BOOK THREE
[Proposition] 1

If straight lines touching a section of a cone or the circumference of a circle meet,
and diameters are drawn through the points of contact meeting the tangents, the result-
ing vertically related triangles will be equall .

Let there be the section of a cone or the circumference of a circle AB, and let A"
and BA meeting at E touch AB, and let the diameters of the section I'B and AA be
drawn through A and B meeting the tangents at I and A.

| say that the triangle AAE is equal to the triangle EBI .

[Proof]. For let AZ be drawn from A parallel to BA, therefore it has been
dropped as an ordinate [according to Proposition 1.32]. Then in the case of the parabola
[according to Proposition 1.42] the parallelogram AABZ is equal to the
triangle AI'Z, and with the common area AEBZ subtracted, the triangle AAE is equal to
the triangle I'BE.

And in the case of the other sections let the diameters meet at the center H.
Since then AZ has been dropped as an ordinate, and AT touches [according to Proposi-
tion 1.37] pl.ZHI is equal to sq.BH. Therefore as ZH is to HB, so BH is to HI', therefore
also [according to the porism to Proposition VI.19 of Euclid] as ZH is to HI', so sq.ZH is
to sq.HB.

But [according to Proposition VI.19 of Euclid] as sg.ZH is to sq.HB, so the trian-
gle AHZ is to the triangle AHB, and as ZH is to HI', so the triangle AHZ is to the triangle
AHT, therefore also as the triangle AHZ is to the triangle AHI', so the triangle AHZ is to
the triangle AHB. Therefore the triangle AHI is equal to the triangle AHB.

Let the common area AHBZ be subtracted, therefore as remainders, the triangle
AEA is equal to the triangle TEB.

[Proposition] 2

With the same suppositions if some point is taken on the section of a cone or the
circumference of a circle, and through it parallels to the tangents are drawn as far as the
diameters, then the quadrangle under one of the tangents, and one of the diameters will
be equal to the triangle constructed on the same tangent and the other diameter 2 .

Let there be the section of a cone or the circumference of a circle AB and let AET"
and BEA be tangents, and AA and BI" diameters, and let some point H be taken on the
section, and HKA and HMZ be drawn parallel to the tangent.

| say that the triangle AIM is equal to the quadrangle I'AHI.

[Proof]. For the triangle HKM [in Propositions .42 and 1.43] has been shown that
it is equal to the quadrangle AA, let the common quadrangle IK be added or subtracted,
and the triangle AIM is equal to the quadrangle I'H.
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[Proposition] 3

With the same suppositions if two points are taken on the section or the circum-
ference of a circle, and through them parallels to the tangents are drawn as far as the
diameters, the quadrangles under the straight lines drawn, and standing on the diame-
ters as bases, are equal to each other 3.

Let there be the section and tangents and diameters as said before, and let two
points at random Z and H be taken on the section, and through Z let the straight lines
ZOKA and NZIM be drawn parallel to the tangents, and through H the straight lines
HZO and OT1P.

| say that the quadrangle AH is equal to the quadrangle M®, and the
guadrangle AN is equal to the quadrangle PN.

[Proof]. For since it has already been shown [in Proposition 111.2] the triangle
PITA is equal to the quadrangle T'H, and the triangle AMI is equal to the
guadrangle I'Z, and the triangle PITA is equal to the sum of the triangle AMI and the
guadrangle PM therefore also the quadrangle I'H is equal to the sum of the quadran-
gles I'Z and I'TM, and so the quadrangle T'H is equal to the sum of the quadrangles I'®
and PZ.

Let the common quadrangle I'® be subtracted, therefore as remainders the qu-
adrangle AH is equal to the quadrangle ©M.

And therefore as wholes the quadrangle AN is equal to the quadrangle PN.

[Proposition] 4

If two straight lines touching opposite hyperbolas meet each other, and diame-
ters are drawn through the points of contact meeting the tangents, then
the triangles at the tangents will be equal 4 .

Let there be the opposite hyperbolas A and B and let the tangents to them, AT’
and BI', meet at I, and let A be the center of the hyperbolas, and let AB and I'A be
joined, and I"'A continued to E, and let AA and BA also be joined and continued to Z and
H.

| say that the triangle AHA is equal to the triangle BAZ, and the triangle AT'Z is
equal to the triangle BI'H.

[Proof]. For let ®A be drawn through ® tangent to the section, therefore
[according to Proposition 1.44] it is parallel to AH. And since [according to Proposition
1.30] AA is equal to A®, and [according to Proposition VI.19 of Euclid] the triangle AHA
is equal to the triangle AGA.

But [according to Proposition Il1.1] the triangle A®A is equal to the triangle BAZ,
therefore also the triangle AHA is equal to the triangle BAZ.

And so also the triangle AI'Z is equal to the triangle BI'H.
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[Proposition] 5

If two straight lines touching opposite hyperbolas meet, and some point is taken
on either of the hyperbolas, and from it two straight lines are drawn, one parallel to the
tangent, other parallel to the line joining the points of contact, then the triangle con-
structed by them on the diameter drawn through the point of meeting differs from the
triangle cut off at the point of meeting of the tangents by the triangle cut off on the tan-
gent and the diameter drawn through the point of contact °.

Let there be opposite hyperbolas whose center is I', and let tangents EA and AZ
meet at A, and let EZ and I'A be joined, and let I'A be continued, and let ZI" and EI" be
joined and continued, and let some point H be taken on the section, and through it let
®HKA be drawn parallel to EZ, and HM parallel to AZ.
| say that the triangle HOM differ from the triangle K®A by the triangle KAZ.

[Proof].For since T'A has been shown [in Propositions 11.38 and 11.39] to be a di-
ameter of the opposite hyperbolas and [according to Definition 5 and Proposition 11.38]
EZ to be an ordinate to it, and H® has been drawn parallel to EZ, and MH parallel to
AZ, therefore the triangle HOM differs from the triangle I'A® by the triangle T'AZ [ac-
cording to Propositions 1.44 or 1.45]. And so the triangle A®GM differs from the triangle
KO®A by the triangle KAZ. And it is evident that the triangle KAZ is equal to the qua-
drangle MHKA.

[Proposition] 6

With the same suppositions if some point is taken on one of the opposite hyper-
bolas, and from it parallels to the tangents are drawn meeting the tangents and the di-
ameters, then the quadrangle under one of the tangents and one of the diameters will
be equal to the triangle constructed on the same tangent and the other diameter 6.

Let there be opposite hyperbolas of which AEI" and BEA are diameters, and let
AZ and BH touch the hyperbola AB meeting each other at ®, and let some point K be
taken on the section, and from it let KMA and KNZ= be drawn parallel to the tangents.

| say that the quadrangle KZ is equal to the triangle AIN.

[Proof]. Now since AB and I'A are opposite hyperbolas, and AZ, meeting BA,
touches the hyperbola AB, and KA has been drawn parallel to AZ, therefore
[according to Proposition 111.2] the triangle AIN is equal to the quadrangle KZ.

[Proposition] 7

With the same suppositions if points are taken on each of the hyperbolas, and
from them parallels to the tangents are drawn meeting the tangents and the diameter,
then the quadrangles under the straight lines drawn and standing on the diameters as
bases, will be equal to each other 7.

With the mentioned suppositions let K and A be taken on both hyperbola, and
through them let MKITTPX and NXTAQ be drawn parallel to AZ, and NIOK=E and XOYAY
parallel to BH.

| say that what was said in the enunciation will be so.
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[Proof]. For since [according to Proposition 111.2] the triangle AOI is equal to the
guadrangle PO, let the quadrangle EO be added to both, therefore the whole triangle
AEZ is equal to the quadrangle KE.

But also [according to Proposition 111.5] the triangle BHE is equal to the quadran-
gle AE, and [according to Proposition Ill.1] the triangle AEZ is equal to the triangle BHE,
therefore the quadrangle AE is equal to the quadrangle IKPE.

Let the common quadrangle NE be added, therefore as the whole quadrangle TK
is equal to the quadrangle 1A, and also the quadrangle KY is equal to the quadrangle
PA.

[Proposition] 8

With the same suppositions instead of K and A let there be taken I" and A of
which the diameters hit the hyperbolas, and through them the parallels to the tangents
be drawn 8.

| say that the quadrangle AH is equal to the quadrangle ZI'", and the quadrangle
=l is equal to the quadrangle OT.

[Proof]. For since it was shown [in Proposition 111.1] the triangle AH® is equal to
the triangle ®BZ, and the straight line from A to B is parallel to the straight line from H to
Z, therefore as AE is to EH, so BE is to EZ, and convertendo as EA is to AH, so EB is to
BZ. And also as T'A is to AE, so AB is to BE for each is double the other, therefore ex
as I'A is to AH, so AB is to BZ. And the triangles are similar because of the parallels,
therefore [according to Proposition VI.19 of Euclid] as the triangle I'TA is to the triangle
AG®H, so the triangle ZBA is to the triangle ®BZ. And alternately [as the triangle I'TA is
to the triangle ZBA, so the triangle AGH is to the triangle ®BZ]. But [according to Propo-
sition Il.1] the triangle A®H is equal to the triangle ®BZ, therefore the triangle I'TA is
equal to the triangle ZBA.

As parts of these it was shown that the triangle A®H is equal to the triangle ®BZ,
therefore also as remainders of the quadrangle A® is equal to the quadrangle I'®. And
so also the quadrangle AH is equal to the quadrangle I'Z.

And since I'O is parallel to AZ, the triangle T'OE is equal to the triangle AEZ.

And likewise also the triangle AEI is equal to the triangle BEH.

But [according to Proposition 111.1] the triangle BEH is equal to the triangle AEZ, there-
fore also the triangle I'OE is equal to the triangle AEL. And also the quadrangle AH is
equal to the quadrangle I'Z.

Therefore as wholes the quadrangle =I is equal to the quadrangle OT.

[Proposition] 9

With the same suppositions if one of the points is between the diameters as K
and other is the same with one of I" and A, for instance I', and the parallels are drawn. |
say that the triangle I'EO is equal to the quadrangle KE, and the quadrangle AO is equal
to the quadrangle AM °.

And this is evident for since it was shown that the triangle I'EO is equal to the tri-
angle AEZ, and [according to Proposition 111.5] the triangle AEZ is equal to the quadran-
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gle KE,therefore also the triangle I'EO is equal to the quadrangle KE And so also the
triangle I'PM is equal to the quadrangle KO, and the quadrangle KI" is equal to the qua-
drangle AO.

[Proposition] 10

With the same suppositions let K and A be taken not as points at which the di-
ameters hit the hyperbolas. Then it is to be shown that the quadrangle ATPX is equal to
the quadrangle QXKI 10,

[Proof]. For since AZ and BH touches and AE and BE are diameters through the
points of contact, and AT and Kl are parallel to the tangents, [according to Proposition
1.44] the triangle TYE is equal to the sum of the triangles YQA and EZA. And likewise
also the triangle ZEEI is equal to the sum of the triangle ZPK and BEH.

But [according to Proposition I11.1] the triangle EZA is equal to the triangle BEH,
therefore the triangle TYE without the triangle YQA is equal to the triangle ZEI without
the triangle ZPK.

Therefore the sum of the triangles TYE and ZPK is equal to the sum of the trian-
gles ZEI and YQA.

Let the common area KEEYAX be added, therefore the quadrangle ATPX is
equal to the quadrangle QXKI.

[Proposition] 11

With the same suppositions if some point is taken on either of the hyperbolas,
and from it parallels are drawn, one parallel to the tangent and other parallel to the
straight line joining the points of contact, then the triangle constricted by them on the
diameter drawn through the point of meeting of the tangents differs from the triangle cut
off on the tangent and the diameter drawn through the point of contact by the triangle
cut off at the point of meeting of the tangentsil,

Let there be the opposites hyperbola AB and I'A, and let the tangents AE
and AE meet at E, and let the center be ®, and let AA and E®H be joined, and let some
point B be taken at random on the hyperbola AB, and through it let BZA has been
dropped to EZ parallel to AH, and BM parallel to AE.

| say that the triangle BZM differs from the triangle AKA by the triangle KEZ

[Proof]. For it is evident that AA is bisected by E® [according to Propositions 11.29
and 11.39], and that E® is a diameter conjugate to the diameter drawn through ® parallel
to AA [according to Proposition 11.38], and so AH is an ordinate to EH [according to De-
finition 6].

Since then HE is a diameter, and AE touches, and AH is an ordinate, and with
the point B taken on the hyperbola AB, let BZ be dropped to EH parallel to AH and BM
parallel to AE, therefore it is clear that [according to Propositions 11.43 and Il. 45] the tri-
angle BMZ differs from the triangle A®Z by the triangle A®Z by the triangle GAE.

And so also the triangle BMZ differs from the triangle AKA by the triangle KZE.
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And it has been proved at the same time that the quadrangle BKEM is equal to
the triangle AKA.

[Proposition] 12

With the same suppositions if of one hyperbola two points are taken and paral-
lels are drawn from each of them, likewise the quadrangles under them will be equal 12.

Let there be the same suppositions as before, and let B and K be taken at ran-
dom on the hyperbola AB, and through them let ABMN and KZOYTI be drawn parallel
to AA, and BEP and AKX parallel to AE.

| say that the quadrangle BIT is equal to the quadrangle KP.

[Proof]. For since it has been shown [according to Proposition I11.11] that
the triangle AOIT is equal to the quadrangle KOEZX, and the triangle AMN is equal to the
guadrangle BEMP, therefore, as remainder, either the quadrangle KP without the qua-
drangle BO is equal to MIT or the sum of the quadrangles KP and BO is equal to the qu-
adrangle MIT.
And with the common quadrangle BO added or subtracted the quadrangle BP is equal
to the quadrangle EX.

[Proposition] 13

If in conjugate opposite hyperbolas straight line tangent to the adjacent hyperbola
meet, and diameters are drawn through the points of contact, then the triangles whose
common vertex is the center of the opposite hyperbolas will be equal 13.

Let there be conjugate opposite hyperbolas on which there are the points A, B, T,
and A, and let BE and EK meeting at E touch the hyperbolas A and B, and let ® be the
center, and let A® and BO be joined and continued to A and I'.

| say that the triangle BZO is equal to the triangle AH®.

[Proof]. For let AK and AGM be drawn through A and ® parallel to BE. Since
then BZE touches the hyperbola B, and A®B is a diameter through the point of contact,
and AM is parallel to BE, AM a diameter conjugate to the diameter BA, the so-called
second diameter [according to Proposition 11.20], and therefore AK has been drawn as
an ordinate to BA. And AH touches, therefore
[according to Proposition 1.38] pl. K®H is equal to sq.BO .

Therefore as K® is to ®B, so BO is to H®. But as K@ is to ®B, so KA is to BZ,
and A® is to ®Z, therefore also as A® is to ©®Z, so BO is to HO..

And the angles BO®Z and H®Z are equal to two right angles, therefore the triangle
AH® is equal to the triangle BOZ

[Proposition] 14

With the same suppositions if some point is taken on any one of the hyperbola,
and from it parallels to the tangents are drawn as far as the diameters, then the triangle
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constructed at the center will differ from the triangle constructed about the same angle
by the triangle having the tangent as base, and center as vertex 14.

Let the other be the same, and let some point = be taken on the hyperbola B,
and through it let ZPX be drawn parallel to AH and ZTO parallel to BE. | say that the tri-
angle O®T differs from the triangle ZXT by the triangle ®BZ

[Poof]. For let AY be drawn from A parallel to BZ. Since then, because of the
same reasons as before, AOM is a diameter of the hyperbola AA, and A®B is a second
diameter conjugate to it [according to Proposition 11.20] and AH is a tangent at A, and
AY has been dropped parallel to AM, therefore [according to Proposition 1.40 the ratio]
AY to YH is compounded of [the ratios] ®Y to YA and the latus transversum of the ei-
dos corresponding to AM to the latus rectum.

Butas AY isto YH, so ET isto TZ, and as ®Y isto YA, so @T is to TO, and ®B
is to BZ, and [according to Proposition 1.60] as the latus transversum of the eidos cor-
responding to AM is to the latus rectum, so the latus rectum of the eidos corresponding
to BA is to the latus transversum.

Therefore [the ratio] ZT to T is compounded of [the ratios] ®B to BZ and the la-
tus rectum of the eidos corresponding to BA to the latus transversum
or [the ratio] =T to TZ is compounded of [the ratios] ®T to TO and the latus
rectum of the eidos corresponding to BA to the latus transversum.

And by the shown in the theorem 41 of Book | [that is Proposition 1.41] the trian-
gle TOO differs from the triangle ZTX by the triangle BZO.

And so also [according to Proposition 111.13] by the triangle AH®.

[Proposition] 15

If straight lines touching one of the conjugate opposites hyperbolas meet, and
diameters are drawn through the points of contact, and some point is taken on one of
the conjugate hyperbolas, and from it parallels to the tangents are drawn as far as the
diameters, then the triangle constructed by them at the hyperbola is greater than the
triangle constructed at the center by the triangle having the tangent as base and the
center of the opposite hyperbolas as vertex!®.

Let there be conjugate opposite hyperbolas AB, HZ, T, and = whose center is ®
and let AAE and BAI touch the hyperbola AB, and let the diameters AGZ® and BOT be
drawn through the points of contact A and B, and let some point £ be taken on the
hyperbola HZ, and through it let £ZA be drawn parallel to BI" and XY parallel to AE.

| say that the triangle ZAY is equal to the sum of the triangles ®AZ and GI'B.

[Proof]. For let ZGH be drawn through © parallel to BI', and KIH through H paral-
lel to AE, and XO parallel to BT, then it is evident that ZH is a diameter conjugate to BT
[according to Proposition 11.20], and that O is parallel to BT
dropped as an ordinate to ®HO, and that ZA®O is a parallelogram.

Since then BI" touches, and B® is through the point of contact, and AE is
another tangent, let it be contrived that as AB is to BE, so MN is to double BI’,
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therefore MN is the so-called the latus rectum of the eidos corresponding to BT [accord-
ing to Proposition 1.50]. Let MN be bisected at I, therefore as AB is to BE, so MIT is to
BI".

Then let it be contrived that as ZH is to TB, so TB is to P, then P also will be so-
called the latus rectum of the eidos applied to ZH [according to Propositions .16 and
1.60].

Since then as AB is to BE, so MIT is to BI', but as AB is to BE, so sq.AB is to
pl.ABE, and as MIT is to BI', so pl.MI1,BO® is to pl.'B®, therefore as sq.AB is to
pl.ABE, so pl.MI1,B® is to pl.I'B®. And pl.MI1,B@ is equal to sq.®H because as
sq.AB is to pl.ABE, so pl.MI1,B® is to pl.I’'B®. And pl.MI1,B® is equal to sq.®H,
because [according to Proposition 1.16] sg.ZH is equal to pl.TB,MN, and pl.MI1,B@® is
equal to the quarter of pl.TB,MN ,and sq.®H is equal to the quarter of sq.ZH, therefore
as sq.AB is to pl.ABE, so sg.®H is to pl.I'B®. And correspondingly sg.AB is to sq.®H, so
pl.ABE is to pl.I'B® . But as sq.AB is to sgq.®H, so the triangle ABE is to the triangle HOI
for they are similar, and as pl.ABE is to pl.'B®, so the triangle ABE is to the triangle
I'BO, therefore as the triangle ABE is to the triangle H®I, so the triangle ABE is to the
triangle I'BO.

Therefore the triangle H®I is equal to the triangle I'BO.

Again since [the ratio] ®B to BI" is compounded of [the ratios] ®B to
MIT and MIT to BT, but as ®B is to MI1, so TB is to MN, and P to ZH, and as MIT is to
BT, so AB is to BE, therefore [the ratio] ®B to BI" is compounded of [the ratios] AB to BE
and P to ZH. And since BI is parallel to ZA, and the triangle ®I'B is similar to the trian-
gle ®AZ, and as OB is to BI', so OA is to AZ, therefore
[the ratio] ®A to AZ is compounded of [the ratios] P to ZH and AB to BE or [the ratio] ®A
to AZ is compounded of [the ratios] P to ZH and ®GH to HI.

Since then HZX is a hyperbola having ZH as a diameter, and P as the latus
rectum, and from some point X let 2O be dropped as an ordinate, and the figure ®IH let
be described on the radius ®H, and the figure ®AZ let be described on the ordinate O
or its equal ®A, and on ®O the straight line between the center and the ordinate, or on
YA, its equal, the figure AY let be described similar to the figure ®IH described on the
radius, and there are compounded ratios as already given, therefore the triangle ZAY is
equal to the sum of the triangles ®AZ and OI'B [according to Proposition 1.41].

[Proposition] 16

If two straight lines touching a section of a cone or the circumference of a
circle meet, and from some point on the section a straight line is drawn parallel to one
tangent and cutting the section and the other tangent, then as the squares on the tan-
gents are to each other, so the plane under the straight lines between the section and
the tangent will be to the square cut off at the point of contact 16

Let there be the section of a cone or the circumference of a circle AB, and
let A" and I'B meeting at I touch it, and let some point A be taken on the section AB,
and through it let EAZ be drawn parallel to I'B.

| say that as sq.BI" is to sq.AI’, so pl.ZEA is to sq.EA.
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[Proof]. For let the diameters AH® and KBA be drawn through A and B, and
AMN through A parallel to AA, itis at once evident that [according to Propositions 1.46
and 1.47] AK is equal to KZ, and [according to Proposition 111.2]
the triangle AEH is equal to the quadrangle AA, and [according to Proposition 11l.1] the
triangle BAT is equal to the triangle AT'®. Since then AK is equal to KZ and AE added,
as the sum of pl.ZEA and sq.AK is equal to sq.KE. And since the triangle EAK is similar
to the triangle ANK, as sg.EK is to sq.KA, so the triangle EKA is to the triangle ANK.
And alternately as the whole sq.EK is to the whole triangle EAK, so the sum of the
subtracted part of sq.AK is to the subtracted part of the triangle ANK.Therefore also as
the remainder of pl.ZEA is to the remainder of the quadrangle AA, so sg.EK is to the tri-
angle EAK. But as sq.EK is to the triangle EAK, so sq.I'B is to the triangle BAT", there-
fore also as pl.ZEA is to the quadrangle AA, so sg.I'B is to the triangle AT'B. But the qu-
adrangle AA is equal to the triangle AEH, and the triangle BAT is equal to the triangle
AT'©, therefore also as pl.ZEA is to sq.I'B, so the triangle AEH is to the triangle
AT'®.Alternately [as pl.ZEA is to sq.EA, so sq.I'B is to sq.AI'].

[Proposition] 17

If two straight lines touching a section of a cone or the circumference of a
circle meet, and two points are taken at random on the section, and from them in the
section are drawn parallel to the tangents straight lines cutting each other and the line
of the section, then as the squares on the tangents are to each other, so will the rectan-
gular planes under the straight lines taken similarly 17.

Let there be the section of a cone or the circumference of a circle AB, and
tangents to AB,AI"’ and I'B meeting at I, and let A and E be taken at random on the sec-
tion, and through them at EZIK and AZH® be drawn parallel to AI" and I'B.

| say that as sq.I'A is to sq.I'B, so pl.KZE is to pl.OZA.

[Proof]. For let the diameters AAMN and BOZIT be drawn through A and B,
and let the tangents and parallels be continued to the diameters, and let A= and EM be
drawn from A and E parallel to the tangents, then it is evident that [according to Proposi-
tions i.46 and i.47] K1 is equal to IE, ®H is equal to HA. Since then KE has been cut
equally at I and unequally at Z [according to Proposition 1.5 of Euclid] the sum of pl.KZE
and sq.ZI is equal to sq.EI . And since the triangles are similar because of the parallels,
as the whole sq.EI is to the whole triangle IME, so the subtracted part of sqg.1Z is to the
subtracted part of the triangle ZIA. Therefore also as the remainder of pl.KZE is to the
remainder of the quadrangle ZM, so the whole sq.EI is to the whole triangle IME. But as
sq.El is to the triangle IME, so sg.I’'A is to the triangle TAN. Therefore as pl.KZE is to
the quadrangle ZM, so sq.I"A is to the triangle ITAN. But the triangle AN is equal to the
triangle I'TIB [according to Proposition Ill.1] and the quadrangle ZM is equal to the qua-
drangle Z= [according to Proposition 111.3], therefore as pl.KZE is to the quadrangle Z=,
so sq.I"A is to the triangle I'TIB. Then likewise it could be shown that as pl.®ZA is to the
guadrangle Z=, so sq.I'B is to the triangle I'TIB. Since then as pl.KZE is to the qua-
drangle Z=, so sq.I'A is to the triangle I'TIB, and inversely as the quadrangle ZZ is to
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pl.®ZA, so the triangle I'TIB is to sq.I'B, therefore ex as sq.I'A is to sq.I'B, so pl.KZE is
to pl.OZA.

[Proposition] 18

If two straight lines touching opposite hyperbolas meet, and some point is
taken on either one of the hyperbolas, and from it some straight line is drawn parallel to
one of the tangents cutting the section and the other tangent, then as the squares on
the tangents are to each other, so will the rectangular plane under the straight lines be-
tween the section and the tangent be to the square on the straight line cut off at the
point of contact 18,

Let there be the opposite hyperbolas AB and MN, the tangents AT'A and
BI'®, and through the points of contact the diameters AM and BN, and let some point A
be taken at random on the hyperbola MN, and through it let EAZ be drawn parallel to
BO.

| say that as sq.BI" is to sq.I'A, so pl.ZEA is to sq.AE .

[Proof]. For let A= be drawn through A parallel to AE. Since then AB is a
hyperbola and BN its diameter and B® a tangent and AZ parallel to BO,
therefore [according to Proposition 1.48] ZO is equal to OA. And EA is added, therefore
[according to Proposition 11.6 of Euclid] the sum of pl.ZEA and sg.AO is equal to sg.EO.
And since EA is parallel to A=, the triangle EOA is similar to the triangle AZO. Therefore
as the whole sq.EO is to the whole triangle EOA, so the subtracted part of sq.AO is to
the subtracted part of the triangle AZ0O, therefore also as the remainder of pl.AEZ is to
the remainder of the quadrangle AA, so sg.EO is to the triangle EOA. But as sq.OE is to
the triangle EOA, so sq.BI is to the triangle BI'A, therefore also as pl.ZEA is to the qua-
drangle AA, so sq.BI" is to the triangle BI'A. And [according to Proposition 111.6] the qua-
drangle AA is equal to the triangle AEH, and [according to Proposition Ill.1] the triangle
BT'A is equal to the triangle AT'®, therefore as pl.ZEA is to the triangle AEH, so sq.BI" is
to the triangle AI'®. But also as the triangle AEH is to sg.EA, so the triangle AI'® is to
sq.AT’, therefore ex as sq.BI" is to sg.AI’, so pl.ZEA isto sq.EA.

[Proposition] 19

If two straight lines touching opposite hyperbolas meet parallels to the tan-
gents are drawn cutting each other and the section, then as the squares on the tan-
gents are each other, so will the rectangular plane under the
straight lines between the section and the point of meeting of the straight lines be to the
rectangular plane under the straight lines taken similarly 19.

Let there be the opposite hyperbolas whose diameters are A" and BA and
the center at E, and let the tangents AZ and ZA meet at Z, and let HOIKA and MNZOA
be drawn from any points parallel to AZ and ZA.

| say that as sq.AZ is to sq.ZA, so pl.HAI is to pl. MAZE.

[Proof]. Let ITT and ZP be drawn through | and Z parallel to AZ and ZA. And since
as sq.AZ is to the triangle AZZ, so sq.0®A is to the triangle ®A0O, and sq.@I is to the tri-
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angle ®II1, therefore as the remainder of pl.HAI is to the remainder of the quadrangle
ITTIOA, so sq.AZ is to the triangle AZX. But [according to Proposition 111.4] the triangle
AZY is equal to the triangle ATZ, and [according to Proposition 111.7] the quadrangle
ITTOA is equal to the quadrangle KPZA, therefore also as sq.AZ is to the triangle ATZ,
so pl.HAI is to the quadrangle AP=ZA . But [likewise] as the triangle ATZ is to sq.ZA, so
the quadrangle KPZA is to pl.MAE, and therefore ex as sq.AZ is to sq.ZA, so pl.HAL is
to pl. MAZ.

[Proposition] 20

If two straight lines touching the opposite hyperbolas meet, and through the
point of meeting some straight line is drawn parallel to the straight line joining the points
of contact and meeting each of the hyperbolas, and some other straight line is drawn
parallel to the same straight line and cutting the hyperbolas and the tangents, then as
the rectangular plane under the straight lines drawn from the point of meeting to cut the
hyperbolas is to the square on the tangent, so is the rectangular plane under the
straight lines between the hyperbolas and the tangent to the square on the straight line
cut off at the point of contact 20,

Let there be the opposite hyperbolas AB and I'A whose center is E and tan-
gents AZ and I'Z, and let AT be joined, and let EZ and AE be joined and continued, and
let BZ® be drawn through Z parallel to AT, and let the point K be taken at random, and
through it let KAXMNZE be drawn parallel to AT".

| say that as pl.BZA is to sq.ZA, so pl.LKAZE is to sq.AA.

[Proof]. For let KIT and BP be drawn from K and B parallel to AZ.

Since then as sq.BZ is to the triangle BZP, so sq.KX is to the triangle KXIT, so

sq.AX is to the triangle AXZ, and as sq.KZ is to the triangle KXZIT, so the remainder of
pl.KAZ [according to Proposition 11.5 of Euclid] is to the remainder of the quadrangle
KAZIT [according to Proposition V.19 of Euclid] and BZ is equal to pl.BZA [according to
Propositions 11.38 and Il 39] and the triangle BPZ is equal to the triangle AZ® [according
to Proposition 111.11], therefore as pl.BZA is to the triangle AZ®, so pl.KAZ is to the tri-
angle AAN.

And as pl.BZA is to sq.ZA, so pl.LKAZ is to sq.AA.

[Proposition] 21

With the same suppositions if two points are taken on the section, and
through them straight lines are drawn, one parallel to the tangent, other parallel to the
straight line joining the points of contact and cutting each other and the hyperbolas, then
as the rectangular plane under the straight lines drawn from the point of meeting to cut
hyperbola is to the square on the tangent, so will the rectangular plane under the
straight lines between the section and the point of meeting 21.

Let there be the same suppositions as before, and let H and K be taken,
and through them let NEHOITP and KXT be drawn parallel to AZ, and HAM and
KO®DIXWYQ parallel to AT

| say that as pl.BZA is to sgq.ZA, so pl.KOQ is to pl.NOH.
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[Proof]. For since as sq.AZ is to the triangle AZ®, so sq.AA is to the triangle
AAM, and sq.ZO is to the triangle Z0Y¥, and as sq.Z0 is to the triangle Z0Y¥, so sq.ZH
is to the triangle ZHM, therefore the whole sq.Z0 is to the whole triangle Z0Y, so the
subtracted part of sq.ZH is to the subtracted part of the triangle ZHM, therefore also as
the remainder of pl.NOH is to the remainder of the quadrangle HOWM, so sq.AZ is to
the triangle AZ®.

But [according to Proposition 111.11] the triangle AZ® is equal to the triangle
BYZ and [according to Proposition 111.12] the quadrangle HOWM is equal to the qua-
drangle KOPT, therefore as sq.AZ is to the triangle BZY, so pl.NOH is to the quadran-
gle KOPT. But it was shown [in Proposition [11.20] as the triangle BYZ is to sq.BZ or
pl.BZA [according to Propositions 11,38 and 11.39], so the quadrangle KOPT is to
pl.KOQ, therefore ex as sq.AZ is to pl.BZA, so
pl.NOH is to pl. KOQ. And inversely as pl.BZA is to sq.ZA, so pl.KOQ is to pl. NOH.

[Proposition] 22

If two parallel straight lines touch opposite hyperbolas, and two straight
lines are drawn cutting each other and the hyperbolas, one parallel to the tangent, other
parallel to the straight line joining the points of contact, then as the latus transversum of
the eidos corresponding to the straight line joining the points of contact is to the latus
rectum, so the rectangular plane under the straight lines between the section and the
point of meeting will be to the rectangular plane under the straight lines between the
section and the point of meeting 22.

Let there be the opposite hyperbolas A and B, and let A" and BA be paral-
lel and tangent to them, and let AB be joined. Then let EEH be drawn across parallel to
AB and KEAM parallel to AT.

| say that as AB is to the latus rectum of the eidos, so pl.HEZ is to pl. KEM.

[Proof]. Let ZEN and HZ be drawn through H and = parallel to AT" for since
AT and BA are parallels tangent to the hyperbolas, AB is a diameter
[according to Proposition 11.31], and KA, EN, and HZ are ordinates to it [according to
Proposition 1.32]. Then [according to Proposition [.21] as AB is to the latus rectum, so
pl.BAA is to sq.AK, and so pl.BNA is to sq.N= or sq.AK. Therefore the whole pl.BAA is
to the whole sq.AK, so the subtracted part of pl. BNA is to the subtracted part of sq.AE,
or as pl.BAA is to sg.AK, so pl.ZAN is to sq.AE for [according to Proposition 1.21] NA is
equal to BZ, therefore also as the remainder of pl.ZAN is to the remainder of pl.KEM, so
AB is to the latus rectum. But pl.ZAN is equal to pl.HEZ, therefore as AB, that is the la-
tus transversum of the eidos, is to the latus rectum, so pl.HEZ is to pl.KEM.

[Proposition] 23
If in conjugate opposite hyperbolas two straight lines touching contrary
hyperbolas meet in a hyperbola at random, and two straight lines are drawn parallel to

the tangents and cutting each other and the other of opposite hyperbolas, then as the
squares on the tangents are to each other, so the rectangular plane under the straight
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lines between the section and the point of meeting will be to the rectangular plane under
the straight lines similarly taken 23.

Let there be the conjugate opposite hyperbolas AB, I'A, EZ, and H®
and their center K, and let A®I'A and EXAA, tangents to the hyperbolas AB and meet at
A, and let AK and EK be joined and continued to B and Z, and let HMNEO be drawn
from H parallel to AA, and OTTPEX from ® parallel to EA.

| say that at sq.EA is to sg.AA, so pl.OZX is to pl.HZEO.

[Proof]. For let £T be drawn through X parallel to AA, and OY from O paral-
lel to EA. Since then BE is a diameter of the conjugate opposite hyperbolas
AB, T'A, EZ, and H®, and EA touches the section, and ®X has been drawn parallel to it,
[according to Proposition 11.20 and Definition 5] ®IT is equal to I1X , and for the same
reasons HM is equal to MO. And since as sq.EA is to the triangle E®A, so sq.I1X is to
the triangle IITX, and so sq.I1= is to the triangle TINE, also as the remainder of pl.@EX
is to the remainder of the quadrangle TNZEX , so
sq.EA is to the triangle ®AE. But [according to Proposition 111.4] the triangle
E®A is equal to the triangle AAX, and [according to Proposition 111.15] the quadrangle
TNZZ is equal to the quadrangle ZPYO, therefore as sqg.EA is to the triangle AAX, so
pl.®EX is to the quadrangle ZPYO. But as the triangle AXA is to sq.AA, so the quadran-
gle ZPYO is to pl.HEO, therefore ex as sq.EA is to sq.AA, so pl.OZX is to pl.HZO.

[Proposition] 24

If in conjugate opposite hyperbolas two straight lines are drawn from the
center to the hyperbolas, one of them is taken as the transverse diameter and other as
the upright diameter, and two straight lines are drawn parallel to two diameters and
meeting each other and the hyperbolas, and the point of meeting of the straight lines is
the place between four hyperbolas, then the rectangular plane under the segments of
the parallel to the transverse diameter together with the plane under the segments of
the parallels to the upright diameter has the ratio which the square on the upright di-
ameter has to the square on the transverse diameter, will be equal to the double square
on the half of the transverse diameter 24

Let there be the conjugate opposite hyperbolas A, B, I', and A whose center
is E, and from E let the transverse diameter AEI" and the upright diameter AEB be
drawn through, and let ZHOIKA and MNZOIIP be drawn parallel to AT and AB and
meeting each other at =, and first let Z be within the angle ZE® or the angle YET.

| say that pl.ZEA together with pl.PZM has the ratio sq.AB to sq.AI
is equal to the double sqg.AE.

[Proof]. For let the asymptotes of the hyperbolas ZET and YE® be drawn,
and through A let XHA® tangent to the hyperbola be drawn. Since then
[according to Propositions .60 and 11.1] pl.ZA® is equal to sq.AE, therefore as pl.ZA® is
to sq.EA, so sq.AE is to sq.EA.

And [the ratio] pl.ZA® to sq.AE is compounded of [the ratios] ZA to AE and
®A to AE.
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But as XA isto AE, so NZ is to 20, and as @A is to AE, so [1E is to EK; there-

fore [the ratio] sg.AE to sg.AE is compounded of [the ratio] N= to Z0 and I1= to EK.

But [the ratio] [T=N to pl. K=® is compounded of [the ratios] N= to =6 and
P= to EK, therefore as sq.AE is to sg.AE, so pl.PEN is to pl.K=®.

Therefore also as [sq.AE is to sq.AE]”, so the sum of sq.AE and pl.PEN
is to the sum of sq.AE and pl.K=®. And sqg.AE is equal to pl.I[IMN [according to Proposi-
tion I1.11] and is equal to pl.PNM [according to Proposition 11.16], and
sq.AE is equal to pl.KZ® [according to Proposition 11.11] and is equal to pl.A®Z
[according to Proposition 11.16], therefore as sq.AE is to sq.AE, so the sum of
pl.PEN and pl.PNM is to the sum of pl. KE® and pl.A®Z. And the sum of pl.P=EN and
pl.PNM is equal to pl.PEM, therefore as sq.AE is to sq.AE, so pl.PEZM is to the sum of
pl.KE® and pl.KZ®.

Then it must be shown that the sum pl.ZEA and pl.KE® and pl.KZ® is equal
to the double sq.AE.

Let the common sq.AE, that is pl.KZ® be subtracted, therefore is remains to
be shown that the sum of pl.ZZA and pl.KE® is equal to sq.AE.

And this is so four the sum pl.ZZA and pl.KZ@ is equal to pl.A®Z, and
the sum pl.ZEA and pl.K=® is equal to KZ® [according to Proposition 11.16] and is equal
to sq.AE [according to Proposition 11.11].

Then let ZA and MP meet on one of the asymptotes at ®. Then pl.Z®A is
equal to sq.AE, and pl.M®P is equal to sg.AE [according to Propositions 11.11 and 11.16],
therefore as sq.AE is to sg.AE, so pl.M®,EP is to pl.ZOA.

And so we want the double pl.ZOA to be equal the double sq.AE, and it
does.

And let = be within the angle XEK or the angle ®ET. Then likewise by
the composition of ratios as sq.AE is to sq.AE, so pl.ITEN is to pl. K=Z®. And
Sq.AE is equal to pl.ITM,PN, so is equal to pl.PNM, and sq.AA is equal to pl.Z@A,
therefore as pl.PNM is to pl.Z®A, so the subtracted part of pl.IT=EN is to the subtracted
part of pl. KZ®. Therefore also as pl.PNM is to pl.ZOA, so the remainder of pl.PEM is to
the remainder of sq.AE without pl. K=0.

Therefore it must shown that pl.ZZA together sg.AE without pl.K=Z® are
equal to the double sq.AE.

Let common sq.AE, that is pl.Z®A, be subtracted, therefore it remains to be
shown that pl. K= together with sq.AE without pl. K=Z® are equal to sq.AE.

And this is so for pl. K=® together with sq.AE without pl. K=Z@ is equal to
Sq.AE.

[Proposition] 25
With the same suppositions let the point of meeting of the parallels to AT’

and BA be within one of the hyperbolas A and B, as set out for instance
at = 26,
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| say that the rectangular plane under the segment of the parallels to the
transverse diameter, that is pl.O=N, will be greater than the plane to which the plane
under the segments of the parallels to the upright diameter, that
is pl.P=M, has the ratio that the square on the upright diameter has to the square on the
transverse diameter by the double square on the half of the transverse diameter.

[Proof]. For the same reason as sq.AE is to sq.AE, so pl.ITZ@ is to
pl.Z=A, and sq.AE is equal to pl.[TM®, and [according to Proposition 11.11] sq.AE is
equal to pl.AOZ, therefore also as sq.AE is to sq.AE, so pl.IIM® is to pl.AOZ.

And since [according to Proposition 11.22] the whole pl.IT=@ is to the whole
pl.AEZ, so the subtracted part of pl.TIM® is to the subtracted part of
pl.AOZX or pl.ZTA, therefore also the remainder of pl.P=EM is to the remainder of pl.. ,
sosq. istosq. E.

Therefore it must be shown that pl. =N is equal to the sum of
pl.TE and the double sq.AE.

Let the common pl.TZ be subtracted, therefore it must be shown that
pl.OTN [according to Proposition 111.24] is equal to the double sq.

And it is [according to Proposition 11.23 ] the mentioned equality.

[Proposition] 26

And if the point of meeting of the parallels at is within one of the hyperbo-
las and , as set out before then the rectangular plane under the segments of the
parallels to the transverse diameter, that is pl. , Will be less than the plane to which
the plane under the segments of the other parallel, that is pl. has the ratio which the
square on the upright diameter has to the square on the transverse diameter by the
double square on the half of the transverse diameter.

[Proof]. For, since for the same reasons as before as sq.AE is to
Sq.AE, so pl.®=Y is to pl.K=®, therefore also as the whole pl.PZH is to the whole
pl.KZ® together with sq.AE, so square on the upright diameter is to square on the
transverse diameter. Therefore it must be shown that as the sum of pl. ZZ and the
double sq.AE is equal to the sum of pl. K=Z® and sqg.AE.

Let the common sg.AE be subtracted, therefore it remains to be shown that
the sum of pl.AZZ and sq.AE is equal to pl.KE® or the sum of pl. AZZ and pl.A®Z is
equal to pl.K=® [according to Propositions 11.11 and 11.16].

And it is for the sum of pl.LA  and pl.A  is equal to pl.

[Proposition] 27

If the conjugate diameters of an ellipse or the circumference of a circle are
drawn, and one of them is called the upright diameter, and other the transverse diame-
ter, and two straight lines meeting each other and the line of the section are drawn pa-
rallel to them, then the squares on the straight lines cut off on the straight line drawn pa-
rallel to the transverse diameter between the point of meeting of the straight lines and
the line of the section increased by the figures described on the straight lines cut off on
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