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BOOK THREE 
 

[Proposition] 1 
 

 If straight lines touching a section of a cone or the circumference of a circle meet, 
and diameters are drawn through the points of contact meeting the tangents, the result-

ing vertically related triangles will be equal1 . 

 Let there be the section of a cone or the circumference of a circle , and let  

and  meeting at  touch , and let the diameters of the section  and  be 

drawn through  and  meeting the tangents at  and . 

 I say that the triangle  is equal to the triangle . 

 [Proof]. For let   be drawn from  parallel to , therefore it has  been 
dropped as an ordinate [according to Proposition I.32]. Then in the case of the parabola 

[according to Proposition I.42] the parallelogram   is equal to the  

triangle , and with the common area  subtracted, the triangle  is equal to 

the triangle . 

    And in the case of the other sections let the diameters meet at the center . 

Since then  has been dropped as an ordinate, and  touches [according to Proposi-

tion I.37] pl.  is equal to sq. . Therefore as  is to , so  is to , therefore 

also [according to the porism to Proposition VI.19 of Euclid] as  is to , so sq.  is 

to sq. . 

 But [according to Proposition VI.19 of Euclid] as sq.  is to sq. , so the trian-

gle  is to the triangle , and as  is to , so the triangle  is to the triangle 

, therefore also as the triangle  is to the triangle , so the triangle  is to 

the triangle . Therefore the triangle  is equal to the triangle . 

 Let the common area  be subtracted, therefore as remainders, the triangle 

 is equal to the triangle . 
 

[Proposition] 2 
 

 With the same suppositions if some point is taken on the section of a cone or the 
circumference of a circle, and through it parallels to the tangents are drawn as far as the 
diameters, then the quadrangle under one of the tangents, and one of the diameters will 

be equal to the triangle constructed on the same tangent and the other diameter 2 .   

 Let there be the section of a cone or the circumference of a circle  and let  

and  be tangents, and  and  diameters, and let some point  be taken on the 

section, and  and  be drawn parallel to the tangent. 

 I say  that the triangle  is equal to the quadrangle . 

 [Proof]. For the triangle   [in Propositions I.42 and I.43] has been shown that 

it is equal to the quadrangle , let the common quadrangle  be added or subtracted, 

and the triangle  is equal to the quadrangle . 
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[Proposition] 3 
 
 With the  same suppositions if two points are taken on the section or the circum-
ference of a circle, and through them parallels to the tangents are drawn as far as the 
diameters, the quadrangles  under the straight lines drawn, and  standing on the diame-
ters as bases, are equal to each other 3. 
 Let there be the section and tangents and diameters as  said before, and let two 

points at random  and  be taken on the section, and through  let the straight lines 

 and  be drawn parallel to the tangents, and through  the straight lines 

 and . 

 I say that the quadrangle  is equal to the quadrangle , and  the  

quadrangle  is equal to the quadrangle . 
 [Proof]. For since it has already been shown [in Proposition III.2] the  triangle 

 is equal to the quadrangle , and the triangle   is equal to the  

quadrangle , and the triangle  is equal to the sum of the triangle  and the 

quadrangle PM therefore also the quadrangle  is equal to  the sum of the quadran-

gles  and , and so the quadrangle  is equal to the sum of the quadrangles  

and . 

 Let the common quadrangle  be subtracted,  therefore as remainders the qu-

adrangle  is equal to  the quadrangle . 

 And therefore as wholes the quadrangle  is equal to the quadrangle . 
 

[Proposition] 4 
 

 If  two straight lines touching opposite hyperbolas meet each other, and diame-
ters are drawn through the points of contact meeting the tangents, then 

the triangles at the tangents will be equal 4 . 

 Let there be the opposite hyperbolas  and  and let the tangents to them,  

and , meet at , and let  be the center of the hyperbolas, and let  and  be 

joined, and  continued to , and let  and  also be joined and continued to  and 

. 

 I say that the triangle  is equal to the triangle , and the triangle  is 

equal to the triangle . 

 [Proof]. For let  be drawn through  tangent to the section, therefore  

[according to Proposition I.44] it is parallel to . And since [according to Proposition 

I.30]  is equal to , and [according to Proposition VI.19 of Euclid] the triangle  

is equal to the triangle . 

 But [according to Proposition III.1] the triangle  is equal to the triangle , 

therefore also the triangle  is equal to the triangle . 

 And so also the triangle  is equal to the triangle . 
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[Proposition] 5 

 
 If two straight lines touching opposite hyperbolas meet, and some point is taken 
on either of the hyperbolas, and from it two straight lines are drawn, one parallel to the 
tangent, other parallel to the line joining the points of contact, then the triangle con-
structed by them on the diameter drawn through the point of meeting differs from the 
triangle cut off at the point of meeting of the tangents by the triangle cut off on the tan-

gent and the diameter drawn through the point of contact 5.  

 Let there be opposite hyperbolas whose center is , and let tangents  and  

meet at , and let  and  be joined, and let  be continued, and let  and   be 

joined and continued, and let some point  be taken on the section, and through it let 

 be drawn parallel to , and  parallel to . 

I say that the triangle  differ from the triangle  by the triangle . 

 [Proof].For since  has been shown [in Propositions II.38 and II.39] to be a di-
ameter of the opposite hyperbolas and [according to Definition 5 and Proposition II.38] 

 to be an ordinate to it, and   has been drawn parallel to , and  parallel to 

, therefore the triangle  differs from the triangle  by the triangle  [ac-

cording to Propositions I.44 or I.45]. And so the triangle  differs from the triangle 

 by the triangle . And it is evident that the triangle  is equal to the qua-

drangle . 
 

[Proposition] 6 
 

 With the same suppositions if some point is taken on one of the opposite hyper-
bolas, and from it parallels to the tangents are drawn meeting the tangents and the di-
ameters, then the quadrangle  under one of the tangents and  one of the diameters will 
be equal to the triangle constructed on the same tangent and the other diameter 6. 

 Let there be opposite hyperbolas of which  and  are diameters, and let 

 and  touch the hyperbola  meeting each other at , and let some point  be 

taken on the section, and from it let   and  be drawn parallel to the tangents. 

 I say that the quadrangle  is equal to the triangle . 

 [Proof]. Now since  and  are opposite hyperbolas, and , meeting , 

touches the hyperbola , and  has been drawn parallel to , therefore 

[according to Proposition III.2] the triangle  is equal to the quadrangle . 
 

[Proposition] 7 
 

 With the same suppositions if points are taken on each of the hyperbolas, and 
from them parallels to the tangents are drawn meeting the tangents and the diameter, 
then the quadrangles  under the straight lines drawn and standing on the diameters as 
bases, will be equal to each other 7. 

 With the mentioned suppositions let  and  be taken on both hyperbola, and 

through them let  and  be drawn parallel to , and  and  

parallel to . 
 I say that what was said in the enunciation will be so. 
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 [Proof]. For since [according to Proposition III.2] the triangle  is equal to the 

quadrangle , let the quadrangle  be added to both, therefore the whole triangle 

 is equal to the quadrangle . 

 But also [according to Proposition III.5] the triangle  is equal to the quadran-

gle , and [according to Proposition III.1] the triangle  is equal to the triangle , 

therefore the quadrangle  is equal to the quadrangle . 

 Let the common quadrangle  be added, therefore as the whole quadrangle  

is equal to  the quadrangle , and also the quadrangle  is equal to the quadrangle 

. 
[Proposition] 8 

 

 With the same suppositions instead of  and  let there be taken  and of 
which the diameters hit the hyperbolas, and through them the parallels to the tangents 
be drawn 8 .                            

 I say that the quadrangle H is equal to the quadrangle , and the quadrangle 

 is equal to the quadrangle . 

 [Proof]. For since it was shown [in Proposition III.1] the triangle  is equal to 

the triangle , and the straight line from  to  is parallel to the straight line from  to 

, therefore as  is to , so  is to , and convertendo as  is to , so  is to 

. And also as  is to , so  is to  for each is  double the other, therefore ex 

as  is to , so  is to . And the triangles are similar because of the parallels, 

therefore [according to Proposition VI.19 of Euclid] as the triangle  is to the triangle 

, so the triangle  is to the triangle . And alternately [as the triangle  is 

to the triangle , so the triangle  is to the triangle ]. But [according to Propo-

sition III.1] the triangle  is equal to the triangle , therefore the triangle  is 

equal to the triangle . 

 As parts of these it was shown that the triangle  is equal to the triangle , 

therefore also as remainders of the quadrangle  is equal to the quadrangle . And 

so also the quadrangle  is equal to the quadrangle . 

And since  is parallel to , the triangle  is equal to the triangle . 

 And likewise also the triangle  is equal to the triangle .  

But [according to Proposition III.1] the triangle  is equal to the triangle , there-

fore also the triangle  is equal to the triangle . And also the quadrangle  is 

equal to the quadrangle . 

 Therefore as wholes the quadrangle  is equal to the quadrangle . 
 

[Proposition] 9 
 

 With the same suppositions if one of the points is between the diameters as  

and other is the same with one of  and , for instance , and the parallels are drawn. I 

say that the triangle  is equal to the quadrangle , and the quadrangle  is equal 

to the quadrangle  9. 

 And this is evident for since it was shown that the triangle  is equal to the tri-

angle , and [according to Proposition III.5] the triangle  is equal to the quadran-


