BOOK THREE
[Proposition] 1

If straight lines touching a section of a cone or the circumference of a circle meet,
and diameters are drawn through the points of contact meeting the tangents, the result-
ing vertically related triangles will be equall .

Let there be the section of a cone or the circumference of a circle AB, and let A"
and BA meeting at E touch AB, and let the diameters of the section I'B and AA be
drawn through A and B meeting the tangents at I and A.

| say that the triangle AAE is equal to the triangle EBI .

[Proof]. For let AZ be drawn from A parallel to BA, therefore it has been
dropped as an ordinate [according to Proposition 1.32]. Then in the case of the parabola
[according to Proposition 1.42] the parallelogram AABZ is equal to the
triangle AI'Z, and with the common area AEBZ subtracted, the triangle AAE is equal to
the triangle I'BE.

And in the case of the other sections let the diameters meet at the center H.
Since then AZ has been dropped as an ordinate, and AT touches [according to Proposi-
tion 1.37] pl.ZHI is equal to sq.BH. Therefore as ZH is to HB, so BH is to HI', therefore
also [according to the porism to Proposition VI.19 of Euclid] as ZH is to HI', so sq.ZH is
to sq.HB.

But [according to Proposition VI.19 of Euclid] as sg.ZH is to sq.HB, so the trian-
gle AHZ is to the triangle AHB, and as ZH is to HI', so the triangle AHZ is to the triangle
AHT, therefore also as the triangle AHZ is to the triangle AHI', so the triangle AHZ is to
the triangle AHB. Therefore the triangle AHI is equal to the triangle AHB.

Let the common area AHBZ be subtracted, therefore as remainders, the triangle
AEA is equal to the triangle TEB.

[Proposition] 2

With the same suppositions if some point is taken on the section of a cone or the
circumference of a circle, and through it parallels to the tangents are drawn as far as the
diameters, then the quadrangle under one of the tangents, and one of the diameters will
be equal to the triangle constructed on the same tangent and the other diameter 2 .

Let there be the section of a cone or the circumference of a circle AB and let AET"
and BEA be tangents, and AA and BI" diameters, and let some point H be taken on the
section, and HKA and HMZ be drawn parallel to the tangent.

| say that the triangle AIM is equal to the quadrangle I'AHI.

[Proof]. For the triangle HKM [in Propositions .42 and 1.43] has been shown that
it is equal to the quadrangle AA, let the common quadrangle IK be added or subtracted,
and the triangle AIM is equal to the quadrangle I'H.
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[Proposition] 3

With the same suppositions if two points are taken on the section or the circum-
ference of a circle, and through them parallels to the tangents are drawn as far as the
diameters, the quadrangles under the straight lines drawn, and standing on the diame-
ters as bases, are equal to each other 3.

Let there be the section and tangents and diameters as said before, and let two
points at random Z and H be taken on the section, and through Z let the straight lines
ZOKA and NZIM be drawn parallel to the tangents, and through H the straight lines
HZO and OT1P.

| say that the quadrangle AH is equal to the quadrangle M®, and the
guadrangle AN is equal to the quadrangle PN.

[Proof]. For since it has already been shown [in Proposition 111.2] the triangle
PITA is equal to the quadrangle T'H, and the triangle AMI is equal to the
guadrangle I'Z, and the triangle PITA is equal to the sum of the triangle AMI and the
guadrangle PM therefore also the quadrangle I'H is equal to the sum of the quadran-
gles I'Z and I'TM, and so the quadrangle T'H is equal to the sum of the quadrangles I'®
and PZ.

Let the common quadrangle I'® be subtracted, therefore as remainders the qu-
adrangle AH is equal to the quadrangle ©M.

And therefore as wholes the quadrangle AN is equal to the quadrangle PN.

[Proposition] 4

If two straight lines touching opposite hyperbolas meet each other, and diame-
ters are drawn through the points of contact meeting the tangents, then
the triangles at the tangents will be equal 4 .

Let there be the opposite hyperbolas A and B and let the tangents to them, AT’
and BI', meet at I, and let A be the center of the hyperbolas, and let AB and I'A be
joined, and I"'A continued to E, and let AA and BA also be joined and continued to Z and
H.

| say that the triangle AHA is equal to the triangle BAZ, and the triangle AT'Z is
equal to the triangle BI'H.

[Proof]. For let ®A be drawn through ® tangent to the section, therefore
[according to Proposition 1.44] it is parallel to AH. And since [according to Proposition
1.30] AA is equal to A®, and [according to Proposition VI.19 of Euclid] the triangle AHA
is equal to the triangle AGA.

But [according to Proposition Il1.1] the triangle A®A is equal to the triangle BAZ,
therefore also the triangle AHA is equal to the triangle BAZ.

And so also the triangle AI'Z is equal to the triangle BI'H.
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[Proposition] 5

If two straight lines touching opposite hyperbolas meet, and some point is taken
on either of the hyperbolas, and from it two straight lines are drawn, one parallel to the
tangent, other parallel to the line joining the points of contact, then the triangle con-
structed by them on the diameter drawn through the point of meeting differs from the
triangle cut off at the point of meeting of the tangents by the triangle cut off on the tan-
gent and the diameter drawn through the point of contact °.

Let there be opposite hyperbolas whose center is I', and let tangents EA and AZ
meet at A, and let EZ and I'A be joined, and let I'A be continued, and let ZI" and EI" be
joined and continued, and let some point H be taken on the section, and through it let
®HKA be drawn parallel to EZ, and HM parallel to AZ.
| say that the triangle HOM differ from the triangle K®A by the triangle KAZ.

[Proof].For since T'A has been shown [in Propositions 11.38 and 11.39] to be a di-
ameter of the opposite hyperbolas and [according to Definition 5 and Proposition 11.38]
EZ to be an ordinate to it, and H® has been drawn parallel to EZ, and MH parallel to
AZ, therefore the triangle HOM differs from the triangle I'A® by the triangle T'AZ [ac-
cording to Propositions 1.44 or 1.45]. And so the triangle A®GM differs from the triangle
KO®A by the triangle KAZ. And it is evident that the triangle KAZ is equal to the qua-
drangle MHKA.

[Proposition] 6

With the same suppositions if some point is taken on one of the opposite hyper-
bolas, and from it parallels to the tangents are drawn meeting the tangents and the di-
ameters, then the quadrangle under one of the tangents and one of the diameters will
be equal to the triangle constructed on the same tangent and the other diameter 6.

Let there be opposite hyperbolas of which AEI" and BEA are diameters, and let
AZ and BH touch the hyperbola AB meeting each other at ®, and let some point K be
taken on the section, and from it let KMA and KNZ= be drawn parallel to the tangents.

| say that the quadrangle KZ is equal to the triangle AIN.

[Proof]. Now since AB and I'A are opposite hyperbolas, and AZ, meeting BA,
touches the hyperbola AB, and KA has been drawn parallel to AZ, therefore
[according to Proposition 111.2] the triangle AIN is equal to the quadrangle KZ.

[Proposition] 7

With the same suppositions if points are taken on each of the hyperbolas, and
from them parallels to the tangents are drawn meeting the tangents and the diameter,
then the quadrangles under the straight lines drawn and standing on the diameters as
bases, will be equal to each other 7.

With the mentioned suppositions let K and A be taken on both hyperbola, and
through them let MKITTPX and NXTAQ be drawn parallel to AZ, and NIOK=E and XOYAY
parallel to BH.

| say that what was said in the enunciation will be so.
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[Proof]. For since [according to Proposition 111.2] the triangle AOI is equal to the
guadrangle PO, let the quadrangle EO be added to both, therefore the whole triangle
AEZ is equal to the quadrangle KE.

But also [according to Proposition 111.5] the triangle BHE is equal to the quadran-
gle AE, and [according to Proposition Ill.1] the triangle AEZ is equal to the triangle BHE,
therefore the quadrangle AE is equal to the quadrangle IKPE.

Let the common quadrangle NE be added, therefore as the whole quadrangle TK
is equal to the quadrangle 1A, and also the quadrangle KY is equal to the quadrangle
PA.

[Proposition] 8

With the same suppositions instead of K and A let there be taken I" and A of
which the diameters hit the hyperbolas, and through them the parallels to the tangents
be drawn 8.

| say that the quadrangle AH is equal to the quadrangle ZI'", and the quadrangle
=l is equal to the quadrangle OT.

[Proof]. For since it was shown [in Proposition 111.1] the triangle AH® is equal to
the triangle ®BZ, and the straight line from A to B is parallel to the straight line from H to
Z, therefore as AE is to EH, so BE is to EZ, and convertendo as EA is to AH, so EB is to
BZ. And also as T'A is to AE, so AB is to BE for each is double the other, therefore ex
as I'A is to AH, so AB is to BZ. And the triangles are similar because of the parallels,
therefore [according to Proposition VI.19 of Euclid] as the triangle I'TA is to the triangle
AG®H, so the triangle ZBA is to the triangle ®BZ. And alternately [as the triangle I'TA is
to the triangle ZBA, so the triangle AGH is to the triangle ®BZ]. But [according to Propo-
sition Il.1] the triangle A®H is equal to the triangle ®BZ, therefore the triangle I'TA is
equal to the triangle ZBA.

As parts of these it was shown that the triangle A®H is equal to the triangle ®BZ,
therefore also as remainders of the quadrangle A® is equal to the quadrangle I'®. And
so also the quadrangle AH is equal to the quadrangle I'Z.

And since I'O is parallel to AZ, the triangle T'OE is equal to the triangle AEZ.

And likewise also the triangle AEI is equal to the triangle BEH.

But [according to Proposition 111.1] the triangle BEH is equal to the triangle AEZ, there-
fore also the triangle I'OE is equal to the triangle AEL. And also the quadrangle AH is
equal to the quadrangle I'Z.

Therefore as wholes the quadrangle =I is equal to the quadrangle OT.

[Proposition] 9

With the same suppositions if one of the points is between the diameters as -
and other is the same with one of and , forinstance , and the parallels are drawn. |
say that the triangle Is equal to the quadrangle , and the quadrangle is equal
to the quadrangle 9,

And this is evident for since it was shown that the triangle is equal to the tri-
angle , and [according to Proposition I11.5] the triangle AEZ is equal to the quadran-
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