COCYCLE SUPERRIGIDITY AND RIGIDITY
FOR LATTICE ACTIONS ON TORI

A. Katok, 1 J. Lewis, 2 and R. Zimmer?3

x1. Intro duction and statemen t of results.

This note is part of an ongoing program directed at understanding the actions of
lattices in semisimple Lie groups on compact manifolds by di eomorphisms. A brief
accourt of the history and current state of this program will be givenin Section3. Our
main result is the following

Theorem 1.1. Supmse is a sulgroup of nite indexin SL(n;Z),n 3, M =T",
and : ! Di (M) is a smmth action suchthat

I)  preservesa non-atomic prohkability measure
i) there existsan element ¢ 2 suchthat the di e omorphism ( o) is Anosov.

and in addition one of the following three conditions hold:
a) the measure is positive on open sets,i.e. supp = T" and is ergadic with

respect to
b) is absolutelycontinuous
c) Let : ! GL(n;Z) denotethe homomorphism correspnding to the action

onH;(M)"' Z". Then ( o) is anirreducible matrix over Q and eithern 4
or if n = 3 the eigenvaluesof ( o) are real.

Then there exists a 1-cocycle : ! Q"=zZ" (where actson Q"=Z" via ) and

a di e omorphism h of M conjugating to the ane action givenby and , i.e.,

()=h( ()+ ()h Yforevery 2 . In particular, is smaothly conjugate to
on a sulgroup of nite index.

Here and below we slightly abusenotations by using the samesymbol for an integer
n n matrix and the endomorphism of the n-dimensional torus T" induced by that
matrix.

At the beginning of the next sectionwe will shav that casesb) and c) are reduced
to a).
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Obserwe also that the homomorphisms ! GL (n;Z) can be completely classi-
ed using the ( nite-dimensional) superrigidity theorem of Margulis (Theorem 5.1.2
in [Z3]). The consequencesor the homomorphism  corresponding to the action on
H1, given that someelemen acts by an Anosov di eomorphism, are worked out in x2
of [K-L2]. The preciseconclusionis that there exists a matrix A 2 GL (n; Q) and a
homomorphism : | f Igsud that either ()= ( )A A ‘forewery 2 or

()= ()A( H'A Lforewery 2 .

Recall that if is any nitely-generated discrete group and G is any topological
group whatsoever, we denoteby R( ; G) the spaceof homomorphismsof into G with
the compact/open topology. A homomorphism ¢ 2 R( ;G) is said to be locally rigid
if there exists a neighborhood U of g in R( ;G) sud that for every 2 U there exists
g2 Gsudhthat ( )=g o )g ! forewery 2

An easyargumert (2.6 below, which rst appearedin [Se]) shawvs that any C! per-
turbation of a volume-preservingaction of a Kazhdan group on a compact manifold
must preserne an absolutely cortin uous probability measure. Furthermore, the stan-
dard action of any nite-index subgroup of SL(n;Z) contains Anosov elemens and
the property of being an Anosov is C! open. Theseremarks allow to apply the caseb)
of (1.1) to obtain the local C? rigidit y of standard actions. For n 4 this was proven
in [K-L1] but the casen = 3 is new. The notion of local rigidity in this statemert
corresponds to the represetations of into the group Di T" of C! di eomophisms
of the n-torus provided with the C* topology.

Corollary 1.2. Let = SL(n;Z) or any sulgroup of nite index, n 3. Then the
standard action of on T" is locally C? rigid.

Our proof of (1.1) is basedon a result due to Zimmer (extending ideasof Margulis),
the \sup errigidit y theoremfor cocycles” (Theorems5.2.5and 9.4.14in [Z3]). The cocy-
cle superrigidity theorem yields a homomorphism : ! SL(n; R) and a measurable
framing, , of the tangent bundle TM with respect to which the derivative D, ( ) is
givenby ( )forewery 2 andx 2 M. The dynamical hypothesis(ii) in (1.1) makes
it possibleto concludethat the framing , which is a priori only measurable,is in fact
continuous on supp . which by assumption a) meanseverywhere. This implies that
elemennis 2 with () hyperbolic act by Anosov di eomorphisms, with Lyapunov
exponerts determined by the eigervaluesof ( ). In particular, we are in a position
to apply either Theorem 4.12in [K-L1] or the argumert in [H] to concludethat there
exists a free abelian subgroup A ofrank n  1in  whoseaction is smoothly conjugate
to the action on homology Then it is easyto seethat and must cencide, and
that the continuouslinearizing frame is the image of a constart frame (i.e., constart
with respect to the standard trivialization TM ' T" R") under the conjugating
di eomorphism for the action of the abelian subgroupA. (1.1) follows.

We should probably remark at the outset that the cocycle superrigidity theorem is
applicable in much greater generality, in particular, to actions of more generalgroups
and on other compact manifolds. Indeed, the argumert we shall presen below applies,
with very minor modi cations, to someadditional casessud as Sp(n; Z) of nite
index actingon M = T2", n 2. However, we have deliberately restricted the scope
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of this note in order to presen the essetial new ideasin the most straightforward
possiblesetting. The issueswhich arise in extending (1.1) to more generalactions will
be addressedelsewhere;here we shall content ourselveswith a brief discussionin the
nal section.

Finally, we would like to acknowledge a number of helpful corversationswith Steve
Hurder.

x2. Pro ofs.

In this section we provide the proofs of theorem (1.1) and its corollary (1.2). By an
elemenary argumert (cf. Lemmas 2.6 and 2.14in [K-L2]), it will suce to establish
(1.1) on any subgroup ° of nite index. In particular, we may assumewithout
loss of generality that the action is orientation-preserving.

First let us show that the casesb) and c) of the theorem follow from the casea).

Any absolutely cortin uous invariant measureof an Anosov di eomorphism is given
by a smooth positive density and henceis positive on open sets ([L-S], [L-M-M].)
Furtheremore, any Anosov di eomorphism is ergadic with respect to sudh a measure.
([A]. A more recert exposition of the relevant results appearsin xI11.2 of [Mar].) Thus
the di eomorphism ( o) and hencethe whole action is ergadic with respect to

For the casec) we will assumethat is ergadic (by taking ergadic componerts if
necessaryand noticing that the measureswill still be non-atomic) and will shav that
supp = T". First let usrecall that any Anosov di eomorphism of T" is topologically
conjugate to the linear map given by the action on the rst homology group [M]. The
congugacyis a homeomorphismhomotopic to identity and is uniquely determined by
the image of the origin which, of course must be xed by our di eomorphism. Thus

( o) = h( ( ¢))h ! for somehomeomorphismh homotopic to identity. For any hy-
perbolic linear automorphism of the torus its certralizer in HomeqT") coincideswith
certralizer in the spaceof a ne maps of the torus (cf e.g. [P-Y]). Furtheremore, this
certralizer contains a nile index subgroup which belongsto SL(n; Z), and hencea
nite-index subgroup C which liesin (). Since () conains at most one di eo-
morphism in eac homotopy classwe concludethat (C) = h( (C))h . Sinceany
-invariant measureis in particular (C)-invariant, we concludethat = h for a

(C)-invariant non-atomic measure whose support is obviousy an in nite (C)-
invariant closedset. From irreducibilit y of the matrix  ( o) it follows immediately
that its eigervaluesare all di erent (otherwise the characteristic polynomial of the ma-
trix has non-trivial greatestcommondivisor with its derivative and is hencereducible
over the rationals). The rank of the free part of its certralizer is equal to the rank of
the group of units in the ring of integersin the number eld Q( o). By the Dirichlet
Unit Theorem the latter rank is equalto the number of real eigervalues of the matrix
plus the number of pairs of complex-conjugateeigervalues minus one. Thus condition
c) implies that the centralizer of ( contains Z? and hencethe rank of C is 2. Now
we invoke the result by D.Berend ([B], Theorem 2.1) which implies that any in nite

(C)-invariant closedset is the whole torus, hencesupp = h supp = T" and the
casea) applies.

Now we proceedto the proof of the casea). Let PM denote the principal bundle
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of n-framesin the tangent bundle TM to M = T". As usual, we identify eadh ' 2
PxM with anisomorphism' : R" I T,M . The following proposition summarizesthe
consequencesf the cocycle superrigidity theoremin the context of (1.1). Although the
argumert is by now standard, we provide a complete proof for the reader'sconvenience.

Prop osition 2.1. Suppse that SL(n;Z),n 3 M=T",and : ! Di (M)
satisfy the hypothesesof (1.1), and in addition, that is orientation-preserving. Then
there existsa measurablesection : M ! PM and a homomorphism : ! SL(n;R)

suchthat with respect to the framing , the derivative Dy ( ) is givenby (), i.e.,
for every 2 ,

Dx () )= (()x) ()

for almost every x 2 M. Moreover, there is a matrix A 2 GL (n; R) of determinant
1 which conjugatesthe representation to either the identity representation or the
involution 7! (1)t (inverse transpse).

Proof. Let : M ! PM denotethe standard framing on M, i.e., correspondsto the
constart section (x) = | under the natural identi catons TM ' M R", PM '
M GL (n;R). Then let : M I GL (n; R) denote the derivative cocycle for the
action with respect to the section , sothat

Dy () )= (()x) (%)

forevery 2 andx 2 M Since actsergadically with respectto the algebraic hull
Hr GL(n;R) of (or more precisely its conjugacy class) is well-de ned (cf. x9.2
in [Z3]). Let ~ M I Hg denote a (measurable) cocycle equivalent to , and let
~: M ! GL (n; R) denotethe Borel map which givesthe equivalencebetween and 7
sothat for every 2 ,

T~ =~ ()x) (%)

for almost every x 2 M.

The existence of an ergodic invariant probability measure, together with our as-
sumption that is orientation-preserving, imply that we cantakeH  SL(n;C). This
follows from splitting the cocycleinto the SL(n; Z) part and R part (the latter givenby
the determinant) and noticing that the secondcomponert is cohomologousto identit y
since is a Kazhdan group.

Let H denotethe (Zariski) connectedcomponert of H, and setS = Hr=(H )gr
M with the “twisted action (h;x) = (7 ;x)h; ( )x). Dene : S ! Hg,

( ;h;x) = T ;x). Then by (9.2.6) in [Z3], the action of on S is ergadic, and the
algebraic hull of the cocycle is (H )r.

Write H = L n U wherel isreductive, U is unipotent, and L and U are R-groups.
Let : S ! Lg denote the cocycle obtained by composing with the projection
onto Lr. Let p: Lr ! LgILRg;LRg] denotethe projection. Then the algebraic hull of
p is Lr=[LRr; Lg], which is amenable,so since is a Kazhdan group, Lr=[LR;LR]
is compact by (9.1.3) in [Z3]. SinceL = [L;L] Z(L), where Z(L) denotesthe certer,
and [L;L]\ Z(L) is nite, it followsthat Z(L)r is also compact.
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Write L=Z(L) as a product of semisimple R-groups, L=Z(L) = L; L2, where
(L2)gr is compactand (L 1)r is certer-free with no compact factors. Let q: Lr ! (L1)r
denote the projection. Then q : S ! (Li)r is a cocycle with algebraic hull
(L1)r, so by the superrigidity theorem for cocycles (9.4.14 in [Z3]), there is an R-
rational homomorphism :SL(n;C)! Lj sudthat q is equivalent to the cocycle

o)t ()

JExamining the list of represemations of SL(n; C), we seethat there are only two
possibilities: either L, is trivial, or L; = SL(n; C)=Z(SL(n; C)). In the rst instance,
we could concludethat the algebraic hull of the derivative cocycle is compact. But
it's easyto seethat this cortradicts hypothesis (i), the existenceof o 2  with

( o) Anosov. ThusL; = L=Z(L)=H =Z(H )= H=Z(H) = SL(n; C)=Z(SL(n; C)).
Moreover, H = SL(n;C) is connected,S = M, and there are essetially only two
possibilities for the represenation : SL(n;C) ! L;. Namely, =r , Where

:SL(n;C) ! SL(n;C) is either the identity map or the involution 7! ( 1)
followed by conjugation by somematrix A 2 r %((L1)gr), and r denotesthe projection
SL(n;C)! Li= SL(n;C)=Z(SL(n;C)).

Note that r 1((L1)r) can be described more concretely:

r Y((L1)r) = fg2 SL(n;C) j Ad(g) is an R-rational automorphism of sl(n; C)g:

In general,the elemerts of r 1((L1)g) have complex ertries. Howevwer, it's easyto see
that every A 2 r 1((L1)R) is of the form A = A ° where 2 C is a scalar (in fact, a
root of unity) and A°2 GL (n; R) with determinant 1. In particular, we can replace
the conjugating matrix A in the precedingparagraph with a matrix in GL (n; R), and
if :M ! (Li1)r denotesthe Borel map which givesthe equivalencebetweenq and
i, liftstoamap~:M ! GL(n;R). Then ~reduces™to ,i.e,forewery 2,

Tx~x)= ~((C)x) ()

for amost every x 2 M. Then :M ! GL(n;R), (x) = ~(x) ~x), or more
precisely the correspnding section M ! PM, x 7! (x) (x), is the required
framing.

The statemert of (2.1) is perhapsa bit awkward; what the argumert actually pro-
videsisaBorelmap :M ! PGL (n;R) suc that for every 2 ,

(:x) = () ()

for almost every x 2 M. (Here :SL(n;C)! L, asabove,and :M ! PGL (n;R)
is the map corresponding to the derivative cocycle : M ! GL (n; R). Note that

PGL (n;R) = GL (n; R)=Z(GL (n; R))
is naturally identied with

(L1)r = (SL(n; C)=Z(SL(n; C)))r :
5



every matrix in GL (n; R) is a scalar multiple of a matrix in SL(n; C), so there is a
natural inclusion PGL (n;R) ! (L1)gr, and our obsenation in the precedingparagraph
shows that this map is surjective.)

Obsene that  is unique. For if % M ! PGL (n;R) is another map with the
same property, then with ' : M | PGL (n;R); x 7! 9qx) ! (x), for every 2 ,
wehave' ( ()xX)= () (x) () *for almostewery x 2 M. Then the measure'
on PGL (n; R), is invariant under conjugation by (). But the only () invariant
probability measureon PGL (n; R) is the point massat the identit y. Although onecan
give an explicit, elemenary proof in this special case,and the generalresult is probably
well-known, we know of no conveniert referenceand therefore provide a proof which
works in general.

Lemma 2.2. SupwpseG GL (n; C) is a semisimple R-group suchthat G = Gr has
no compact factors, and G (connected component in the Hausdor topology) is a
lattice. Then the only probability measureson G which are invariant under conjugation
by the elementsof are those supported on the center of G.

Proof. Let bea -in variant probability measureon G. By standard argumerts (cf.,
for example, x3 of [Z2]), we may assumewithout loss of generality that is ergadic.
Since the action of G on itself by conjugation is algebraic, every conjugacy classis
locally closedby [B-S] (cf. 3.1.3in [Z3]). Then by 2.1.11in [Z3], any -ergo dic measure
must be supported on a single conjugacy class. Thus there exists gp 2 G sud that
is supported on the conjugacy classfggog ' j g 2 Gg, which is isomorphic to the
quotient variety G=Zg (gp) with G acting by left translation. By atheoremof S. G. Dani
(Corollary 2.6 in [D], which generalizesa theorem of C. C. Moore [Mo]) the stabilizer

G = fg2 Gjthe g-action on G=Zg(go) presenes ¢
is (equal to the R-points of) an R-algebraic group, and
J =fg2Gjgx=x 8x2supp g

is a normal, co-compactsubgroupin G . Then by the Borel density theorem, G
implies G = G, and since G has no compact factors, J G . In other words, eath
point in supp s certralized by G , hencesupp Z(G).

The next step is to show that in the presenceof an Anosov di eomorphism, the
section , which is a priori only measurable,must in fact be contin uous.

Lemma 2.3. Under the hypothesesof (1.1), a) and the notation of the preceding para-
graph, the section : M ! PGL (n; R) is continuous.
Proof. Fix 2 and decompse R" into characteristic subspacesfor the action of
()2SL(nR):
R"= W;; W;=fw602R"]j lim(@=m)Injj ( )TwijSjwjj ! g fOg;

i 2 R are called the characteristic expnentsfor ( ). De ne measurabledistributions
W; on M, W;(x) = (x) (X)W;. Let jj jj denote the standard (Riemannian) b er
metricson TM and PM .
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Lemma 2.4. For -almosteveryx 2 M,

Wi(x) fOg=fwé 02 TyM jm!lilm (1=m)InjiDyx ( )™wjjgjwijj! ig[ fOg:

Proof. Given0< " < 1, there existsa subsetS M sudthat (S)> 1 " andboth

i (X)jj andjj (x) %jj areuniformly boundedfor x 2 S. Then for almost every x 2 S,
() ™x 2 Sforinnitely many m 2 N*. Thus,forw 2 W; f0gand almostewvery x 2

S, there is a subsequencef m's for which rnlIilm (2=m) InjjDx ( )™w(X)jjgjw(x)jj !

i; wherew(x) = (X)w.
On the other hand, sincethe derivative cocycle for ( ),

Z M! GL(MR); (mx)7! ( ™x)= ((™x) Dx (™) (x);

is clearly integrable, Oseledec'smultiplicativ e ergadic theorem [O] (cf. also xV.2 in
[Mar]) implies that the limits exist for almost every x 2 M. Thus the assertion holds
for almost every x 2 S, and (2.4) follows by taking " ! 0.

Recallthat o2 sudthat ( o) is Anosov. (2.4) impliesthat ( o) is hyperbolic

(i.e., has no eigervalueson the unit circle) and that with W* = [ 1Wi and W =
Jil=

L lWi, where W;, ; denote the characteristic subspacesand exponerts for ( o),
) il<

W*(x) = (X)W™ (W (x) = (X)W ) is equal to the unstable (stable) subspace
in Ty for ( o) for almost every x 2 M. In particular, the a priori only measurable
distributions W are in fact cortin uous.

We needto recall part of the discussionfrom x3 of [K-L2]. Let G (n; R) denotethe
Grassmanvariety of k-planesin R", 1 k n 1. For ead point pp 2 G(n; R), the
map

PGL (m;R)! Gk(n;R); 97! gpo

is smooth. The map

PGL (n;R)! G(n;R) = Br(nR) Gr(mR): 97! (gpsi:iigp)

{z

* times

is alocal imbeddingin an open neighborhood of gy (via the insrtersefunction theorem) if

and only if the intersection of the in nitesimal stabilizers pal(n; R)go in is zero.
=1y
In -particular, this condition is satis ed provided that the intersection of the stabilizers
PGL (n;C)g 1 IS trivial.
e o " Pi
With o, W ,and W asabove,setk = dmW andp; =W 2 Gg(n;R). By

the Borel density theorem, the intersection
\ \
PGL (n;C) ( yp, = ( )(PGL (m;C),) () *
2 2
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is a (proper) normal subgroup of PGL (n; C), henceis trivial. Thus we can choose
matrices 1= 1; 2;:::; + 2 sudthat with pp = ( i)pl,which is the stable subspace

Set U equalto the orbit of p under PGL (n;R), U = PGL (n;R)p Gk(n;R) . Note
that by the preceding paragraph, for every go 2 PGL (n;R), the map g 7! gq is a

Forl i “,letg:M ! Gg(n;R) denotethe map correspnding to the stable
distribution for the Anosov di eomorphism (i o ; 1) under the identi cation of TM
with M R" via the standard trivialization. By (2.4), g = pi. (For example,
with the above notation, ou(x) = () W (x) for almost every x 2 M.) Dene
g:-M ! Gk(n;R),q= (;:::;0). Sinceead of the maps g is continuous (in the
Hausdor topologyon G (n; R)), it will followthat : M ! PGL (n; R) coencideswith
the contin uous map which is uniquely determined by (x)p = q(x), provided that this
makessense,i.e., provided that g(x) 2 U for every x 2 M.

SetS=qg (U) M. Sinceq= p, q(x) 2 U for almostevery x 2 M. In particular,
S isdensein M. By (2.4), we can x a represerativ e for the Borel map and delete
a subsetof measurezerofrom S to obtain asetS° S sud that Sis densein M and
qx)= (x)and (X)W = (x) *W (x) for every x 2 S°.

Now we make use of an elegarn trick due to Furstenburg [Fu]. Supposethat xq 2
M S and x asequencex, 2 S°with x, ! Xo. As above, for g 2 GL (n;R), we
write g for its imagein PGL (n; R). Sincewe are free to multiply by non-zeroscalars,
we can choose g, 2 GL (n;R) so that jjgnjj is bounded and g(Xm) = gmp. Then
passingto a subsequencewe may assumethat g, ! go2 R™ ", ann n matrix. If
0o werein GL (n; R), we would have q(xo) = gop with go 2 PGL (n; R), cortradicting
Xo 2 S. Thus gy 2 GL (n;R), and in particular, K = ker(gp) and V = go(R") are
proper, non-zerosubspacesn R".

For any subspaceW  R", the setof g 2 SL(n; C) for which (g)W and K are
in general position is a non-empty Zariski open set, so by the Borel density theorem,
there exists 2 sudthat ( )W and K arein generalposition. In other words,
replacing o by o !, wemay assumethat W and K are in generalposition, i.e.,

dim(W \ K) = supfdimW + dimK n; Og:

Now supposethat W is any subspaceof R" which is in general position with respect
to K and that the sequenceyg, W corvergesin the appropriate Grassmanvariety, say
OnW ! Wy, Then either dimW + dimK n, in which casewW \ K = (0) and
Wy = limgnW = ggW V, ordimW + dimK > n, in which caseW + K = R" and
Wo = limgnW  go(R") = V.

In particular, by compactnessof the Grassman varieties, we may again passto a
subsequenceand so assumethat the sequencegg, W corverge,say gnW | W, ,
and there are three possibilities:

(1) W(;r W V,

(2) Wy ;W, V,or



B W, V WwW,.
In any case W, \ W, 6 (0). Onthe otherhand,gnW = (Xm)W = (Xm) W (Xm)
by construction, hence (xo) W (xo) = W, by cortinuity. In other words, the iso-
morphism (Xxo): R" ! Tx,M identies W, with the stable and unstable subspacedor
the Anosov di eomorphism ( ), which are transversal. This cortradiction establishes
S = M, and completesthe proof of (2.3).

Oneimmediate consequence®f (2.3) is that the di eomorphism ( ) is Anosov when-
ever the matrix () (equivalertly, itself) is hyperbolic. Thus we are in a position
to apply Theorem (4.12) in [K-L1] to conclude that the action of a suitable abelian
subgroup A in is linear. (In fact, since also determinesthe periodic data for the
action of A, we might just aswell apply the regularity theorem in [H].) We summarize
this portion of the argument as follows:

Lemma 2.5. There existsa sulgroup A , free-atelian of rankn 1 (more precisely,
A is a co-compact sulgroup in a maximal split Cartan sulgroup A of SL(n; R)) acting
by Anosov di e omorphismsand a C* die omorphismh: M ! M, homotopic to the
identity, suchthat ( )= h ( )h ‘forevery 2 A,where :A! SL(n;Z) denotes
the map induced by the action on H;(M )" Z".

De ne a smooth section %M ! PM, 9Yx)= (D, 1.h) (h x), and set ©equal
to the corresppndingmap M ! GL (n;R), Yx) = (x) * 4x). Then

(:x) )= A ()x) () foreery 2Aandx2 M;

where, as above, denotesthe derivative cocycle for the action with respect to the
standard framing . As usual, we write % M ! PGL (n;R) for the map induced by
0
Dene acortinuousmap :M ! PGL (n;R), (x) = 9x) ! (x), and obsene
that
() )= (()x) () forevery 2Aandx2 M:

Since is bounded, this relation implies that takesvaluesin the set of intertwining
automorphisms for the represemations jA and jA, i.e.,

() X)= (x) () forevery 2Aandx 2 M:

Thus is constart along A orbits. But since the restriction j A is conjugate to
the linear action j A, we know in particular that j A is topologically transitiv e,
i.e., someorbit is dense. Thus is constart, and we concludethat ©= g, where
g2 PGL (n; R) intertwines jA and jA.

Unraveling the notation, we seethat

Dy(h* ()h) (x)= (h 1 ()hx) () forevery 2 andx2 M:

In other words, h * ( )h is an ane transformation of the torus, with linear part
( ). Sincethe actions on H; cencide, the sign is always positive.
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Nowset ()= h ! ()h(), sothat ()=h( ()+ ()Dh 1 = 1 T'is
a l-cocycle, 2 ZY( ;T"), where acts on the abelian group T" via . All that
remains to complete the proof of (1.1) is to shawv that the cocycle takesvaluesin
Q"=Z". To be more precise,we needto show that is equivalert to a cocycle with
valuesin Q"=Z". (Wecanvary within its cohomologyclassby adjusting our choice
of origin, i.e., by pre-composing h with a translation.) This is equivalert to the purely
geometric assertionthat () hasa nite orbit.

Recall that H( ;R") = O (this establishedfor a generallinear represetation of
in [Mar]). Thus the short exact sequenceof coe cient modulesz" ! R" ! T" gives
a long exact sequence

0! HY( ;T")! H?(;Z")! H?(;R"):
Now by the Kenneth formula,
H?( ;R") = H?( ;Z" R)' H?(;Z") R;

sothat the kernel of the natural map H?( ;Z") ! H?( ;R") is precisely the torsion
subgroup of H?( ;Z").* Combining the two obsenations, we seethat every elemert
of H( ;T") is torsion. In other words, there exist m 2 N* and xo 2 T" sud that

m ()= Xo Xo forewery 2

Fix X1 2 T" such that m Xx; = Xg, and sethqx) = h(x x1), A )= (h% * ( )hq0).
Thenm © 0,i.e., °takesvaluesin the m-division points in T". This completes
the proof of (1.1).

In order obtain (1.2) from (1.1), we needthe following lemma, which rst appeared
in [Se].

Lemma 2.6. Suppse is adiscrete Kazhdangroup (i.e., satis es Kazhdans \Pr op-
erty T*), M is a compact manifold, and o2 R( ;Di }(M)) is an action of on M
by C! di e omorphisms. Then if  preservesan absolutelycontinuous probability mea-
sure on M, there is a neightorhood U of o in R( ;Di *(M)) suchthat each 2 U
preservesan absolutelycontinuous measure

Proof. Let 2 L'(M) denotethe invariant density, sothat for every 2 |

(()x)=JDx ()i * (%)

for almost every x 2 M. In other words, 172 2 L2 is a non-trivial invariant vector
under the unitary represenation

or  LZLLE (o )))(X) =D 4y 1x ol )i T (o) M)

4The second author is grateful to M. Raghunathan for pointing this out.
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One formulation of Property T for discrete groups is as follows. is nitely-

generated, and corresponding to any xed nite generatingsetf 1;:::; mg for ,
there exists " > 0 with the following property: If ( ;H) is any unitary represenation
of and there exists a unit vectorv 2 H with jj ( ;)v vjj< " forl i m, then

actually has non-trivial invariant vectors. (A unit vector v satisfying the preceding
condition is said to be "-invariant with respect to the ;.)

It is obvious from the de nitions that there existsa neighborhood U R( ;Di (M))
sudh that for each 2 U, the vector 172 2 L? is "-invariant under the unitary repre-
sertation  corresppnding to . Thus  xes someunit vector' 2 L?(M), and the
probability density j' j? is invariant under

Thus (1.1) implies that there is a neighborhood U R( ;Di (M)) (recall that
we considerthe group Di (M) of C! di eomorphisms with the C! topology) of the
standard action (by orientation-preserving automorphismsof M = T") such that every

2 U is smoothly conjugate to a (rational) ane action with standard linear part.
As we have already obsened, HY( ;R") = 0. Thus, by a theorem due to D. Stowe
[St], the setof 2 R( ;Di (M)) with a xed point (near the origin) also cortains a
neighborhood of the standard action. (1.2) follows.

x3. Concluding Remarks.

Zimmer outlined a general program directed at understanding smooth actions of
lattices in semisimple Lie groups of R-rank 2 on compact manifolds in his 1986
addressto the International Congressof Mathematicians [Z1]. (He had previously
conjectured that the action of SL(n;Z) on T", n 3, was locally rigid during the
conferenceon ergadic theory, dierential geometery and Lie groups in May, 1984,
at the Mathematical SciencesReseart Institute.) Lewis establishedan in nitesimal
rigidit y result for subgroups of nite index in SL(n;Z) acting on T" for n 7 1in
[Le]. Hurder obtained rigidit y under continuous deformationsfor n 3 in [H]. His key
contribution was the use of the theorem by Stowe [St]. A further dewvelopmert in that
direction which goesbeyond actions cortainig Anosov elemerts is due to Qian [Q1].

The rst local rigidit y result is due to Katok-Lewis for the standard SL(n; Z) action
on T";n 4 in [K-L1]; subsequetly they extended the technique to obtain global
results (again, for n  4) in [K-L2]. Their method is basedon the recovery of an
invariant rational structure using a combination of hyperbolicity ant Stowe's theorem.

We recall that the main result (Corollary 2.14) in [K-L2] yields the sameconclusion
as(1.1), above, but under the alternativ e hypothesesthat hasa nite orbit and with
somespecial restrictions on the element o such that ( o) is Anosov. (The hyperbolic
matrix g is required to presene a non-trivial rational product structure on Q", which
is equivalert to the requiremert that ( o) presene a non-trivial decomposition of some
nite cover of T" as a product of compact subtori. It is this condition that leadsto
the restriction n  4.) Note that the two results are parallel, in that the existenceof a
nite orbit is equivalen to the existenceof an invariant atomic measure.

On the other hand, aswe indicated at the outset, the cocycle superrigidity theorem
is applicable in much greater generality than we have discussedabove, and we believe
that it can be usedto overcome some essetial limitations of the techniquesin [H],
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[K-L1], and [K-L2] which are based on existence of an invariant rational structure.
In particular, this approad is applicable in the absenceof nite orbits. Very briey,
we will try to describe the main obstaclesto extending our technique to more general
actions (e.g., to obtain local rigidit y for other non-isometric algebraicexamples)aswell
as someapproadiesto overcomethose obstacles.

First, there is the generalproblem of determining the algebraic hull of the derivative
cocycle. It is not at all clear how to usethe superrigidity theorem to obtain useful
geometric information about the action unlessthis group is semisimple. In casethe
lattice  is cocompact, Zimmer shows in [Z4] that the algebraic hull is reductive with
compact certer. We might hope that this is generally the case,but this has not, as
yet, beenestablished. The theorem provides de nitiv e information analogousto that
summarizedin (2.1), above, (at least directly) only in very special cases;essetially
when the dimension n of the compact manifold M coencides with the minimum n
for which there exist represerttations ! SL(n;R) whoseimage has non-compact
closure. R. Feressucceededn extending this approac under somewhat more general
hypotheses,cf. [Fe].

Secondly the requiremert that there exist ¢ 2 sud that ( o) is Anosov only
makes sensein special cases,and must be systematically replaced by more general
hypotheses. A rst successfulstep in the partially hyperbolic casehas been recertly
made by V.Nitica and A.T«orek [N-T1], [N-T2] who dewveloped powerful new analytical
techniquesallowing to classify cocycleswith valuesin the di eomorphism groups. Note
that the examplesdescribed in x4 of [K-L2] make it clear that, at least in the most
generalsetting, we cannot hope to eliminate the dynamical hypothesesertirely.

Finally, the argument (based on (2.5)) for passing from a cortinuous linearizing
frame to a smooth conjugacy needsto be generalized. A relatively straightforward
extensionto the classof \Cartan actions" hasbeenaccomplishedin the recen work of
Qian [Q2]. More generally, rigidit y of hyperbolic actions of higher-rank abelian groups
[K-S1], [K-S2] should be brought into the play.
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