BOOK TWO

Preface
Apollonius greets Eudemius!.

If you are well, well good, and I, too fare pretty well.

| have sent you my son Apollonius? bringing you the second book of the Conic
as was arranged by us. Go through it then carefully and acquaint those with it worthy of
sharing in such things. And Philonides3, the geometer. | introduced to you Fphesus, if
ever he happen about Pergamum, acquaint him with it too.

[Proposition] 1

If a straight line touch a hyperbola at its vertex, and from it on both sides of the
diameter a straight line is cut off equal in square to the quarter of the eidos, then the
straight lines drawn from the center of the section to the ends thus taken on the tangent
will not meet the section 4.

There be let there be a hyperbola whose diameter AB, vertex I', and the latus
rectum BZ, and let AE touch the section at B, and let the square on BA and BE each be
equal to the quarter of the [eidos] pl.ABZ, and let I'A and T'E be joined and continued.

| say that they will not meet the section,

[Proof]. For, if possible, let A meet the section at H, and from H let H® be
dropped as an ordinate, therefore [according to Proposition 1.17] it is parallel to AB.
Since then as AB is to BZ, so sq.AB is to pl.ABZ, but sq.I'B is equal to the quarter of
sq.AB, and sq.BD is equal to the quarter of pl.ABZ,
therefore as AB is to BZ, so I'B is to sq.AB, and sq.I'® is to sq.®@H.

And also [according to Proposition 1.21] as AB is to BZ, so pl.A®B is to
sq.®H, therefore as sq.I'® is to sq.0©H, so pl.A®B is to sq.0OH.

Therefore pl.A®B is equal to sq.I'®, and this [according to Proposition
[1.6 of Euclid] is impossible. Therefore I'A will not meet the section. Then likewise we
could show that neither does I'E, therefore I'A and I'E are asymptote of the section.

[Proposition] 2

With the same suppositions it is to be shown that a strait line cutting the angle
under the strait line A" and T'E is not another asymptote>.

[Proof]. For, if possible, let I'® be it, and let BO be drawn through B parallel to T'A
and let it meet I'® as ©, and let AH be made equal to B® and let H® be joined and con-
tinued to the points K, A, and M [of intersection with the hyperbola, its diameter I'B and
the line T'E, respectively].Since then B® and AH are equal and parallel, AB and ®H are
also equal and parallel.

Since AB is bisected at I' and BA added to it, [according to Proposition 11.6 of Euclid] the
sum of pl.LAAB and sq.I'B is equal to sq.T'A.

Likewise then since HM is parallel AE, and AB is equal to BE, therefore also HA
is equal to AM.
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And since HO® is equal to AB, therefore HK is greater than AB. And also KM is
greater than BE, since also AM greater than BE, therefore pl. MKH is greater than
pl.ABE, which is greater than sq.AB.

Since then [according to Proposition Il.1] as AB is to BZ, so sq.I'B is to sq.BA,
but [according to Proposition 1,21] as AB is to BZ, so pl.AAB is to sq.AK, and as sq.I'B
is to sq.BA, so sqg. I'A is to sq.AH, therefore also as sq.I'A is to sq.AH, so pl.AAB is to
Sq.AK.

Since then as whole sg.AT" is to whole sq.AH, so subtracted part pl.AAB is to
subtracted part sq.AK, therefore also as sq.Al is to sg.AH, so remainder sq.I'B is to
remainder pl.MKH, that is as sq.I'B is to pl. MKH, so sq.I'B is to sq.AB. Therefore sq.AB
is equal to pl.MKH, and this is impossible for it has been shown to be greater than it.
Therefore I'® is not an asymptote to the section.

[Preposition] 3

If a straight line touches a hyperbola it will meet both asymptotes and it will be
bisected at the point of contact, and the square on each of its segments will be equal to
the quarter of the eidos corresponding to the diameter drawn through the point of con-
tact 6.

Let there be the hyperbola ABI', and its center E, and asymptotes ZE and EH,
and some straight line ®K touch it at B.

| say that ®K continued will meet ZE and EH.

[Proof]. For, if possible, let it not meet them, and let EB is joined and continued,
and let EA be made equal to EB, therefore BA is a diameter. Then let sq.®B and sq.BK
each be made equal to the quarter of the eidos corresponding to BA, and let E® and EK
be joined. Therefore [according to Proposition 1l.1] they are asymptotes, and this is [ac-
cording to Proposition 11.2] is impossible for ZE and EH are supposed asymptotes.
Therefore K® continued will meet the asymptotesEZ and EH.

| say then also that sq.BZ and sq.BH will each be equal to the quarter of the ei-
dos corresponding to BA.

[Proof]. For let it not be, but if possible, let sq.B® and sq. BK each be equal to the
guarter of the eidos. Therefore [according to Proposition 1l.1] ®E and EK are asymp-
totes, and [according to Proposition 11.2] this is impossible. Therefore sq.ZB and sq.BH
will each equal to the quarter of the eidos corresponding to BA.

[Proposition] 4 [Problem]

Given two straight lines containing an angle and a point within the angle,
to describe through the point the section of a cone called hyperbola, so that the given
straight lines are its asymptotes’.

Let there be two straight lines A" and AB containing a chance angle at
A, and some point A be given, and let it be required to describe through A a hyperbola
with the asymptote I'A and AB.

[Solution]. Let AA be joined and continued to E, and let AE be made equal to AA,
and let AZ be drawn through A parallel to AB, and let ZI" be made equal to AZ, and let
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I"A be joined and continued to B, and let be contrived that pl.AE,H is equal to sq.I'B, and
with AA continued let a hyperbola be described about it through A, so that the ordinate
equal in square to the [rectangular] planes applied to H and increased by a figure similar
to pl.AE,H . Since then AZ is parallel to BA, and I'Z is equal to I"A, therefore I'A is equal
to AB, and sg.GB is equal to quadruple sq.I’'A. And sg.I'B is equal to pl.AE,H ,therefore
sq.I'A and sq.AB are each equal to the quarter of the eidos pl.AE,H . Therefore AB and
A are asymptote of the described hyperbola.

[Proposition] 5

If the diameter of a parabola or a hyperbola bisect some straight line
[within the section], the tangent to the section at the end of the diameter will be parallel
to the bisected straight line 8.

Let there be the parabola or the hyperbola ABI" whose diameter is ABE,and let
ZBH touch the section, and let some straight line AEI" be drawn in the section making
AE equal to ET.

| say that AT is parallel to ZH.

[Proof]. For, if not let '® be drawn through parallel to ZH and let ®A be joined.
Since then ABI is a parabola or a hyperbola whose diameter is AE, and tangent ZH,
and I'® is parallel to it, therefore [according to Propositions 1.46 and 1.47] T'K is equal to
K®. But also ZE is equal to EA.

Therefore A® is parallel to KE, and this is impossible for [according to Proposi-
tion 1.22] continued it BA.

[Proposition] 6

If the diameter of an ellipse or the circumference of a circle is bisects
some straight line not through the center, the tangent to the section at the end of the di-
ameter will be parallel to the bisected straight line 9

Let there be an ellipse or the circumference of a circle whose diameter is AB,

and let AB bisect I'A, a straight line not through the center, at E.

| say that the tangent to the section at A is parallel to T'A.

[Proof]. For let it not be, but, if possible, let AZ be parallel to the tangent at A,
therefore [according to Proposition 1.47] AH is equal to ZH.

But also AE is equal to ET, therefore I'Z is parallel to HE, and this is possible for if
H is the center of the section AB, and I'Z [according to Proposition 1.23 will meet [the
straight line] AB, and if it is not, suppose it to be K, and let AK be joined and continued
to ®, and let I'® be joined. Since then AK is equal to K® and also AE is equal to ET,
therefore I'® is parallel to AB. But also I'Z, and this is impossible. Therefore the tan-
gent at A is parallel to T'A.
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[Proposition] 7

If a straight line touches a section of a cone or the circumference of a circle, and
a parallel to it is drawn in the section and bisected, the straight line joined the point of
contact with the midpoint will be a diameter of the section 10,

There be a section of a cone the circumference of a circle ABI', and ZH
tangent to it, and AT parallel to ZH and bisected at E, and let BE be joined.

| say that BE is a diameter of the section.

[Proof] . For let it not be, but, if possible, let B® be a diameter of the section.
Therefore [according to Definition 4] A® is equal to ®T", and this is not impossible for AE
is equal to ET.

Therefore BO will not be a diameter of the section. Then likewise we could show
that there is no other [diameter] than BE.

[Proposition] 8

If a straight line meets a hyperbola at two point, continued both ways it will meet
the asymptotes, the straight lines cut off on it by the section from the asymptotes will be
equal 11,

Let there be the hyperbola ABI" and the asymptotes EA and AZ, and let some
straight line A" meet ABT.

| say that continued both ways it will meet the asymptotes.

[Proof]. Let AT" be bisected at H and let AH be joined. Therefore [according to
Proposition 1.47] it is a diameter of the section, therefore the tangent at B [according to
Proposition 11.5] is parallel to AT". Then let ®BK be the tangent, then it will [according to
Proposition 11,3] meet EA and AZ. Since then AT is parallel to K®, and K® meets AK
and A®, therefore also AI" will meet AE and AZ.

Let it meet them at E and Z, and [according to Proposition 11.3] ®B is equal to BK,
therefore also ZH is equal to HE. And so also I'Z is equal to AE.

[Proposition] 9

If a straight line meeting the asymptote is bisected is by the hyperbola, it will
touch the section one point only 12,

For let A meeting the asymptotes I'A, AA be bisected by the hyperbola at E.

| say that it touches the hyperbola at no other point.

[Proof]. For, if possible, let meet touch it at as B. Therefore [according to Proposi-
tion 11.8] I'E is equal to BA, and this is impossible for I'E is supposed equal to EA.
Therefore it will not touch the section as another point.

[Proposition] 10

If some straight line cutting the hyperbola meet both asymptotes, the rectangular
plane under the straight lines cut off between the asymptotes and the section is equal to
the quarter of the eidos corresponding to the diameter bisecting the straight lines drawn
parallel to the drawn straight line 13.
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Let there be the hyperbola ABI" and let AE, EZ be its asymptotes, and let some
straight line AZ be drawn cutting the section and the asymptotes, and let AI" be bisected
at H and let HE be joined, and let E® be made equal to BE, and let BM be drawn from B
perpendicular to ®EB,therefore [according to the porism to Proposition 1.51] B@ is a di-
ameter and BM is the latus rectum.

| say that pl.AAZ is equal to the quarter of pl.@BM, then likewise also
pl.AT'Z is equal to the quarter of pl.@BM.

[Proof]. For let KA be drawn through B tangent to the section, therefore [accord-
ing to Proposition I1.5] it is parallel to AZ. And since it has been shown [in Proposition
[I.1] that as ®B is to BM, so sq.EB is to sq.BK, and sqg.EH is to sq.HA, and [according to
Proposition 1.21] as ®B is to BM, so pl.®HB is to sq.HA, therefore as sq.EH is to sq.HA,
so pl.®HB is to sq.HA.

Since then as whole sqg.EH is to whole sq.HA, so subtracted part of pl.@HB is to
subtracted part of sq.AH, therefore also [according to Proposition 11.5, 11.6, and V.19 of
Euclid] as remainder sq.EB is to remainder pl.AAZ, so sq.EH is to sq.HA or as remaind-
er sq.EB is to remainder pl.AAZ, so sq.EB is to sq.BK.

Therefore pl.ZAA is equal to sq.BK.

Then likewise it could be shown also that pl.AI'Z is equal to sq.BA, therefore also
pl.ZAA is equal to pl.ATZ.

[Proposition] 11

If some straight line cut each of the straight lines containing the angle that is ad-
jacent to the angle which contains the hyperbola, then this straight line will meet the
section at one point only, and the rectangular plane under the straight lines cut off [on
this straight line] between the containing straight lines and the section will be equal to
the quarter of the eidos corresponding to the diameter drawn parallel to the cutting
straight line 14,

Let there be a hyperbola whose asymptotes are I'A, AA, and let AA be continued
to E, and through some point E let EZ be drawn cutting EA and AT’

[continued as necessary].

Now it is evident that it meets the section at one point only for the straight line
drawn through A parallel to EZ as AB will cut the angle I’'AA and [according to Proposi-
tion 11.2] will meet the section and [according to the porism to Proposition 1.51] be its di-
ameter, therefore [according to Proposition 1.26] EZ will meet the section as one point
only. Let it meet it as H.

| say then also that pl.EHZ is equal to sq.AB .

[Proof]. For let ®HAK be drawn as an ordinate through H, therefore the tangent
through B [according to Proposition 11.5] is parallel H®. Let it be I'A. Since then [accord-
ing to Proposition 11.3] I'B is equal to BA, therefore the ratio sq.I'B or pl.'BA to sq.BA is
compounded of [the ratios] I'B to BA and AB to BA. But as I'B is to BA, so ®H is to HZ,
and as AB is to BA, so HK is to HE, therefore the ratio sq.I'B to sq.BA is compounded
of [the ratios] ®H to HZ and KH to HE.

But also the ratio pl. KH® to pl.EHZ is compounded of [the ratios] ®H to HZ and
sq.KH to HE, therefore as pl. KH® is to pl.EHZ, sq.I'B is to sq.BA.
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Alternately as pl.KH® is to sq.I'B, so pl.EHZ is to sq.BA.
But it was shown [in Proposition 11.10] that pl. KH® is equal to sq.I'B,
therefore also pl.EHZ is equal to sq.AB.

[Proposition] 12

If two straight lines at chance angles are drawn to the asymptotes from some
point of those on the section, and parallels are drawn to two straight lines from some
point of those on the section, then the rectangular plane contained by the parallels will
be equal to that contained by those straight lines to which they were drawn parallell5.

Let there be a hyperbola whose asymptotes are AB and BI', and let some point A
be taken on the section, and from it let AE and AZ be dropped [at chance angles] to AB
and BI', and let some other point H on the section be taken, and through H let H® and
HK be drawn parallel to EA and AZ.

| say that pl.EAZ is equal to pl.®HK.

[Proof]. For let AH be joined and continued to A and I". Since then
[according to Proposition 11.8] pl.AAIL" is equal to pl.AHI, therefore as AT is to AA, so AT’
is to I'H.

But as AH is to AA, so H® is to EA, and as A" is to 'H, so AZ is to HK, therefore
as HO® is to AE, so AZ is to HK.

Therefore pl.EAZ is equal to pl.©HK.

[Proposition] 13

If in the place bounded by the asymptotes and the section some straight line is
drawn parallel to one of the asymptote, it will meet the section at one point only16

Let there be a hyperbola whose asymptote are I'A and AB, and let some point E
be taken [in the place bounded by asymptotes and the section], and through it let EZ be
drawn parallel to AB.

| say that it will meet the section.

[Proof]. For, if possible, let it not meet it, and let some point H on the section be
taken, and through H let HI" and H® be drawn parallel to I'A and AB, and let pl.TH® is
equal to pl.AEZ, and let AZ be joined and continued, then
[according to Proposition 11.2] it will meet the section. Let it meet it as K, and through K
parallel to I'A and AB let KA and KA be drawn, therefore
[according to Proposition 11.12] pl.TTH® is equal to pl.AKA.

And it is supposed that also pl.’H® is equal to pl.AEZ, therefore pl. AKA
or pl.KAA is equal to pl.AEZ, and this is impossible for both KA is greater than EZ, and
AA is greater than AE.

Therefore EZ will meet the section. Let it meet it at M.

| say then that it will not meet it at any other point.

[Proof]. For, if possible, letit also meet it at N, and through M and N let M= and
NB be drawn parallel to I'A. Therefore [according to Proposition 11.12] pl.EME is equal to
pl.ENB, and this is impossible. Therefore it will not meet the section at another point.
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[Proposition] 14

The asymptote and the section, if continued indefinitely, draw nearer to each
other, and they reach a distance less than any given distance 17.

Let there be a hyperbola whose asymptotes are AB and AT, and a given dis-
tance K.
| say that AB and AI" and the section, if continued, draw nearer to each other and will
reach a distance less than K.

[Proof]. For let E®Z and TTHA be drawn parallel to the tangent, and let A® be
joined and continued to =. Since then [according to Proposition 11.10] pl.[[HA is equal to
pl.ZOE, therefore as AH is to Z©, so OF is to I'H.

But [according to Proposition VI.4 of Euclid] AA is greater than Z®, therefore also
OE is greater than I'H.

Then likewise we could show that the succeeding straight lines are less.

Then let the distance ZA be taken less than K, and through A let AN be drawn
parallel to A", therefore it [according to Proposition 11.12 ] will meet the section. Let it
meet it at N, and through N let MNB be drawn parallel to EZ therefore MN is equal to
EA, and so MN is less than K.

Porism

Then from this if is evident that AB and AI" are nearer than all asymptotes to the
section, and the angle under BA, AT is clearly less than that under other asymptote to
the section 18,

[Proposition] 15

The asymptotes of opposite hyperbolas are common?1°.

Let there be opposite hyperbolas whose diameter is AB and center I'.

| say the asymptote of the hyperbolas A and B are common.

[Proof]. Let AAE and ZBH be drawn tangent to the hyperbola through A and B,
they [according to Proposition 1.44] are therefore parallel. Then let each of [the straight
lines] AA, AE, EB, and BH be cut off equal in square to the quarter of the eidos applied
to AB, therefore AA is equal to AE, is equal to ZB, and is equal to BH.

ThenletT'A, TE, I'Z, and T'H be joined. Then it is evident that AT" is in a straight
line with TH, and T'E with I'Z because of the parallel. Since then it is a hyperbola whose
diameter is AB and tangent AE, and AA and AE are each equal in square to the quarter
of the eidos applied to AB, therefore AI' and I'E are asymptotes. For the same reasons
ZI' and TH are also asymptotes to hyperbola B. Therefore the asymptote of opposite
hyperbola are common.

[Proposition] 16

If in opposite hyperbola some straight line is drawn cutting in the straight lines
containing the angle adjacent to the angles containing the sections, it will meet each of
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the opposite hyperbola in one point only, and the straight lines cut off on it by the hyper-
bola from the asymptotes will be equal 29 .

Let there be the opposite hyperbolas A and B whose center is I" and asymptotes
AT'H and ETZ, and let some straight line ® be drawn trough, cutting each of A" and I'Z.

| say that continued it will meet each of the hyperbolas in one point only.

[Proof]. For since AI" and I'E are asymptotes of the hyperbola A, and some
straight line ®K has been drawn across cutting both of straight lines containing the ad-
jacent angle AI'Z, therefore [according Proposition 11.11] ®K continued will meet the
section. Then likewise also B. Let it meet them at A and M. Let AT'B be drawn through I"
parallel to AM, therefore [according to Proposition 11.11] pl. KA® is equal to sq.AI’, and
pl.®MK is equal to sq.T'B.

And so also pl.LKA® is equal to pl.©MK, and A® is equal to KM.

[Proposition] 17

The asymptotes of conjugate opposite hyperbolas are common 21,

Let there be conjugate opposite hyperbolas whose conjugate diameters are AB
and I'A, and whose center is E.

| say that their asymptotes are common.

[Proof]. For let ZAH, HA®, ®BK, and KI'Z be drawn through [the points]
A, B, T', and A touching the hyperbolas, therefore ZHOK [according to Proposition 1.44]
is a parallelogram. Then let ZE® and KEH be joined, therefore they are diagonals of the
parallelogram, and they are all bisected at E. And since the figure on AB [according to
Proposition 1.60] is equal to sq.I'A, and I'E is equal to ZA, therefore each of sq.ZA,
sq.AH, sq.KB, and sq.B® is equal to the quarter of the eidos corresponding to AB.
Therefore ZE® and KEH [according to Proposition 11.1] are asymptotes of hyperbolas
A and B. Then likewise we could show that same straight lines are also asymptotes of
the hyperbolas I" and A. Therefore the asymptotes of conjugate opposite hyperbolas are
common.

[Proposition] 18

If a straight line meeting one of the conjugate opposite hyperbolas when contin-
ued both ways, falls outside the section, it will meet both of the adjacent hyperbolas at
one point only 22,

Let there be the conjugate opposite hyperbolas A, B, I, and A, and let some
straight line EZ meet the hyperbola I" and continued both ways fall outside the section.

| say that it will meet both hyperbolas A and B at one point only.

[Proof]. For let H® and KA be asymptotes of the hyperbolas. Therefore [accord-
ing to Proposition 11.3] EZ meets both H® and KA. Then it is evident that it will {accord-
ing to Proposition 11.16] also meet the hyperbolas A and B at one point only.
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[Proposition] 19

If some straight line is drawn touching one of the conjugate opposite hyperbolas
at random, it will meet the adjacent hyperbolas and will be bisected at the point of con-
tact 23.

Let there be the conjugate opposite hyperbolas A, B, I', and A, and let some
straight line ET'Z touchitat I

| say that continued it will meet the hyperbolas A and B and will be bisected atT".

It is evident now that it will [according to Proposition 11.18] meet the hyperbolas A
and B, let it meet them at H and ©.

| say that I'H is equal to I'®.

[Proof]. For let the asymptotes of the hyperbolas KA and MN be drawn.
Therefore [according to Proposition 11.16] EH is equal to Z®, and [according to Proposi-
tion I.3] T'E is equal to I'Z, and T'H is equal to I'®.

[Proposition] 20

If a straight line touches one of conjugate opposite hyperbolas, and two
straight lines are drawn through their center, one through the point of contact, and one
parallel to the tangent until it meet one of the adjacent hyperbolas, then the straight line
touching the section at the point of meeting will be parallel to the straight line drawn
through the point of contact and the center, and those through the point of contact and
the center will be conjugate diameters of the opposite hyperbolas 24.

Let there be conjugate opposite hyperbolas whose conjugate diameters are AB
and I'A, and center XX, and let EZ be drawn touching the hyperbola A, and continued
letit meet I'X at T, and let EX be joined and continued to =, and through X let XH be
drawn parallel to EZ, and through H let ®H be drawn touching the section.

| say that ®H is parallel to XE, and HO and EZ are conjugate diameters.

[Proof]. For let KE, HA, and I'PIT be drawn as ordinates, and let AM and I'N be
the latera recta. Since then [according to Proposition 1.60] as BA is to AM, so NI is to
I'A, but [according to Proposition 1.37] as BA is to AN, so pl.XKZ is to sq.KE, and as
NI"is to T'A, so sq.HA is to pl.XA®, therefore also as pl.XKZ is to sq.EK, so sq.HA is to
pl.XA®.

But the ratio pl.XKZ to sg.EK is compounded of [the ratios] XK to KE and ZK to
KE, and the ratio sg.HA to pl.XA® is compounded of [the ratios] HA to AX and HA to
AO, therefore the ratio compounded of [the ratios] XK to KE
and ZK to KE is the same ratio compounded of [the ratios] HA to AX and HA to A®, and
of these as ZK is to KE, so HL is to AX, for each of EK, KZ, and ZE is parallel to each of
XA, AH , and HX, respectively.

Therefore as remainder XK is to KE, so HA is to AG.

Also the sides of equal angles at K and L are proportional, therefore the triangle
EKX is similar to the triangle H®A, and will have equal angles corresponding to the sub-
tend sides.

Therefore the angle EXK is equal to the angle AH®.
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But also the angle KXH is equal to the angle AHX, and therefore the angle EXH
is equal to the angle ®HX. Therefore EX is parallel to H®.

Then let it be contrived that as ITH is to HP, so ®H is to %, therefore X is the half
of the latus rectum of the ordinates to the diameter HO in hyperbolas I" and A [according
to Proposition 1.51]. Since T'A is the second diameter of the hyperbolas A and B, and ET
meets it, therefore pl.TX,EK is equal to sq.I'X for if we draw from E a parallel to KX, the
rectangular plane under TX and the straight line cut off by the parallel will [according to
Proposition 1.38] be equal to sq.I'X.

And therefore [according to Proposition VI.20 of Euclid] as TX is to EK, so sq.TX
is to sq.XT".

But as TX is to EK, so TZ is to ZE or [according to Proposition VI.1 of
Euclid] as TX is to EK, so the triangle TXZ is to the triangle EZX, and [according to
Proposition VI.19 of Euclid] as sq.TX is to sg.I'X, so the triangle XTZ is to the triangle
XI'TT or [according to Proposition 11.1] as sq.TX is to sq.I'X, so the triangle XTZ is to the
triangle H®X. Therefore as the triangle TXZ is to the triangle EZX, so the triangle TZX is
to the triangle XH®.

Therefore the triangle HO®X is equal to the triangle XEZ. But they also have the
angle ®HX is equal to the angle XEZ for EX is parallel to H®, and EZ to HX. Therefore
the sides of the equal angles [according to Proposition VI.15 of Euclid] are reciprocally
proportional. Therefore as H® is to EX, so EZ is to HX, therefore pl.®@HX is equal to
pl.XEZ. And since as X is to ®H, so PH is to HIT, and as PH is to HIT, so XE is to EZ for
they are parallel, therefore also as X is to ®H, so XE is to EZ.

But with XH taken as common height, as X isto ®H , so pl.Z,XH is to
pl.®HX, and as XE is to EZ, so sq.XE is to pl. XEZ. And therefore as pl.Z,XH is to
pl.®HX, so sq.XE is to pl.XEZ.

Alternately as pl.Z,HX is to sq.EX, so pl.®@HX is to pl.ZEX.

But pl.@HX is equal to pl.XEZ, therefore also pl.Z,HX is equal to sq.EX.

And pl.Z,HX is the quarter of the eidos corresponding to HO for HX is equal to
the half of HO, and X is the latus rectum, sq.EX is equal to the quarter of sg.EZ for EX is
equal to XE.

Therefore sg.EX is equal to the eidos corresponding to HO. Then likewise we
could show also that HO is equal in square to the eidos corresponding to EZ. Therefore
EZ= and HO are conjugate diameters of the opposite hyperbolas A, B, I, and A.

[Proposition] 21

Under the same supposition it is to be shown that the point of meeting of the tan-
gents is on one of the asymptotes 25,

Let there be conjugate opposite hyperbolas, whose diameters are AB and XA,
and let AE and EI" be drawn tangent.

| say that E is on the asymptote.

[Proof]. For since sq.I'X is equal to the quarter of the eidos corresponding to AB
[according to Proposition 1.60], and [according to Proposition 11.17] sq.AE is equal to
I'X,therefore also sq.AE is equal to the quarter of the eidos corresponding to AB. Let
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EX be joined, therefore [according to Proposition 11.1] EX is an asymptote, therefore [the
point] E is on the asymptote.

[Proposition] 22

If in conjugate opposite hyperbolas a radius is drawn to any of the hyperbolas,
and a parallel is drawn to it meeting one of adjacent hyperbolas and meeting the
asymptotes, then the rectangular plane under the segments
continued between the section and the asymptotes on the straight line drawn is equal to
the square on the radius26.

Let there be conjugate opposite hyperbolas A, B, I', and A, and let there be the
asymptotes of these hyperbola XEZ and XH®, and from the center X let some straight
line XI"A be drawn across, and let ®E be drawn parallel to it cutting both adjacent
hyperbolas and the asymptotes.

| say that pl.EK® is equal to sq.I'X.

[Proof]. Let KA be bisected at M, and let MX be joined and continued there-
fore AB is the diameter of the hyperbolas A and B [according to the porism to Proposi-
tion 1.51]. And since the tangent at A [according to Proposition 11.5] is parallel to E®,
therefore E® [according to Proposition 1.17]
has been dropped as an ordinate to AB. And center is X, therefore AB and I'A are con-
jugate diameter [according to Definition 6] .Therefore sq.I'X [according to Proposition
1.60] is equal to the quarter of the eidos corresponding to AB. And pl.@KE [according to
Proposition 11.10] is equal to the quarter of the eidos corresponding to AB, therefore also
pl.©KE is equal to sq.I'X.

[Proposition] 23

If in conjugate opposite hyperbolas some radius is drawn to any of the hyperbola,
and a parallel is drawn to it meeting three adjacent hyperbolas,
then the rectangular plane under the segments continued between the three hyperbolas
on the straight line drawn is twice the square on the radius??.

Let there be the conjugate opposite hyperbolas A, B, I, and A, and let the center
of the section be X, and from X let some straight line I'X be drawn to meet any one of
the hyperbolas, and let KA be drawn parallel to I'X cutting three adjacent hyperbolas.

| say that pl. KMA is equal to double sq.I'X.

[Proof]. Let the asymptotes to the hyperbolas, EZ and H®, be drawn, therefore
[according to Proposition 11.22] sq.I'X is equal to pl.®@ME and [according to Proposition
[1.11] is equal to pl.®KE. And the sum of pl. GME and pl.@KE is equal to pl.AMK be-
cause of the straight lines on the ends[according to Propositions 11.8 and 11.16] being
equal. Therefore also pl.AMK is equal to double sq.I'X.
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[Proposition] 24

If two straight lines meet a parabola each at two points, and if a point of meeting
of neither one of them is contained by the points of meeting of the other, then the
straight lines will meet each other outside the section 28,

Let there be the parabola ABT'A, and let AB and I'A meet ABT'A, and let a point
of meeting of neither of them be contained by the points of meeting of the other.

| say that the straight lines continued will meet each other.

[Proof]. Let the diameters of the section, EBZ and HT'®, be drawn through B
and I',therefore [according to the porism to Proposition 1.51] they are parallel and each
one cut the section [according to Proposition 1.26] at one point only. Then let BT be
joined, therefore the sum of the angle EBI" and BI'H is equal to two right angles, and A
and BA continued make the angles less than two right angles. Therefore [according to
Proposition I ,10, and Euclidds Postul ate 5]

[Proposition] 25

If two straight lines meet a hyperbola each at two points, and if a point of meet-
ing of neither of them is contained by the points of meeting of the other, then the straight
lines will meet each other outside the section, but within the angle containing the section
29

Let there be a hyperbola whose asymptotes are AB and AT, and let EZ and H®
cut the section, and let a point of meeting of neither of them be contained by the points
of meeting of the other.

| say that EZ and H® continued will meet outside the section, but within the angle
['AB.

[Proof]. For let AZ and A® be joined and continued and let Z® be joined.

And since EZ and HO continued cut the angles AZ® and A®Z, and mentioned angles
[according to Proposition 1.17 of Euclid] are less than two right angles, and EZ and HO®
continued will meet each other outside the section but within the angle BAT'.

Then we could likewise show it, even if EZ and H® are tangents to the sections.

[Proposition] 26

If in an ellipse and in the circumference of a circle two straight lines not through
the center cut each other, then they do not bisect each other 30,

[Proof]. For, if possible, in the ellipse for in the circumference of a circle let T'A
and EZ not through the center bisect each other at H and let ® be the center of the sec-
tion, and let H® be joined and continued to A and B.

Since then AB is a diameter bisecting EZ, therefore [according to Proposition 11.6]
the tangent at A is parallel to EZ. We could then likewise show that it also parallel to I'A.
And so also EZ is parallel to I'A. And this is impossible. Therefore I'A and EZ do not bi-
sected each other.
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[Proposition] 27

If two straight lines touch an ellipse or circumference of a circle, and if the
straight line joining the points of contact is through the center of the section, the tan-
gents will be parallel, but if not, they will meet on the same side of the center 31,

Let there be the ellipse or the circumference of a circle AB, and let 'AA and EBZ
touch it, and let AB be joined, and first let it be through the center.

| say that I'A is parallel to EZ.

[Proof]. For since AB is a diameter of the section, and I'A touches it at
A, therefore [according to Proposition 1.17] T'A is parallel to the ordinates to AB. Then or
the same reasons BZ is also parallel to same ordinate. Therefore
I"A is also parallel to EZ.Then let AB not be through the center as in the second dia-
gram, and let the diameter A® be drawn, and let KOA be drawn tangent through 0,
therefore KA is parallel to I'A. Therefore EZ continued will meet I'A on the same side of
the center as AB.

[Proposition] 28

If in a section of a cone or in the circumference of a circle some straight line bi-
sects two parallel straight lines, then it will a diameter of the section 32,

Let AB and I'A, two parallel straight lines in a conic section, bisected at E and Z,
and let EZ be joined and continued.

| say that it is a diameter of the section.

[Proof]. For if not, let HZ® be so if possible. Therefore the tangent at H [accord-
ing to Proposition 1.5 and I1,6] is parallel to AB. And so the same straight line is parallel
to 'A. And H® is a diameter, therefore [according to Definition 4] I'® is equal to ®A, and
this is impossible for it is supposed that T'E is equal to EA. Therefore H® is not a diame-
ter. Then likewise we could show that there is no other except EZ. Therefore EZ will be a
diameter of the section.

[Proposition] 29

If in a section of a cone or in the circumference of a circle two tangents meet, the
straight line, drawn from their t point of meeting to the midpoint of the straight line join-
ing the points of contact is a diameter of the section 33 .

Let there be a section of a cone or the circumference of a circle to which let
AB and AT" , meeting at A, be drawn tangent, and let BI" be joined and bisected at A,
and let AA be joined.

| say that it is a diameter of the section.

[Proof]. For, if possible, let AE be a diameter, and let EI" be joined, then it will cut
the section [according to Propositions 1.5 and 1.36]. Let it cut it at Z, and through Z let
ZKH be drawn parallel to I'AB. Since then I'A is equal to AB, also Z@ is equal to ®H.

And since the tangent at A is parallel to BI" [according to Propositions
[1.5 and 11.6], and ZH is also parallel to BI', therefore also ZH is parallel to the tangent
at A. Therefore [according to Propositions 1.46 and 1.47] Z® is equal to ®K, and this is
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impossible. Therefore AE is not a diameter. Then likewise we could show that there is
no other except AA.

[Proposition] 30

If two straight lines tangent to a section of a cone or to the circumference of a cir-
cle meet, the diameter drawn from the point of meeting will bisect the straight line join-
ing the points of contact 34.

Let there be the section of a cone or the circumference of a circle BI', and let two
tangents BA and AI" be drawn to their meeting at A, and let BI" be joined, and let AA be
drawn through A as a diameter of the section.

| say that AB is equal to AT

[Proof]. For let it not be, but, if possible, let BE be equal to ET", and let
AE be joined, therefore [according to Proposition 11.29] AE is a diameter of the section.
But AA it also the diameter, and this is impossible.

For if the section is an ellipse, A at which the diameters meet each other, will be
a center outside the section, and this is impossible, and if the section is a parabola the
diameters [according to the porism to Proposition 1.51] meet each other, and if is a
hyperbola,and BAand AT meet the section without containi
meeting, then the center is within the angle containing the hyperbola [according to
Proposition 11.25], but it is also on it for it has been supposed a center since AA and AE
are diameter [according to the porism to Proposition 1.51] and this is impossible. There-
fore BE is not equal to ET".

[Proposition] 31

If two straight line touch each of the opposite hyperbolas, then if the straight line
joining the points of contact falls through the center, the tangents will be parallel, but if
not, they will meet on the same side as the center 35 .

Let there be the opposite hyperbolas A and B, and let ’'AA and EBZ be tangent
to them at A and B, and let the straight line joined from A to B fall first through the cen-
ter of the hyperbola.

| say that T'A is parallel to EZ.

[Proof]. For since they are opposite hyperbolas for which AB is a diameter, and
I'A touches one of them at A, therefore the straight line drawn through B parallel to T'A
[according to Proposition 1.44] touches the section. But EZ also touches it, therefore T'A
is parallel EZ.

Then let the straight line from A to B not be through the center of the hyperbolas,
and let AH be drawn as a diameter of the hyperbolas, and let ®K be tangent to the sec-
tion, therefore ®K is parallel to I'A, and since EZ and ®K
touch a hyperbola, therefore they [according to Proposition 11.25] will meet.

And OK is parallel to I'A, therefore also I'A and EZ continued will meet. And it is evident
that they are on the same side as the center.

62



[Proposition] 32

If straight lines meet each of the opposite hyperbolas, at one point when touching
or at two points when cutting, and, when continued, the straight lines meet, then their
point of meeting will be in the angle adjacent to the angle containing the hyperbolasé.

Let there be opposite hyperbolas and AB and I'A either touching the opposite
hyperbolas at one point or cutting them at two points, and let them meet when contin-
ued.

| say that their point of meeting will be in the angle adjacent to the angle contain-
ing the section.

[Proof]. Let ZH and ®K be asymptotes to the hyperbolas, therefore AB
continued [according to Proposition 11.8] will meet the asymptotes. Let it meet them at ®
and H. And since ZK and ®H are supposed as meeting, it is evident that either they will
meet in the place under the angle ®AZ or in that under the angle KAH. Likewise also if
they touch [according to Proposition I1.3].

[Proposition] 33

Let them be the opposite hyperbolas 4 and B, and let some straight line 74
cut 4, and, when continued both ways, let it fall outside the section 37.

| say that I'A does not meet the hyperbola B.

[Proof]. For let EZ and H® be drawn as asymptote to the hyperbolas, therefore
I"'A continued will meet [according to Proposition ii.8] the asymptotes. And it only meets
them at E and ®. And so it will not meet the hyperbola B.

And it is evident that it will fall through three places. For if some straight line
meets both of opposite hyperbolas it will meet neither of opposite hyperbolas at two
points. For it meets it at two points, by what has just been proved it will not meet the
other hyperbola.

[Proposition] 34

If some straight line touch one of opposite hyperbolas and a parallel to it be
drawn in the other hyperbola, then the straight line drawn from the point of contact to
the midpoint of the parallel will be a diameter of the opposite hyperbolas38.

Let there be the opposite hyperbolas A and B,and let some straight line
I'A touch one of them A at A, and let EZ be drawn parallel to I"A in the other hyperbola,
and let it be bisected at H, and let AH be joined.

| say that AH is a diameter of the opposite hyperbolas.

[Proof]. For, if possible, let AGK be [a diameter] therefore the tangent
at © is parallel to I'A [according to Proposition 11.31]. But I'A is also parallel to EZ, and
therefore the tangent at ® is parallel to EZ. Therefore [according to Proposition 1.47] EK
is equal to KZ, and this is impossible for EH is equal to HZ. Therefore A® is not a di-
ameter of the opposite hyperbolas. Therefore AB is [a diameter].
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[Proposition] 35

If a diameter in one of opposite hyperbola bisects some straight line, the straight
line touching the other hyperbola at the end of the diameter will be parallel to the bi-
sected straight line 39 .

Let there be the opposite hyperbolas A and B, and let their diameter AB bisect
I"A in hyperbola B at E.

| say that the tangent the hyperbola [A] at A is parallel to T'A.

[Proof]. For, if possible, let AZ be parallel to the tangent to the hyperbola at A,
therefore [according to Proposition 1.48] AH is equal to HZ.

But also AE is equal to EI'. Therefore I'Z is parallel to EH, and this is impossible
for continued it [according to Proposition 1.22] meets it. Therefore AZ is not parallel to
the tangent to the hyperbola at A, nor is any other straight line except I'A.

[Proposition] 36

If parallel straight lines are drawn, one in each of opposite hyperbolas, then the
straight line joining their midpoints will be a diameter of the opposite hyperbolas 40.

Let there be the opposite hyperbolas A and B, and let I'A and EZ be drawn, one
in each of them, and let them be parallel, and let them both be bisected at H and ®, and
let H® be joined.

| say that H® is a diameter of the opposite hyperbolas.

[Proof]. For if not, let HK be one [diameter]. Therefore the tangent to A [accord-
ing to Proposition 11.5] is parallel to T'A, and so also to EZ. Therefore [according to Prop-
osition 1.48] EK is equal to KZ, and this is impossible since also E® is equal to ©Z.
Therefore HK is not a diameter of the opposite hyperbolas. Therefore H® is [the diame-
ter].

[Proposition] 37

If a straight line not through the center cuts the opposite hyperbolas, then the
straight line joined from its midpoint to the center is a so-called upright diameter of the
opposite hyperbolas, and the straight line drawn from the center parallel to the bisected
straight line is a transverse diameter conjugate to it 41.

Let there be the opposite hyperbolas A and B let some straight line I'A not
through the center cut the hyperbola A and B and let it be bisected at E, and let X be the
center of the hyperbolas, and let XE is joined, and through
X let AB be drawn parallel to T'A.

| say that AB and EX are conjugate diameters of the hyperbolas.

[Proof]. For let AX be joined and continued to Z, and let I'Z be joined.

Therefore [according to Proposition 1.30] AX is equal to XZ. But also AE is equal to ET".
Therefore EX is parallel ZI'. Let BA be continued to H. And since AX is equal to XZ,
therefore also EX is equal to ZH, and so also I'H is equal to ZH. Therefore the tangent
at A [according to Proposition 11.5] is parallel to I'Z, and so also to EX. Therefore EX
and AB [according to Proposition 1.16] are conjugate diameter.
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[Proposition] 38

If two straight lines meeting touch opposite hyperbolas, the straight line joined
from the point of meeting to the midpoint of the straight line joining the points of contact
will be a so-called upright diameter of the opposite hyperbolas and the straight line
drawn through center parallel to the straight line joining of contact is a transverse di-
ameter conjugate to it 42

Let there be the opposite hyperbolas A and B, and I'X and XA touching the
hyperbolas, and let I'A be joined and bisected at E, and let EX be joined.

| say that the diameter EX is a so-called upright diameter, and the straight line
drawn through the center parallel to T'A is a transverse diameter conjugate to it.

[Proof]. For, if possible, let EZ be a diameter, and let Z be a point taken at ran-
dom, therefore AX will meet EZ. Let it meet it at Z, and let I'Z be joined, therefore [ac-
cording to Proposition 1.32] T'Z will hit the hyperbola. Let it hit it as A, and through A let
AB be drawn parallel to I'A. Since then EZ is a diameter, and bisects I'A, it also bisects
[according to Definition 4] the parallels to it. Therefore AH is equal to HB. And since T'E
is equal to EA, and is on the triangle TEA, therefore also AH is equal to HK. And so al-
so HK equal to HB, and this is impossible. Therefore EZ will be a diameter.

[Proposition] 39

If two straight line meeting touch opposite hyperbolas, the straight line drawn
through the center and the point of meeting of the tangents bisects straight line joining
the points of contact 43.

Let there be the opposite hyperbolas A and B, and let I'E and EA be drawn touch-
ing A and B, and let I'A be joined, and let EZ be drawn as a diameter.

| say that I'Z is equal to ZA.

[Proof]. For if not, let I'A be bisected as H, and let HE be joined, therefore HE
[according to Proposition 11.38] is [a diameter]. But EZ is also
[a diameter], therefore [according the porism to Proposition 1.31] E is the center. There-
fore the point of meeting of the tangents is at the center of the hyperbolas, and this [ac-
cording to Proposition 11.32] is impossible.

Therefore, I'Z is not unequal to ZA. Therefore [they are] equal.

[Proposition] 40

If two straight lines touching opposite hyperbolas meet, and trough the point of
meeting a straight line drawn parallel to straight line joining the points of contact, and
meeting the hyperbolas, then the straight lines drawn from the points of meeting to the
midpoint of the straight line joining the point of contact touch the hyperbolas 44.

Let there be the opposite hyperbolas A and B, and let I'E and EA be drawn
touching A and B, and let I'A be joined, and through E let ZEH be drawn parallel to T'A,
and let I'A be bisected at ®, and let Z® and ®H be joined.

| say that Z® and ®H touch the hyperbolas.
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[Proof]. Let E® be joined, therefore E® is an upright diameter, and the
straight line drawn through the center parallel to I'A [according to Proposition 11.38] is a
transverse diameter conjugate to it. And let the center X be taken, and let AXB be
drawn parallel to I'A, Therefore ®E and AB are conjugate diameter. And I'® has been
drawn as an ordinate to the second diameter, and I'E has been drawn touching the sec-
tion and meeting the second diameter. Therefore pl.EX® is equal to the square on the
half of the second diameter [according to Proposition 1.38], which is to the quarter of the
eidos corresponding to AB. And since ZE has been drawn as an ordinate and Z®
joined, therefore [according to Proposition 1.38] Z® touches the hyperbola A. Likewise
then also H® touches the hyperbola B. Therefore Z® and ®H touch the hyperbolas A
and B.

[Proposition] 41

If in opposite hyperbolas two straight lines not through the center cut each to
other, then they do not bisect each other4>.

Let there be the opposite hyperbolas A and B, and in A and B let I'B and AA not
through the center cut each other at E.

| say that they do not bisect each other.

[Proof]. For if possible, let them bisect each other, and let X be the center of the
hyperbolas, and let EX is be joined, therefore [according to Proposition 11.37] EX is a di-
ameter. Let XZ be drawn through X parallel to BT, therefore XZ is a diameter conjugate
to EX and [according to Proposition 11.37]to EX. Therefore the tangent at Z is parallel to
EX [according to Definition 6].Then for the same reasons with ®K drawn parallel to AA,
the tangent at ® is parallel to EX, and so also the tangent at Z is parallel to the tangent
at ©, and this is impossible for it has been shown [in Proposition 11.31] that is it also
meets it. Therefore I'B and AA not through the center do not bisect each other.

[Proposition] 42

If in conjugate opposite hyperbolas two straight lines not through the center cut
each to other, then they do not bisect each other46 -

Let there be the conjugate opposite hyperbolas A, B,T', and A, and in
A, B, T, and A let two straight lines not through the center, EZ and H®, cut each other at
K.

| say that they do not bisect each other.

[Proof]. For, if possible, let them bisect each other, and let the center of the
hyperbola be X, and let AB be drawn parallel to EZ and I'A [parallel] to ®H, and let KX
be joined, therefore [according to Proposition 11.37] KX and AB are conjugate diame-
ters. Likewise XK and I'A are also conjugate diameter. And so also the tangent at A is
parallel to the tangent at I', and this is impossible for it meets it, since the tangent at
I" [according to Proposition 11.19] cuts the hyperbolas A and B, and the tangent at A
[cuts] the hyperbolas I and A, it is evident also that their point of meeting [according to
Proposition 11.21] is in the place under the angle AXI". Therefore EZ and H® not through
the center do not bisect each other.
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[Proposition] 43

If a straight line cuts one of conjugate opposite hyperbolas at two points, and
through the center one straight line is drawn to the meet point of the cutting straight line,
and another straight line is drawn parallel to the cutting straight line, they will be conju-
gate diameter of the opposite hyperbolas?’.

Let there be the conjugate opposite hyperbolas A, B, I, and A, and let some
straight line cut the hyperbola A at two points E and Z, and let ZE be bisected at H, and
let X be the center, and let XH be joined, and let I'X be drawn parallel to EZ.

| say that AX and XI" are conjugate diameters.

[Proof]. For since AX is a diameter, and bisects EZ, the tangentat A [accord-
ing to Proposition 11.5] is parallel to EZ, and so also to I'’X. Since then
they are opposite hyperbolas, and a tangent has been drawn to one of them,

A at A, and from the center X one straight line XA is joined to the point of contact, and
another I'X has been drawn parallel to the tangent, therefore XA and I'X are conjugate
diameter for this has been shown before [in Proposition 11.20].

[Proposition] 44 [Problem]

Given a section of a cone, to find a diameter 48.

Let there be the given conic section on which are the point A, B, T', A, and E.
Then itis required to find a diameter.

[Solution]. Let it have been done, and let it be I'® than with AZ and E® drawn as
ordinates and continued AZ is equal to ZB, and E® is equal to ®A.

If then we fix BA and EA in position to be parallel, the points ® and Z will be giv-
en. And so ®ZI" will be given in position.

Then the synthesis49 to this problem is as follows. Let there be the given conic
section on which are the points A, B, I', A, and E, and let BA and AE be drawn parallel
and bisected at Z and ®. And Z0 joined will be [according to Proposition 11.28] a diame-
ter of the section. And in the same way we could also find an indefinite number of di-
ameter.

[Proposition] 45 [Problem]

Given an ellipse or a hyperbola, to find the center>9.

And this is evident: for if two diameters of the section AB and I'A, are drawn [ac-
cording to Proposition 11.44] through point at which they cut each other will be the center
of the section, as indicated.

[Proposition] 46 [Problem]

Given a section of a cone, to find the axis 1.
Let the given section if a cone first be a parabola, on which are the point Z, I,
and E. Then itis required to find its axis.
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[Solution]. For let AB be drawn as a diameter of it [according to Proposition 11.44].
If then AB is an axis, what was enjoined would have been done, but it not, let it have
been done, and let T'A be the axis: therefore the axis I'A is parallel to AB [according to
the porism to Proposition 1.51] and bisects the straight lines drawn perpendicular to
itfaccording to Definition 7] And the perpendiculars to I'A are also perpendiculars to AB,
and so I'A bisects the perpendicular to AB. If then we fix EZ, a perpendicular to AB, it
will be given in position, and therefore EA is equal to AZ, therefore A is given.

Therefore through the given point A, I'A has been drawn parallel to AB, which is
given in position, therefore I'A is given in position.

Then the synthesis of this problem is as follows. Let there be parabola on which
are points Z, E, and A, and let AB, a diameter of it, be drawn [according to Proposition
I1.44] and let BE be drawn perpendicular to it, and let it be continued to Z. If then EB is
equal to BZ, it is evident that AB is the axis [according to Definition 7], but if not, let
EZ be bisected at A and let XA be drawn parallel to AB. Then itis evident that XA is the
axis of the section for it is parallel to the diameter it is also a diameter it bisects EZ at
right angles. Therefore I'A has been found as the axis of the given parabola.

And it is evident that the parabola has one only axis for if there is another as AB,
it will be parallel to I'A [ according the porism to Proposition 1.51]. And its cuts EZ and so
it also bisects it [according to Definition 4].

Therefore BE is equal to BZ, and this is impossible.

[Proposition] 47 [Problem]

Given a hyperbola or an ellipse, to find the axis 52 .

Let there be the hyperbola or the ellipse ABI, then it is required to find its axis.

[Solution]. Let it have been found, and let it be KA, and K the center of the sec-
tion, therefore KA bisects the ordinates to it and at right angles [according to Definition
7].

[Solution]. Let the perpendicular I'AA be drawn, and let KA and KI" be joined.
Since then T'A is equal to AA, therefore AK is equal to KA.

If then we fix the given point T, 'K will be given. And so the circle described,
'K will be given. And so the circle with the center K and the radius KI" will also pass
through A and will be given in position. And the section ABI is also given in position,
therefore A is given. But I' is also given, therefore I'A is given in position. Also T'A is
equal to AA, therefore A is given. But also is given, therefore AK is given in position.

Then the synthesis of thus: problem is as follows. Let there be given the hyper-
bola or the ellipse ABT’, and let K be taken as its center, and let a point be taken as ran-
dom on the section, and let the circle TEA with the center K and the radius KI" be de-
scribed, and let I"A be joined and bisected at A, and let KI", KD, and KA be joined, and
let KA be drawn through B.

Since then AAis equal AT', and AK is common, therefore I'A and AK are equal to
AA and AK, and the base KA is equal to the base KI'. Therefore KBA bisects AAI" at
right angles. Therefore KA is an axis [according to Definition 7],
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Let MKN be drawn through K parallel to T'A, therefore MN air the axis of the
hyperbola conjugate to BK [according to Definition 8.

[Proposition] 48 [Problem]

Then with these reasons shown, let it be next in order to show that there are no
other axes of the same section®3.

[Solution]. For, if possible, let there also be another axis KH. Then in the same
way as before with A® drawn perpendicular [according to Definition 4] A® is equal to
®A and so also ‘ equal to KA. But also is equal to KT, therefore KA is equal to
KT, and this is impossible.

Now that the circle does not hit the section also at another point between A,
B, and I', is evident in the case of the hyperbola, and in the case of the ellipse the per-
pendiculars  and be drawn. Since then KI" is equal to KA for they are radii, also
sq.KI'isequalto sq. .Butthesumofsq. andsqg. isequaltosq.l'K, therefore
the sumsg. andsg. isequaltothesumsqg. andsq.

Therefore the difference between sq. and sg. is equal to the difference be-
tweensq. and sq.

Again since the sum pl. and sq. isequaltosq. ,andalso
[according to Proposition 11.5 of Euclid] the sum pl. and sq. isequalto
sq. , therefore the sum pl. and sq. is equal to the sum pl. and sq.

Therefore the difference between sq. and sq. is equal to the difference between
pl. and pl.

And it was shown that the difference between sq. and sq. is equal to the
difference between sq. and sq. , therefore the difference between sq. and sq.
is equal to the difference between pl. and pl. . And since and are ordi-
nates [according to Proposition I.21]assq. istoplM ,sosq. istopl.

But the same difference was also shown for both, therefore sq. is equal to

pl. , and [according to Propositions V.9, V.16, and V.17 of Euclid]
sq. isequalto pl.M

Therefore the line is a circle and this is impossible for it is supposed an el-
lipse.

[Proposition] 49 [Problem]

Given a section of a cone and a point both with in the section, to draw from this
point a straight line touching the section 54 .

Let the given section of a cone first a parabola whose axis is BA. Then it is re-
guired to draw a straight line as prescribed from the given point that is not within the
section.

Then the given point is either on the line or on the axis or somewhere else out-
side.

Now let it be on the line, and let it be A, and let it have been done, and let it be

, let AA be drawn perpendicular, then it will be given in position.
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