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Abstract

We use subelliptic estimates for certain polynomial di erential operators to show
C?! -regularity of distributions smooth \along" foliations which satisfy a certain non-
degeneracycondition and whosesum is totally non-integrable. We usethis to extend
the cocycle trivialization theorem for Anosov actions of higher rank abelian groups [9]

to certain partially hyperbolic actions of ZorR*fork 2. Asa consequencethere
are only trivial smooth time changesfor theseactions (up to an automorphism).

1 Intro duction

A classicalresult from analysisassertsthat a function f : R?!1 Risc! provided that %f
and %f exist for all positive integersn. This follows from the ellipticit y of the operator

@@n + @ and standard regularity theory of elliptic operators. This easily generalizes
to functions that are smooth along transverse smooth foliations on a manifold, and more
deeply, functions that are smooth along transverse Helder foliations with smooth leaves
[5, 6, 7, 13].

In this note, we considerextensionsof this phenomenonto smooth foliations or smooth
plane elds D; whosesumis atotally non-integrable plane eld. Hereonecallsa plane eld
totally non-integrableif the tangert spaceT,M at any point p2 M is spannedby brackets
of vector elds tangert to the plane eld. Supposethat a distribution f on M hascontinuous
or locally L2 partial derivativesin the directions of D; of any order for ead D;. We then
show that f is C! on M, under somemild technical assumption on the distributions. In
particular, f has derivativesin directions transverseto the sum of the D;. This theorem
relies heavily on deepresults of L. Rothsdhild, B. Hel er and F. Nourrigat, G. Metivier and
C. Rockland on the hypoellipticit y of certain polynomial di erential operators[15, 1, 16].

We apply this regularity result to show rigidit y of smooth cocyclesof certain partially
hyperbolic actions of R and ZX for k 2. They include the classof Anosov actions, we
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introduced in [9]. This paper extends our results about the rst cohomology of Anosov
actions of higher rank abelian groupsto certain partially hyperbolic actions.

As in [9], the main construction of the solution of the cohomology equation useshatr-
monic analysis and is very similar to [9]. The regularity properties of the solution rely on
the subelliptic estimatesmentioned above.

As an application, we obtain non-existenceof smooth time changesfor the standard
partially hyperbolic actions.

We would like to thank D. Geller who alerted us to the work of L. Rothschild. The
secondauthor also thanks A. Uribe for sewral helpful discussions. We are grateful for
the support of the Mathematical SciencesReseart Insitute, and the hospitality of the
Pennsyhania State University and the University of Michigan.

2 Subelliptic estimates and regularit y

We will considertotally non-integrable plane elds D on a manifold that satisfy the following
technical condition:

(*) for eadh j, the dimension of the spacespannedby the commutators of length at most
j at eadh point is constart in a neighborhood.

!‘:1 D; is totally non-integrable and satis es condition (*). Let P be a distribution on M.
Assume that for any positive integer p and C! vectoreld X tangent to any Dj, the p'th
partial derivative X P(P) exists as a continuous or a local L2 function . Then P is C! on
M.

Note that we make no assumptionson the existenceof mixed derivatives. Also note
that a function P is C1 on M provided that it is C1 alongk foliations for which the sum
of its tangent distributions is totally non-integrable and satis es condition (*). We do not
know if condition (*) is merely technical.

Proof: The claim clearly follows from its local version. By condition (*) we may there-
fore assumethat

gether with their commutators of length at most r, spanthe tangert spaceat every
point of U,

2. for eadh | r, the dimension of the spacespannedby their commutators of length
at most | is constart in ead neighborhood.

. P . .
Since !:1 X 2(P) is cortinuous or leoc' Hoermander'ssquaretheorem ensuresthat any

distribution P is an L2 -function [3, 17).

P
To show higher regularity, considerthe polynomial di erential operator L = !zl xm

[14, 16]. Let Gx denote the simply- connectedLie group with that Lie algebra. If is a
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unitary represenation of %X let S denotethe spaceof C' vectorsof . By [15, Propo-
sition 7.1] the operator (' |_; X™) is injective as an operator on S for any non-trivial
irreducible represeniation . It follows from [16, Theorem 0.7] that L is maximally hypoel-
liptic. This meansthat for any multindex with j j m there existsC > 0 such that
in a neighborhood V of x

kX f k3 C (kLf k3+ kf k3)

for all f 2 C§ (V) wherek ko denotesthe L2-norm.
Denoteby H the 'th Sobolev spaceof V with Sobolev horm kk . By the above and
[17, x16] there is a a constart C > 0 such that for all f 2 C§ (V)

KT Kner C(kLf K2+ kf k3)2:
A. and J. Unterbergerintroduced molli ers of the form
Z
Op( Ju(x) = (x; ;y)e @ O X u(y)dyd

where (x; ;y) is a C! -function on R3" all of whosepartial derivativesdecay superpoly-
nomially in  [18]. Thesemolliers are in nitely smoothing. Let (X; ;y) = (Xt ;y).
ThenforO<t 1landanys2 R, Op( ¢)isin aboundedsetof corntinuouslinear endomor-
phisms of HS(R") with the operator norm topology, and for every u 2 HS(R"), Op( {)u
corvergesto the product of u by the function (x;0;x) in HS(R") ast! 0 [18 Theorem
1.2]. Moreover, let X bea vector eld. Supposethat for every y there is a compact set that
contains the support of (; ;y) for all . Then there is another symbol with superpoly-
nomial decgy such that [X;0p( )] = Op( {) [18, Theorem 1.1]. They also satisfy the last
property asone can seefrom the explicit formula givenin [18].

Let us pick a mollier  as above where we identify V with R". By the last assertion
we can inductively nd molliers i with = %9 suc that [X;;0p( /)] = Op( {*7).
Then we easily seethat

|

X m :
L Op( )f = Op( Lf + i on( e X))
j=1i=1
By the a priori estimate we seethat
kOp( of kK  C kLOp( Of K3+ kOp( f K3
r 0 | 1
X ' :
= C@Op( Lf + Moop( M Y (X))' f KE+ kOp( ) KEA :
j=1i=1

By assumption all (Xj)if are continuous or locally integrable and hence belong to
L2(V) for small enoughV. Henceby the properties of the molli ers above k Op( ¢)f Kmzr
is boundedast! 0andhencef 2 H™" " for every " > 0 by Rellich’s Lemma. Sincethis
is true for all m, the Sobolev lemma shows that f is Ct .



3 Partially hyperbolic actions

De niton 3.1 Let A be R¥ or Z¥. Supmwse A acts C! and locally freely on a manifold
M with a Riemannian norm k k. Call an elementg 2 A normally hyperbolic if there exist
real numkers > > 0, C;C%> 0 and a continuous splitting of the tangent bundle

. 0
T™M = Ej + EJ+ Egq

such that Ej and E; have positive dimension and for all p 2 M, for all v 2 Eg(p)
(v 2 E4 (p) respectively) and n > 0 (n < O respectively) we have for the dier ential g
T™ ! TM

kg"(v) k Ce Mkvk

and for all n 2 Z and v 2 E9 we have
kg"(v)k C% Mkvk: (**)

De nition 3.2 Call an A-action partially hyperbolic if it contains a normally hypertolic
element such that the subbunde E° is uniquely integrable and that the growth in E° is
sutexmnential, i.e. the estimate (**) takesplace for any > 0 for a constant that deends
on .

We call Eé’ and E4 its stableand unstable subbunde resgectively. Call g 2 A regular
it the neutral direction for g is contained in the neutral direction of any other element.

If M is compact, these notions do not depend on the ambient Riemannian metric.
Note that the splitting and the constarts in the de nition above depend on the normally
hyperbolic elemen, and that the subbundle E° cortains the tangernt subbundle TO to
the A-orbits. If A acts partially hyperbolically, we will call the foliation into the integral
manifolds of E° the neutral foliation.

It is an interesting and apparertly open problem whether any topologically transitiv e
partially hyperbolic action cortains a regular elemert.

Hirsch, Pugh and Shub deweloped the basic theory of partially hyperbolic transforma-
tions in [2].

Theorem 3.3 Supmseg 2 A acts partial ly hyperbolically on a manifold M. Then there
are Hoelder foliations Wg and W' tangent to the subbundes Eg and E respctively. We
call thesefoliations the stable and unstable foliations of g. The individual leaves of these
foliations are C! -immersed submanifoldsof M .

Note that all Anosov actions are partially hyperbolic [9]. In particular, the standard
Anosov actionsintroducedin [9] are all partially hyperbolic. We will now extend this class
by including certain geruine partially hyperbolic actions. All examplesof RK-actions in
this classcome from the following uni ed algebraic construction. Let G be a connected
Lie group, A G a closedAbelian subgroup which is isomorphic with R¥ S a compact
subgroup of the certralizer Z(A) of A, and a cocompact lattice in G. Then A acts by

left translation on the compact spaceM ® Sne=.



Example 3.4 (Symmetric space examples) Let G be a semisimpleconnectedreal Lie
group of the noncompacttype and of R-rank at least2. Let A bethe connectedcomponert
of a split Cartan subgroupof G. Suppose is an irreducible torsion-free cocompact lattice
in G. Then the action of A on G= s patrtially hyperbolic.

Indeed, recall that the certralizer Z(A) of A splits asa product Z(A) = M A whereM
is compact. Let denote the restricted root systemof G. Then the Lie algebra G of G
decomposes X

G=M +A+ G
2
where g is the root spaceof and M and A are the Lie algebrasof M and A. Fix
an ordering of . If X is any elemen of the positive Weyl chamber G, A then (X)
is nonzeroand real for all 2 . HenceexpX acts normally hyperbolically on G with
respect to the foliation given by the M A-orbits.

Since A commutes with M, A actson N ©' M nG=. We called this action the Weyl
chamker ow of A in [9]. We will call the Weyl chamber o ws aswell asthe actions on the
cover G= or any intermediate cover standard. For the partially hyperbolic actions we will
also assumethat the Lie algebra G of G doesnot have factors isomorphic with so(n; 1) or
su(n; 1).

Let us note that we only need to betorsion-freeto assurethat G= is a manifold. All
of our argumerts in this paper directly generalizeto the orbifold case.

Restrict any such R-action to any lattice ZX  RX. Then we get partially hyperbolic
ZX-actions which satisfy our properties above. We may alsorestrict to any R™ or discrete
Z™ in R¥ which contains a regular elemen. Again, these examplesare called standard.
Note that again we do not considerG with factors isomorphic with so(n; 1) or su(n; 1).

Example 3.5 (Twisted symmetric space examples) Assumethe notations of the Ex-
ample2.7.Let : ! SL(n;Z) bearepresenation of which isirreducible over Q. Then
acts on the n-torus T" via and henceon (M nG) T" via

Gt = (xh (O):

Let N ¥ M ng  Tn & (M nG TM"= bethe quotient of this action. As the action
of AonM nG T" given by a(x;t) = (ax;t) commutes with the -action, it inducesan
action of A on N.

This example generalizesby taking an action on an intermediate cover between G=
and M nG= asthe basespaceof the twisting. We may alsorestrict the action of R¥to a
closedsubgroupisomorphic to either R™ or Z™ with m 2 aslong as at least one elemert
acts partially hyperbolically with neutral foliation given by the quotient of the M A-orbit
foliation. Note that sudc a partially hyperbolic elemert is a regular elemen of the split
Cartan subgroup. For the non-Anosos examples,we will again assumethat the Lie algebra
G of G doesnot have factors isomorphic with so(n; 1) or su(n; 1).

The above construction can be generalizedconsideringtoral extensionsof other higher
rank actions for which one of the monodromy elemeris is Anosov. For example, using a
twisted Weyl chamber ow as above as the basewe obtain nilmanifold extensionsof the



Weyl chamber ow. As A. Starkov pointed out, one can also start with the product of
a Weyl chamber ow with a transitiv e action of some R' on a torus and produce a toral
extension which is Anosov and no nite cover splits as a product. These two extension
constructions can be combined and iterated. This is our last classof standad examples

Let us emphasizethat for all standard actions, the splitting TM = Eg + Eg + Eq is
smooth, and that the following property holds

the sum of the subbundlesEg and E is totally non-integrable, i.e. the vector elds
belongingto them and their brackets spanTM .

The next theorem generalizeshe cocycle trivialit y theorem for Anosov actions from [9].

Theorem 3.6 Consider a standard partial ly hyperbolic A-action on a manifold M where
A is isomorphic to R*- or ZX with k 2. Then any C! -cocycle : A M ! R'is
C?! -cohomol@ousto a constant cocycle.

As in [9, Proof of Theorem 2.12in Section 5], we get the

Corollary 3.7 All C! -time changesof a standard partial ly hyperbolic R*-action with k
2 are C! -conjugate to the original action up to an automorphism.

Proof of Theorem 3.6 : We may and will always assumethat | = 1. Pick a regular
element a2 A for which the sum of the subbundlesg; and E, is totally non-integrable.
For the symmetric spaceand twisted symmetric spaceactions any elemen regular for the
ambient R¥-action will work.

We will show that is cohomologousto (b) = RM (b;x)dx, or that is cohomol-
ogousto 0. Thus we may assumethat has 0 averages.
De ne the function f by f(x) = (a;x). Now we can de ne formal solutions of the
cohomologyequation by
*» x1
P} = af and P, = akf:
k=0 k=1

The rst stepis to shav that P; and P, are distributions. Let us considerthe sym-
metric spacecase rst. We usethe exponertial decay of matrix coe cien ts for irreducible
unitary represenations of G. In Section 3 of [9], we establisheda speci ¢ form of such
estimates. Let g 2 C! (G=). By Corollary 3.2 in [9], there is a positive integer m and
constart E > 0 sudh that j hekf;gi j Ee ¥ kf kpk g km where k ky, is the Sobolev
ngrm. Hence }_,hekf;gi corvergesabsolutely, and there is a constart A > 0 suc that
i &zo hekf;gi j A kgkm. Thus P, and similarly P are distributions. In fact, they are
elemeris of the Sobolev spaceH ™.

The following lemma contains the key to the trivialization of cohomologyfor the higher
rank abelian actions. It shows that the natural dual obstructions for the solvability of
the cohomology equation disappear for smooth cocycleswith 0 averages. A similar argu-
mernt for actions by toral automorphismsis Lemma 4.3 in [9]. The samekey idea is used
in [8, Proposition 2.3] to shav the n'th cohomology of a Z*-action by hyperbolic toral
automorphismstrivializes forall1 n k 1.



Lemma 3.8 The distributions P; and P, coincide.

Proof: For a2 A, denoteby , the dierence operator ( 4f )(x) = f(ax) f(x). Set
a; = a, and let a, be R-linearly independert from a = a;. As in the proof of Proposition
4.2 we have the di erence equations

fi = fi:
CH i a ']
Hencewe get
| X Xl
akapf 1 akfy = ak"lf, alf,=allf, a,'fa:
k= | k= | k= |

Since is an irreducible lattice the matrix coe cien ts of elemerts in L2(G=) orthogonal
to the constarts vanish [20, ch. 2]. Hencewe seethat for g2 C! (G=)

*
helf 1; a, Lgi hefq;gi = lim et f, a,'fo;gi =0
k=1 k=1 '
gincea‘{rg I 1 as(k;m)! 1 andthe n@trlx coe cien ts decay exponertially, the sum
%“Pl to . hekfy;algi = limpmg 2m (-, hekfi;gi corvergesabsolutely. Thus we
get -, hekfi;gi = 0.

For the twisted symmetric spaceexamples,this technique is combined with the super-
exponertial decay of Fourier coe cien ts of smooth functions in the toral b er direction.
For a detailed treatment ,we refer to Section4.4 of [9].

Hyperbolicity implies that the distribution P_ has cortinuous derivatives of any order
along the stable manifolds while P, has cortinuous derivatives of any order along the
unstable manifolds. Note that for Anosov actions by Z and R, P; and P, in general
do not coincide even if they are distributions. In the higher rank casehowewer, they do
coincide, and thus P} is di erentiable along both stable and unstable manifolds which is
the basisfor proving P; is a smooth function.

The stable and unstable directions are totally nonintegrable and satisfy the technical
condition in Theorem 2.1. Thus P, is smooth. Onceit is known that the solution P, is
at least a measurablefunction, an ergadicity argumert shows that it is a solution of the
coboundary equation for the whole group.

Remark : Let us note that the cocycle trivialization theorem is also correct for partially

hyperbolic actions of toral automorphisms. More precisely we needto assumethat the
action is irreducible, i.e. no nite cover splits asa product, and that Z¥ cortains a Z?2 suct
that every non-trivial elemen of Z? acts ergadically with respectto Haar measure. In this
case,the formal solutions are constructed using Fourier analysis. The cournterpart of the
key lemma above holds with the sameproof asthat of Lemma 4.3 in [9]. The smoothness
of P follows from Proposition 5.8 in [19]. Diophantine properties of eigenspaceglay the
role of the uniform estimatesin the hyperbolic case.

7



References

[1] B. Hel er and F. Nourrigat, Caracterisation des operateurs hypoelliptiques homogenesnvari-
ants a gauche sur un groupe nilpotent gradue, Comm. in P. D. E. 4 (8) (1979), 899{958.

[2] M. Hirsch, C. Pugh and M. Shub, Invariant manifolds, Lecture Notes in Mathematics 583,
Springer Verlag, Berlin 1977.

[3] L. Hermander, The analysis of linear partial dierential operators I11,1V, Springer Verlag,
Berlin 1985.

[4] R. Howe, A notion of rank for unitary represerations of the classical groups, in: A. Figa
Talamanca(ed.), Harmonic analysisand group represenations, CIME 1980.

[5] S.Hurder and A. Katok, Di eren tiabilit y, rigidit y and Godbillon-V ey classesfor Anosov o ws,
Publ. Math. IHES 72 (1990), 5{61.

[6] J.-L. Journe, On a regularity problem occurring in connection with Anosov di eomorphisms,
Comm. Math. Phys. 106 (1986), 345{352.

[7] J.-L. Journe, A regularity lemma for functions of seweral variables, Revista Mat. Iber. 4 (2),
(1988), 187{193.

[8] A. Katok and S. Katok, Higher cohomologyfor abelian groupsof toral automorphisms, preprint.

[9] A. Katok and R. J. Spatzier, First Cohomology of Anosov Actions of Higher Rank Abelian
Groups And Applications to Rigidity, preprint.

[10] A. Katok and R. J. Spatzier, Local rigidit y of hyperbolic Abelian actions, preprint.
[11] A. Katok and R. J. Spatzier, Di eren tial rigidit y of projective lattice actions, preprint.

[12] A. Katok and R. J. Spatzier, Invariant measuresfor higher rank hyperbolic abelian actions,
preprint.

[13] R. de La Llave, J. Marco and R. Moriy on, Canonical perturbation theory of Anosov systems
and regularity results for the Livsic cohomologyequation, Ann. of Math. 123 (1986), 537{611.

[14] G. Metivier, Fonction spectrale et valeurs propres d'une classed'operateurs non elliptiques,
Comm. in P. D. E. 1 (5) (1976), 467{519.

[15] C. Rockland, Hypoellipticity on the Heiserberg group: represeration-theoretic criteria,
T.AM.S. 240 (517) (1978), 1{52.

[16] L. P Rothschild, A criterion for Hypoellipticit y of operators constructed from vector elds,
Comm. in P. D. E. 4 (6) (1979), 645{699.

[17] L.P.Rothschild and E. M. Stein, Hypoelliptic di erential operators and nilp otent groups, Acta
Math. 137 (1976), 247{320.

[18] A. and J. Unterberger, Hoelder estimates and hypoellipiticit y, Ann. Inst. Fourier 26 (1976),
35{54.

[19] W. Veed, Periodic points and invariant pseudomasures for toral endomorphisms Erg. Th.
and Dynam. Syst. 6 (3) (1986), 449{473.

[20] R. J. Zimmer, Ergodic theory and semisimplegroups, Boston, Birkhewuser1984.



