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Abstract

This is the �rst in a series of papers exploring rigidit y properties of hyperbolic
actions of Zk

or Rk
for k � 2. We show that for all known irreducible examples,the

cohomology of smooth cocycles over these actions is trivial. We also obtain similar
H•older and C1 results via a generalizationof the Livshitz theorem for Anosov 
o ws. As
a consequence,there are only trivial smooth or H•older time changesfor these actions
(up to an automorphism). Furthermore, small perturbations of theseactions are H•older
conjugate and preserve a smooth volume.

1 In tro duction

The �rst untwisted smooth or H•older cohomology for a smooth dynamical system plays
a central role in the structure theory of such systems. For hyperbolic actions of Z or
R, the H•older cohomologyhas been described by A. Livshitz [14]. It involves an in�nite
dimensional moduli space,most conveniently described by periodic data. In the smooth
case,similar results have beenachieved by R. de la Llave, J. Marco and R. Moriyon [15].

While there is an abundanceof Anosov 
o ws and di�eomorphisms, one knows very few
examples of Anosov actions of Zk and Rk which do not arise from products and other
obvious constructions. These examplesexhibit a remarkable array of rigidit y properties,
markedly di�eren t from the rank one situation. At the heart of these phenomenalies a
drastically di�eren t behaviour of the �rst cohomology. This is the central issue of this
paper. In particular, we show that in all known examplessatisfying suitable irreducibil-
it y assumptions,the �rst smooth or H•older cohomologywith coe�cien ts in Rn trivializes,
i.e. every smooth or H•older cocycle is cohomologousto a constant cocycle by a smooth or
H•older coboundary. We call theseactions standard. As immediate applications, we seethat
all time changesof standard actions comefrom automorphisms of Z k or Rk . Furthermore,
we show that any C1-perturbation of a standard action preserves a smooth measure,and
is H•older-conjugate to the original action, up to an automorphism of Rk . In fact, in most
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cases,we can show that the conjugacy between the original and the perturb ed action is
in fact smooth. Thus the actions are locally di�eren tiably rigid. This phenomenonnever
appears for di�eomorphisms or 
o ws. However, the derivation of di�eren tiable rigidit y
requires a careful study of the transverse smooth structure for the action. This is com-
plementary to our investigations of cocycles in this paper, and appears in [11]. In fact,
the present paper is the �rst in a seriesof papers addressingrigidit y phenomenaof hyper-
bolic and partially hyperbolic actions of higher rank abelian groups. In [10], we extend the
cohomology trivialization results of this paper to certain partially hyperbolic actions. In
[12], we establish the smooth local rigidit y of the orbit foliation of certain Anosov actions,
and apply it to prove the smooth local rigidit y of projective actions of irreducible lattices
in higher rank connectedsemisimplegroups of the noncompact type. Finally, we show in
[13] that invariant measuresfor higher rank abelian actions are scarce,provided that some
element has positive entropy.

The structure of this paper is as follows. In Section 2.1, we summarize the known
general theory of Anosov actions. In Section 2.2, we introduce the standard examples.
They are all homogeneousactions. Then we formulate the main result, Theorem 2.9 and
its corollaries in Section 2.3. In Section 3, we summarizeresults about the decay of matrix
coe�cien ts of representations of semisimplegroups. They are crucial for the proof of the
main result in the semisimple case. In Section 4, we prove the main result. The proof
follows a generalscheme,which we describe in Section4.1. It dependson speci�c estimates
for various cases. We present these in Sections4.2, 4.3 and 4.4. Finally, we discussthe
immediate applications of the main result in Section 5.

We would like to thank R. J. Zimmer for alerting us to R. Howe's paper on the decay of
matrix coe�cien ts and A. N. Starkov for showing us examplesof Anosov actions we had not
beenaware of. We are grateful to the the Pennsylvania State University and the University
of Michigan for their hospitality and �nancial support during several visits. Finally we
would like to thank the Mathematical SciencesResearch Institute at Berkeley where we
wrote an earlier version of this paper.

2 The standard Anoso v Rk-actions

2.1 Anoso v actions

De�nition 2.1 Let A be Rk or Zk . Suppose A acts C1 and locally freely on a manifold
M with a Riemannian norm k k. Call an element g 2 A regular or normally hyperbolic
if there exist real numbers � > � > 0, C; C0 > 0 and a continuous splitting of the tangent
bundle

TM = E +
g + E 0 + E �

g

suchthat E 0 is the tangent distribution of the A-orbits and for all p 2 M , for all v 2 E +
g (p)

(v 2 E �
g (p) respectively) and n > 0 (n < 0 respectively) we have for the di�er ential g� :

TM ! TM
k gn

� (v) k� Ce� � jnj k v k :
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Call an A-action Anosov or normally hyperbolic if it contains a normally hyperbolic
element. We call E +

g and E �
g the stableand unstabledistribution of g respectively.

If M is compact, these notions do not depend on the ambient Riemannian metric.
Note that the splitting and the constants in the de�nition above depend on the normally
hyperbolic element.

Hirsch, Pugh and Shub developed the basic theory of normally hyperbolic transforma-
tions in [4].

Theorem 2.2 Suppose g 2 A acts normally hyperbolically on a manifold M . Then there
are H•older foliations W s

g and W u
g tangent to the distributions E +

g and E �
g respectively. We

call thesefoliations the stable and unstable foliations of g. The individual leavesof these
foliations are C1 -immersed submanifoldsof M .

Theorem 2.3 Let M be a closed manifold, and � : A � M ! M an action with a normally
hyperbolic elementg. If � � : A� M ! M is a second action of A su�ciently closeto � in the
C1-topology then g is also normally hyperbolic for � � . The stableand unstablemanifolds of
� � tend to thoseof � in the Ck-topology as � � tends to � in the Ck-topology. Furthermore,
there is a H•older homeomorphism � : M ! M closeto idM such that � takes the leavesof
the orbit foliation of � � to thoseof � .

Let us call an orbit Rk � x of a locally free Rk -action closed if the stationary subgroup
S of x (and henceof each point of that orbit) is a lattice in Rk . Thus any closedorbit is
naturally identi�ed with the k-torus Rk=S. In fact, any orbit of an Anosov Rk-action whose
stationary subgroup contains a regular element a is closed(indeed, a �xes any point y in
the closureof the orbit. Consider the canonical coordinates of y with respect to a nearby
point on the orbit to seethat the orbit is closed).

Another standard fact about Anosov Rk -actions is an Anosov- typeclosinglemmawhich
is a straightforward generalization of a similar statement for Anosov 
o ws [4].

Theorem 2.4 (Closing Lemma ) Let g 2 Rk be a regular element of an Anosov Rk -
action � on a closed manifold M . There exist positive constants � 0; C and � depending
continuously on � in the C1-topology and g such that:

if for somex 2 M and t 2 R

dist (� (tg)x; x) < � 0

then there exists a closed � -orbit O, a point y 2 O, a di�er entiable map 
 : [0; t] ! Rk

such that for all s 2 [0; t] we have

1. dist (� (sg)(x); � (
 (s))y) � C e� � (min (s;t � s)) dist (� (tg)(x); x);

2. � (
 (t))( y) = � (� )(y) where k � k� C dist (� (tg)(x); x);

3. and k 
 0� g k< C dist (� (tg)x; x).
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2.2 The standard actions

There are four constructions of Anosov actions from known ones:

1. Cartesian products of two Anosov actions,

2. quotients or covers of an Anosov action by a �nite group of automorphisms,

3. restrictions of a Zk -Anosov action to a subgroup which contains at least one regular
element,

4. suspensionsof Anosov Zk -action: SupposeZk acts on N . Embed Zk as a lattice in
Rk . Let Zk act on Rk � N by z (x; m) = (x � z; z m) and form the quotient

M = Rk � N=Zk :

Note that the action of Rk on Rk � N by x (y; n) = (x + y; n) commutes with the
Zk -action and therefore descendsto M . This Rk -action is called the suspension of
the Zk-action.

Now supposeat least one element g 2 Zk acts by an Anosov di�eomorphism on N .
Then the suspensionis an Rk -Anosov action. Indeed, g, thought of as an element of
Rk , is a regular element.

Starting with Anosov 
o ws and di�eomorphisms and taking products, quotients and
covers, and in the caseof di�eomorphisms also restrictions and suspensions,we obtain a
collection of Anosov actions. They are not rigid, and play a role similar to products of rank
one manifolds of non-positive curvature. We will seehowever that the product structure
displays certain rigidit y properties.

There is another lessobvious construction which leadsto morenon-rigid examples.Start
with an Anosov 
o w � t on a compact manifold B . Considera compact �b er bundle M ! B
with �b er F . One can sometimes�nd a lift  t of � t on M and a commuting Rk� 1-action
which is vertical i.e. preserves the �b ers such that the resultant Rk -action is Anosov. We
will present speci�c examplesof this type later in Example 2.10. This last construction can
be combined with the �rst four to produce more examplesof Anosov actions.

Now we will describe a class of Anosov actions which cannot be obtained this way.
Thesewill be called the standard actions. None of them have a �nite cover with a smooth
factor on which the action is not faithful, not transitiv e and is generatedby a rank one
subgroup. All examplesof Rk -actions in this classcomefrom the following uni�ed algebraic
construction.

Let G be a connectedLie group, A � G a closedAbelian subgroupwhich is isomorphic
with Rk , S a compact subgroup of the centralizer Z (A) of A, and � a cocompact lattice in

G. Then A acts by left translation on the compact spaceM def= S nG=�. The three speci�c
typesof standard Anosov examplesdiscussedbelow correspond to:

a) for suspensionsof Anosov automorphisms of nilmanifolds take G = Rk .< Rm or G =
Rk .< N , the semi-direct product of Rk with Rm or a simply connectednilp otent Lie
group N

4



b) for the symmetric spaceexamplestake G a semisimpleLie group of the non-compact
type

c) for the twisted symmetric spaceexamplestake G = H .< Rm or G = H .< N , a semi-
direct product of a reductive Lie group H with semisimplefactor of the non-compact
type with Rm or a simply connectednilp otent group N .

We will now discussthe standard Anosov examplesin more detail.

Example 2.5 (Automorphisms of Tori and Nilmanifolds and their Suspensions)
Consider a Zk -action by toral automorphisms. Such an action is called irr educible if no
�nite cover splits as a product. We call an action by toral automorphisms standard if
it is Ansoov and if it contains a Z2-action such that every non-trivial element of Z2 acts
ergodically with respect to Haar measure.Note that any standard action is irreducible.

There are many examplesof standard Anosov actions by toral automorphisms. For
example, any faithful action of Zn� 1 on Tn with Anosov generators is standard. In fact,
in this caseany non-trivial element of Zn� 1 is Anosov. Henceany higher rank subgroup of
Zn� 1 also acts by a standard action.

Theseexamplesdirectly generalizeto Anosov Zk-actions by automorphisms of nilman-
ifolds. Note that the nilmanifolds always �b er as a torus bundle over a nilmanifold of
smaller dimension by factoring out by the commutator subgroup. Furthermore, actions
by automorphisms act via bundle maps. In particular, the �b er over the cosetclassof the
identit y in the baseis mapped to itself. We inductiv ely de�ne such an action to be standard
if the induced actions on the baseand the �b er are standard. Explicit constructions of such
actions on the k-step free nilp otent group over Rn can be found in [19].

We will also call any suspension of a standard Zk -action by toral or more generally
nilmanifold automorphismsa standard suspension action. Note that the suspensionsfactor
over a transitiv e action of Rk on T k , and henceover a transitiv e rank one action.

The most important classof examplescomesfrom symmetric spaces[7].

Example 2.6 (Symmetric space examples) Let G be a semisimpleconnectedreal Lie
group of the noncompact type and of R-rank at least 2. Let A be the connectedcomponent
of a split Cartan subgroupof G. Suppose� is an irreducible torsion-free cocompact lattice
in G. Recall that the centralizer Z (A) of A splits as a product Z (A) = M A where M is
compact. SinceA commutes with M , the action of A by left translations on G=� descends

to an A-action on N def= M n G=�. We call this action the Weyl chamber 
ow of A. They
are always Anosov actions. We will call all Weyl chamber 
o ws standard.

Indeed, let � denote the restricted root system of G. Then the Lie algebra G of G
decomposes

G = M + A +
X

� 2 �

G�

where g� is the root spaceof � and M and A are the Lie algebras of M and A. Fix
an ordering of �. If X is any element of the positive Weyl chamber Cp � A then � (X )
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is nonzero and real for all � 2 �. Hence expX acts normally hyperbolically on G with
respect to the foliation given by the M A-orbits.

As a speci�c example, let G = SL(n; R). Take A to be the diagonal subgroup. For
any split group, we have M = f 1g. Thus the action of A on SL(n; R)=� is Anosov for any
cocompact torsion-free lattice �.

Let us note that we only need� to be torsion-free to assurethat G=� is a manifold. All
of our arguments in this paper directly generalizeto the orbifold case.

Example 2.7 (Twisted symmetric space examples) Assumethe notations of the Ex-
ample 2.6. Let � : � ! SL(n; Z) be a representation of � which is irreducible over Q. Then
� acts on the n-torus T n via � and henceon (M n G) � T n via


 (x; t) = (x
 � 1; � (
 )( t)) :

Let N def= M n G � � Tn def= (M n G � T n)=� be the quotient of this action. As the action
of A on M n G � T n given by a(x; t) = (ax; t) commutes with the �-action, it induces an
action of A on N .

Supposethat � (
 ) for someelement 
 2 � is an Anosov di�eomorphism on T n . Note
�rst that the image under � of the center Z of � is �nite by Schur's Lemma. Hence we
may suppose that � is a lattice in a semisimple group with �nite center. By Margulis'
superrigidit y theorem, semisimplicity of the algebraic hull H of � (�) and existenceof an
Anosov element � (
 ) the representation � of � extendsto a homomorphismG ! H ad where
Had is the adjoint group of H [16]. Note that � (�) has�nite center Z asfollows for example
from Margulis' �niteness theorem [16]. Thus T m =Z is an orbifold. To seethat the A-action
on N is Anosov it su�ces to seethat the A-action on (M n G) � � (Tm =Z ) is Anosov (with
an appropriate notion of Anosov for orbifolds). For this �rst note that 
 is a semisimple
element in G since � is cocompact. Let 
 = k
 s
 be the decomposition into the compact
and split semisimpleparts. Then s
 is conjugate to an element a0 2 A. As � extends to G,
it follows that � (s
 ) and hence� (a0) have no eigenvaluesof modulus 1. We can pick a 2 A
such that � (a) doesnot have eigenvaluesof modulus 1, and such that loga lies in an open
Weyl chamber of G. Then a acts normally hyperbolically on M n G=�.

We will now show that a acts normally hyperbolically on N . Let (x; t) 2 N . Since
� is cocompact there is a uniformly bounded sequenceof elements un 2 G such that
x � 1anx = un (x)
 n (x) for some 
 n (x) 2 �. Since the un (x) are uniformly bounded in x
and n, the stable tangent vectors for x � 1ax are exponentially contracted by � (
 n ) with
estimatesuniform in x. The sameapplies to unstable vectors. Since

an (x; t) = (x(x � 1anx); t)

= (xun ; � (
 n )t)

and sincea actsnormally hyperbolically on M nG=�, it follows that a is normally hyperbolic
with respect to the orbit foliation of A. Thus the A-action is Anosov.

The above construction can be generalizedconsideringtoral extensionsof other higher
rank actions for which one of the monodromy elements is Anosov. For example, using a
twisted Weyl chamber 
o w as above as the basewe obtain nilmanifold extensionsof the
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Weyl chamber 
o w. As A. Starkov pointed out, one can also start with the product of
a Weyl chamber 
o w with a transitiv e action of someRl on a torus and produce a toral
extension which is Anosov and no �nite cover splits as a product. These two extension
constructions can be combined and iterated. This is our last classof standard examples.

We do not know whether these examplesyield all algebraic Anosov actions under the
other natural constructions discussedabove.

Let us emphasizethat for all standard actions the splitting TM = E +
g + E 0 + E �

g is
smooth.

Finally let us describe somenon-rigid higher rank Anosov actions which are non-trivial
skew products over rank one actions.

Example 2.8 a) Denote the standard generatorsof Z2 by a1 and a2. Let a1 act on T3

by a hyperbolic toral automorphism � , and diagonally on T 3 � T3 by � � � . Let a2

act on T3 � T3 by  
I I
0 I

!

whereI is the 3� 3-identit y matrix. Then the 
o w determinedby ta1 in the suspension
is a product. Any time change of ta1 in the secondfactor still commutes with the
action of ta2. Note that this action is not a product, and that only one of the two
generatorsis regular.

b) Another more elaborate exampleof this type was constructed by A. Starkov. Let N be
the 3-dimensionalHeisenberg group. Then N = R2 .< R is a semi-direct product of
R2 and R. The action of

A =

 
2 1
1 1

!

on R2 extendsto a 
o w by automorphismsof N that acts trivially on the center. Let
H = R .< N be the corresponding semi-direct product. Let G = H � SL(2; R).

We can �nd a cocompact irreducible lattice � of G as follows. Let � = Z .< � 0 be
the semidirect product of Z with the integer points � 0 in the Heisenberg group. Let
� 0 be a cocompact lattice in SL(2; R) and h : � 0 ! R a homomorphism whoseimage
is not commensurablewith the integers. Interpret the graph of h as a subgroup of
the product of the center R of N with SL(2; R). Then set � = � � graph h.

Finally, R3 acts on this manifold by an Anosov action as follows. The �rst generator
acts via the suspension,the secondvia the center of N and the third via the action of
the diagonal subgroup of SL(2; R) on SL(2; R)=� 0 which in this casecoincideswith
the geodesic 
o w of a certain Riemann surface.

This action is not locally rigid as we can perturb the action of the diagonal subgroup
of SL(2; R) to any nearby geodesic
o w. Not all elements of R3 exponentially contract
or expandat all on this space,and in this sensethis is the continuoustime counterpart
of the non-standard irreducible action on T 6 by toral automorphismswe described in
part a).
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Clearly this construction generalizesto other nilp otent and semisimplegroups with
cocompact lattices with non-trivial �rst Betti number. None of these exampleswill
be called standard.

2.3 The main results

Recall that given an action of a group G on a manifold M and another group H , a map
� : G � M ! H is called a cocycle if it satis�es the cocycle identit y � (g1g2; m) =
� (g1; g2m)� (g2; m) [23]. The simplest cocyclesare the constant cocycles,i.e. thoseconstant
in M . They correspond to homomorphismsG ! H . If H is a Lie group, call two cocycles
� and � � C1 (H•older)-cohomologous if there exists a C1 (H•older)-function P : M ! H ,
called a C1 (H•older)-coboundary, such that � � (a; x) = P(ax) � 1 � (a; x) P(x) for all a 2 Rk

and x 2 M .

Theorem 2.9 a) Consider a standard AnosovA-action on a manifold M where A is iso-
morphic to Rk - or Zk with k � 2. Then any C1 -cocycle � : A � M ! Rl is
C1 -cohomologous to a constant cocycle.

b) Any H•older cocycle into Rl is H•older cohomologous to a constant cocycle.

The H•older result is obtained from the C1 -result using the following straightforward
generalization of the Livshitz theorem for Anosov di�eomorphisms and 
o ws [14].

Theorem 2.10 (Livshitz Theorem for Rk-Anoso v actions) Let � be a volume-preserving
Anosov action of Rk on a compact manifold M and let � be a H•older Rl -cocycle over �
such that � (a; x) = 0 for all x on any closed orbit of � and a with ax = x. Then

� (a; x) = P(ax) � P(x)

where P is an Rl -valued H•older function on M . Furthermore, if � is C1 or C1 , then P is
correspondingly C1 or C1 .

The assumption that � is volume-preservingcan be weakened. Since this is irrelevant
for our purposeswe will not go into this matter.

We will also use the Livshitz theorem to obtain the C1 -cocycle results for semisimple
groupswith SO(n; 1) or SU(n; 1) factors for which we do not have a uniform control of the
exponential decay of C1 -vectors for all unitary representations.

Another consequenceof our Livshitz theorem is the following rigidit y result for cocycles
over products of Anosov actions.

Corollary 2.11 Let � 1 and � 2 be volume preserving Anosov actions of Rk and Rl on
closed manifolds M 1 and M 2. Then any Rm -valued H•older (C1 )-cocycle over the product
action is H•older (C1 )-cohomologous to the sum of cocycles constant on the �rst and the
second factor.

In particular, a cocycle over a product of standard Anosovactions of Rk and Rl with k
and l � 2 is cohomologous to a constant cocycle.
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Let us now describe three applications of the main result. Recall that an action � 0 of
Rk is called a time-changeof an action � of Rk if all � 0-orbits are � -orbits.

Theorem 2.12 a) All C1 -time changesof a standard Anosov Rk -action with k � 2 are
C1 -conjugate to the original action up to an automorphism.

b) All H•older time changesof a standard Rk -Anosovaction with k � 2 are H•older conjugate
to the original action up to an automorphism.

Note that one easily obtains more actions by composing a given action with an auto-
morphism � of the acting group. In particular, this gives C1-small perturbations. When
two actions only di�er by composition with an automorphism we say that the actions agree
up to an automorphism. Call an Rk -action locally C1 (H•older)-rigid if any perturbation
of the action which is C1-close on a generating set is C1 (H•older)-conjugate up to an
automorphism.

Theorem 2.13 The standard Rk -Anosovactions with k � 2 are locally H•older-rigid up to
an automorphism.

Theorem 2.14 Any C1-small C1 -perturbation � � of a standard Rk -Anosovaction � with
k � 2 preservesa C1 volume ! � .

Notice that the Livshitz theorem as well as the main result are used in the proof. In
fact, we can show that any conjugacy with the original action is volume preserving [11].

3 Preliminaries on matrix coe�cien ts

Estimates on the decay of matrix coe�cien ts of semisimpleLie groupsplay an essential role
in representation theory. These estimates already appear in the work of Harish-Chandra.
They wererecently re�ned by several people[1, 2, 5, 17, 21]. While most estimatesconcern
themselveswith the matrix coe�cien ts of so-calledK -�nite vectors(cf. below), both Ratner
and Moore prove exponential decay for H•older vectors in the real rank one case. Ratner
managesthis for arbitrary H•older vectors for representations of SL(2; R) while Moore
needsa H•older exponent bigger than dim K =2 whereK is the maximal compact subgroup.
Although their work is not directly applicable, Moore`sarguments can be generalizedto
the higher rank case. However, we prefer to give a more standard (and probably folklore)
treatment for C1 -vectors based on the K -�nite case. At present, there seemto be no
results in the literature about the decay of H•older vectors with arbitrary exponent for
generalsemisimplegroups. 1

Let G be a connectedsemisimpleLie group with �nite center. We will consider irre-
ducible unitary representations � of G on a Hilb ert spaceH. De�ne the matrix coe�cient
of v and w 2 H as the function � v;w : G ! R given by

g ! h� (g)v; wi :
1After this paper was written, G. A. Margulis outlined an argument for the exponential decay of H•older

vectors in a priv ate communication with the �rst author.
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Fix a maximal compact subgroup K of G. Call a vector v 2 H K -�nite if the K -orbit of
v spansa �nite dimensional vector space. Let K̂ denote the unitary dual of K . One can
then decompose

H = � � 2 K̂ H �

where H � is � (K )-invariant and the action of K on H � is equivalent to n� where n is an
integer or + 1 , called the multiplicity of � in H . The K -�nite vectors form a densesubset
of H . One calls H � the � -isotypic component of � .

Call � strongly L p if there is a densesubset of H such that for v; w in this subspace,
� v;w 2 L p(G). Let A be a maximal split Cartan subgroup of G, and A its Lie algebra.
Fix an order on the roots and let C be the positive Weyl chamber. Further let � : A ! R
be half the sum of the positive roots on C. Howe obtained the following estimate for the
matrix coe�cien ts of v 2 H � and w 2 H � of a strongly L p-representation � of G:

j � v;w (exp tA ) j � D k v k k w k dim � dim � e� t
2p � (A )

whereA 2 �C and D > 0 is a universal constant [5, Corollary 7.2 and x7]. Cowling [2] shows
that every irreducible unitary representation of G with discrete kernel is strongly L p for
somep. Furthermore, if G does not have factors isomorphic to so(n; 1) or su(n; 1) then p
can be chosenindependently of � .

A vector v 2 H is called C1 if the map g 2 G ! � (g)v is C1 . We will now combine
the results above with more classicalestimates on the size of Fourier coe�cien ts of C 1 -
vectors.

Let m = dim K and X 1; : : : ; X m be an orthonormal basisof K. Set 
 = 1 �
P m

i=1 X 2
i .

Then 
 belongs to the center of the universal enveloping algebra of K, and acts on the
K -�nite vectors in H sinceK -�nite vectors are smooth.

Theorem 3.1 Let v and w be C1 -vectors in an irr educible unitary representation � of G
with discrete kernel. Then there is a universal constant E > 0 and an integer p > 0 such
that for all A 2 �C and large enoughm

j hexp(t A)v; wi j � E e� t
2p � (A ) k 
 m (v) kk 
 m (w) k :

In fact, p can be any number for which � is strongly L p. Furthermore, if G does not have
factors isomorphic to so(n; 1) or su(n; 1), p only dependson G.

Proof : By Schur`s lemma, 
 acts as a multiple c(� ) id H � on H � . Let v =
P

� 2 K̂ v� . By
[22, Lemma 4.4.2.2],we have for all integersm > 0

k v� k� c(� ) � m dim 2� k 
 m (v) k :

As in [22, Lemma 4.4.2.3]one seesthat for m large enough
X

� 2 K̂

c(� ) � 2m dim 6� < 1 :
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We have analogousestimates for w =
P

� 2 K̂ w� . Pick p > 0 such that � is L p. Then
for m large enough,one seesthat

j hexp(t A)v; wi j = j h
X

� 2 K̂

exp(t A)v� ;
X

� 2 K̂

w� i j

� D e� t
2p � (A ) X

�;� 2 K̂

k v� k k w� k dim � dim �

� D e� t
2p � (A ) (

X

� 2 K̂

k v� k2 dim 2� )
1
2 (

X

� 2 K̂

k w� k2 dim 2� )
1
2 )

� D e� t
2p � (A ) k 
 m (v) k k 
 m (w) k

X

� 2 K̂

c(� ) � 2m dim 6(� )

as desired. �

Note that v and w only needto be Ck with respect to K for somelarge k.

Corollary 3.2 Let G be a semisimple connected Lie group with �nite center. Let � be
an irr educible cocompact lattice in G. Assumethat G does not have factors isomorphic to
so(n; 1) or su(n; 1). Let f 1; f 2 2 L 2(G=�) be C1 -functions orthogonal to the constants. Let
C be a positive Weyl chamber in a maximal split Cartan A . Then there is an integer p > 0
which only depends on G and a constant E > 0 such that for all A 2 �C

h(exp tA ) � (f 1); f 2i � E e� t
2p � (A ) k f 1 km k f 2 km

where k f km is the Sobolev norm of f .

Proof : Since � is irreducible, there are no L 2-functions on G=� orthogonal to the
constants which are invariant under any non-compact element in G by Moore's theorem
[23]. Hence every non-trivial irreducible component of L 2(G=�) has discrete kernel. By
Theorem 3.1 it su�ces to seethat any non-trivial irreducible component is strongly L p for
a p that only depends on G. This is exactly Cowling's result as G does not have factors
isomorphic to so(n; 1) or su(n; 1) [2]. �

We do not know if the corollary holds for G with factors of G isomorphic to so(n; 1) or
su(n; 1) with a p that dependson the lattice.

4 Cocycles

4.1 Scheme of pro of of the Theorem 2.9

Let us start with part a) of Theorem 2.9. We may and will always assumethat l = 1.
Pick a normally hyperbolic element a 2 A. We will show that � is cohomologousto
� (b) =

R
M � (b;x)dx, or that � � � is cohomologousto 0. Thus we may assumethat � has

0 averages.

11



De�ne the function f by f (x) = � (a; x) ( if A = Rk , we could instead consider f (x) =
d
dt jt=0 � (ta; x). As it turns out this is not necessary).Now we can de�ne formal solutions
of the cohomologyequation by

P+
a =

1X

k=0

ak f and P �
a = �

� 1X

k= �1

ak f :

The �rst step is to show that P +
a and P �

a are distributions. For the suspensioncase,
Example 2.5, this usesthe superexponential decay of Fourier coe�cien ts of smooth func-
tions. For the symmetric spacecase,Examples 2.6, we use estimates on the exponential
decay of matrix coe�cien ts for smooth functions which come from representation theory.
For the twisted symmetric spaceexamples,Example 2.7, both techniques are combined.

Hyperbolicity implies that the distribution P +
a has continuous derivativesof any order

along the stable manifolds (and by de�nition in the direction of a in the continuous case)
while P �

a has continuous derivatives of any order along the unstable manifolds. Note
that for Anosov actions by Z and R, P +

a and P �
a in general do not coincide even if they

are distributions. In the higher rank case however, they do coincide, and thus P +
a is

di�eren tiable along both stable and unstable manifolds which is the basis for proving P +
a

is a smooth function.
To show that P +

a = P �
a , note that P +

a � P �
a =

P 1
k= �1 ak f is an a-invariant distribution.

The cohomologyequation together with the decay of matrix (Fourier) coe�cien ts implies
that it is also invariant with respect to the whole group. Pick b 2 A independent of a . The
exponential decay of matrix coe�cien ts implies that

P 1
k= �1 bk (P+

a � P �
a ) is a distribution.

That forcesthe vanishing of P +
a � P �

a .
Form the de�nition pf P +

a and the cocycle identit y, it follows that P +
a is a distribution

solution for the coboundary equation for all of A. Since P +
a is a coboundary, it has con-

tinuous derivatives of any order in the orbit directions. This gives us di�eren tiabilit y in a
full set of directions. Then it follows from standard elliptic operator theory that P +

a is a
C1 -function.

Theorem 2.9 b) for H•older cocycles is establishedindirectly. First we prove Theorem
2.10 which says that a cocycle whose restriction to every closed orbit is a coboundary
is in fact a coboundary globally. Thus seemingly there are in�nitely many independent
obstructions to the vanishing of a cocycle. For R-actions (Anosov 
o ws) this is indeed
the case. Those obstructions (values of the cocycle over the generatorsof the stationary
subgroup on each closedorbit) are continuous in the C0-topology on cocycles. Thus since
for standard Anosov actions they vanish for every C1 -cocycle with zero averagesdue to
Theorem 2.9 a), the same is true for any C0-limit of such cocycles over such an action.
The proof is completed by showing that every continuous cocycle can be approximated by
C1 -cocyclesin the C0-topology.

We will now discussthe various casesin more detail.

4.2 Toral automorphisms and suspensions

Let us �rst note a general fact.
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Lemma 4.1 Let A be an abelian group acting on a measure space X , and let � : A � X !
Rm be a measurablecocycleof this action. Supposethat for somea 2 A there is a measurable
function P : X ! Rm such that � (a; x) � P(ax) + P(x) is constant a.e. on ergodic

components of a. Then � � (b;x) def= � (b;x) � P(bx) + P(x) is constant a.e. on ergodic
components of a for every b 2 A.

Proof : Indeed we have

� � (b;x) = � � (a + b;x) � � � (a;bx) = � � (b;ax) + � � (a; x) � � � (a;bx) = � � (b;ax):

�

We will now prove rigidit y of cocycles for standard suspensionsand standard actions
by toral automorphisms simultaneously.

Let � be the suspensionof a standard action by Zk on Tm on M = Rk � Zk Tm . Let

� : Rk � M ! Rl be a C1 -cocycle over � . The coboundary P is found in two steps. We
�rst straighten the cocycle on the �b ers of the natural �bration � : M ! T k .

The rigidit y of C1 -cocyclesfor standard actions by toral automorphismsis a particular
caseof the following proposition which is also the main part of the proof for the suspension
case.

Prop osition 4.2 There is a continuous function Q : M ! Rl which is C1 along every
�b er such that the cocycle � � : Rk � M ! Rl de�ned by

� � (a; x) def= � (a; x) � Q(ax) + Q(x)

is constant along the �b ers of � for all a 2 Rk . In particular, � � restricted to any �b er
de�nes a homomorphismfrom Zk to Rl .

Proof : As always we will assumethat l = 1.
Pick a1 and a2 in Zk such that every element ak

1al
2 acts ergodically except when k =

l = 0. Let � � Zk be the subgroup generatedby a1 and a2.
For x 2 M set f i (x) = � (ai ; x). We needto �nd a C1 -function Q : M ! R that solves

the di�erence equations

f i (x) �
Z

� � 1 (x)
f i (y)dy = (� ai Q)(x) def= Q(ai x) � Q(x):

Then
� � (a; x) def= � (a; x) � Q(ax) + Q(x)

is constant along the �b er � � 1(� (x)) for all a 2 �, and � � restricted to any �b er de�nes a
homomorphism from � to R.

To solve the di�erence equationsabove wewill useFourier serieson the cover Rk � Tm of
M . Let Zk act on Rk � Tm by ~a(r; t) def= (r; at), and denoteby ~� a the associated di�erence
operators. Let ~f i denote the lifts of the functions f i to the covering spaceRk � Tm . We
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may assumethat
R

� � 1(x) f i (y)dy = 0 and thus
R

~� � 1(x)
~f i (y)dy = 0 where ~� is the projection

onto the �rst factor of Rk � Tm . Also note that

~� a� 1
1

~f 2 = ~� a� 1
2

~f 1:

Indeed, we have

f 2(a1x) + f 1(x) = � (a1 + a2; x) = f 1(a2x) + f 2(x):

Let
~f i (r; t) =

X

I

ci
I (r )t I

be the Fourier expansionof f i where the coe�cien ts ci
I are functions on Rk and the I =

(i1; : : : ; i m ) are multi-indices. Recall that a 2 Sl(m; Z) acts on the multiindices I via the
contragredient representation a� of the natural representation of Sl(m; Z) on Rm . Sincea1

is ergodic with respect to the Lebesguemeasure,the distance of (ak
1)�(I ) from 0 eventually

increasesexponentially in k for I 6= 0. Note that c0 = 0. Also recall that if f i is C1 -then
its Fourier coe�cien ts cI are C1 - functions in r and decreasefaster than any negative
power of j i 1 j + : : : + j i m j. Hencefor any C1 -function f =

P
I f I t I , the sumsof Fourier

coe�cien ts are absolutely convergent. In particular, the sum O(I )( f ) def=
P 1

k= �1 f ak
1 �(I )

de�nes an a1-invariant distributions O(I ) on every �b er � � 1(r ).

Lemma 4.3 For every index set I we haveO(I )( f 1) = 0 for every basepoint r .

Proof : Since ~� a� 1
2

~f 1 = ~� a� 1
1

~f 2 we get

lX

k= � l

c1
ak

1 a2�(I ) �
lX

k= � l

c1
ak

1 �(I ) =
lX

k= � l

c2
ak

1 �(I ) � c2
ak � 1

1 �(I )
= c2

al
1�(I ) � c2

a� l +1
1 �(I )

:

In the limit we get that O(I )( f 1) = O(a2� (I ))( f 1).
Since all nontrivial ak

1al
2 are ergodic, no such element �xes an index set I 6= 0. Hence

P 1
k=0 O(I )( f 1) =

P 1
k=0 O((ak

2)� (I ))( f 1) �
P

I j f I j< 1 converges. Thus we see that
O(I )( f 1) = 0. �

Now we will �nish with the proof of Proposition 4.2. Let us show that P + =
P 1

k=0 ak f
is given by a Fourier serieswhosecoe�cien ts decreasefaster than any negative power of
j i1 j + : : : + j i m j. This can be seenas follows: decomposeRm into stable and unstable
subspacesE � and E + for a1�. Let C+ be the set of all elements in Zm whoseprojection to
E + has norm greater or equal to the projection to E � . Let C � be the complement of C+

in Zm . For I 2 C+ we estimate the Fourier coe�cien t of the solution given by P + , and for
I 2 C � using the solution given by P � . Therefore P + is a C1 -function along the �b ers.
One seesthat the sum of absolutevaluesof Fourier coe�cien ts for Q dependscontinuously
on r . HenceQ is continuous.

Now the proposition follows from Lemma 4.1. �

Now Theorem 2.9 a) for suspensionsfollows from the following simple lemma.
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Lemma 4.4 Let 
 be an R-valued C1 -cocycle of the homogeneous action of Rk on T k .
Then 
 is C1 -cohomologous to a homomorphism� : Rk ! R.

Proof : By the cocycleequation, the restriction of 
 to Zk � f tg de�nes a homomorphism
� t : Zk ! Rl for any t 2 T k . Sincefor all a 2 Zk and s 2 Rk


 (a; st) = 
 (s + a; t) � 
 (s; t) = 
 (a; t);

� = � t is independent of t 2 T k . Extend � to a homomorphism from Rk to R. Then

 � � factors through a cocycle 
 � : T k � T k ! R. Set P(t) = 
 (t; 1). Then 
 (a; t) =
P(t) � P(at; 1), and hence
 � � is a C1 coboundary. Finally note that the coboundary is
C1 along the orbits of Rk sincein fact it is di�eren tiable along theseorbits. �

4.3 Symmetric space examples

Here we will discussTheorem 2.9 a) for the standard examplesof symmetric spacetype
(Example 2.6) under the extra assumption that the Lie algebra G of G doesnot have any
factors isomorphic to so(n; 1) or su(n; 1). This will allows us to useCorollary 3.2. Cocycle
rigidit y of Weyl chamber 
o ws for which G has so(n; 1)- or su(n; 1)-factors (as well as
the rigidit y for H•older cocyclesover standard Anosov actions) is basedon the generalized
Livshitz theorem. We will discussthis in Section 4.5.

We will �rst consider the actions of a split Cartan subgroup A by left translations on
G=�. As we noticed in Example 2.6, this action is Anosov if G is split. Otherwise, it is
always normally hyperbolic to the orbit foliation O of the centralizer M A of A. This means
that there is an element g 2 A and a continuous splitting of the tangent bundle

TM = E +
g + E 0

g + E �
g

such that E 0
g is tangent to O and for all p 2 M , for all v 2 E +

g (p) (v 2 E �
g (p) respectively)

and n > 0 (n < 0 respectively) we have for the di�eren tial g� : TM ! TM

k gn
� (v) k� Ce� � jnj k v k

and for all n 2 Z and v 2 E 0 we have

k gn
� (v) k� C0e� � jnj k v k :

We call such an element regular.
The sum of the distributions E +

g � E �
g is completely non-integrable, i.e. Lie brackets

tangent to this distribution span the whole tangent space. This property is crucial for
proving that the �rst C1 -cohomologyis trivial [10]. For our current purposes,it su�ces
to show existenceof a distribution solution to the cohomologyequation.

Theorem 4.5 Let � : A � G=� ! Rl be a C1 -cocycle where the Lie algebra G of G does
not have any factors isomorphic to so(n; 1) or su(n; 1). Assume that k � 2 and that � is

15



irr educible. Then there is a constant cocycle � : A � G=� ! Rl and a Rl -valued distribution
P on G=� such that

� (a; x) � � (a) = aP � P:

Furthermore, has the distribution derivatives of all orders of P along both stable and un-
stablemanifolds of someregular element and along the orbit foliation of A are continuous
functions. Final ly, if � is M -invariant, so is P.

Proof : De�ne

� (b) =
Z

G=�
� (b;x) dx:

It clearly su�ces to show that � (a; x) � � (a) is a coboundary. Thus we will assumethat
the averages

R
G=� � (b;x) are all 0.

Again we will assumethat l = 1. Let a1 and a2 be R-linearly independent, and let �
denote their span. We may assumethat a1 is regular. Set f 1(x) = � (a1; x) for x 2 G=�.
By Lemma 4.1 it su�ces to �nd an C1 -function P that satis�es the di�erence equations
� a1 P = f 1.

To �nd the coboundary P let us �rst show that the formal solutions P+ =
P 1

k=0 ak
1f

and P� = �
P �1

k= � 1 ak
1f de�ne distributions on G=�. Let g 2 C1 (G=�). By Corollary 3.2

there is a positive integer m and constant E > 0 such that j hak
1f ; gi j� Ee� k� k f km k g km

where k km is the Sobolev norm. Hence
P 1

k=0 hak
1f ; gi convergesabsolutely, and there is

a constant A > 0 such that j
P 1

k=0 hak
1f ; gi j� A k g km . Thus P+ and similarly P� are

distributions. In fact, they are elements of the Sobolev spaceH � m .

Lemma 4.6 The distributions P+ and P� coincide.

Proof : As in the proof of Proposition 4.2 we have the di�erence equations

� a� 1
j

f i = � a� 1
i

f j :

Hencewe get

lX

k= � l

ak
1a2f 1 �

lX

k= � l

ak
1f 1 =

lX

k= � l

ak+1
1 f 2 � ak

1f 2 = al+1
1 f 2 � a� l

1 f 2:

Since � is an irreducible lattice the matrix coe�cien ts of elements in L 2(G=�) orthogonal
to the constants vanish [23, ch. 2]. Hencewe seethat for g 2 C1 (G=�)

1X

k= �1

hak
1f 1; a� 1

2 gi �
1X

k= �1

hak
1f 1; gi = lim

l !1
hal+1

1 f 2 � a� l
1 f 2; gi = 0:

Sinceak
1am

2 ! 1 as (k; m) ! 1 and the matrix coe�cien ts decay exponentially , the sum
P 1

m= �1
P 1

k= �1 hak
1f 1; am

2 gi = limm!1 2m
P 1

k= �1 hak
1f 1; gi convergesabsolutely. Thus we

get
P 1

k= �1 hak
1f 1; gi = 0. �

16



Henceforth we will denote P+ = P� by P.
Next we will show di�eren tiabilit y of P along the strong stable as well as the strong

unstable manifold of a1. Fix an ordering of the roots R of G with respect to the split
Cartan Rk such that a1 is in the positive Weyl chamber. Let X � be an element in the root
spaceE � for a negative root � . Let @

@� denote the Lie derivative by X � . Note that

1X

k=0

@
@�

(f 1 � ak
1) =

1X

k=0

ek � (log a1 )(
@

@�
f 1) � ak

1)

convergesuniformly on G=�. Thus the derivative of P along stable directions X � is a con-
tinuousfunctions. Similarly all the higher derivativesalong stable directions are continuous
functions. SinceP = P� by Lemma 4.6, a similar argument shows that the derivatives of
P along unstable directions are also continuous functions. As the stable and unstable di-
rections X � for � 2 R generatethe Lie algebraG of G as a Lie algebra, Theorem 7.1 of the
appendix shows that P is C1 on G=�.

Finally, let us prove that derivativesof all orders of P along the orbit foliation of A are
continuous functions. This follows immediately once we seethat P is also a coboundary
for � for all of A. Let b 2 A. Then we seefrom the cocycle identit y that

bP � P =
1X

k=0

ban � (a; ) � an � (a; ) =
1X

k=0

an+1 b� (b; ) � an � (b; ) = � (b; ):

Thus P is a coboundary for � for all of A. That P is M -invariant is clear if we know that
� is invariant. �

In fact, the distribution P is a C1 -function. This follows from the complete non-
integrabilit y of the sumof the stableand unstable foliations and certain subelliptic estimates
[10].

We are now ready to prove Theorem 2.9 a) for our classof symmetric spaceexamples.
Recall that the Weyl chamber 
o w is the action on M n G=� induced from the action of A
on G=� by left translations.

Given a C1 -cocycle �� on X , lift it to a cocycle � on G=�. Since� (a; x) is M - invariant
so is P. Thus P projects to a distribution �P on M n G=� which solves the coboundary
equation �� (a; x) = �P(x) � �P(ax) for all a 2 A. Furthermore, derivativesof all orders of �P
along stable and unstable manifolds of someregular element and along the orbit foliation
are continuous functions. In particular, let � be the sum of the Laplacians raised to the
power m of the stable, unstable and orbit foliations raised to the power m. Then � is an
elliptic operator, and �( �P) is a function. As m is arbitrary large, P belongsto all Sobolev
spacesby standard results on elliptic operators, and thus is C 1 .

4.4 Fib er bundle extensions of standard actions

As discussedin the description of Example 2.7and of the actionson nilmanifolds in Example
2.5, the actionsof this classareobtained by successive toral extensionsof products of actions
of the samekind with transitiv e actions on tori. For simplicit y, we will just describe the
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caseof a toral extension of a symmetric spaceexample. The arguments in general are
entirely analogousand are left to the reader.

SupposeRk is a split Cartan subgroupin a real semisimpleLie group G without SO(n; 1)
and SU(n; 1) local factors. Let � be an irreducible cocompact lattice in G and let � : � !
SL(m; Z) be a representation of � by automorphismsof the m-torus T m . Then let � be the
Rk -action on G � � Tm given by a([(g; t)]) = [(ag; t)] where [(x; y)] denotesthe equivalence
classof (x; y) 2 G � T m in G � � Tm . Then the twisted Weyl chamber 
o w is the Rk-action
induced on M n G � � Tm where M again is the compact part of the stabilizer of A.

We will view M n G � � Tm as a torus bundle over M n G=�. Every cocycle � can be
decomposedinto the orthogonal sum of a cocycle constant along the �b ers and one with 0
averagesover all �b ers. The �rst component is a cocycle on the base,and is cohomologous
to a constant by Theorem 2.9 for Weyl chamber 
o ws. Thus it su�ces to consider the
secondcomponent which we will treat similarly to the suspensioncase.

Fix a relatively compact fundamental domain B for � acting on G. For p 2 G and
a 2 Rk write p� 1ap = ba;p
 a;p with 
 a;p 2 � and ba;p 2 B. Denote the restrictions of a
function F on G � T m to the tori Tp by F p. We have a natural trivialization of the torus
bundle over B. Using this trivialization expand F p as a Fourier seriesF p =

P
I F p

I x I .
Let � be a C1 -cocycle. Pick a regular element a 2 Rk , and for (p;x) 2 G � T m set

f (p;x) = � (a; [(p;x)]) where [(p;x)] denotesthe projection of (p;x) to G � � Tm .
Similar to the suspension casewe will calculate obstructions to the solvabilit y of the

cocycle equation through Fourier coe�cien ts. A straightforward calculation shows that for
I 2 Zm and p 2 B the expression

OI (p) =
1X

�1

f
pbak ;p

� (
 ak ;p )I

provides an obstruction to solving the cohomologyequation on the �b er Tp. Note that

� (
 ak ;p) = � (bak ;p)� 1 � (p� 1akp):

This and the fact that � (
 ak ;p)I 2 Zm implies that for I 2 Zm � f 0g, � (p)I cannot belong
to the stable subspaceof � (a). Hencek � (
 ak ;p)I k grows exponentially uniformly in p 2 B
when k ! 1 . In particular, the obstruction OI (p) is �nite and changescontinuously in p
as � is C1 .

Lemma 4.7 For all I and every p 2 B, we haveOI (p) = 0.

Proof : As the obstructions changecontinuously in p, it su�ces to show that OI (p) = 0
for almost every p. Let a0 2 Rk . Arguing as in the proof of Lemma 4.3 we seethat for
every l 2 Z

OI (p) =
1X

k= �1

f
pbak ( a0) l ;p

� (
 ak ( a0) l ;p )I :

In order to show that OI (p) = 0 it su�ces to seethat
P 1

k;l= �1 f
pbak ( a0) l ;p

� (
 ak ( a0) l ;p )I is �nite. Now

assumethat � (ak (a0) l ) is ergodic. Note that

� (
 ak (a0) l ;p) = � (bak (a0) l ;p)� 1 � (p� 1ak (a0) l p):
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Hence for I 2 Zm � f 0g, � (
 ak (a0) l ;p)I grows exponentially if � (p)I does not lie in one of
�nitely many proper subspacesof Rm , namely the weak stable subspacesof non-hyperbolic
elements of the representation � restricted to the plane generatedby a and a0. Rational
irreducibilit y of � implies that the set of such p is a proper subvariety of B and hencehas
measure0. �

Now we construct a coboundary P + (p;x) = P � (p;x) = P(p;x) whoseFourier coe�-

cients at p 2 B are given by
P 1

0 f
pbak ;p

� (
 ak ;p )I . We obtain exponential estimatesuniform in p as

in the �nal part of the proof of Proposition 4.2. In particular, P + is a distribution. Then
using elliptic estimatesas in the Weyl chamber 
o w case,one seesthat P is C 1 .

4.5 Livshitz Theorem and H•older rigidit y

We now prove Theorem 2.10. Since the set of ergodic elements of any volume preserving
Anosov action is denseand the set of regular elements is open, there exists an ergodic and
hencetopologically transitiv e regular element � 2 Rk . Let x 2 M be a point whose� -orbit
is dense.We de�ne

P((na) x) = � (na; x)

for all n 2 Z. Thus the function P is de�ned on a densesubset of M . The heart of the
proof of the Livshitz theorem is the following

Lemma 4.8 The function P extendsuniquely to a H•older continuous function on M .

Proof : It is su�cien t to show that for some� 0 > 0 there exist positive numbers C and
� such that for any two points y and z for which P is de�ned with dist (y; z) < � 0 onehas

k P(z) � P(y) k� C dist (y; z) � :

Let y = (na) x; z = (ma) x and assumethat m � n. Then the cocycle equation implies
that

P(z) � P(y) = � (ma; x) � � (na; x) = � ((m � n)a;y):

Choose the number � 0 according to the Closing Lemma (Theorem 2.4), and apply that
theorem to the orbit segment (ta) y t2 [0;m� n]. In particular, there is a point y0 whose� -orbit

is closedand a sequenceof vectors 
 0 = 0; 
 1; : : : ; 
 m� n 2 Rk where 
 k = 
 (k) is such that

1. dist ((ka) y; 
 k y0) < Ce� � (min( k;m� n� k) dist (y; z)

2. k 
 k+1 � 
 k � a k< C k a k dist (y; z)

3. 
 m� ny0 = � y0 where

4. k � k< C dist (y; z).
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Now one has

� ((m � n)a;y) =
m� n� 1X

k=0

� (a; (ka) y)

=
m� n� 1X

k=0

� (
 k+1 � 
 k ; 
 ky0) +
m� n� 1X

k=0

[� (a; (ka) y) � � (
 k+1 � 
 k ; 
 ky0)]

= � (
 m� n ; y0) +
m� n� 1X

k=0

[� (a; (ka) y) � � (a; 
 ky0)] +
m� n� 1X

k=0

� (
 k+1 � 
 k � a; (
 k + a)y0):

We will estimate each of the three components in the last expression.First 3. implies that
(
 m� n � � )y0 = y0, and hence� (
 m� n � � ; y0) = 0 by the assumption on � . Therefore we
get that

� (
 m� n ; y0) = � (
 m� n � � ; y0) + � (� ; (
 m� n � � ) y0) = � (� ; (
 m� n � � ) y0):

By the H•older property of the cocycle � and 4. above we get

k � (
 m� n ; y0) k= k � (� ; (
 m� n � � ) y0) k� K k � k� � C � K ( dist (y; z)) �

where � is a H•older exponent of � and K is the corresponding constant.
The k'th term in the secondsummand is estimated by 1. and again by the H•older

property of � by
K 0(Ce� � (min( k;m� n� k) dist (y;z) )�

where K 0 dependson a. Summing these estimates for k = 0; : : : ; m � n � 1 we obtain an
estimate for the norm of the secondsum by D( dist (y; z)) � , where D dependson C; � and
K 0.

To estimate the terms in the third sum we will show that k 
 k+1 � 
 k � a k decreases
exponentially with respect to min(k; m � n � k).

Since� is a locally free action, we have dist (x; bx) � C1 k b k or equivalently

k b k� C � 1
1 dist (x; bx) (� )

for all small enough b 2 Rk . We can assumeby 2. that the vector 
 k+1 � 
 k � a is
small enoughwhenever dist (y; z) is small. Set w = (
 k + a) y0. We are going to estimate
dist (w; (
 k + a) w) and henceby 2. k 
 k + a k from above. We have

dist (w; (
 k + a) w) = dist (( 
 k + a)y0; 
 k+1 y0)

� dist (a(
 k y0); a(ka) y) + dist ((( k + 1)ay; 
 k+1 y0):

The secondterm is estimated from 1. directly, the �rst from 1. and from the fact that � (a)
expandsdistancesby at most a bounded amount. Combining theseestimateswith (*) we
obtain

k 
 k+1 � 
 k � a k� C2e� � min (k;n � k) dist (y; z)
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and using again the H•older property of �

m� n� 1X

k=0

k � (
 k+1 � 
 k � a; (
 k + a)y0) k� D 0( dist (y; z)) �

for another constant D 0. This �nishes the proof of the lemma. �

Thus P can be extended to a H•older function on M . Hence P(ax) � P(x) is also a
H•older function. SinceP(ax)� P(x) = � (a; x) holdson a denseset, the latter equality holds
everywhere. By Lemma 4.1 this proves the assertionof the theorem for H•older cocycles.

The claims for C1- and C1 -cocycles follow as in [6] and similarly to Section 4.2. One
�rst shows that P is C1 (respectively C1 ) along the strong stable and the strong unstable
directions of a regular element as well as the � - orbits. Since these directions span the
tangent bundle linearly, P is C1 (respectively C1 ) on M . Sicne the stable and unstable
foliations are not C1 , this last argument usesmore than the standard elliptic regularity
properties, cf. [6, 15, 8, 9]. �

We are now able to complete the proof of Theorem 2.9 a) for standard Weyl chamber

o ws where the Lie algebra G of G has factors isomorphic to so(n; 1) or su(n; 1) as well as
for �b er bundle extensionsof such actions.

Proof of Theorem 2.9 a) : Supposethat � is a Weyl chamber 
o w of Rk on M nG=�. Let
� : Rk � M nG=� ! R be a C1 -cocycleover � and set ~� = � � � where� : G=� ! M nG=�
is the canonical projection. Decompose L (G=�) = � i Vi into irreducible representations
� i : G ! Vi of G. Let ~� i denote the projection of ~� to Vi . Then ~� i is an M -invariant
cocycle. Hence ~� i descendsto a cocycle � i over � . Note that the argument in Section
4.2 applies verbatim to the ~� i as we have uniform exponential decay on each non-trivial
irreducible component. In particular, all the obstructions from the Livshitz theorem vanish
for the � i for � i non-trivial. As ~� is the limit in the smooth (and henceuniform) topology
to the �nite sumsof the ~� i all the obstructions from the Livshitz theorem vanish for the � .
By the Livshitz theorem � is cohomologousto a constant. �

Next we will show how to smooth continuous cocycles. This together with the Livshitz
theorem yield the cohomology vanishing result for H•older cocycles from that for smooth
cocycles.

Prop osition 4.9 Let � be a locally free Rk-action on a compact di�er entiable manifold
M . Let � be a continuous cocycle over � . Then � can be arbitrarily well approximated in
the C0-topology by C1 -cocycles.

Proof : Let O be the orbit foliation of � . First notice that � can be approximated
by a cocycle which is C1 along the orbits. For that observe that a shift of a cocycle
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� b(a; x) def= � (a;bx) for any �xed b 2 Rk is also a cocycle sinceRk is abelian. Thus onecan
choosea C1 -density � on Rk concentrated near the origin and de�ne a new cocycle by

� � (a; x) def=
Z

Rk � (b)� b(a; x)db

which is C1 along the orbits of � .
Now let us assumethat � is C1 along the orbits. For any v 2 Rk , set

! (v; x) def=
d
dt

jt=0 � (tv; x):

This de�nes the in�nitesimal generator for � . The cocycle equation implies that ! is a
closedform on the orbit foliation. Conversely, given a continuous �eld ! of closedforms on
the orbits we can de�ne a continuous cocycle by

� (a; x) =
Z 1

0
! (a; (�a ) x)d�:

Thus in order to prove the proposition, we need to approximate a continuous �eld ! of
closed1-forms on the orbit foliation by a C1 -�eld of such forms.

First cover M by coordinate charts (\
o w boxes") Ui such that the orbit foliation on
each chart Ui is the foliation xk+1 = constant ; : : : ; xn = constant in local coordinates. Let
Vi � Ui be another cover of M . By the Poincar�e Lemma we can write ! = dOFU inside a
chart U = Ui wheredO is exterior di�eren tiation alongO and the function FU is determined
up to an arbitrary function constant on the local leaves. Furthermore, FU can be chosen
continuouson U. We will approximate FU by a function F �

U such that F �
U is C1 on V = Vi ,

dO F �
U is closeto dOFU on U and F �

U = FU in a neighborhood of the boundary @U.
First choose a C1 -function � such that 0 � � � 1, � = 1 on V and � = 0 in a

neighborhood of @U.
Next we can approximate FU arbitrarily well by a C1 - function GU such that dOGU is

also C0-closeto FU . This can be done by approximating FU in local coordinates with an
appropriate smooth kernel. Now put F �

U = �G U + (1 � � )FU . Then we have

dO F �
U = �d OGU + (1 � � )dOFU + (dO � )(GU � FU )

= dOFU + �d O (GU � FU ) + (dO � )(GU � FU ):

SincedO � is a �xed function and both GU � FU and dO (GU � FU ) can be made arbitrarily
small, dOF �

U can be made arbitrarily closeto dO FU . Furthermore in V , dOF �
U = dOGU is

C1 and near @U, dOF �
U = dOFU = ! . Now put

! � =

(
! outside U
dOF �

U in U

The 1-form ! � is C1 in V and is uniformly closeto ! . Apply this approximation process
inductiv ely to the di�eren t 
o w boxes from the given �nite cover. Note that the process
keepsa 1-form smooth where it is already smooth. Thus we �nally obtain a 1-form smooth
on all the Vi , and thus on M which is C0-closeto ! . �
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Proof of Theorem 2.9 b) : Let � be a H•older cocycle over � . Then � = lim � n is the
limit of smooth cocycles � n . By Theorem 2.9 a), the � n are cohomologousto a constant
cocycle � �

n which is just the average of � n over M . Hence � � = lim � �
n exists and is a

constant cocycle. As � n � � �
n are coboundaries, all the obstructions from the Livshitz

theorem vanish for � n � � �
n , and hencefor � � � � . By the Livshitz theorem, � � � � is a

H•older coboundary. �

Proof of Corollary 2.11 : Given a cocycle � over the product of two Anosov actions,
decomposeit as� = � 1+ � 2+ 
 where� 1 and � 2 areconstant alongthe �rst and secondfactor
respectively, and 
 is orthogonal to both factors. It su�ces to show that 
 is cohomologous
to 0.

Supposex 2 M 1 and a1x = x for somea1 2 Rk . Pick y 2 M 2 such that the a2-orbit of
y is uniformly distributed in M 2. Since� is a cocycle we get


 ((a1; 0); (x; y)) =
1
n

nX

k=1


 ((a1; 0); (x; ak
2y)) :

Since
 is orthogonal to the secondfactor and y is uniformly distributed the last sum tends
to 0 as n ! 1 . Sincesuch y are densein M 2, we have 
 ((a1; 0); (x; y)) = 0 for all y.

The sameargument applies to the secondfactor. As any closedorbit for the product
action is the product of closedorbits on the factors the Livshitz' theorem applies. �

5 Time changes, invarian t volumes and local H•older rigidit y

Proof of Theorem 2.12: For part a), supposethat � is a standard Rk -action on a closed
manifold M with k � 2. Let another action � � of Rk be a C1 -time changeof � . For a 2 Rk

and m 2 M set am = � (a)(m) and a� m = � � (a)(m) respectively. Note that � � has no
isotropy at x if � has none. Then there is a unique continuous cocycle � : Rk � M ! Rk

that satis�es the equation
ax = � (a; x) � x:

Note that � : Rk � M ! Rk is C1 .
By Theorem 2.9 a), � is C1 -cohomologousto a homomorphism � : Rk ! Rk by a

C1 -coboundary P : M ! Rk . Let us show next that � is an embedding. Pick x 2 M
such that the isotropy of x w.r.t. � is trivial. SinceP has compact range, we seethat the
image of � cannot be contained in a hyperplane of dimension lessthan k. As � is linear,
� : Rk ! Rk is an isomorphism.

Now set  (x) = P(x) � x. Then  (ax) = � (a) �  (x). Therefore  is surjective. Suppose
 (x) =  (y). Then y = bx for someb 2 Rk . Hence� (b) �  (x) =  (x). As  is homotopic
to the identit y and the identit y is an orbit equivalence,� inducesan isomorphism between
the isotropy groupsof x and  (x). Hencey = bx = x, and  is injective. The equivariance
property implies that  is a di�eomorphism, establishing Theorem 2.12 a).

The proof of part b) is essentially the same,replacing C1 by H•older everywhere. �
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Proof of Theorem 2.13 : Consider a standard Anosov action � of Rk on a manifold M
and a perturbation � � su�cien tly close to � in the C1-topology. By Theorem 2.3 there
is a H•older homeomorphism � : M ! M that sendsorbits to orbits. The pullback of
the perturb ed action under � determines a H•older time change. Theorem 2.12 b) allows
to straighten � into an isomorphism  (up to an automorphism of Rk). Note that the
resulting conjugacy is automatically smooth along the Rk -orbits. �

Proof of Theorem 2.14 : Without lossof generality we can assumeby Theorem 2.13 that
� � and � are conjugate by a H•older homeomorphism (without an automorphism). To
�nd an invariant volume for the perturb ed action � � , consider the Jacobian of the original
volume ! for � � . The logarithm of the Jacobian is a smooth cocycle over � � . Hence the
pullback of the logarithm of the Jacobian is a H•older cocycle of the original action. By
Theorem 2.9 b) this cocycle is H•older cohomologousto a constant cocycle. Hence the
original cocycle over � � is H•older cohomologousto a constant. Thus the obstructions in
Theorem2.10vanish. As the original cocycle is C1 , the coboundary is alsoC1 by Theorem
2.10. This implies that there is a positive C1 -function � : M ! R and a constant C such
that the Jacobian multiplies the volume � ! by C. Since the total volume is preserved we
seethat C = 1. �
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