is to ZE , so ’'A is to AE. It is to be shown that the straight line
joined from B to Z will meet the hyperbola ®, and that the straight line from the point of
meeting to A will touch the hyperbola B.

Let A® be drawn from A touching the hyperbola, and let the straight line ®B
all fall, if possible, not at Z, but at H. Therefore [according to
Proposition 111.37] as 'A is to AE, so I'H is to HE. But it is impossible for it was
assumed that as 'Aisto AE, soI'Z is to ZE.

[Proposition] 5

With the same supposition if A is on an asymptote, the straight line drawn
from B to Z will be parallel to the asymptote 7.
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[Proof]. For let the same be supposed, let A be on one of the asymptotes,
MN. It is to be shown that the straight line drawn from B parallel to MN will fall on Z. For
if not, let the straight line, if possible, be BH. But then
[according to Proposition 111.35] as T'A is to AE, so I'H is to HE, but it is impossible.

[Proposition] 6

If a point is taken outside a hyperbola, and from this point two straight lines
are drawn to the hyperbola, one of which touches the hyperbola, and the other is paral-
lel to one of the asymptotes, and if the segment of the latter straight line inside the
hyperbola is equal to the segment cut off between the hyperbola and the point, then the
straight line joined from the point of contact of the former straight line to the taken point
will meet the hyperbola, and the straight line drawn from the point of meeting to the
point outside will touch the hyperbola 8.

Let there be the hyperbola AEB, let A be some point taken outside it, and,
to start, let A be inside the angle between the asymptotes, and from A let BA be drawn
touching the hyperbola, let AEZ be parallel to the other of the asymptotes, and let EZ be
equal to AE.

| say that the straight line joining from B and Z will meet the hyperbola and
the straight line from the point of meeting to A will touch the hyperbola.

[Proof]. For let AA be drawn touching the hyperbola, and let BA be joined
and cutting AE, if possible, not at Z but at some other point H. Then
[according to Proposition 111.30] AE will be equal to EH. But it is impossible for it was as-
sumed that AE is equal to EZ.

[Proposition] 7

With the same suppositions A be in the angle adjacent to the angle be-
tween the asymptotes.

| say that the same will come to pass °.

[Proof]. For let A® be drawn touching the hyperbola and let ®B be joined
and let, if possible, fall not on Z but on H. Therefore [according to Proposition 111.31] AE
is equal to EH. But it is impossible for it was assumed that
AE is equal to EZ.

[Proposition] 8

With the same suppositions if A is on one of the asymptotes and let the re-
maining constructions be the same.

| say that the straight line drawn from the point of contact to the end of the
straight line cut off will be parallel to the asymptote on which A is situated 10.

[Proof]. Let there be the construction just mentioned, and let EZ be equal to
AE, and from B let BH be drawn, if possible, parallel to MN. Therefore
[according to Proposition 111.34] AE is equal to EH. But it is impossible for it was as-
sumed that AE is equal to EZ.
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[Proposition] 9

If from the some point two straight lines are drawn each cutting a section of
a cone or the circumference of a circle at two points ,and if the segments cut off inside
are divided in the same ratio as the wholes are to the segments cut off outside, so that
the homologous straight lines are at the same point, then the straight line drawn through
the points of division will meet the section at two points, and straight lines drawn from
the points of meeting to the point outside will touch the section 11,

Let there be the section described by us AB, and from a point A
[outside it] let AE and AZ be drawn cutting the section at ® and E and at Z and
H, respectively. Furthermore let as EA is to A®, so AE is to ®A, and at ZK is to KH, so
AZ is to AH.

| say that the straight line joining A to K will meet the section at both ends,
and the straight lines joining the points of meeting will touch the section.

[Proof]. For since EA and ZA both cut the section at two points, it is possible
to draw a diameter of the section through A, and with that also straight lines touching
the section on either side. Let straight lines AB and AA be drawn
touching section, and let BA be joined not passing through AK, if possible, but through
only one of these two, or through neither. First, let it pass through A only and let it cut
ZH at M. Therefore [according to Proposition [11.37] as ZA is to AH, so ZM is to MH, but
this is impossible for it has been assumed that as ZA is to AH, so ZK is to KH.

If BA passes through neither A nor K then, the absurdity occurs with re-
gards to each straight line AE and AZ.

[Proposition] 10

The reasons above are common for all sections. However regarding the
hyperbola only, if the other reasons are assumed, and if the points of meeting of the one
straight line are between the points of meeting of the other straight line, and if A is inside
the angle between the asymptotes, the same reasons said above will happen as we
said above in Theorem 2 [Proposition 1V.2] 12,

[Proposition] 11
With the same suppositions if the points of meeting of one of the straight
lines do not contain the points of meeting of the other straight line, then A is in the angle
between the asymptotes and the diagram and the proof will be the same as in Theorem
9 [Proposition 1V.9] 13,
[Proposition] 12

With the same suppositions if the points of meeting of one of the straight
lines contain those other straight lines, and if the chosen point is in the angle adjacent to
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the angle between the asymptotes, then the straight line drawn through the points of di-
vision and continued will meet the opposite hyperbola, and the lines drawn from the
points of meeting to A will touch the opposite hyperbolas 14.

Let there be the hyperbola ZH, and its asymptotes NZ and OI1, and its cen-
ter be I1. Furthermore let A be in the angle =PI, let AE and AZ be drawn cutting the
hyperbola each at two points, let E and ® be between Z and H, and let be that EA is to
A®, so EK is to K®, and that as ZA is to AH, so ZA is to AH.

It is to be shown that the [straight line] through K and A will meet both [the
hyperbola] EZ and also the opposite hyperbola, and the lines from the points of meeting
to A will touch the hyperbolas.

[Proof]. For let M be the opposite hyperbola, and from A let AM and AX be
drawn touching the hyperbola, let MX be joined, and, if possible, let it not pass through
K and A, but rather through only one of these two points for through neither.

First let it pass through K and cut ZH at X. Therefore [according to Proposi-
tion I11.37] as ZA is to AH, so XZ is to XH. But this is impossible for it has been assumed
that as ZA is to AH, so ZA is to AH.

If MX passes through neither K nor A, then the impossibility occurs with re-
gards to each straight line EA and AZ.

[Proposition] 13

With the same suppositions if A is on one of the asymptotes, and the re-
maining constructions are assumed to be the same, then the straight line drawn
through the points of division will be parallel to the asymptote on which
the point is situated and continued will meet the hyperbola. Moreover the straight line
drawn from the point of meeting to the point situated on the asymptote will touch the
section 15,

Let there be a hyperbola and its asymptotes, and let A be taken on one of
the asymptotes. Let straight lines be drawn and divided as we have said above, and let
a straight line AB be drawn from A touching the hyperbola.

| say that the straight line drawn from B parallel to ITO passes through K
and A.

[Proof]. For let if not so, then surely it will pass through one of these points
for two neither.

Let it pass through K only, therefore [according to Proposition 111.35] as ZA
is to AH, so ZX is to XH. But it is impossible. Therefore the straight line drawn through B
parallel to ITO will not pass through K only. Therefore it will pass through both points [K
and A].

[Proposition] 14

In the same suppositions if A is on one of the asymptotes, and AE cuts the hyperbola at
two points, and AH parallel to the other asymptote cuts the hyperbola at H only, and if
as AE is to A®, so EK is to K®, and HA is equal to AH is situated in a straight line with
AH, then the straight line drawn through K and A will be parallel to the asymptote, and
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will meet the hyperbola, and the straight line drawn from the point of meeting to A will
touch the hyperbola for similarity to what was said above, AB will touch the hyperbola.

| say that the straight line drawn from B parallel to the asymptote I1O will
pass through K and A.

[Proof]. Indeed, if it passed through K only, AH will not be equal to
HA [according to Proposition 111.34], which is impossible. And if it passes through A only
then it will not be that [according to Proposition 111.35] as EA is to A®., so EK is to KO,
and if it passed neither through K nor through A, the impossibility will occur in both ways
.Therefore it will pass through both points.

[Proposition] 15

If in opposite hyperbolas a point is taken between two hyperbolas, and if a
straight line from this point touches one of opposite hyperbolas, and another straight
line cuts each of opposite hyperbolas, and if as the straight line between the point and
the one hyperbola which the first straight line does not touch is to the straight line be-
tween the point and the other hyperbola, so the greater straight line between the hyper-
bolas is to its excess over the latter, set in a straight line with it and with the homolog-
ous lines being at the same ends, then the straight line drawn from the end of the great-
er straight line to the point of contact will meet the section, and the straight line drawn
from the point of meeting to the taken point will touch the section 17.

Let there be the opposite hyperbolas A and B and let some point A be tak-
en between the hyperbolas and in the angle between the asymptotes, and from this
point let AZ be drawn touching the section and AAB be drawn cutting the section. Fur-
thermore as AI' is to I'B, so AA is to AB. It is to be shown that the straight line drawn
from Z to T" will meet the section, and the straight line drawn from the point of meeting to
A will touch the section.

[Proof]. For let since A is situated in the angle containing the section, it is
possible to draw from A another straight line touching the section [according to Proposi-
tion 11.49]. Let AE be drawn, let ZE be drawn and let it pass, if possible, not through T,
but through H. It will then [according to Proposition [11.37] that as AA is to AB, so AH will
be to HB, which is impossible for it was assumed that as AA is to AB, so AT is to I'B.

[Proposition] 16

If Ais situated in the angle adjacent to the angle between the asymptotes,
and let the remaining construction be the same 18,
| say that the straight line joining Z to I" will then continued to meet the op-

posite hyperbola, and the straight line from the point of meeting to A will touch the op-
posite hyperbola.

[Proof]. For let the same reason be as before, and let A be in the angle ad-
jacent to the angle between the asymptotes, and let AE be drawn from A touching the
hyperbola A, let EZ be joined and when continued let it not pass through I', but through
H, if possible. Then it will be that [according to Proposition 111.39] as AH is to HB, so AA
will be to AB, which is impossible for it was assumed that as AA is to AB, so AI' is to I'B.
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[Proposition] 17

With the same suppositions let A be on an asymptote 1°.

| say that the straight line drawn from Z to I" will be parallel to the asymptote
on which A is situated.

Let there be the same as before, let A be on one of asymptotes let a straight
line be drawn through Z parallel to the asymptote, and , if possible,
let it not fall on I" but on H. It will then be [according to Proposition 111.36] as AA is to AB,
so AH will be to HB, which possible. Therefore the straight line from Z parallel to the
asymptote will fall on T".

[Proposition] 18

If in opposite hyperbolas a point is taken between the hyperbolas and from
this point two straight lines are drawn cutting each of hyperbolas, and if as the straight
lines between one of hyperbolas and the point are two those between the other hyper-
bola and the same point, so are straight lines greater than those cut off between the
opposite hyperbola to their excess over the latter, then the straight line drawn through
the ends of the greater straight lines will meet the hyperbolas, and the straight lines
drawn from the points of meeting to the original taken point will touch the hyperbolas 20,

Let there be the opposite hyperbolas A and B, and let A be between the
hyperbolas. Let it be assumed first that A be in the angle between the asymptotes, and
through A let AAB, TA® be drawn. AA is greater than AB, and I'A is greater than A®
since [according to Proposition 11.16] BN is equal to AM.

Furthermore let as AK is to KB, so AAisto AB, and letasTH is
to HO, so I'Ais to AG.

| say that the straight line through K and H meets the hyperbolas, and the
straight lines from A to the points of meeting will touch the section.

[Proof]. For since A is inside of the angle between the asymptotes, it is
possible to draw two straight lines touching the section [according to Proposition 11.49].
Let AE and AZ be drawn, and let EZ be joined. It will, thus, pass through K and H for if
it passes through one of these points only the other straight line will be cut in the same
ratio by another point, which is impossible. If it passes through neither point, the same
impossibility will occur in both straight lines.

[Proposition] 19

Let A be taken then in the angle adjacent to the angle between the asymp-
totes and let straight lines be drawn cutting the section and divided as said above?'.

| say that the straight line drawn through K and H will meet each of opposite
hyperbolas, and the straight lines from the point of meeting to A will touch the section 21,

[Proof]. For let AE and AZ be drawn from A touching each of the hyperbo-
las. Therefore the straight line through E and Z will pass through K and H for if not so, it
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will surely go through one of two, or through neither, and again one will similarly inter
from this an absurdity.

[Proposition] 20

If the point is taken on an asymptote, and the remaining constructions
are the same, then the straight line drawn through the ends of the greater
straight lines will be parallel to the asymptote on which the point is situated, and the
straight line drawn from the point of meeting of the section and the straight line drawn
through the ends of the greater straight lines will touch the
section 22,

Let there be the opposite hyperbolas A and B, and let A be on one of the
asymptotes, and let the remaining construction be the same.

| say that the straight line through K and H meets the section, and the
straight line from the point of meeting to A will touch the section.

[Proof]. For let AZ be drawn from A touching the section, and a straight line
be drawn from Z parallel to the asymptote on which A is situated, it will then pass
through K and H for if not so, it will either pass through one of two or neither, and the
same impossibilities will occur as before [according to Proposition I11.36]

[Proposition] 21

Again let there be the opposite hyperbolas A and B, and let A be on one of
the asymptotes, let ABK be parallel to one of two asymptotes, meet the section at one
point B only, but let TA® meet both of hyperbolas.

Furthermore let as T'H be to H®, so I'A be to A®, and let AB be equal to BK.

| say that the straight line through K and H will meet the section and will be
parallel to the asymptote on which A is situated, and that the straight line drawn from the
point of meeting to A will touch the section 23.

[Proof]. For let AZ be drawn touching the section, and let a straight line be
drawn parallel to the asymptote on which A is situated. If will thus pass
through K and H for if not so, the absurdity said before will occur [according to Proposi-
tion 111.36]

[Proposition] 22

Similarly, let there be the opposite hyperbolas and their asymptotes, and let
A be similarly taken. Let ’A® be taken cutting the hyperbolas, and AB be taken parallel
to one of two asymptotes.
Moreover as 'A is to A®, let TH be to H®, and let BK be equal to AB.

| say that the straight line through K and H will meet each of the opposite
hyperbolas, and the straight lines from the points of meeting to A will touch the section
24

[Proof]. For let AE and AZ be drawn touching the section, let EZ be joined,
and, if possible, let it not pass through K and H, but through one of these two points or
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neither. If, on the one hand, it passes through H only, AB will not be equal to BK, but to
some other straight line which [according to Proposition I11.31] is impossible. If, on the
other hand, it passed through K only, it will not be that as I'A is to A®, so I'H is to HO,
but, some straight line to some other straight line [according to Proposition 111.36]. If yet
it passes through neither of K and H, then both impossibilities will occur.

[Proposition] 23

Again let there be the opposite hyperbolas A and B, and let A be in the an-
gle adjacent to the angle between the asymptotes. Let BA be drawn cutting the hyper-
bola B at one point only, and thus parallel to one of two asymptotes, and let AA be
drawn similarly to the hyperbola A, and let AB be equal to BH and AA to AK.

| say that the straight line through K and H meets the hyperbolas and the
straight lines drawn from the points of meeting to A will touch the hyperbolas.

[Proof]. For let AE and AZ be drawn touching the hyperbolas, let EZ be
joined, and, if possible, let it not pass through KH. So, either it will pass through one of
these two points or through neither of them, and either AA will not be equal to AK, but
some other straight line, which is impossible, or AB will not be equal to BH, or neither
will be equal to neither, and again the same impossibility will occur in both cases [ac-
cording to Proposition 111.31]. Therefore EZ will pass through K and H.

[Proposition] 24

A section of a cone will not meet a section of a cone or the circumference
of a circle in such way that a part of them will be the same and another part will not be
common 26,

[Proof]. For let, if possible, let the section of a cone AABI" meet
[other section of a cone or] the circumference of the circle EABI, let the same part ABI'
of these sections be common and let AA and AE not be common.

Let ® be taken on this part, let ®A be joined, and through an arbitrary point E draw AET’
parallel to A®. Moreover bisect A® at H, and through H draw the diameter BHZ. There-
fore the straight line through B parallel to A® touches each
of the sections, and also will be parallel to AEI". Also in one section AZ will be equal to
ZI', and in other section [according to Propositions 1.46 and 1.47] EZ will be equal to ZI,
so that also AZ and ZE are equal, but this is impossible 27.

[Proposition] 25

A section of a cone does not cut a section of a cone or the circumference of
a circle at more than four points 28,

[Proof]. For let, if possible, them cut at five points A, B, I', A, E, and let the
points of meeting A, B, I', A, E be taken in succession so the no point of meeting be-
tween them is left out, and let AB and I'A be joined and continued. So, these straight
lines will meet out side the section in the cases of the parabola and the hyperbola [ac-
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cording to Propositions 11.24 and 11.25]. Let them meet at A, and let as AA be to AB, so
AO be to OB, and as AA be to AT, so Al be to II".

Therefore the straight line from IT to O joined and continued will meet the
section on each side and the straight lines joining the points of meeting and A [accord-
ing to Proposition IV.9] will touch the section. Let the points of contact are ® and P and
let ®A and AP be joined. Hence they touch the section.

Therefore since there is no point of meeting between B and I" the straight
line EA cuts each of the sections. Let it cut them at M and H. Therefore in one hyperbo-
la as ENis to NH, so EA is to AH, and in the other hyperbola as EN is to NM, so EA is to
AM. But it is impossible, so that also what was assumed at the start is impossible.

If AB and AT are parallel, the sections will, of course, be the ellipses or the
circumference of a circle. Let AB and I'A be bisected at O and I1, and let OIT be joined
and continued on each side. Then it will meet the sections. So let it meet them at ® and
P. Then ®P will be a diameter of the sections, and AB and T'A are drawn as ordinates
[according to Proposition 11.28]. Let ENMH be drawn from E parallel to AB and TA.
Therefore EMH cuts ®P each of the sections because there is no other meeting besides
A, B, T, A. Then in one of the sections NM will be equal to EN, and in other section NE
will be equal to NH [according to Definition 4], so that NM is equal to NH, but this is im-
possible 29-30

[Proposition] 26

If the lines [of the sections] mentioned above some touch at one point, then
they will not meet each other at more than two other points 31,

Let two of the above mentioned lines touch at the point A.

| say that they will not meet each other at more than two other points.

[Proof]. For let, if possible, them meet at B, I', A, and let the points
of meeting be taken in succession with no point of meeting between them be left out.
Let BI' be joined and continued, and from A let AA be drawn touching the section. Thus
AA will touch both sections and meet I'B. Let it meet it at A., and let it be that as T'A is
to AB, soI'TIis to I1B.

Let AIT be joined and continued. Thus it will meet the section and the
straight lines drawn from the points of meeting to A will touch the section
[according to Proposition IV.1] . Let it meet it at ® and P, and let ®A and AP be joined.
These straight lines will touch the section. Therefore the straight line joining A to A will
cut each of sections, and the earlier mentioned absurdity will occur. The section will not
cut one another at more than two points.

If in an ellipse or the circumference of a circle I'B is parallel to AA, the proof
will be similar to that given above once A® is shown to be a diameter.

[Proposition] 27

If the lines [of the sections] mentioned above some touch one another at
two points, they will not meet one another at another point 32,
Let two of lines mentioned above touch one another at two points
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A and B. | say that they will not meet one another at another point.

[Proof]. For let, if possible, them meet also at I', and to start let I' be outside
of the points of contact A and B, and let straight lines be drawn from A and B touching
the sections. Therefore they will touch both lines. Let them touch and be continued to A,
as in the first diagram, and let I'A be drawn. Then it cuts each of the sections . Let it cut
them at H and M, and let ANB be joined. Therefore in one of the sections as I'N will be
to NH, so I'A will be to AH, and in the other section as I'N will be to NM, so [according
to Proposition 111.37] T'A will be to AM, but this is impossible.

[Proposition] 28

If T'H is parallel to the straight lines touching the sections at A and B asin
the ellipses in the second diagram 33 , then joining AB we conclude that it is a diameter
[according to Proposition 11.27], so that each of I'H and I'M are bisected at N [according
to Definition 4], but it is impossible. Therefore the lines [of the sections] do not meet one
another at another point, but only at A and B

[Proposition] 29

Let I' be between the points of contact, as in the third diagram 34 .
It is evident that the lines [of the sections] do not touch one another at T since it has
been assumed that the lines [of the sections] touch at two points only. Indeed, let them
cut one another [point] at I'. Let AA and AB be drawn from A
and B touching the sections, let AB be joined and bisected at Z. Therefore the
straight line drawn from A to Z [according to Proposition 11.29] will be a diameter. The
diameter will surely not pass through I for if it did pass through it ,then the straight line
drawn through I" parallel to AB will touch each of the sections [according to Propositions
[1.5 and 11.6] , and this is impossible.

So from I" let 'KHM be drawn parallel to AB, then in the one section 'K will
be equal to KH, and in the other section KM will be equal to KT, so that

KM is equal to KH, but this is impossible.
Similarly if the straight lines touching the sections are parallel, the absurdity
will be proved in the same way as above.

[Proposition] 30

A parabola cannot touch a parabola at more points than one 35.

[Proof]. For let, if possible, the parabolas AHB and AMB touch at A and B,
and let AA and AB be drawn touching the parabolas. They will, thus, touch both sec-
tions and will meet at A. Let AB be joined and bisected at Z, and let AZ be drawn.

Now since two lines AHB and AMB touch one another at A and B,
[according to Propositions IV.27, 1V.28, and 1V.29] they will not meet each other at
another point, so that AZ cuts each of sections. Let it cuts them at H and M. In one sec-
tion [according to Proposition 1.35] AH will be equal to HZ, and in the other section AM
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will be equal to MZ, but it is impossible. Therefore a parabola cannot touch a parabola
at more points than one.

[Proposition] 31

A parabola falling outside of a hyperbola will not touch the hyperbola at two
points 36 .

[Proof]. For let there be the parabola AHB and the hyperbola AMB, and, if
possible, let them touch at A and B. Let the straight lines be drawn from A and B touch-
ing each of sections that touch at A and B, and let these straight lines meet at A. Let AB
be joined and bisected at Z, and let AZ be joined.

Now since the sections AHB and AMB touch at A and B, they will not meet
at another point, therefore AZ cuts the sections at one and then another point. Let it cut
them at H and M and let AZ be continued. It will [according to Proposition 11.29] fall on
the center A of the hyperbola. According to the properties of the hyperbola as ZA is to
AM, so MA is to AA and the remainders ZM to MA [according to Proposition 1.37]
.Therefore ZM is greater than MA

But according to the properties of the parabola [proved in Proposition 1.35]
ZH is equal to HA, but this is impossible.

[Proposition] 32

A parabola falling inside of an ellipse or the circumference of a circle will
not touch the ellipse or the circumference of the circle at two points 37.

[Proof]. For let there be the ellipse or the circumference of a circle
AHB and the parabola AMB, and, if possible, let them touch at two points A and
B, and let straight lines be drawn from A and B touching the sections and meeting at A,
let AB be joined and bisected at Z, and let AZ be joined. AZ will cut each section at one
point and then at another [point],as we said above. Let it cut them at H and M, and let
AZ be continued to A, which is the center of the ellipse or of the circle. Therefore ac-
cording to the properties of the ellipse and of the circle as AA isto AH, so AH is to AZ,
and [according to Proposition 1.37] that ratio is equal to the ratio of the remainders AH to
HZ, and AA is greater than AH. Therefore AH is greater than HZ. But according to the
properties of the parabola [proved in Proposition 1.35] AM is equal to MZ, but this is im-
possible.

[Proposition] 33

A hyperbola will not touch a hyperbola with the same center at two points38.

[Proof]. For let, if possible, the hyperbolas AHB and AMB with the same
center A touch at A and B. Let AA and AB be drawn from A and B touching the hyper-
bolas and meeting one another, and let AA be joined and continued. Moreover let AB be
joined. Therefore AZ bisects AB at Z. Then AZ [according to Proposition IV.29] cuts the
hyperbolas at H and M . According to the properties of the hyperbola AHB pl.ZAA will
be equal to sq.AH, and according to the properties of the hyperbola AMB pl.ZAA will be

126



equal to sq.AM [according to Proposition 1.37]. Therefore sq.MA is equal to sg.AH, but
this is impossible.

[Proposition] 34

If an ellipse touches an ellipse or the circumference of a circle with the
same center at two points, then the straight line joining the points of contact passes
through falls on the center 39,

[Proof] . For let the above mentioned lines touch one another at
A and B. Let AB be joined, and let straight lines touching the sections be pass through
A and B, and, if possible, meeting at A. Let AB be bisected at Z, and let AZ be joined.
Therefore [according to Proposition 11.29] AZ is a diameter of the sections. If possible,
let the center be A. Therefore pl.AAZ will be equal to sq.AH according to the properties
of one section, but to sq.MA according to the properties of other section, so that [ac-
cording to Proposition 1.37] sq.HA is equal to sg.AM, but this is impossible. Therefore
the straight lines from A and B touching the sections do not meet. Therefore they are
parallel, and for the same reason AB is a diameter [according to Proposition 11.27], so
that it passes through the center, what was to prove 49.

[Proposition] 35

A section of a cone or the circumference of a circle will not meet a section
of a cone or the circumference of a circle not having its convexity in the same direction
at more than two points 41,

[Proof]. For let, if possible, a section of a cone or the circumference of a cir-
cle ABI" meet a section of a cone or the circumference of a circle AABEI not having its
convexity in the same direction at more points than two, A, B, T,

Since three points A, B, I'" have been taken on the line ABT, if AB and BI’
are joined, they will contain an angle having concavity in the same direction as the line
ABT. For the same reason ABI contain an angle whose concavity is in the same direc-
tion as the line AABEI'. Therefore the lines we have been speaking of have both their
concave and convex parts in the same direction, but this is impossible.

[Proposition] 36

If a section of a cone or the circumference of a circle meets one of opposite
hyperbolas at two points and the lines between the points of meeting have their con-
cavity in the same direction, then the line drawn at the points of meeting will not meet
the other opposite hyperbola 42.

Let there be the opposite hyperbolas A and AEI'Z, and let there be a sec-
tion of a cone or the circumference of a circle ABZ meeting one of two opposite hyper-
bolas at two points A and Z, and let the sections ABZ and AI'Z have their concavity in
the same direction.

| say that continued ABZ will not meet the section A.
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[Proof]. For let AZ be joined. Since A and AT'Z are opposite hyperbolas and AZ
cuts a hyperbola at two points, so continued it will not meet the opposite hyperbola A
[according to Proposition 11.33]. Neither therefore will the line ABZ meet the hyperbola
A.
[Proposition] 37

If a section of a cone or the circumference of a circle meets one of the op-
posite hyperbolas it will not meet the remaining hyperbola at more points
than two 43 .

Let there be the opposite hyperbolas A and B, and let a section of a cone or
the circumference of a circle ABI" meet the hyperbola A, and let ABT" cut the opposite
hyperbola B at B and I

| say that it will not meet BI" at another point.

[Proof]. For let, if possible, it meet BI" at A. Therefore BI'A meets the section
BI' not having its concavity in the same direction at more points than two, but [according
to Proposition 1V.35] it is impossible.

This is will be shown similarly if the line ABI" touches the opposite hyperbola.

[Proposition] 38

A section of a cone or the circumference of a circle will not meet opposite
hyperbolas at more points than four 44.

This is evident from the fact that meeting one of the opposite hyperbolas it
[according to Proposition 1V.37] cannot meet the remaining hyperbola at more than two
points.

[Proposition] 39

If a section of a cone or the circumference of a circle touches one of the op-
posite hyperbolas in the concave part of the latter it will not meet the other opposite
hyperbola 45.

Let there be the opposite hyperbolas A and B, and let I"'AA touch the hyper-
bola A [from the direction of its concauvity].

| say that T”TAA will not meet the hyperbola B.

[Proof]. For let EAZ be drawn from A touching the hyperbola A.

Then it touches each of the sections [A and ’'AA] at A, hence [according to Proposition
[1.30] it will not meet [the hyperbola] B, so that neither will TAA meet B.

[Proposition] 40

If a section of a cone or the circumference of a circle touches each of two
opposite hyperbolas at one point, it will not meet the opposite hyperbolas at other point
46

Let there be the opposite hyperbolas A and B, and let a section of a cone or
the circumference of a circle touch each of the hyperbolas A and B at
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the points A and B.

| say that the line ABI" will not meet the hyperbolas A and B at another
point.

[Proof]. Indeed since the line ABI" touches the hyperbola A and meets [the
hyperbola] B at one point, therefore it will not touch A in the direction of its concavity.
Similarly it will be shown that neither will it touch B in the direction of its concavity. Let
AA and BE be drawn touching the hyperbolas A and B, then they will touch the line
ABT. For, if possible, let one of them cut the line [of the section] and let it be AZ. There-
fore between AZ touching the hyperbola A, and the hyperbola A, a straight line AH is
situated, but this is impossible. Therefore it touches ABI', and because of this it is evi-
dent that ABT" does not meet the opposite hyperbolas at another point.

[Proposition] 41

If a hyperbola meets one of the opposite hyperbolas at two points having its
convexity in the opposite direction to the concavity of the touching
hyperbola, then the opposite hyperbola of the mentioned hyperbola will not meet the
other opposite hyperbola 47 .

Let there be the opposite hyperbolas ABA and Z, let the hyperbola ABI"
meet ABA at A and B, the former [of them] has its convexity in the opposite direction to
the concavity of the latter, and let E be the opposite hyperbola of ABT.

| say that E will not meet Z.

[Proof]. For let AB be joined and continued to H. Since indeed the straight
line ABH cuts the hyperbola ABA and continued it falls outside of each section, it [ac-
cording to Proposition 11.33] will not meet the hyperbola Z.

Similarly because ABH cuts the hyperbola ABT, it will not meet the opposite hyperbola
E, therefore neither will E meet Z.

[Proposition] 42

If a hyperbola meets each of two opposite hyperbolas, its opposite hyperbo-
la will meet neither of the opposite hyperbolas at two points 48 .

Let there be the opposite hyperbolas A and B, and let the hyperbola AT'B
meets each of the opposite hyperbolas A and B.

| say that the opposite hyperbola of AI'B will not meet the hyperbolas A and
B at two points.

[Proof]. For let, if possible, it meet one of the opposite hyperbola at A and E,
and let AE be joined and continued. Because of the hyperbola AE the straight line AE
[according to Proposition 11.33] will not meet the hyperbola AB, and on the other hand
because of the section AEA [ the straight line] AE will not meet the hyperbola B since it
passed through the three places [according to Proposition 11.33], but this is impossible.
Similarly it will be shown that AI'B will not meet B at two points.

For the same reasons neither will it touch either of the opposite hyperbolas
for drawing ®E touching it will touch each of the hyperbolas, so that, because of the
hyperbola AE it will not meet the hyperbola AI', whereas because of the hyperbola AE
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will it not meet the hyperbola B, so that neither will AT" meet B, but this is contrary to
what was assumed.

[Proposition] 43

It a hyperbola cuts each of two opposite hyperbola at two points having its
convexity in the opposite direction to each of them, the opposite hyperbola of the men-
tioned hyperbola will meet neither of the mentioned opposite hyperbolas 4°.

Let there be the opposite hyperbolas A and B, and let the hyperbola TABA
cut each of the hyperbolas A and B at two points containing convexities in the opposite
directions.

| say that the opposite hyperbola EZ [of TABA] meets neither of the hyper-
bolas A and B.

[Proof]. For let, if possible, it meet the hyperbola A at E, and let T’A
and AB be joined and continued, then these straight lines will meet one another [accord-
ing to Proposition 11.25]. Let them meet at ® situated in the angle between the asymp-
totes of the hyperbola I'ABA [according to Propositionll.25]. And EZ is the opposite
hyperbola of TABA. Therefore the straight line joining E to ® will fall in the angle AGB.
Again since T'AE is a hyperbola and I'A® and ®E meet, and the points of meeting I" and
A do not contain E, the point ® will be between the asymptotes of the hyperbola T'AE.
And BA is the opposite hyperbola of I'AE. Therefore the straight line from B to @ falls
inside of the angle I'®GE, but this is impossible for it also fall in the angle A®GB.

Therefore EZ will not meet one of the opposite hyperbola A and B.

[Proposition] 44

If a hyperbola cuts one of two opposite hyperbolas at four points, the oppo-
site hyperbola of the hyperbola will not meet the other of the two opposite hyperbolas 0.

Let there be the opposite hyperbolas ABI'A and E, and let a hyperbola cut
ABTA at four points A, B, I', A, and let its opposite hyperbola be K. | say that K will not
meet E.

[Proof]. For let , if possible, it meet it at K. Let AB and TI'A be joined and
continued, then they will meet one another. Let them meet at A, and let as AIT be to
I1B, so AA be to AB, and let as AP be to PI', so AA be to AT

Therefore the straight line through IT and P will meet the hyperbolas on
each side, and the straight lines from L to the points of meeting will touch the hyperbo-
las [according to Proposition 1V.9]. Let KA be joined and continued.

It will cut the angle BAT and the hyperbolas at one and then another point. Let it cut
them at Z and M [according to the properties of the opposite hyperbolas

ABI'A and E as NK is to KA, so NM is to MA, but this is impossible. Therefore E and K
will not meet one another.

[Proposition] 45
If a hyperbola meets one of two opposite hyperbolas at two points
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having its concavity in the same direction as the hyperbola, and it meets the other of
two opposite hyperbolas at one point, then the opposite hyperbola of the mentioned
hyperbolas will meet neither of the opposite hyperbolas -

Let there be the opposite hyperbolas AB and I', and let the hyperbola ATB
meet AB at the points A and B and let it meet the hyperbola I" at one point, and let A be
the opposite hyperbola of AT'B.

| say that A will meet neither of the hyperbola AB and I".

[Proof]. For let A" and BT be joined and continued. Therefore AI" and BI"
will not meet the hyperbola A [according to Proposition 11.33]. Neither will they meet the
hyperbola I" at another point besides T for if they meet the hyperbola I" at another point
they will not meet the opposite hyperbola AB
[according to Proposition 11.33], where it is assumed that they do meet.

Therefore the straight lines AI" and BI" meet the hyperbola I" at one point I', and they do
not meet A at all. Therefore A will be in the angle EI'Z, so that the hyperbola A will not
meet AB and T'.

[Proposition] 46

If a hyperbola meets one of two opposite hyperbolas at three points, the
opposite hyperbola of the hyperbola will not meet the other opposite hyperbola at more
than one point 52,

Let there be the opposite hyperbolas ABI" and AEZ, and let the hyperbola
AMBI meet ABI at three points A, B, and let AK be opposite hyperbola of AMI".

| say that AK will not meet AEZ at more point than one.

[Proof]. For let, if possible, them meet at A and E , and let AB and AE be
joined. Now they will either be parallel or not.

To start let them be parallel, and let AB and AE be bisected at H and O,
and let HO be joined, therefore HO is a diameter for all these hyperbolas
[according to Proposition 11.36], and AB and AE are drawn as ordinates. Let
I'NZ0O be drawn from I" parallel to AB, then it will be drawn as an ordinate to the diame-
ter, and it will cut the hyperbolas, one and then other for if it were to cut them at the
same point, the hyperbolas would no longer meet at three points, but as four. In the
hyperbola AMB then I'N will be equal to NZ, and in AAB then I'N will be equal to NO.
And therefore ON is equal to NZ, but this is impossible.

So let straight lines AB and AE not be parallel, but be continued. Let them
meet at IT. Let 'O be drawn parallel to AIT and let it meet continued AIT at P .And let AB
and AE be bisected at H and ©, through H and © let diameters HXI and ®AM be drawn,
and fromI, A, and M let IYT, MY, and AT be drawn touching the hyperbola, then IT will
be parallel to AIT, and AT and MY will be parallel to ATT and OP [according to Proposi-
tion I1.5]. Since as sq.MY is to sq.YI, so pl.ATIB is to pl.ATIE [according to Proposition
[11.19], but as pl.AIIB is to pl.ATIE, so sq.AT is to sq.TI, and therefore as sq.MY is to
sq.YI, so sq.AT is to sq.TI.
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For the same reasons as sq.MY is to sq.YI, so pl.=ZPI" is to pl.APE, as sq.AT
is to sq.TI, so pl.OPI" is to pl.APE. Therefore pl.OPI" is equal to pl.EPT", but this is im-
possible.

[Proposition] 47

If a hyperbola touches one of two opposite hyperbolas, and it cuts the other
at two points, then the opposite hyperbola of the hyperbola will meet neither of the op-
posite hyperbolas. 53

Let there be the opposite hyperbolas ABI" and A, and some hyperbola ABA
cut ABI" at A and B, and touch the hyperbola A at the point A, and let I'E be the oppo-
site hyperbola of ABA .

| say that TE meets neither of the opposite hyperbolas ABI" and A.

[Proof]. For let, if possible, let 'E meet ABI" at I, and let AB be joined, and
let a straight line be drawn through A touching the hyperbola ABA and meeting AB at Z.

Therefore Z [according to Proposition 11.25] will be inside of the angle be-
tween the asymptotes of the hyperbola ABA. And T'E is the opposite hyperbola of ABA.
Therefore the straight line from I' to Z falls inside of the angle BZA. Again since ABI is
a hyperbola, and AB and I'Z meet, and the points of meeting A and B do not contain T,
the point Z is between the asymptotes of the hyperbola ABT". And A is the opposite
hyperbola of ABI". Therefore the straight line from AZ falls inside of the angle AZI", but it
is impossible for it fell in the angle BZA. Therefore I'E does not meet one of the opposite
hyperbolas ABI" and A.

[Proposition] 48

If a hyperbola touches one of two opposite hyperbolas at one point, and it
meets it at two points, then the opposite hyperbola of the hyperbola will not meet the
other opposite hyperbola 4.

Let there be the opposite hyperbolas ABI" and A, and let some hyperbola
AHI touch ABI at A, and let it meet ABI" at B and I', and let E be the opposite hyper-
bola of AHT'.

| say that E will not meet A .

{Proof]. For let, if possible, E meet it at A, let BI" be joined and continued to
Z, and let AZ be drawn from A touching the hyperbola. As in the
earlier proof it will be shown that Z is inside of the angle between the asymptotes [ac-
cording to Proposition 11.25]. Moreover AZ will touch both hyperbolas, and continued AZ
will cut the sections at H and K between A and B. Letas I'A isto AB, so I'Z is to ZB,
and let AA be joined and continued, it will cut the hyperbolas, one and then other [ac-
cording to Proposition IV.1]. Let it cut them at N and M. Therefore the straight lines from
Z to N and M will touch the hyperbolas [according to Proposition IV.1] ,and as in the
earlier proof [according to the Proposition 111.37] according to the properties of the one
hyperbola as ZK is to KZ, so ZA is to AZ, and according to the properties of the other
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hyperbola as EH is to HZ, so EA is to AZ, but this is impossible. Therefore it does not
meet the opposite hyperbola.

[Proposition] 49

If a hyperbola touching one of two opposite hyperbolas meets the same
hyperbola at another point, then the opposite hyperbola of the hyperbola will not meet
the other opposite hyperbola at more points than one >5.

Let there be the opposite hyperbolas ABI" and EZH, and let some hyperbola
AAT touch ABI at A, and let it cut ABI" at I', and let EZ® be the opposite hyperbola of
AAT'.

| say that it will not meet the other opposite hyperbola at more points than one.

[Proof]. For let, if possible, let it meet it at two points E and Z, and let EZ be
joined and through A let AK be drawn touching the hyperbolas. Now EZ and AK will be
parallel or not parallel.

To start let them be parallel, and let the diameter bisecting EZ be drawn,
therefore it will pass through A and it will be the diameter of two conjugate hyperbolas
[according to Proposition 11.34]. Let 'AAB be drawn through I" parallel to AK and EZ.
Therefore it will cut the hyperbolas at one and then at another point. Then in the one
hyperbola I'A will be equal to AA, and in the remaining hyperbola I'A will be equal to LB,
but this is impossible.

So, let AK and EZ not be parallel, let them meet at K, and let I'A drawn pa-
rallel to AK meet EZ at N. Let AM bisecting EZ cut the hyperbolas at = and O, and let
EIT and OP be drawn from = and O touching the hyperbolas.

Therefore as sq.AIl is to sq.I1Z, so sq.AP is to sq.PO, and for this reason as
pl.ANI" is to pl.LENZ, and as pl.BNI" is to pl.ENZ. Therefore pl.ANI" is equal to
pl.BNT, but this is impossible.

[Proposition] 50

If a hyperbola touches one of two opposite hyperbolas at one point, the op-
posite hyperbola of the hyperbola will not meet other opposite hyperbola at more points
that two 56 .

Let there be the opposite hyperbolas AB and EAH, and let a hyperbola AT
touch AB at A, then let EAZ be the opposite hyperbola of AT'.

| say that EAZ will not meet EAH at more points than two.

[Proof]. For let, if possible, EAZ meet EAH at three points A, E, and O, let
AK be drawn touching hyperbolas AB and AT, let AE be joined and continued, and,
start, let AK and AE be parallel. Let AE be bisected at A, and let AA be joined. Then AA
be a diameter for two conjugate hyperbolas [according to Proposition 11.34] , and will cut
the hyperbola between A and E at M and Z. Let ®ZH be drawn from ©® parallel to AE.
Then in the one section ®Z will be equal to ZZ, and in the other section ®= will be equal
to EH, so that also ZZ is equal to ZH, but this is impossible.

So let AK and AE not be parallel, but let them meet at K, and let the re-
maining constructions be the same. Let AK be continued and let it meet Z® at P . As
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before we will show that [according to Proposition 111.19] in the hyperbola ZAE as pl.ZP®
is to sq.PA, so pl.AKE is to sq.AK, and in the hyperbola HAE as

pl.HP® is to sq.PA, so pl.AKE is to sq.AK. Therefore pl. HP® is equal to

pl.ZP®, but this is impossible. Therefore EAZ does not meet EAH at more points than
two.

[Proposition] 51

If a hyperbola touches two opposite hyperbolas, the opposite hyperbola of
the hyperbola will meet neither of the opposite hyperbolas 7.

Let there be the opposite hyperbolas A and B, and let the hyperbola AB
touch each of them at the points A and B, and let the opposite hyperbola of AB be E. |
say that E will meet neither of the hyperbolas A and B.

[Proof]. For let, if possible, it meet A at A, and let straight lines be drawn
from A and B touching the hyperbolas, they will meet one another hyperbola in the an-
gle between the asymptotes of the hyperbola AB [according to Proposition 11.25]. Let
them meet at I, and let T'A be joined. Therefore I'A will be in the place between AT" and
I'B. Butitis between BI" and I'Z, it is impossible. Therefore E does not meet A and B.

[Proposition] 52

If each of two opposite hyperbolas touch each of two opposite hyperbolas at
one point, each having its concavity in the same direction, then they will not meet at
another point 8.

Let the opposite hyperbolas touch one another at A and A.

| say that they will not meet at another point.

[Proof]. For let , if possible, them meet at E. Since, indeed, a hyperbola
touching one of the opposite hyperbolas meets at E, therefore the hyperbola AB will not
meet the hyperbola AI" at more points than one [according to Proposition 1V.49]. Let A®
and ®A be drawn from A and A touching the hyperbolas, let AA be joined, let EBI" be
drawn through E parallel to AA, and let the second diameter ®KA of the opposite
hyperbolas be drawn from ® [according to Proposition 11.38]. Then it will bisect AA at K.
And therefore EB and EI" will be bisected at A [according to Proposition 11.39]. Therefore
BA is equal to AT, but it is impossible. Therefore the hyperbolas will not meet at another
point.

[Proposition] 53

If a hyperbola touches one of two opposite hyperbolas at two points, the
opposite hyperbola of the hyperbola will not meet other opposite hyperbola °°.

Let there be the opposite hyperbolas AAB and E, and let the hyperbola AT’
touch AAB at two points A and B, and let Z be the opposite hyperbola of AT

| say that Z will not meet E.

[Proof]. For let, if possible, it meet it at E, and let AH and HB be drawn from
A and B touching the hyperbolas, let AB and EH be joined, and let EH be continued, it
will cut the hyperbolas at one and then at another point, let it be as EHI'A®. Since AH
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and HB indeed touch the hyperbola, and AB joins the points of contact in one of the
conjugate hyperbolas as OA is to AH, so ®E is to EH, and in other hyperbola as ®I is to
I'H, so ®E is to EH, but it is impossible. Therefore the hyperbola Z does not meet the
hyperbola E.

[Proposition] 54

If a hyperbola touches one of two opposite hyperbolas with the
convexities in the opposite directions, then the opposite hyperbola of the hyperbola will
not meet other opposite hyperbola 69.

Let there be the opposite hyperbolas A and B, and some hyperbola AA
touch the hyperbola A at the point A, and let the opposite hyperbola of AA be Z. | say
that Z will not meet B.

[Proof]. For let AT" be drawn from A touching the hyperbolas, therefore
because of the properties of the hyperbola AA [the straight line] AT" will not meet Z, and
because of the properties of the hyperbola A [according to Proposition 11.33] it will not
meet B, so that AT falls between the hyperbolas B and Z. Then it is evident that B will
not meet Z.

[Proposition] 55

Opposite hyperbolas will not meet opposite hyperbolas at more points than
four 61,

Let there be one pair of opposite hyperbolas AB and I'A, and let another
pair of opposite hyperbolas be ABI'A and EZ, and, to start let ABI'A cut each of AB and
I'A at four points A, B, I', and A containing convexities in opposite directions, as in the
first diagram. Therefore the opposite hyperbola of ABT'A, that is EZ, will not meet AB
and I'A [according to Proposition 1V.43].

But let ABI'A cut AB at A and B and I" at one point I, as in the second dia-
gram. Therefore EZ does not meet the hyperbola I [according to Proposition 1V.41]. If
EZ meets AB, it will meet it at one point only for if it meets it at two points, its opposite
hyperbola ABT" will not meet other opposite hyperbola I" [according to Proposition
IV.43]. But it has been assumed that it meets it at one point I".

If, as in the third diagram, ABI" cuts ABE at two points A and B, and EZ
meets ABE at one point, EZ will not meet the hyperbola A [according to Proposition
IV.41], where as meeting ABE it will not meet ABE at more points than two.

If, as in the fourth diagram, ABI'A cuts each of two opposite hyperbolas at
one point, EZ will meet neither at two points [according to Proposition IV.42]. [So that
according to already said and its converse, ABI'A and I'Z will not meet the opposite
hyperbolas BE and EZ at more points than four] 62. If the hyperbolas have their con-
cavities in the same direction and one cuts other at four points A, B, I', and A, has in the
fifth diagram, EZ will not meet other opposite hyperbola [according to Proposition
I\VV.44]. Of course, EZ will not meet AB for again AB will not meet the opposite hyperbo-
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las ABI'A and EZ at more points than four [according to Proposition 1V.38], neither will
I'A meet EZ.

If, as in the sixth diagram, ABI'A meets other hyperbola at three points, EZ
will meet other hyperbola at one point only [according to Proposition IV.46].

And we will say the same as before for the remaining cases.

So, since what was proposed is clear in all possible configurations, oppo-
site hyperbolas will not meet opposite hyperbolas at more points than four.

[Proposition] 56

If opposite hyperbolas touch opposite hyperbolas at one point, they will not
meet at more than two other points 63,

Let there be the opposite hyperbolas AB and I'A and others A and EZ, let
BT'A touch AB at B, let their convexities in opposite directions, and, first, let BI'A meet
['A at two points I and A, as in the first diagram.

Indeed since BI'A cuts I'A at two points having their convexities in opposite
directions, EZ will not meet AB [according to Proposition IV.41]. Again since BI'A touch-
es AB at B, and their convexities are in opposite directions, EZ will not meet I'A [accord-
ing to Proposition IV.54]. Therefore EZ will not meet either the hyperbolas AB and T'A,
therefore these hyperbolas will meet at two points I and A only.

But let BI" cut I'A at one point I', as in the second diagram. Therefore EZ will
not meet I'A [according to Proposition IV.54], whereas it will meet AB at one point only
for if EZ meets AB at two points, BI" will not meet I'A [according to Proposition 1V.41].
But it was assumed that they meet at one point.

If BI" does not meet the hyperbola A, as in the third diagram, then
according to what has been said above, EZ will not meet A [according to Proposition
IV.54], whereas EZ will not meet AB at more points than two
[according to Proposition 1V.37].

If the hyperbolas have their concavities in the same direction, the same
proof will applied.

So, from that proof, what was proposed is clear in all possible configurations.

[Proposition] 57

If opposite hyperbolas touch opposite hyperbolas at two points, they
will not meet at another point 64,

Let there be the opposite hyperbolas AB and I'A, and others AI" and EZ,
and first, let them touch at A and I, as in the first diagram.

Indeed since AT touches each of the hyperbolas AB and ’'A at A and T,
therefore EZ will meet neither on the hyperbolas AB and I'A [according to Proposition
IV.51].

So, let them touch as in the second diagram. It will be proved similarly that
I"'A will not meet EZ [according to Proposition IV.53].

So, let I'A touch AB at A and let A touch EZ at Z, as in the third
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diagram. Indeed, since AT touches AB having their convexities in opposite directions,
EZ will not meet AB. Again, since ZA touches EZ, I'A will not meet AZ.

If A" touches AB at A, and EI" touches I'A at I", and their concavities are in
the same direction, as in the fourth diagram, they will not meet at another point [accord-
ing to Proposition IV.52]. EZ will not even meet AB.

So, from the proposed proof it is clear in all possible configurations 65 .
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