CHAPTER 10

SMOOTH MANIFOLDS REVISITED

Wereturnto thegenerabliscussiorof differentiablemanifoldsstartedn Chap-
ter4.

10.1. Basics,notation

Here for thereader€&ornveniencewerecallthemainnotionsrelatecto smooth
manifoldsthatwe studiedin Chapter, but only to refreshtheterminologyandbx
thenotation.

Let M beasmoothmanifoldof dimensionn. Thenby
! n

Ay = U hi= (2b,...,2"): U1 R”

wedenotesomeatlasof M ; heretheh; arethecharty(local coordinatespf theatlas
(we assumehateachh; is ahomeomorphisnof U; ontoR™); by ¢; ; we denote
thetransitionfunctions(coordinateransformationsyivenby ¢; ; = h; " h' 1
Furtherwe denotethetangentoundleof M by 7 : TM ! M; |fp# M then
T,M = 7' Y(p) is the tangentspaceat p. The spacel, M is ann-dimensional

vectorspacewith basis
X
71 81'1 8’ p,n ox™ p 13,

we will usethe shorte otatlonapl ratherthanthe cumbersomegbut more often
used)notatlon(ﬁ/ax’) Recallthatary element(vector)v, of T),M is aderva-
tion, i.e., an R-valuedlmear functional dePnedon functions(given nearp) and
satisfyingthelocal Leibnitzrule:

vp(f &g) = f(p) avp(g) + vp(f) ag(p).

Thevalueof a givenvectoron a givenfunctioncanbe calculatedasthelinear
combinationof the partial derivatives of the function f " A' 1 : R* | R atthe
pointh' 1(p).

The setof smoothsectionsof thetangentoundler : TM ! M, i.e.,smooth
mapsV : M ! TM suchthatt " X = ldy,, is denoteddy !( M); its elements
are called (smooth vector belds The value of the vector beld V' at the point
p # M is atangentvectorat p that we will denoteby V,, (ratherthan V' (p)).
The setl( M) of all smoothvector peldshasthe natural structur%pf a module
overC" (M). Locally, in aPxedcoordinatesystem U, (1, z™) ,themodule
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I( U) is bPnitelygeneratedvith basis
3} 0

Of course,asa topologicalspace,!( M) (andeventhe spacel( R™) is inbnite-
dimensional.

Thetrajectoryof avectorpeldV isasmoothmapa : R! M whosetangent
vectorateachpointp # M coincideswith V,.

We denotethe algebraof smoothfunctionson a manifold M by Fy;. Recall
thatin the local coordinateU, h = z!,... 2") ary function f # F canbe
expressedocally (ig the neighborhoodV) in coordinateform; we write f(g) =
f 2X(q),...,x"(q) foraryq# U.Forary f # F,thefunctionf"h' 1 :R*! R
is inPnitely differentiable.

The algebraF’; is a commutatve associatre inPnite-dimensional(provided
n = dim M $ 1) algebraover R with unit. It hasnumerouszerodivisors: the
productof two nonzerdunctionsf andg canbezero(this occursif their supports
donotintersect:supp f %suppg = @).

01

10.2. Vector belds,3ows and differ ential operators

By the theoremsof existence,uniquenessand smoothdependencéor solu-
tionsof ordinarydifferentialequationsa C* vectorbeldon M inducesalocal Bow,
thatis, for everyp # M thereisacurvec,,: (&e,e) ! M suchthatc, ,(0) = p

d .
andd), ,(t) == %c%p(t) = v(cy p(t)). Heree canbechoserto dependontinuously

onp. Wheredebnedhemapy,: (p,t) ! ¢'(p) = ¢, p(t) is assmoothasv. By
continuityof ¢ it is boundednany compactmanifoldandhenceby thegroupprop-
ertycy p(t+ 8) = Cyle, (1) cop(t) () (Whichfollowsfrom uniquenessgvery vector
peldon a compactmanifold inducesa completelRow, thatis, ! is dePnedor all
times. If ©! andy$ aretheRows for vectorpeldsy andw, respectiely, thenusu-
ally thediffeomorphismsy!, andy!, donotcommutethatis, ! " ¢S € @5 " !,
If they do, the vectorbeldsv andw aresaidto commute The extentto which two
vector beldsv, w fail to commuteis measuredy their Lie braclet [v, w] which
canbecomputedas[v, w](p) = limw o w & dplw (L (p))/t.

Let us now shav brie3y how theseinvariantnotionsappearin local coordi-
nates. If (U, h) is a chartthenwe saythat we have coordinategz!, ..., 2") on
U. Forp # U thecanonicabasisof T,,M is the setof derivationsd/dz" induced
by the curvesc;(t) := h' *(h(p) + te;), wheree; is the ith standgycbasisvector
in R”. A tangentvectorv # T,M cantgenbewrittenasv = — L; v'0/9x
andif f: M ! Rissmooththenvf = — L vd(f" k' 1)/0x'. Thusthein-
ducedcoordinateof TM are(zt,...,z", v1, ..., v"), wherethe v’ arethecom-
ponentswe jus&debned. Likewise a vector Peldis locally given by a represen-
tationv(p) =  L; v'(p)9/dx" andit is smoothif andonly if the v* are. To
seethat the Lie braclet of two vector Peldsv, w debPnesa derivgtion, thatis, a
vectorbeld,we calculatein local coordinatesNamely write v = f:l via/axi,
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n

w= L, w'd/0z" andfor corveniencewrite f for f" h. Thenusingthetheorem
of H. A. Schwarzthatsecondpartial derivativescommutewe obtain

oof ot L af

(vw & wo) f = vi:l we &wizl Clipw
A L) Y, 5 SR, iU, | S o
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. . . Ow’ Ov? .
thatis, [v, w] isindeedavectorbeldgivenlocally by v’ 5 &uﬂ%. In particular

[0/0x%,0/0x7] = 0. Thereareseveralimportantpropertief Lie bracletsthatare
not hardto checkin local coordinates By debnitionwe obviously have [v, w] =

&[w,v] and[4 4 is R-bilinear, thatis, [av + fw, 2] = afv, 2] + Blw, 2] for o, G #

R. Next obsere thatfor functionsascoebcientswe get[fv, gw] = fgl[v, w] +

fluvg)w & g(wf)v by a coordinatecalculationsimilar to the precedingone. This
meansin particular (for f ) 1) thatthe Lie deriative is a derivation, that is,
satisbeghe productrule £ ,(gw) = ¢£ ,w + £ ,gw. Furthermorethereis the
fundamentallacobiidentity

(10.2.1) [, [w, 2]l + [w, [z, 0] + [z, [v,w]] = O.

This is straightforvard in coordinates. Namely we know that only brst-order
derivativesoccur sowe maysimplify thecalculationby discardingall higherorder
dervatives. The symmetrythenmalkesthe remainingtermscancel. Alternatively

write [v,w] = vw & wv and expand(10.2.1)accordinglyto seethat all terms
cancel.

Differentiatingdifferentiablemapsbetweenmanifoldsis alsostraightforvard
calculuson local coordinates:if f: M ! N and(U,h), (V, k) arelocal charts
aroundp # M and f(p) # N, respectrely, thenthe differentialof f atp is
representedly the matrix of partialderivativesof themapk" f" h' 1 in Euclidean
spacewith respecto the standardases.

10.3. Tensorbundles
Thetangentundleis anexampleof the following:

DerINITION 10.3.1 A differentiablevectorbundlewith structuie group G, a
subgroupof GL(m,R), over M (the basespacé is amanifold P, calledthetotal
spaceor bundle space suchthatthe projectionw: P! M is differentiableand
furthermorelocally P = M * R™, thatis, every x # M hasa neighborhood/
suchthatthereis adiffeomorphismh: ' Y(U) ! U* R™, u"! (7w (u), o(u)) and
suchthatfor any pointz in theintersectiornl/; %U, of two suchneighborhoodshe
trivialization differs by an elementof G. A sublundleor distribution is a bundle
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whosebbersarecontainedn thoseof P. For two distributions F/, F' we debnehe
Whitng/ sSumE + F to bethedistributionwith (E + F), = E, + F,. WeuseO- O
if thesumis (pointwise)direct,thatis, £, %F,, = {0} forall p # M. A sectionof
Pisamapv: M! P suchthatm" v = Idy,.

ExAmMPLE 10.3.2 ThetangentobundleT M of M is of this form: Herem is
thedimensionof M andG = GL(m,R) actshy thelinearcoordinatechangesn
thetangentbbersinducedby coordinatechangein the base. The sectionsarethe
vectorbelds.If thereis anorvanishingvectorbeldon M thentheone-dimensional
subspacei spansat every pointdePnea one-dimensionalistribution.

Notethatthedifferentiablemanifold 7'M hasin turn atangentoundleTT M.
Thisis animportantobject. On onehandit allows usto differentiatevectorbelds.
Ontheotherhandclassicaimechanicsnvolvessecond-ordedifferentialequations
and the natural settingfor secondderivatives is the second(or double)tangent
bundleTT M.

The secondangentbundleTT M is obviously a vectorbundleover T'M, but
it is, in fad, a vectorbundleover M aswell. To thatendnoticethat coordinate
changesn M changecoordinatesn TT'M by a coordinatechangedetermined
again by thelinearpartof thecoordinatechangen M. We will returnto thisin the
settingof Riemanniarmanifolds.

Fromthe linear structurein the tangentspacesriselinear objectsotherthan
vectorsandlinear maps(for example,differentials).Namely it is oftenimportant
to considermultilinear maps. The easiesexamples,anda building block, are 1-
forms

DEFINITION 10.3.3 We denoteby 7°M the cotangent bundle consistingof
the spaces/¥M = (7, M)?® of linearmaps(covectors)T,M | R. A sectionof
Ty M iscalledal-form Amultiinearmap] S M + &é+ ToM + T, M + 886+ T,M |

+ - , -

k times I times
R (thatis, linearin eachentryindependently)s calleda (%, [)-tensor A sectionof

thebundleTM , &4, TM, TSM, && TSM = (TM)%™ , (T )% isa
(k, )-tensorbeld(or tensor).A tensoris calledsmoothf its valueson smoothvec-
tor and covector beldsdebnea smoothfunction. (Alternatively, if its coebcients
in local coordinatesresmooth.)

Thusavectoris a(1, 0)-tensora1-formis a(0, 1)-tensor andthe Riemannian
metricsdePnedn DePnition13.2.1are (0, 2)-tensors. A basisfor the spaceof
1-formson T, M is given by the forms dz* which are given by the dervatives

of the coordinatefunctionsz’, thatis, dz'(0/927) = ¢} = (l) :f Z J ].’ The
1= 7.
& )
derivative of a function f is a 1-form Df(v) := vf = I, f/0x;dx". If T

is a (k, l)-tensorthenT = T717%Q 0z, &4, 0/0x%, dah, &84, da’
with 7719k = T(dx, ... dad*,0/9x" ..., 8/dx™). Thereis anaturalwayto

extendtheLie derivativeto tensorsNamely notebrstthatfor (1, 0)-tensorgvector
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pelds)it is alreadydebnedand that for (0, 0)-tensors(functions)we can debne
£,f:= vf. Now extendto (0, 1)-tensorst by settingf ,(£(w)) = £ ,(&)(w) +
&(£ ,w). Likewiseonecanextend£ , to ary tensorbeldby postulatinghe product
rulef (&, n)=£,£, n+ £,n, & Ifwisa(0,1)-tensoron N andf: M !
N differentiablethenwe candebnethe pullbadk f®w of w on M by f3w(v) =
w(D fv). This, of courseworksfor (0, k)-tensorgust aswell. Likewise onecan
sendvectorsfrom M to N via D f, but this canbeexpectedo sendvectorbeldsto
vectorbeldsonly if f isinjective (if f(p) = f(q) andv is avectorbeldsuchthat
Dfv(p) € Dfv(q) thenthereis no well-debpnedrectorbeld OfsvOon f(M)). If
f is adiffeomorphismthenthis is no problem,however. Using pullbacksthe Lie
derivative of a (0, k)-tensorcanbe computedby usingthe Row ¢! dePnedy the
vectorbeldv to write

£ow = Im(1/0((¢")°w & w).

ThelLie dervative of ary (k, [)-tensorcanbe computedsimilarly.
An importantspecialclassof tensords thatof alternatingones:

DEFINITION 10.3.4 A (0, k)-tensorw on a linear spaceis saidto be an al-
ternatingtensoror an (exterior) formif w(vy,...,v;) = 0wheneerv; = v; for
somei € j. A (0, k)-tensorbdd is saidto bealternatingif it is alternaing atevery
point. Alternating(0, k)-tensorPeldsarecalledk-forms andthe spaceof k-forms
is denotedby !( K T®M). In analogyto the asymmetriqoar&of amatrix the al-
ternatingpartAn of a(0, k)-tensom isdePnecdy An = 1/k! oo sgnmn" m,
wherern permuteghe entriesandsgnr is its sig/n,thatis, &1 if 7 is odd, 1 oth-
erwise. ThusA is aprojectionof/(T$M)%’“ to *7T%M. We debnethe wede
productor exterior productof w # = *T$M andn # ' T$M by

+ 1)l 0 ki
w-n= (k Z)A(w, n) # +T$M.
ki
Nonzeroelementsof |( ™ T%M) are called volumeelementsand two volume
elementd ," " aresaidto beequivalenif " " = f" forsomef # C" (M), f > O.

An equvalenceclassof volume forms is called an orientationof M and M is
calledorientableif thereexistsanorientationon M.

With thesedebnitionoonegetsthefollowing standardacts:w- 7 is R-bilinear
inwandn, n- w= (&1)*w - n (hencew - w = 0 for odd k), f$/(w -n) =
(f3w)- (f%n),andw- (n- \) = (w- n)- A=: w- n- \. A basisfor kTgM is
givenby{dz" - && dx™ |1. i;. n},where{ dmﬁ\ 1. i. n}isthedualbasis
for{9/0a’ | 1. 4. n}.Thusdim *TSM = 7 . Infact,3'- & p* € Off
andonlyif {8*,..., 3" | T2M is linearly independent.

A manifoldis orientableif andonly if I( = " T®M) is one-dimensionabver
C" (M). (Namely thereexists a volume, hencethe dimensionis at leastone,
angd for two volumes” and” " the function ¢ := " /" is well dePned since
I( ”TI?M) is one-dimensionaland smoothaswell.) Onecanalsocheckthat
orientability is equivalentto the existenceof an orientedatlas, thatis, an atlas
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whereh " 1" preseresthe orientationof R” for ary two chartsh, h'. Onacom-
pactmanifold a volume form canbe integratgdto giye the total vqume This is

donevia chartsasfollows. In R" wedebne " := "1 ,dz!adadz" for ary
volume" & " 1,,.,,nq[x1 - &a- dz". For orientation-preservingdiffeomorphisms
fweget f® = " ". Thuswe candebne " for amanifold M by takinga

Qartltlogofimlty {U;, 1/;1} subordinatdo a covering by charts(V;, h;) anddebne
= . (hy)s(y;") , andthis debnitionvia chartsis coordinateéndependent.

10.4. Exterior calculusand de Rham differ ential

Next we wantto studythe calculusof exterior forms, alsocalledexterior cal-
culus.

DEFINITION 10.4.1 Theexterior derivatived : !( / FTSAn 1| ! T*M)
(for ary k) is debnedby the following axioms (which uniquely determined):
df = Df for functions,d is R-linearandd(w - ) = dw - n+ (&1)Fw - dn,
d" d = 0, andd is locally debnedthatis, if two forms coincideon anopensetO
thentheir derivativescoincideon O aswell.

By inductionon dimensiononeseeghatthis is well dePned Namely if w =
pdyt - &8& dy* thennecessarilylw = dip- dy'- &8& dyy. Thelastpropertyls

alsosatispednductively sinceit holdsfor functions: ddy = ” 1 (DDy);jdx’ -

da? = 87<pdx - dz’ = 0. Furthermorel commuteswith pullbackandtheLie

derivative: f%dw = d( f$w) (and fgdw = d(few) if fis ad|ffeomorph|sm)and
£ (wt- &&& Wb = £ 0- d8& W+ d8ar Wwi- &8& £ ,w" whencelf , = £ ,d.
We occasionallyusethe convenientnotationof the contraction of w with a
vectorv debnedy v_w = w(v,4...,d. Thisis R-linearandC” (M)-linearin v.
Furthermorevs(w - 1) = (vow) - n+ (&1)*w - (vin) andvodf = £, f and

(10.4.1) £ ,w= vidw+ d(viw).
Finally f3v. %0 = f3(v_w) and fsvofsw = fe(v_w) for ary diffeomorphismy.
10.5. De Rham cohomology

Associatedvith formsis acohomologytheorywhichis basednthefollowing
notionandtheorem:

/
DEFINITION 10.5.1 w # (" T®M) is saidto beclosedif dw = 0andexact
if w= dnforsomen#!( ™ 1T%M).
Sinced? = 0 every exactform is closed.Locally the corverseholds:

THEOREM 10.5.2(PoincagLemma) If w is closedthenfor all p # M there
is a neighborhood’ of p onwhich w is exact.

ProoF. We usethe homotogy trick (see??, ??). Assumep = 0 # R" and
let vy(z) = z/t. v; generateshe Row ¢!(x) = tz for t > 0, sod/dt(p')%w =
(gpt)$£ W = (got)$(d(thw)) = d((cpt)$(vt_|w)) sincedw = 0, andw&(goto)ssw =



