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Abstract

This is the rst in a seriesof papers exploring rigidity properties of hyperbolic
actions of Z¥ or R* for k 2. We show that for all known irreducible examples,the
cohomology of smooth cocycles over these actions is trivial. We also obtain similar
Helder and C* results via a generalization of the Livshitz theorem for Anosov o ws. As
a consequencethere are only trivial smooth or Helder time changesfor these actions
(up to an automorphism). Furthermore, small perturbations of theseactions are Helder
conjugate and presene a smooth volume.

1 Intro duction

The rst untwisted smooth or Helder cohomology for a smooth dynamical system plays
a certral role in the structure theory of sudh systems. For hyperbolic actions of Z or
R, the Helder cohomology has beendescribed by A. Livshitz [14]. It involves an in nite
dimensional moduli space,most corveniertly described by periodic data. In the smooth
case,similar results have beenacieved by R. de la Llave, J. Marco and R. Moriyon [15].
While there is an abundanceof Anosov o ws and di eomorphisms, one knows very few
examples of Anosov actions of Z* and R¥ which do not arise from products and other
obvious constructions. These examplesexhibit a remarkable array of rigidity properties,
markedly di erent from the rank one situation. At the heart of these phenomenalies a
drastically dierent behaviour of the rst cohomology This is the certral issue of this
paper. In particular, we showv that in all known examplessatisfying suitable irreducibil-
ity assumptions,the rst smooth or Helder cohomologywith coe cien ts in R" trivializes,
i.e. every smooth or Helder cocycle is cohomologousto a constart cocycle by a smooth or
Helder coboundary. We call theseactions standard. As immediate applications, we seethat
all time changesof standard actions comefrom automorphisms of Z* or R¥. Furthermore,
we show that any Cl-perturbation of a standard action presenesa smooth measure,and
is Helder-conjugateto the original action, up to an automorphism of R¥. In fact, in most
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cases,we can shav that the conjugacy between the original and the perturbed action is
in fact smooth. Thus the actions are locally di erentiably rigid. This phenomenonnewer
appears for di eomorphisms or ows. Howewer, the derivation of di erentiable rigidity
requires a careful study of the transverse smooth structure for the action. This is com-
plemertary to our investigations of cocyclesin this paper, and appearsin [11]. In fact,
the presert paper is the rst in a seriesof papers addressingrigidit y phenomenaof hyper-
bolic and partially hyperbolic actions of higher rank abelian groups. In [10], we extend the
cohomologytrivialization results of this paper to certain partially hyperbolic actions. In
[12], we establishthe smooth local rigidit y of the orbit foliation of certain Anosov actions,
and apply it to prove the smooth local rigidity of projective actions of irreducible lattices
in higher rank connectedsemisimple groups of the noncompacttype. Finally, we shaw in
[13] that invariant measuresfor higher rank abelian actions are scarce,provided that some
elemern has positive ertropy.

The structure of this paper is as follows. In Section 2.1, we summarize the known
general theory of Anosov actions. In Section 2.2, we introduce the standard examples.
They are all homogeneousactions. Then we formulate the main result, Theorem 2.9 and
its corollariesin Section2.3. In Section 3, we summarizeresults about the decg of matrix
coe cien ts of represeniations of semisimplegroups. They are crucial for the proof of the
main result in the semisimple case. In Section 4, we prove the main result. The proof
follows a generalscheme, which we describe in Section4.1. It dependson speci ¢ estimates
for various cases. We presern thesein Sections4.2, 4.3 and 4.4. Finally, we discussthe
immediate applications of the main result in Section5.

We would like to thank R. J. Zimmer for alerting usto R. Howe's paper on the decg of
matrix coe cien ts and A. N. Starkov for shownving us examplesof Anosov actions we had not
beenaware of. We are grateful to the the Pennsylania State University and the University
of Michigan for their hospitality and nancial support during sewral visits. Finally we
would like to thank the Mathematical SciencesReseart Institute at Berkeley where we
wrote an earlier version of this paper.

2 The standard Anosov RX-actions

2.1 Anosov actions

De niton 2.1 Let A be R¥ or Z¥. Supmwse A acts C! and locally freely on a manifold
M with a Riemannian norm k k. Call an elementg 2 A regular or normally hyperbolic
if there exist real numbers > > 0, C;C°%> 0 and a continuous splitting of the tangent
bunde

T™M = E; + E%+ Eg

suchthat E9 is the tangent distribution of the A-orbits and for all p2 M, for all v 2 Eg (p)
(v 2 E4(p) respectively) and n > 0 (n < O respectively) we have for the dier ential g
T™M ! TM

kg"(v) k Ce Mkvk:



Call an A-action Anosov or normally hyperbolic if it contains a normally hyperbolic
element. We call Eg and Ey the stableand unstabledistribution of g resgectively.

If M is compact, these notions do not depend on the ambient Riemannian metric.
Note that the splitting and the constarts in the de nition above depend on the normally
hyperbolic elemert.

Hirsch, Pugh and Shub developed the basic theory of normally hyperbolic transforma-
tions in [4].

Theorem 2.2 Supmseg 2 A acts normally hyperholically on a manifold M. Then there
are Helder foliations WgS and Wgu tangent to the distributions Eg+ and E, respectively. We
call thesefoliations the stable and unstable foliations of g. The individual leaves of these
foliations are C*! -immersed submanifoldsof M .

Theorem 2.3 LetM be aclosal manifold, and :A M ! M an action with a normally
hypertolic elementg. If :A M ! M isaseondaction of A su ciently closeto in the
C'-topology then g is also normally hypertolic for . The stableand unstablemanifolds of

tend to thoseof in the CK-topology as  tendsto in the CK-topology. Furthermore,
there is a Holder homeomorphism :M ! M closeto idy suchthat takesthe leavesof
the orbit foliation of  to those of

Let us call an orbit R x of a locally free R*-action closel if the stationary subgroup
S of x (and henceof eah point of that orbit) is a lattice in RX. Thus any closedorbit is
naturally identi ed with the k-torus RX=S. In fact, any orbit of an Anosos R¥-action whose
stationary subgroup corntains a regular elemert a is closed(indeed, a xes any point y in
the closure of the orbit. Consider the canonical coordinates of y with respect to a nearby
point on the orbit to seethat the orbit is closed).

Another standard fact about Anosov R¥-actions is an Anosov- type closinglemmawhich
is a straightforward generalization of a similar statemert for Anosos o ws [4].

Theorem 2.4 (Closing Lemma) Let g 2 R be a regular element of an Anosov RX-
action on a closal manifold M. There exist positive constants ¢;C and depending
continuously on  in the C-topology and g such that:

if for somex2 M andt2 R

dist( (tg)x;x) < ¢

then there exists a closal -orbit O, a point y 2 O, a dier entiable map : [0;t] ! RK
suchthat for all s 2 [0;t] we have

1. dist( (sg)(x); ( (s)y) Ce Mt D dist( (tg)(x);x);
2. (@O)Xy)= ()y) wheek k Cdist( (tg)(x);x);
3.andk © gk< Cdist( (tg)x;x).



2.2 The standard actions

There are four constructions of Anosov actions from known ones:

1. Cartesian products of two Anosov actions,
2. quotients or covers of an Anosov action by a nite group of automorphisms,

3. restrictions of a Z¥-Anosov action to a subgroup which contains at least one regular
elemen,

4. suspensionsof Anosov ZX-action: SupposeZk acts on N. Embed Z¥ as a lattice in
R¥. Let ZactonR* N by z(x;m) = (x z;zm) and form the quotient

M = R N=zk:

Note that the action of R on R¥ N by x(y;n) = (x + y;n) commutes with the
ZK-action and therefore descendsto M. This RX-action is called the suspension of
the Z¥-action.

Now supposeat least one elemert g 2 Z* acts by an Anosov di eomorphism on N.
Then the suspensionis an RX-Anosov action. Indeed, g, thought of asan elemen of
Rk, is a regular elemert.

Starting with Anosov ows and di eomorphisms and taking products, quotients and
covers, and in the caseof di eomorphisms also restrictions and suspensions,we obtain a
collection of Anosov actions. They are not rigid, and play a role similar to products of rank
one manifolds of non-positive curvature. We will seehowever that the product structure
displays certain rigidit y properties.

There is another lessobvious construction which leadsto more non-rigid examples. Start
with an Anosov ow { on a compact manifold B. Consideracompact b erbundleM ! B
with b er F. One can sometimesnd alift  of { on M and a comnmuting RK L.action
which is vertical i.e. presenesthe b erssud that the resultant R*-action is Anosov. We
will presen speci ¢ examplesof this type later in Example 2.10. This last construction can
be combined with the rst four to produce more examplesof Anosov actions.

Now we will describe a class of Anosov actions which cannot be obtained this way.
Thesewill be called the standard actions. None of them have a nite cover with a smooth
factor on which the action is not faithful, not transitive and is generatedby a rank one
subgroup. All examplesof RX-actions in this classcomefrom the following uni ed algebraic
construction.

Let G be a connectedLie group, A G a closedAbelian subgroup which is isomorphic

with R, S a compact subgroup of the certralizer Z(A) of A, and a cocompact lattice in
G. Then A acts by left translation on the compact spaceM ©' ShG=. The three speci ¢

typesof standard Anosov examplesdiscussedbelown correspond to:

a) for suspensionsof Anosov automorphisms of nilmanifolds take G = RK < R™orG=
R .< N, the semi-direct product of R with R™ or a simply connectednilp otent Lie
group N



b) for the symmetric spaceexamplestake G a semisimpleLie group of the non-compact
type

c) for the twisted symmetric spaceexamplestake G= H .< R™ or G= H .< N, a semi-
direct product of a reductive Lie group H with semisimplefactor of the non-compact
type with R™ or a simply connectednilp otent group N .

We will now discussthe standard Anosov examplesin more detail.

Example 2.5 (Automorphisms of Tori and Nilmanifolds and their Suspensions)

Consider a Z¥-action by toral automorphisms. Sudh an action is called irr educible if no
nite cover splits as a product. We call an action by toral automorphisms standad if
it is Ansoov and if it cortains a Z2-action such that every non-trivial elemen of Z2 acts
ergadically with respect to Haar measure. Note that any standard action is irreducible.

There are many examplesof standard Anosov actions by toral automorphisms. For
example, any faithful action of Z" L on T" with Anosov generatorsis standard. In fact,
in this caseany non-trivial elemen of Z" Lis Anosov. Henceany higher rank subgroup of
Z" 1 alsoacts by a standard action.

These examplesdirectly generalizeto Anosov Z*-actions by automorphisms of nilman-
ifolds. Note that the nilmanifolds always b er as a torus bundle over a nilmanifold of
smaller dimension by factoring out by the commutator subgroup. Furthermore, actions
by automorphisms act via bundle maps. In particular, the b er over the cosetclassof the
identity in the baseis mappedto itself. We inductiv ely de ne such an action to be standad
if the induced actions on the baseand the b er are standard. Explicit constructions of such
actions on the k-step free nilp otent group over R" can be found in [19].

We will also call any suspension of a standard ZX-action by toral or more generally
nilmanifold automorphismsa standard susgension action. Note that the suspensionsfactor
over a transitiv e action of R¥ on TX, and henceover a transitiv e rank one action.

The most important classof examplescomesfrom symmetric spaceg7].

Example 2.6 (Symmetric space examples) Let G be a semisimpleconnectedreal Lie
group of the noncompacttype and of R-rank at least2. Let A bethe connectedcomponert
of a split Cartan subgroupof G. Suppose is an irreducible torsion-free cocompact lattice
in G. Recall that the certralizer Z(A) of A splits as a product Z(A) = M A whereM is
compact. SinceA commutes with M, the action of A by left translations on G= descends
to an A-action on N ¥" M nG=. We call this action the Weyl chamler ow of A. They
are always Anosov actions. We will call all Weyl chamber o ws standard.

Indeed, let  denote the restricted root system of G. Then the Lie algebra G of G
decomposes X

G=M +A+ G
2

where g is the root spaceof and M and A are the Lie algebrasof M and A. Fix

an ordering of . If X is any elemen of the positive Weyl chamber G, A then (X)



is nonzeroand real for all 2 . HenceexpX acts normally hyperbolically on G with
respect to the foliation given by the M A-orbits.

As a specic example,let G = SL(n;R). Take A to be the diagonal subgroup. For
any split group, we have M = f1g. Thus the action of A on SL(n; R)= is Anosov for any
cocompact torsion-free lattice .

Let us note that we only need to betorsion-freeto assurethat G= is a manifold. All
of our argumerts in this paper directly generalizeto the orbifold case.

Example 2.7 (Twisted symmetric space examples) Assumethe notations of the Ex-
ample2.6. Let : ! SL(n;Z) bearepresenation of which isirreducible over Q. Then
acts on the n-torus T" via and henceon (M nG) T" via

)= (x Y ()):
Let N ©' M ng  Tn & (M nG TM"M= bethe quotient of this action. As the action
of AonM nG TP" given by a(x;t) = (ax;t) comnutes with the -action, it inducesan
action of A on N.

Supposethat () for someelemert 2 is an Anosov di eomorphism on T". Note
rst that the image under of the certer Z of is nite by Sdwur's Lemma. Hencewe
may supposethat s a lattice in a semisimple group with nite certer. By Margulis'
superrigidity theorem, semisimplicity of the algebraic hull H of () and existenceof an
Anosov element () the represettation of extendsto a homomorphismG ! H ;4 where
H o4 is the adjoint group of H [16]. Notethat () has nite certer Z asfollows for example
from Margulis' niteness theorem [16]. Thus T™M=Z is an orbifold. To seethat the A-action
on N is Anosov it su ces to seethat the A-action on (M nG) (T™=Z) is Anosov (with
an appropriate notion of Anosov for orbifolds). For this rst note that is a semisimple
elemert in G since is cocompact. Let = k s bethe decomposition into the compact
and split semisimpleparts. Then s is conjugateto an elemen a°2 A. As extendsto G,
it followsthat (s ) and hence (a% have no eigervaluesof modulus 1. We can pick a2 A
such that (a) doesnot have eigervalues of modulus 1, and suc that loga liesin an open
Weyl chamber of G. Then a acts normally hyperbolically on M nG=.

We will now showv that a acts normally hyperbolically on N. Let (x;t) 2 N. Since

is cocompact there is a uniformly bounded sequenceof elemers u, 2 G sud that
x ta'x = up(x) n(x) for some ,(x) 2 . Sincethe un(x) are uniformly boundedin x
and n, the stable tangernt vectors for x ‘ax are exponertially cortracted by ( ,) with
estimatesuniform in x. The sameappliesto unstable vectors. Since

a"(x; t) (x(x a"x);t)

(xun; ( n)t)

and sincea acts normally hyperbolically on M nG=, it followsthat ais normally hyperbolic
with respect to the orbit foliation of A. Thus the A-action is Anosov.

The above construction can be generalizedconsideringtoral extensionsof other higher
rank actions for which one of the monodromy elemers is Anosov. For example, using a
twisted Weyl chamber ow as above as the basewe obtain nilmanifold extensionsof the
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Weyl chamber ow. As A. Starkov pointed out, one can also start with the product of
a Weyl chamber ow with a transitiv e action of some R' on a torus and produce a toral
extension which is Anosov and no nite cover splits as a product. These two extension
constructions can be combined and iterated. This is our last classof standad examples

We do not know whether these examplesyield all algebraic Anosov actions under the
other natural constructions discussedabove.

Let us emphasizethat for all standard actions the splitting TM = Eg + EO+ Eq is
smooth.

Finally let us describe somenon-rigid higher rank Anosov actions which are non-trivial
skew products over rank one actions.

Example 2.8 a) Denote the standard generators of Z? by a; and a,. Let a; act on T3
by a hyperbolic toral automorphism , and diagonally on T3 T3 by . Let ap
actonT3 T3by |

(.

0 1

wherel isthe 3 3-idertity matrix. Thenthe ow determinedby ta; in the suspension

is a product. Any time change of ta; in the secondfactor still commutes with the

action of ta,. Note that this action is not a product, and that only one of the two
generatorsis regular.

b) Another more elaborate example of this type was constructed by A. Starkov. Let N be
the 3-dimensional Heiserberg group. Then N = R? .< R is a semi-direct product of
R? and R. The action of !

21
A‘11

on R? extendsto a ow by automorphismsof N that acts trivially on the certer. Let
H = R .< N bethe corresponding semi-direct product. Let G=H SL(2;R).

We can nd a cocompact irreducible lattice of G asfollows. Let = Z .< Obpe
the semidirect product of Z with the integer points %in the Heiserberg group. Let

Obe a cocompact lattice in SL(2;R) andh: 9! R ahomomorphismwhoseimage
is not commensurablewith the integers. Interpret the graph of h as a subgroup of
the product of the certer R of N with SL(2;R). Then set = graph h.

Finally, R? acts on this manifold by an Anosov action asfollows. The rst generator
acts via the suspension,the secondvia the certer of N and the third via the action of
the diagonal subgroup of SL(2; R) on SL(2; R)= °which in this casecoincideswith
the gealesic ow of a certain Riemann surface.

This action is not locally rigid aswe can perturb the action of the diagonal subgroup
of SL(2; R) to any nearby geadesic o w. Not all elemerts of R3 exponertially cortract
or expandat all on this space,and in this sensehis is the continuoustime counterpart
of the non-standard irreducible action on T by toral automorphismswe described in
part a).



Clearly this construction generalizesto other nilpotent and semisimple groups with
cocompact lattices with non-trivial rst Betti number. None of these exampleswill
be called standard.

2.3 The main results

Recall that given an action of a group G on a manifold M and another group H, a map
: G M ! H is called a cocycle if it satis es the cocycle identity (gigz;m) =
(g1;92m) (g2;m) [23]. The simplestcocyclesarethe constart cocycles,i.e. those constart
in M. They correspond to homomorphismsG ! H. If H is a Lie group, call two cocycles
and C! (Helder)-cohomolgousif there existsa C! (Helder)-function P : M | H,
calleda C! (Helder)-cobundary, such that (a;x) = P(ax) 1 (a;x)P(x) for all a2 R¥
andx 2 M.

Theorem 2.9 a) Consider a standard Anosov A-action on a manifold M wher A is iso-
morphic to RX- or ZX with k 2. Then any C! -cocycle : A M ! R' is
C! -cohomol@ousto a constant cocycle.

b) Any Helder cocycle into R' is Helder cohomola@ousto a constant cocycle.

The Helder result is obtained from the C?! -result using the following straightforward
generalization of the Livshitz theorem for Anosov di eomorphisms and o ws [14].

Theorem 2.10 (Livshitz Theorem for R-Anoso v actions) Let beavolume-preserving
Anosov action of R on a compact manifold M and let be a Helder R'—cocycle over
suchthat (a;x) = 0 for all x on any closal orbit of and a with ax = x. Then

(a;x) = P(ax) P(x)

wher P is an R'-valued Helder function on M. Furthermore, if is Clor C!,thenP is
correspndingly C! or Ct .

The assumptionthat is volume-preservingcan be weakened. Sincethis is irrelevant
for our purposeswe will not go into this matter.

We will also usethe Livshitz theorem to obtain the C* -cocycle results for semisimple
groupswith SO(n; 1) or SU(n; 1) factors for which we do not have a uniform cortrol of the
exponertial decay of C* -vectors for all unitary represetations.

Another consequence®f our Livshitz theoremis the following rigidit y result for cocycles
over products of Anosov actions.

Corollary 2.11 Let 1 and » be volume preserving Anosov actions of R* and R' on
closa@ manifolds M, and M». Then any R™-valued Helder (C! )-cocycle over the product
action is Helder (C! )-cohomolgousto the sum of cocycles constant on the rst and the
second factor.

In particular, a cocycle over a product of standad Anosovactions of R* and R' with k
and| 2is cohomolgousto a constant cocycle.
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Let us now describe three applications of the main result. Recall that an action © of
R¥ is called a time-changeof an action of RX if all “orbits are -orbits.

Theorem 2.12 a) All C! -time changesof a standad Anosov R*-action with k 2 are
C?! -conjugate to the original action up to an automorphism.

b) All Helder time changesof a standard RX-Anosovaction with k 2 are Helder conjugate
to the original action up to an automorphism.

Note that one easily obtains more actions by composing a given action with an auto-
morphism of the acting group. In particular, this gives C1-small perturbations. When
two actions only di er by composition with an automorphism we say that the actions agree
up to an automorphism Call an R*-action locally Ct (Helder)-rigid if any perturbation
of the action which is C!-closeon a generating setis C' (Heolder)-conjugate up to an
automorphism.

Theorem 2.13 The standard R¥-Anosovactions with k 2 are locally Helder-rigid up to
an automorphism.

Theorem 2.14 Any Cl-small C! -perturbation  of a standad RX-Anosovaction  with
k 2 preservesa C! volume!

Notice that the Livshitz theorem as well as the main result are usedin the proof. In
fact, we can show that any conjugacy with the original action is volume preserving[11].

3 Preliminaries on matrix coe cien ts

Estimates on the decay of matrix coe cien ts of semisimpleLie groupsplay an essetial role
in represertation theory. These estimates already appear in the work of Harish-Chandra.
They wererecertly re ned by sewral people[l, 2, 5, 17, 21]. While most estimatesconcern
themselveswith the matrix coe cien ts of so-calledK - nite vectors(cf. below), both Ratner
and Moore prove exponertial decay for Helder vectors in the real rank one case. Ratner
managesthis for arbitrary Helder vectors for represenations of SL(2;R) while Moore
needsa Helder exponert biggerthan dim K=2 whereK is the maximal compact subgroup.
Although their work is not directly applicable, Moore'sargumerts can be generalizedto
the higher rank case. Howewver, we prefer to give a more standard (and probably folklore)
treatment for C! -vectors basedon the K - nite case. At preser, there seemto be no
results in the literature about the decay of Helder vectors with arbitrary exponert for
generalsemisimplegroups. 1

Let G be a connectedsemisimpleLie group with nite certer. We will considerirre-
ducible unitary represettations of G on a Hilb ert spaceH. De ne the matrix coe cient
of vand w 2 H asthe function . :G! R givenby

g! h(g)v;wi:

LAfter this paper was written, G. A. Margulis outlined an argument for the exponertial decay of Helder
vectors in a private communication with the rst author.




Fix a maximal compact subgroup K of G. Call a vectorv 2 H K- nite if the K -orbit of
v spansa nite dimensional vector space. Let K denote the unitary dual of K. One can
then decompose

H= 2R H

whereH is (K)-invariant and the action of K on H is equivalent to n wheren is an
integeror +1 , called the multiplicity of in H. The K- nite vectorsform a densesubset
of H. OnecallsH the -isotypic component of
Call strongly LP if there is a densesubsetof H suc that for v;w in this subspace,
vw 2 LP(G). Let A be a maximal split Cartan subgroup of G, and A its Lie algebra.
Fix an order on the roots and let C be the positive Weyl chamber. Further let :A! R
be half the sum of the positive roots on C. Howe obtained the following estimate for the
matrix coe cientsofv2 H andw 2 H of a strongly LP-representation of G:

i vw(exptA)j D kvkkwk dim dim e z @

where A 2 Cand D > 0is a universal constart [5, Corollary 7.2 and x7]. Cowling [2] shows
that ewery irreducible unitary represenation of G with discrete kernel is strongly LP for
somep. Furthermore, if G doesnot have factors isomorphic to so(n; 1) or su(n; 1) then p
can be chosenindependenly of

A vectorv 2 H is called C! if themapg2 G! (g)vis C!. We will now combine
the results above with more classical estimates on the size of Fourier coe cien ts of C?! -
vectors. p

Let m= dimK and X1;:::; Xy bean orthonormal basisof K. Set =1 mX2.
Then belongsto the certer of the universal enveloping algebra of K, and acts on the
K - nite vectorsin H sinceK - nite vectors are smooth.

Theorem 3.1 Letv and w be C?! -vectors in an irr educible unitary representation of G
with discrete kernel. Then there is a universal constant E > 0 and an integer p > 0 such
that for all A 2 C and large enoughm

jrexptA)v:wij Ee 7 Ak My)kk ™(w)k:

In fact, p can be any number for which is strongly LP. Furthermore, if G does not have
factors isomorphic to so(n; 1) or su(n; 1), p only degendson G.

. . P
Proof: By Schur’'slemma, actsasa multiple ¢( )idy onH . Letv= op V. By
[22, Lemma 4.4.2.2],we have for all integersm > 0

kv k ¢ ) ™dim?2 k ™(v)k:
As in [22, Lemma 4.4.2.3]one seesthat for m large enough

o ) ™ dm® <1:
2R
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, P , ,
We have analogousestimatesfor w = =, w . Pick p> Osud that isLP. Then
for m large enough, one seesthat

X X
jhexptAv;wij = jh exptA)v ; Wi j
2R X 2R
De z kv kkw k dim dim
;XZK\ X
Dex W (" kv K dim2)z( kw k® dim?)?)
2R X2K‘
Dez A k My)kk ™w)k o ) 2 dim®( )
2R
as desired.

Note that v and w only needto be CX with respectto K for somelarge k.

Corollary 3.2 Let G be a semisimple connected Lie group with nite center. Let be
an irr educible cocompact lattice in G. Assumethat G does not have factors isomorphic to
so(n; 1) or su(n; 1). Letfq;f» 2 L2(G=) be C?! -functions orthogonal to the constants. Let
C be a positive Weyl chamler in a maximal split Cartan A. Then there is an integerp> 0
which only degendson G and a constant E > 0 suchthat for all A2 C

HexptA) (f1):foi  Ee % A kfyknkfa ke
where k f ky, is the Solwlev norm of f.

Proof: Since is irreducible, there are no L?-functions on G= orthogonal to the
constarts which are invariant under any non-compact elemen in G by Moore's theorem
[23]. Henceewvery non-trivial irreducible componert of L?(G=) has discrete kernel. By
Theorem 3.1 it su ces to seethat any non-trivial irreducible componert is strongly LP for
a p that only dependson G. This is exactly Cowling's result as G does not have factors
isomorphic to so(n; 1) or su(n; 1) [2].

We do not know if the corollary holds for G with factors of G isomorphic to so(n; 1) or
su(n; 1) with a p that dependson the lattice.

4 Cocycles

4.1 Scheme of proof of the Theorem 2.9

Let us start with part a) of Theorem 2.9. We may and will always assumethat | = 1.
Pick aFgormally hyperbolic elemert a 2 A. We will shov that is cohomologousto
(b= (b;x)dx, or that is cohomologousto 0. Thus we may assumethat has
0 averages.
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De ne the function f by f (x) = (a;x) (if A= R¥, we could instead considerf (x) =
% jt=o (ta; x). As it turns out this is not necessary).Now we can de ne formal solutions
of the cohomologyequation by

The rst stepis to shav that P; and P, are distributions. For the suspension case,
Example 2.5, this usesthe superexponertial decay of Fourier coe cien ts of smooth func-
tions. For the symmetric spacecase, Examples 2.6, we use estimates on the exponertial
decay of matrix coe cien ts for smooth functions which come from represenation theory.
For the twisted symmetric spaceexamples,Example 2.7, both techniques are combined.

Hyperbolicity implies that the distribution P; has cortinuous derivativesof any order
along the stable manifolds (and by de nition in the direction of a in the cortinuous case)
while P, has cortinuous derivatives of any order along the unstable manifolds. Note
that for Anosov actions by Z and R, P, and P, in generaldo not coincide even if they
are distributions. In the higher rank case howewer, they do coincide, and thus P is
di erentiable along both stable and unstable manifolds which is the basisfor proving P,
is a smooth function. p

Toshowvthat P} = P, ,notethat P; P, = ., akf isana-invariant distribution.
The cohomology equation together with the decay of matrix (Fourier) coe cien ts implies
that it is alsoinvariant with respect to the whole groyp. Pick b2 A independert ofa. The
exponertial decay of matrix coe cien ts implies that &z 1 B(P; P, ) is adistribution.
That forcesthe vanishingof P, P, .

Form the de nition pf P; and the cocycle identity, it follows that P, is a distribution
solution for the coboundary equation for all of A. SinceP, is a coboundary, it has con-
tinuous derivatives of any order in the orbit directions. This givesus di erentiability in a
full set of directions. Then it follows from standard elliptic operator theory that P is a
C?! -function.

Theorem 2.9 b) for Helder cocyclesis establishedindirectly. First we prove Theorem
2.10 which sas that a cocycle whose restriction to ewvery closed orbit is a coboundary
is in fact a coboundary globally. Thus seemingly there are in nitely many independert
obstructions to the vanishing of a cocycle. For R-actions (Anosov o ws) this is indeed
the case. Those obstructions (values of the cocycle over the generatorsof the stationary
subgroup on ead closedorbit) are cortinuous in the C°-topology on cocycles. Thus since
for standard Anosov actions they vanish for every C! -cocycle with zero averagesdue to
Theorem 2.9 a), the sameis true for any CO-limit of such cocycles over such an action.
The proof is completed by shawving that every cortinuous cocycle can be approximated by
C?! -cocyclesin the C%-topology.

We will now discussthe various casesin more detail.

4.2 Toral automorphisms and suspensions

Let us rst note a generalfact.
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Lemma 4.1 Let A be an alelian group acting on a measure space X, andlet : A X !
R™ be a measurablecocycle of this action. Supmwsethat for somea 2 A there is a measurable

function P : X I R™ suchthat (a;x) P(ax)+ P(x) is constant a.e. on ergadic

components of a. Then  (b;x) def (b;x) P(bx) + P(x) is constant a.e. on ergaic

components of a for everyb2 A.
Proof: Indeed we have

(b;x) = (a+ b;x) (a;bx) = (bjax)+ (a;x) (a;bx) = (bjax):

We will now prove rigidity of cocyclesfor standard suspensionsand standard actions
by toral automorphisms simultaneously.
Let be the suspensionof a standard action by Z¥ on T™ on M = R¥ 7k TM. Let

'R M! R'peac? -cocycle over . The coboundary P is found in two steps. We
rst straighten the cocycle on the b ersof the natural bration :M ! Tk,
The rigidity of C* -cocyclesfor standard actions by toral automorphismsis a particular
caseof the following proposition which is alsothe main part of the proof for the suspension
case.

Prop osition 4.2 There is a continuous function Q : M ! R' which is C? along every
ber suchthat the cocycle :R*¥ M ! R' dened by

(a;x) &'

(a;x)  Q(ax) + Q(x)

is constant along the bers of for all a 2 RX. In particular, restricted to any ber
de nes a homomorphismfrom Z¥ to R'.

Proof: As always we will assumethat | = 1.
Pick a; and a; in Z¥ such that ewvery elemen afa, acts ergadically except when k =
| = 0. Let ZX be the subgroup generatedby a; and a,.
For x 2 M setfi(x) = (a;x). Weneedto nd a C?! -function Q: M ! R that solves
the di erence equations
z def

fi(x) 1(X)fi(Y)dy: ( 4Q)(x) = Qax) Qx):

Then
(a;x) def

(a;x)  Q(ax) + Q(x)

is constart alongthe ber 1( (x)) foralla2 , and restricted to any b er de nes a
homomorphismfrom to R.

To solve the di erence equationsabove we will useFourier serieson the caver RK Tm of
M. Let ZK acton R TM by &(r;t) £ (r;at), and denoteby ~, the assaiated di erence
operators. Let f7 denote the lifts of the functions f; to the covering spaceRk TM. We
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R R
may assumethat 1(x) fi(y)dy = O and thus _ 1(x) fi(y)dy = 0 where ~ is the projection
onto the rst factor of R T™M. Also note that

~a11f~ = ~a21f~ii
Indeed, we have
fa(arx) + f1(x) = (a1 + ag;x) = f1(axx) + fa(x):

Let X
finy =" q(t

|
be the Fourier expansionof f; where the coe cien ts ¢ are functions on R¥ and the | =

cortragredient represenation a of the natural represenation of SI(m;Z) on R™. Sincea;
is ergadic with respect to the Lebesguemeasure,the distance of (a‘{) (1) from 0 evenrtually
increasesexponertially in k for | 6 0. Note that co = 0. Also recall that if f; is C! -then
its Fourier coe cients ¢, are C! - functions in r and decregsefaster than any negative

power of jigj+ :::+ jim j. Hencefor any C! -function f = = | f,t', the supmsof Fourier
coe cien ts are absolutely convergert. In particular, the sum O(l)(f) def &z 1 fai(,)

de nes an aj-invariant distributions O(l) onevery b er  (r).
Lemma 4.3 For everyindex setl we have O(l)(f1) = O for every basepoint r.
Proof: Since =, 1fi= 7, 112 we get

X X X
1 1 _ _ :
Cakay (1) Cak (1) = IC§§(|) Cgi tay T Cﬁ'l(l) Cgl'” 0}

In the limit we get that O(l)(f1) = O(az (1))(f1).

p Sinceall nontriyjal afa), are ergadic, no sud elemert xes an index setl 6 0. Hence
Lo O()(f1) = oo O((8S) (1))(f1) . i f1 j< 1 converges. Thus we seethat

O(I)(f1) = 0.

. . . . P
Now we will nish with the proof of Proposition 4.2. Let us show that P+ = = [_; akf

is given by a Fourier serieswhose coe cien ts decreasefaster than any negative power of
jitj+:::+ jim j. This can be seenas follows: decompseR™ into stable and unstable
subspace€ and E* for a;. Let C* bethe setof all elemens in Z™ whoseprojection to
E* hasnorm greater or equal to the projection to E . Let C be the complement of C*
in Z™. For| 2 C* we estimate the Fourier coe cien t of the solution given by P*, and for
| 2 C using the solution given by P . Therefore P* is a C! -function along the b ers.
One seeghat the sum of absolute valuesof Fourier coe cien ts for Q dependscortin uously
onr. HenceQ is continuous.
Now the proposition follows from Lemma 4.1.

Now Theorem 2.9 a) for suspensionsfollows from the following simple lemma.
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Lemma 4.4 Let be an R-valued C! -cocycle of the homagen@us action of R* on Tk,
Then is C! -cohomolgousto a homomorphism :R¥! R.

Proof: By the cocycle equation, the restriction of to zZk ftg de nes a homomorphism
(:Z%1 R'for any t 2 TX. Sincefor all a2 ZX and s 2 RX

(a;st) = (s+at) (sit)= (ajt);

=  is independert of t 2 TX. Extend to a homomorphism from R to R. Then

factors through a cocycle : TX Tk R. SetP(t) = (t1). Then (a;t) =

P(t) P(at; 1), and hence isa C! coboundary. Finally note that the coboundary is
C! alongthe orbits of RX sincein fact it is di eren tiable along these orbits.

4.3 Symmetric space examples

Here we will discussTheorem 2.9 a) for the standard examplesof symmetric spacetype
(Example 2.6) under the extra assumptionthat the Lie algebra G of G doesnot have any
factors isomorphic to so(n; 1) or su(n; 1). This will allows usto useCorollary 3.2. Cocycle
rigidity of Weyl chamber ows for which G has so(n; 1)- or su(n; 1)-factors (as well as
the rigidit y for Helder cocyclesover standard Anosov actions) is basedon the generalized
Livshitz theorem. We will discussthis in Section4.5.

We will rst considerthe actions of a split Cartan subgroup A by left translations on
G=. As we noticed in Example 2.6, this action is Anosov if G is split. Otherwise, it is
always normally hyperbolic to the orbit foliation O of the certralizer M A of A. This means
that there is an elemert g 2 A and a corntinuous splitting of the tangert bundle

e 0
T™ = Ef + EQ+ Eg

such that Eg is tangert to O and for all p2 M, for all v 2 Eg (p) (v 2 Eq (p) respectively)
and n > 0 (n < O respectively) we have for the dierential g : TM ! TM

kg"(v) k Ce Mkvk
and for all n 2 Z and v 2 E© we have
kg"(vk C%® Mkvk:

We call such an elemen regular.

The sum of the distributions Eg E, is completely non-integrable, i.e. Lie brackets
tangent to this distribution span the whole tangent space. This property is crucial for
proving that the rst C! -cohomologyis trivial [10]. For our current purposes,it su ces
to shaw existenceof a distribution solution to the cohomologyequation.

Theorem 4.5 Let :A G= ! R' beaC! -cocycle wher the Lie algeba G of G does
not have any factors isomorphic to so(n; 1) or su(n; 1). Assumethat k 2 and that is
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irr educible. Then there is a constant cocycle : A G= ! R' and a R'-valued distribution
P on G= suchthat
(a;x) (a) = aP P

Furthermore, has the distribution derivatives of all orders of P along both stable and un-
stable manifolds of someregular elementand along the orbit foliation of A are continuous
functions. Finally, if is M -invariant, sois P.

Proof: De ne 7
(b = (b;x) dx:

It clearly su ges to shawv that (a;x) (a) is a coboundary. Thus we will assumethat
the averages . (b;x) areall 0.

Again we will assumethat | = 1. Let a; and a, be R-linearly independert, and let
denote their span. We may assumethat a; is regular. Setf,(x) = (a;x) for x 2 G=.
By Lemma 4.1it suces to nd an C! -function P that satis es the di erence equations

aP = f1. p

To nd tr[ge coboundary P let us rst shaw that the formal solutions P, = = }_, akf
andP = k_ 1a1f de ne distributions on G=. Let g2 C! (G=). By Corollary 3.2
there is a positive integer m and constart L—;> Osudhthat jhakf;gij Ee K kf knkgkm
where k ky, is the Sobolev norn. Hence Omlf gi corvergesabsolutely, and there is
a constart A > 0 sud that j ﬁzo ha‘{f ;g j A k g km. Thus P, and similarly P are
distributions. In fact, they are elemerns of the Sobolev spaceH ™.

Lemma 4.6 The distributions P, and P coincide.
Proof: As in the proof of Proposition 4.2 we have the di erence equations

a, 1fj1

1fi =
8

Hencewe get

akaf 1 akfqy = ak"lf, alf,=allf, a,'fs:
k= | k= I k= |

Since is an irreducible lattice the matrix coe cien ts of elemeris in L?(G=) orthogonal
to the constarts vanish [23, ch. 2]. Hencewe seethat for g2 C! (G=)

k 1. R k ; : [+1 [ ;
haif1;a, g haifq;0i = ||.'1m ey~ f, a; fa;0i = 0
k=1 k=1 :

gincea'{qi 1 as(k m)! 1 andthe ITP_@.U‘IX coe cien ts decay exponertially, the sum
Lol - 1 hekfi;al'gi = limpmy  2m i_; hakf;gi convergesabsolutely. Thus we

P
get -, hefq;gi = 0.

16



Henceforth we will denoteP, = P by P.

Next we will shav di erentiabilit y of P along the strong stable as well as the strong
unstable manifold of a;. Fix an ordering of the roots R of G with respect to the split
Cartan R¥ sud that a; is in the positive Weyl chamber. Let X be an elemern in the root
spaceE for a negative root . Let @@ denotethe Lie derivative by X . Note that

@ o R ogay, @ ’
= (f — gai) =
- @( 1 a) k=oe (@ 1) aj)

convergesuniformly on G=. Thus the derivative of P along stable directions X is a con-
tinuousfunctions. Similarly all the higher derivativesalong stable directions are corntinuous
functions. SinceP = P by Lemma 4.6, a similar argumert shows that the derivatives of
P along unstable directions are also cortinuous functions. As the stable and unstable di-
rections X for 2 R generatethe Lie algebraG of G asa Lie algebra, Theorem 7.1 of the
appendix shavs that P is C! on G=.

Finally, let us prove that derivativesof all ordersof P along the orbit foliation of A are
continuous functions. This follows immediately once we seethat P is also a coboundary
for for all of A. Let b2 A. Then we seefrom the cocycle identit y that

* *
bP P = ba" (a;) a" (a;)= a"lb (b;) a" (b;)= (b;):
k=0 k=0
Thus P is a coboundary for  for all of A. That P is M -invariant is clear if we know that
is invariant.

In fact, the distribution P is a C! -function. This follows from the complete non-
integrability of the sum of the stable and unstable foliations and certain subelliptic estimates
[10].

We are now ready to prove Theorem 2.9 a) for our classof symmetric spaceexamples.
Recall that the Weyl chamber ow is the action on M nG= induced from the action of A
on G= by left translations.

Givena C! -cocycle on X, lift it to acocycle onG=. Since (a;x) is M - invariant
sois P. Thus P projects to a distribution P on M nG= which solvesthe coboundary
equation (a;x) = P(x) P(ax) for all a2 A. Furthermore, derivativesof all orders of P
along stable and unstable manifolds of someregular elemer and along the orbit foliation
are continuous functions. In particular, let  be the sum of the Laplacians raised to the
power m of the stable, unstable and orbit foliations raisedto the power m. Then is an
elliptic operator, and ( P) is afunction. As m is arbitrary large, P belongsto all Sobolev
spacesby standard results on elliptic operators, and thusis C?1 .

4.4 Fib er bundle extensions of standard actions

As discussedn the description of Example 2.7 and of the actions on nilmanifolds in Example
2.5, the actions of this classare obtained by successietoral extensionsof products of actions
of the samekind with transitiv e actions on tori. For simplicity, we will just describe the
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caseof a toral extension of a symmetric spaceexample. The argumeris in general are
ertirely analogousand are left to the reader.

SupposeRk is asplit Cartan subgroupin areal semisimpleLie group G without SO(n; 1)
and SU(n; 1) local factors. Let  be an irreducible cocompact lattice in G and let : !
SL(m; Z) bearepresettation of by automorphismsof the m-torus T™. Then let bethe
R-actononG TM given by a([(g;1)]) = [(ag;t)] where[(x; y)] denotesthe equivalence
classof (x;y) 2 G TM™in G TM. Then the twisted Weyl chamber o w is the R*-action
inducedon M nG T™ where M again is the compact part of the stabilizer of A.

We will view M nG T™ asa torus bundle over M nG=. Every cocycle can be
decomposedinto the orthogonal sum of a cocycle constart alongthe b ersand onewith O
averagesover all b ers. The rst componert is a cocycle on the base,and is cohomologous
to a constart by Theorem 2.9 for Weyl chamber ows. Thus it suces to considerthe
secondcomponert which we will treat similarly to the suspensioncase.

Fix a relatively compact fundamenal domain B for acting on G. For p 2 G and
a2 R write p lap = Dap ap With  4p 2 and by, 2 B. Denote the restrictions of a
function F on G T™ to the tori T, by FP. We have a natural trivialization, of the torus
bundle over B. Using this trivialization expand FP asa Fourier seriesFP = | F,pxI .

Let bea C! -cocycle. Pick a regular elemen a 2 RX, and for (p;x) 2 G T™ set
f(p;x) = (a;[(p;x)]) where[(p;x)] denotesthe projection of (p;x) to G ™,

Similar to the suspension casewe will calculate obstructions to the solhability of the
cocycle equation through Fourier coe cien ts. A straightforward calculation shaws that for
| 2Z™ and p 2 B the expression

PB, k.
( akp)!

R
O(= f
1

provides an obstruction to solving the cohomologyequation on the b er T,. Note that

( ak;p) = (bak;p) ! (p 1akp):
This and the fact that ( 4.,)I 2 Z™ implies that for | 2 Z™ f0g, (p)l cannot belong
to the stable subspaceof (a). Hencek ( .p)l k grows exponertially uniformly in p2 B

whenk ! 1 . In particular, the obstruction O, (p) is nite and changescontinuously in p
as isC?t.

Lemma 4.7 For all | and everyp 2 B, we haveO, (p) = 0.

Proof: As the obstructions change continuously in p, it su ces to shav that O, (p) = 0
for almost every p. Let a®2 RX. Arguing asin the proof of Lemma 4.3 we seethat for
eweryl 227

R pb, k
— ak (aQlp .
OI (p) - f ( .k (ao)l;p)l :
k=1

1 £ PByk (201

. P N
In order to shawv that O, (p) = Oit suces to seethat = =5 f o)l is nite. Now
' a (a%'p

assumethat (a(a9') is ergadic. Note that

( a (ao)';p) = (b (a0)';p) ! (p tak (agl p):
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Hencefor | 2 Z™ f0g, ( .« (a0)|;Pn)l grows exponertially if (p)l doesnot lie in one of
nitely many proper subspaceof R, namely the weak stable subspacef non-hyperbolic
elemers of the represettation  restricted to the plane generatedby a and a® Rational
irreducibility of implies that the set of such p is a proper subvariety of B and hencehas
measure0.

Now we construct a coboundary P* (p;x) = P (p;x) = P(p;x) whose Fourier coe -

. . P b k. . . . . .
cierts at p 2 B are given by (1) f p(akk'p - We obtain exponertial estimatesuniform in p as
arp

in the nal part of the proof of Proposition 4.2. In particular, P* is a distribution. Then
using elliptic estimatesasin the Weyl chamber ow case,one seesthat P is C! .

4.5 Livshitz Theorem and Hwolder rigidit y

We now prove Theorem 2.10. Sincethe set of ergadic elemens of any volume preserving
Anosov action is denseand the set of regular elemerts is open, there exists an ergadic and
hencetopologically transitiv e regular elemert 2 RX. Letx 2 M be a point whose -orbit
is dense.We de ne

P((na)x) = (na;x)

for all n 2 Z. Thus the function P is de ned on a densesubsetof M. The heart of the
proof of the Livshitz theorem is the following

Lemma 4.8 The function P extendsuniquely to a Helder continuous function on M.

Proof: It is sucient to show that for some o > 0 there exist positive numbers C and
sud that for any two points y and z for which P is de ned with dist (y;z) < ¢ onehas

kP(z) P(y)k C dist(y:2) :

Let y = (na) x; z= (ma) x and assumethat m n. Then the cocycle equation implies
that
P(z) P(y)= (majx) (na;x)= ((m n)ajy):

Choosethe number ( according to the Closing Lemma (Theorem 2.4), and apply that
theoremto the orbit segmen (ta) Yiziom nj- IN particular, there is a point y°whose -orbit

1. dist (ka)y: kY9 < Ce min(km n k) gist (y:z)
2. k k1 k ak< Ckak dist (y;2)
3. m nY°= y%where

4. k k< C dist (y;2).

19



Now one has

myn 1
((m n)ayy) = (a;(ka)y)
k=0
myn 1 myn 1
= (ke1 ko kYY) [ @kay) (k1 ki kY9l
k=0 k=0
myn 1 myn 1
= (mmY)+ [ @ka)y) (& I+ (k1 k &(k+ayd:
k=0 k=0
We will estimate ead of the three componerts in the last expression.First 3. implies that
(mn )Y’=y%andhence (m n ;Y9 = 0 by the assumptionon . Therefore we
get that

(mn;y%: (mn ;y%"' (;Cmn )y%: (;Cmn )y%:

By the Helder property of the cocycle and 4. above we get

K (mmY)ksk (;(mn DY)k Kk k C K(dist(y;2)

where is a Helder exponert of and K is the corresponding constart.
The k'th term in the secondsummand is estimated by 1. and again by the Helder
property of by
KYCe (min(k:m n k) dist (y:z))

where K 0depends on a. Summing these estimatesfor k = 0;:::;m n 1 we obtain an
estimate for the norm of the secondsum by D ( dist (y;z)) , whereD dependson C; and
KO

To estimate the terms in the third sum we will show that kK 41 k ak decreases
exponertially with respectto min(k;m n k).

Since is a locally free action, we have dist (x; bx) Cj; k bk or equivalertly

kbk C,*dist (x;bx) ()

for all small enoughb 2 R. We can assumeby 2. that the vector 41 Kk ais
small enoughwhenewer dist (y;z) is small. Setw = (  + a)y°. We are going to estimate
dist (w;( « + a)w) and henceby 2. k ¢ + a k from above. We have

dist (w;( k+ @w) = dist (( «+ @)y k)
dist (a( ky9);a(ka)y) + dist ((k + 1)ay; k+1Y9:
The secondterm is estimated from 1. directly, the rst from 1. and from the fact that (a)
expandsdistancesby at most a bounded amourt. Combining these estimateswith (*) we

obtain ‘
K w1« ak Cpe mnkin K dgist (y;z)
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and using again the Helder property of

myn 1

k (k1 « a(k+ay)k DYdist(y;2)
k=0

for another constart D® This nishes the proof of the lemma.

Thus P can be extendedto a Helder function on M. HenceP(ax) P(x) is alsoa
Helder function. SinceP(ax) P(x) = (a;x) holdsonadenseset,the latter equality holds
everywhere. By Lemma 4.1 this provesthe assertionof the theorem for Helder cocycles.

The claims for C1- and C! -cocyclesfollow asin [6] and similarly to Section4.2. One
rst showsthat P is C! (respectively C! ) along the strong stable and the strong unstable
directions of a regular elemen as well as the - orbits. Since these directions span the
tangert bundle linearly, P is C! (respectively C! ) on M. Sicnethe stable and unstable
foliations are not C! , this last argumert usesmore than the standard elliptic regularity
properties, cf. [6, 15, 8, 9].

We are now able to complete the proof of Theorem 2.9 a) for standard Weyl chamber
o ws wherethe Lie algebra G of G has factors isomorphic to so(n; 1) or su(n; 1) aswell as
for b er bundle extensionsof such actions.

Proof of Theorem 2.9 a) : Supposethat is a Weyl chamber o w of RXonM nG=. Let
'R MnG= ! RbeaC!? -cocycleover andset ~= where :G= | MnG=
is the canonical projection. DecomposeL(G=) = ;V; into irreducible represetations
i G V, of G. Let 7 denotethe projection of ~to V;. Then 7 is an M -invariant
cocycle. Hence 7 descendsto a cocycle ;| over . Note that the argumert in Section
4.2 applies verbatim to the 7 as we have uniform exponertial decay on ead non-trivial
irreducible componert. In particular, all the obstructions from the Livshitz theorem vanish
for the ; for ; non-trivial. As ~is the limit in the smooth (and henceuniform) topology
to the nite sumsof the 7 all the obstructions from the Livshitz theorem vanish for the

By the Livshitz theorem is cohomologousto a constart.

Next we will shov how to smaooth cortinuous cocycles. This together with the Livshitz
theorem yield the cohomology vanishing result for Helder cocycles from that for smooth
cocycles.

Prop osition 4.9 Let be a locally free RX-action on a compact di er entiable manifold
M. Let be a continuous cocycle over . Then can be arbitrarily well approximated in
the C°-topology by C?! -cocycles.

Proof: Let O be the orbit foliation of . First notice that can be approximated
by a cocycle which is C! along the orbits. For that obsene that a shift of a cocycle
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b(a;Xx) def (a;bx) for any xed b2 R¥is alsoa cocycle since R¥ is abelian. Thus onecan

choosea C! -density on RX concertrated near the origin and de ne a new cocycle by
4

(a;x) &' e (0 u(@x)db

which is C! along the orbits of
Now let us assumethat is C' along the orbits. For any v 2 RX, set

F(v;x) = %jm (tv;x):
This de nes the in nitesimal generator for . The cocycle equation implies that ! is a
closedform on the orbit foliation. Conversely given a cortinuous eld ! of closedforms on
the orbits we can de ne a cortinuous cocycle by
Z,
(a;x) = . I'(a;(a)x)d:

Thus in order to prove the proposition, we needto approximate a cortinuous eld ! of
closed1-forms on the orbit foliation by a C! - eld of such forms.
First cover M by coordinate charts (\o w boxes") U; such that the orbit foliation on

V;  U; be another cover of M. By the Poincare Lemma we can write ! = dpoFy inside a
chart U = U; wheredg is exterior di erentiation along O and the function Fy is determined
up to an arbitrary function constart on the local leaves. Furthermore, Fy can be chosen
cortinuouson U. We will approximate Fy by a function F, such that F; isC! onV =V,
doFy is closeto doFy on U and F; = Fy in a neighborhood of the boundary @J.

First choosea C! -function sudc that O 1, = 1onVand = 0in a
neighborhood of @QJ.

Next we can approximate Fy arbitrarily well by a C! - function Gy sud that doGy is
also CP-closeto Fy. This can be done by approximating Fy in local coordinates with an
appropriate smooth kernel. Now put F;, = Gy+ (1  )Fy. Then we have

doFy = doGu+ (1 )doFu+ (do )(Gu Fu)
doFu+ do(Gy Fu)+ (do )(Gu Fu):

Sincedp isa xed function and both Gy Fy anddo(Gy Fy) canbe made arbitrarily
small, doF, can be made arbitrarily closeto doFy. Furthermore in V, doF; = doGy is
C! and near @, doF = doFy = ! . Now put
(
I outside U

The 1-form! is C! in V and is uniformly closeto ! . Apply this approximation process
inductively to the dierent ow boxesfrom the given nite cover. Note that the process
keepsa 1-form smooth whereit is already smooth. Thuswe nally obtain a 1-form smooth
on all the Vi, and thus on M which is C%closeto ! .
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Proof of Theorem 2.9 b) : Let be a Helder cocycle over . Then = lim 4 is the
limit of smooth cocycles ,. By Theorem 2.9 a), the |, are cohomologousto a constart
cocycle |, which is just the averageof , over M. Hence = lim , existsand is a
constart cocycle. As , are coboundaries, all the obstructions from the Livshitz
theorem vanish for n » and hencefor . By the Livshitz theorem, is a
Helder coboundary.

Proof of Corollary 2.11 : Given a cocycle over the product of two Anosov actions,
decomposeit as = 1+ o+ where 1and ,areconstart alongthe rst and secondfactor
respectively, and is orthogonal to both factors. It su ces to shaw that is cohomologous
to 0.

Supposex 2 M and a;x = x for somea; 2 RX. Pick y 2 M, such that the az-orbit of
y is uniformly distributed in M,. Since is a cocycle we get

U S0V (- AKy) -
((a1;0): (x;y)) = ((a1; 0); (x; az)):
k=1

Since is orthogonal to the secondfactor and y is uniformly distributed the last sumtends
toQasn! 1. Sincesuchy are densein M,, we have ((az;0);(x;y)) = Ofor all y.

The sameargumert appliesto the secondfactor. As any closedorbit for the product
action is the product of closedorbits on the factors the Livshitz' theorem applies.

5 Time changes, invariant volumes and local Holder rigidit y

Proof of Theorem 2.12: For part a), supposethat is a standard R*-action on a closed
manifold M with k 2. Let another action  of R¥ bea C! -time changeof . Fora2 R¥
andm 2 M setam = (a)(m) anda m =  (a)(m) respectively. Note that has no
isotropy at x if has none. Then there is a unique cortinuous cocycle :RK M ! RK
that satis es the equation

ax= (a;Xx) x:

Notethat :R¥ M ! Rfiscl.

By Theorem 2.9 a), is C! -cohomologousto a homomorphism : R 1 RX by a
C?! -coboundary P : M ! RX. Let us shov next that is an embedding. Pick x 2 M
such that the isotropy of x w.r.t. s trivial. SinceP hascompactrange, we seethat the
image of cannot be contained in a hyperplane of dimension lessthan k. As is linear,

'R RNisan isomorphism.
Now set (x) = P(x) x. Then (ax) = (&) (x). Therefore is surjective. Suppose
(x) = (y). Theny = bx for someb 2 RX. Hence () (x) = (x). As is homotopic
to the identity and the identity is an orbit equivalence, inducesan isomorphismbetween
the isotropy groupsof x and (x). Hencey = bx = x, and s injective. The equivariance
property implies that is a di eomorphism, establishing Theorem 2.12 a).
The proof of part b) is essetially the same,replacing C! by Helder everywhere.
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Proof of Theorem 2.13 : Consider a standard Anosov action  of R¥ on a manifold M
and a perturbation sucien tly closeto in the C!-topology. By Theorem 2.3 there
is a Holder homeomorphism : M ! M that sendsorbits to orbits. The pullback of
the perturbed action under determinesa Heolder time change. Theorem 2.12 b) allows
to straighten into an isomorphism (up to an automorphism of Rk). Note that the
resulting conjugacyis automatically smooth along the R*-orbits.

Proof of Theorem 2.14 : Without lossof generality we can assumeby Theorem 2.13 that

and are conjugate by a Helder homeomorphism (without an automorphism). To
nd an invariant volume for the perturbedaction , considerthe Jacobian of the original
volume ! for . The logarithm of the Jacobianis a smooth cocycle over . Hencethe
pullback of the logarithm of the Jacobian is a Helder cocycle of the original action. By
Theorem 2.9 b) this cocycle is Helder cohomologousto a constart cocycle. Hence the
original cocycle over is Holder cohomologousto a constart. Thus the obstructions in
Theorem 2.10vanish. As the original cocycleis C1 , the coboundary is alsoC* by Theorem
2.10. This implies that there is a positive C! -function :M ! R and a constart C sud
that the Jacobian multiplies the volume ! by C. Sincethe total volume is presened we
seethat C = 1.
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