
CHAPTER 10

SMOOTH MANIFOLDS REVISITED

Wereturnto thegeneraldiscussionof differentiablemanifoldsstartedin Chap-
ter4.

10.1. Basics,notation

Here,for thereaderÕsconvenience,werecallthemainnotionsrelatedtosmooth
manifoldsthatwestudiedin Chapter4, but only to refreshtheterminologyandÞx
thenotation.

Let M beasmoothmanifoldof dimensionn. Thenby

AM =
! "

Ui; hi = (x1, . . . , xn) : Ui ! Rn
#$

wedenotesomeatlasof M ; herethehi arethecharts(localcoordinates)of theatlas
(we assumethateachhi is a homeomorphismof Ui ontoRn); by ϕi,j we denote
thetransitionfunctions(coordinatetransformations)givenby ϕi,j = hj " h! 1

i .
Furtherwe denotethetangentbundleof M by τ : TM ! M ; if p # M , then

TpM = τ ! 1(p) is the tangentspaceat p. The spaceTpM is an n-dimensional
vectorspacewith basis

∂p,1 =
∂

∂x1

%
%
%
p
, . . . , ∂p,n =

∂

∂xn

%
%
%
p
;

we will usethe shorternotation∂p,i ratherthanthe cumbersome(but moreoften
used)notation(∂/∂xi)

%
%
p
. Recallthatany element(vector)vp of TpM is a deriva-

tion, i.e., an R-valuedlinear functional deÞnedon functions(given nearp) and
satisfyingthelocal Leibnitzrule:

vp(f ág) = f (p) ávp(g) + vp(f ) ág(p).

Thevalueof a givenvectoron a givenfunctioncanbecalculatedasthelinear
combinationof the partial derivativesof the function f " h! 1 : Rn ! R at the
pointh! 1(p).

Thesetof smoothsectionsof thetangentbundleτ : TM ! M , i.e., smooth
mapsV : M ! TM suchthatτ " X = IdM , is denotedby !( M ); its elements
are called (smooth) vector Þelds. The value of the vector Þeld V at the point
p # M is a tangentvector at p that we will denoteby Vp (rather than V (p)).
The set !( M ) of all smoothvector Þeldshasthe naturalstructureof a module
overC" (M ). Locally, in aÞxedcoordinatesystem

"
U, (x1, . . . , xn)

#
, themodule

243
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!( U ) is Þnitelygeneratedwith basis

∂1 =
∂

∂x1 , . . . , ∂n =
∂

∂xn
.

Of course,asa topologicalspace,!( M ) (andeven the space!( Rn) is inÞnite-
dimensional.

Thetrajectoryof a vectorÞeldV is a smoothmapα : R ! M whosetangent
vectorateachpointp # M coincideswith Vp.

We denotethealgebraof smoothfunctionson a manifoldM by FM . Recall
that in the local coordinates(U, h = x1, . . . , xn) any function f # F can be
expressedlocally (in the neighborhoodU ) in coordinateform; we write f (q) =
f

"
x1(q), . . . , xn(q)

#
for any q # U . For any f # F , thefunctionf " h! 1 : Rn ! R

is inÞnitelydifferentiable.
The algebraFM is a commutative associative inÞnite-dimensional(provided

n = dim M $ 1) algebraover R with unit. It hasnumerouszerodivisors: the
productof two nonzerofunctionsf andg canbezero(thisoccursif their supports
donot intersect:suppf %suppg = ∅).

10.2. Vector Þelds,ßowsand differ ential operators

By the theoremsof existence,uniqueness,andsmoothdependencefor solu-
tionsof ordinarydifferentialequationsaC1 vectorÞeldonM inducesalocalßow,
that is, for everyp # M thereis a curve cv,p : (&ε, ε) ! M suchthatcv,p(0) = p

andúcv,p(t) :=
d

dt
cv,p(t) = v(cv,p(t)) . Hereε canbechosento dependcontinuously

on p. WheredeÞnedthemapϕv : (p, t) '! ϕt(p) := cv,p(t) is assmoothasv. By
continuityof ε it is boundedonany compactmanifoldandhenceby thegroupprop-
ertycv,p(t+ s) = cv(cv,p(t)) ,cv,p(t) (s) (whichfollowsfrom uniqueness)everyvector
Þeldon a compactmanifold inducesa completeßow, that is, ϕt

v is deÞnedfor all
times.If ϕt

v andϕs
w aretheßows for vectorÞeldsv andw, respectively, thenusu-

ally thediffeomorphismsϕt
v andϕt

w donotcommute,thatis, ϕt
v " ϕs

w (= ϕs
w " ϕt

v.
If they do, thevectorÞeldsv andw aresaidto commute. Theextentto which two
vectorÞeldsv, w fail to commuteis measuredby their Lie bracket [v, w] which
canbecomputedas[v, w](p) = lim t# 0

"
w & dϕt

vw
#
(ϕt

v(p))/t.
Let us now show brießy how theseinvariantnotionsappearin local coordi-

nates. If (U, h) is a chart thenwe saythat we have coordinates(x1, . . . , xn) on
U . For p # U thecanonicalbasisof TpM is thesetof derivations∂/∂xi induced
by the curvesci(t) := h! 1(h(p) + tei), whereei is the ith standardbasisvector
in Rn. A tangentvectorv # TpM can then be written asv =

& n
i=1 vi∂/∂xi

andif f : M ! R is smooththenvf =
& n

i=1 vi∂(f " h! 1)/∂xi. Thusthe in-
ducedcoordinatesof TM are(x1, . . . , xn, v1, . . . , vn), wherethevi arethecom-
ponentswe just deÞned.Likewise a vectorÞeld is locally given by a represen-
tation v(p) =

& n
i=1 vi(p)∂/∂xi and it is smoothif and only if the vi are. To

seethat the Lie bracket of two vector Þeldsv, w deÞnesa derivation, that is, a
vectorÞeld,we calculatein local coordinates.Namely, write v =

& n
i=1 vi∂/∂xi,



10.3.TENSORBUNDLES 245

w =
& n

i=1 wi∂/∂xi andfor conveniencewrite f for f " h. Thenusingthetheorem
of H. A. Schwarzthatsecondpartialderivativescommuteweobtain

(vw & wv)f = v
n'

i=1

wi ∂f

∂xi
& w

n'

i=1

vi ∂f

∂xi

=
n'

i,j=1

vj ∂wi

∂xj

∂f

∂xi
+

n'

i,j=1

vjwi ∂2f

∂xi∂xj
&

n'

i,j=1

wj ∂vi

∂xj

∂f

∂xi
+

n'

i,j=1

viwj ∂2f

∂xj∂xi

=
n'

i,j=1

(
vj ∂wi

∂xj
& wj ∂vi

∂xj

) ∂f

∂xi
,

thatis, [v, w] is indeedavectorÞeldgivenlocally byvj ∂wi

∂xj
&wi ∂vj

∂xi
. In particular

[∂/∂xi, ∂/∂xj ] = 0. Thereareseveralimportantpropertiesof Lie bracketsthatare
not hardto checkin local coordinates.By deÞnitionwe obviously have [v, w] =
&[w, v] and[á, á] is R-bilinear, thatis, [αv + βw, z] = α[v, z] + β[w, z] for α, β #
R. Next observe that for functionsascoefÞcientswe get [fv, gw] = fg[v, w] +
f (vg)w & g(wf )v by a coordinatecalculationsimilar to theprecedingone. This
meansin particular (for f ) 1) that the Lie derivative is a derivation, that is,
satisÞesthe productrule £ v(gw) = g£ vw + £ vg w. Furthermorethereis the
fundamentalJacobiidentity

(10.2.1) [v, [w, z]] + [w, [z, v]] + [z, [v, w]] = 0.

This is straightforward in coordinates. Namely, we know that only Þrst-order
derivativesoccur, sowemaysimplify thecalculationby discardingall higher-order
derivatives. Thesymmetrythenmakestheremainingtermscancel.Alternatively
write [v, w] = vw & wv and expand(10.2.1)accordinglyto seethat all terms
cancel.

Differentiatingdifferentiablemapsbetweenmanifoldsis alsostraightforward
calculuson local coordinates:If f : M ! N and(U, h), (V, k) are local charts
aroundp # M and f (p) # N , respectively, then the differential of f at p is
representedby thematrixof partialderivativesof themapk " f " h! 1 in Euclidean
spacewith respectto thestandardbases.

10.3. Tensorbundles

Thetangentbundleis anexampleof thefollowing:

DEFINITION 10.3.1. A differentiablevectorbundlewith structure groupG, a
subgroupof GL(m, R), over M (thebasespace) is a manifoldP , calledthetotal
spaceor bundlespace, suchthat the projectionπ : P ! M is differentiableand
furthermorelocally P = M * Rm, that is, every x # M hasa neighborhoodU
suchthatthereis adiffeomorphismh : π! 1(U ) ! U * Rm, u '! (π(u), ϕ(u)) and
suchthatfor any pointx in theintersectionU1 %U2 of two suchneighborhoodsthe
trivializationdiffersby anelementof G. A subbundleor distribution is a bundle
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whoseÞbersarecontainedin thoseof P . For two distributionsE, F wedeÞnethe
Whitney sumE + F to bethedistributionwith (E + F )p = Ep + Fp. WeuseÒ+ Ó
if thesumis (pointwise)direct,thatis, Ep %Fp = { 0} for all p # M . A sectionof
P is amapv : M ! P suchthatπ " v = IdM .

EXAMPLE 10.3.2. The tangentbundleTM of M is of this form: Herem is
thedimensionof M andG = GL(m, R) actsby the linearcoordinatechangesin
the tangentÞbersinducedby coordinatechangein thebase.Thesectionsarethe
vectorÞelds.If thereis anonvanishingvectorÞeldonM thentheone-dimensional
subspacesit spansateverypointdeÞneaone-dimensionaldistribution.

NotethatthedifferentiablemanifoldTM hasin turn a tangentbundleTTM .
This is animportantobject.On onehandit allows usto differentiatevectorÞelds.
Ontheotherhandclassicalmechanicsinvolvessecond-orderdifferentialequations
and the naturalsettingfor secondderivatives is the second(or double) tangent
bundleTTM .

ThesecondtangentbundleTTM is obviously a vectorbundleover TM , but
it is, in fact, a vectorbundleover M aswell. To that endnoticethat coordinate
changesin M changecoordinatesin TTM by a coordinatechangedetermined
againby thelinearpartof thecoordinatechangein M . Wewill returnto this in the
settingof Riemannianmanifolds.

From the linear structurein the tangentspacesariselinear objectsotherthan
vectorsandlinearmaps(for example,differentials).Namely, it is oftenimportant
to considermultilinear maps.The easiestexamples,anda building block, are1-
forms.

DEFINITION 10.3.3. We denoteby T $M the cotangent bundleconsistingof
thespacesT $

p M = (TpM )$ of linearmaps(covectors)TpM ! R. A sectionof
T $

p M is calleda1-form. A multilinearmapT $
p M + ááá+ T $

p M
* +, -

k times

+ TpM + ááá+ TpM* +, -
l times

!

R (thatis, linearin eachentryindependently)is calleda(k, l)-tensor. A sectionof
thebundleTM , ááá, TM , T $M , ááá, T $M = (TM )%k , (T $M )%l is a
(k, l)-tensorÞeld(or tensor).A tensoris calledsmoothif its valuesonsmoothvec-
tor andcovectorÞeldsdeÞnea smoothfunction. (Alternatively, if its coefÞcients
in local coordinatesaresmooth.)

Thusavectoris a(1, 0)-tensor, a1-formis a(0, 1)-tensor, andtheRiemannian
metricsdeÞnedin DeÞnition13.2.1are (0, 2)-tensors. A basisfor the spaceof
1-forms on TpM is given by the forms dxi which are given by the derivatives

of the coordinatefunctionsxi, that is, dxi(∂/∂xj) = δi
j :=

.
0 if i (= j,

1 if i = j.
The

derivative of a function f is a 1-form Df (v) := vf =
& n

i=1 ∂f/∂xi dxi. If T

is a (k, l)-tensorthenT = T j1,...,jk
i1,...,il

∂/∂xj1 , ááá, ∂/∂xjk , dxi1 , ááá, dxil

with T j1,...,jk
i1,...,il

= T (dxj1 , . . . , dxjk , ∂/∂xi1 , . . . , ∂/∂xil). Thereis anaturalway to
extendtheLie derivativeto tensors.Namely, noteÞrstthatfor (1, 0)-tensors(vector
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Þelds)it is alreadydeÞnedand that for (0, 0)-tensors(functions)we can deÞne
£ vf := vf . Now extendto (0, 1)-tensorsξ by setting£ v(ξ(w)) = £ v(ξ)(w) +
ξ(£ vw). Likewiseonecanextend£ v to any tensorÞeldby postulatingtheproduct
rule £ v(ξ , η) = £ vξ , η + £ vη , ξ. If ω is a (0, 1)-tensoronN andf : M !
N differentiablethenwe candeÞnethe pullback f$ω of ω on M by f$ω(v) :=
ω(Dfv). This, of course,works for (0, k)-tensorsjust aswell. Likewiseonecan
sendvectorsfrom M to N via Df , but thiscanbeexpectedto sendvectorÞeldsto
vectorÞeldsonly if f is injective (if f (p) = f (q) andv is a vectorÞeldsuchthat
Dfv(p) (= Dfv(q) thenthereis no well-deÞnedvectorÞeldÒf$vÓon f (M )). If
f is a diffeomorphismthenthis is no problem,however. UsingpullbackstheLie
derivative of a (0, k)-tensorcanbecomputedby usingtheßow ϕt deÞnedby the
vectorÞeldv to write

£ vω = lim
t# 0

(1/t)(( ϕt)$ω & ω).

TheLie derivativeof any (k, l)-tensorcanbecomputedsimilarly.
An importantspecialclassof tensorsis thatof alternatingones:

DEFINITION 10.3.4. A (0, k)-tensorω on a linear spaceis said to be an al-
ternatingtensoror an(exterior) form if ω(v1, . . . , vk) = 0 whenever vi = vj for
somei (= j. A (0, k)-tensorÞeld is saidto bealternatingif it is alternating atevery
point. Alternating(0, k)-tensorÞeldsarecalledk-forms, andthespaceof k-forms
is denotedby !(

/ k T $M ). In analogyto theasymmetricpartof a matrix theal-
ternatingpartAη of a (0, k)-tensorη is deÞnedby Aη = 1/k!

&
π&Sk

sgnπ η " π,
whereπ permutesthe entriesandsgnπ is its sign, that is, &1 if π is odd,1 oth-
erwise. ThusA is a projectionof (T $M )%k to

/ k T $M . We deÞnethe wedge
productor exterior productof ω #

/ k T $M andη #
/ l T $M by

ω - η :=
(k + l)!

k! l!
A (ω , η) #

0 k+ l
T $M.

Nonzeroelementsof !(
/ n T $M ) are called volumeelementsand two volume

elements" , " ' aresaid to beequivalentif " ' = f " for somef # C" (M ), f > 0.
An equivalenceclassof volume forms is called an orientation of M and M is
calledorientableif thereexistsanorientationonM .

With thesedeÞnitionsonegetsthefollowing standardfacts:ω - η is R-bilinear
in ω andη, η - ω = (&1)klω - η (henceω - ω = 0 for odd k), f$(ω - η) =
(f$ω) - (f$η), andω - (η - λ) = (ω - η) - λ=: ω - η - λ. A basisfor

/ k T $
p M is

givenby { dxi1 - ááá- dxik 1 . ij . n} , where{ dxi 1 . i . n} is thedualbasis
for { ∂/∂xi 1 . i . n} . Thusdim

/ k T $
p M =

"n
k

#
. In fact,β1 - ááá- βk (= 0 if

andonly if { β1, . . . , βk} / T $
p M is linearly independent.

A manifold is orientableif andonly if !(
/ n T $M ) is one-dimensionalover

C" (M ). (Namely, thereexists a volume, hencethe dimensionis at leastone,
and for two volumes" and " ' the function ϕ := " '/" is well deÞned,since
!(

/ n T $
p M ) is one-dimensional,andsmoothaswell.) Onecanalsocheckthat

orientability is equivalent to the existenceof an orientedatlas, that is, an atlas
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whereh " h' preservestheorientationof Rn for any two chartsh, h' . On a com-
pactmanifold a volumeform canbe integratedto give the total volume. This is
donevia chartsasfollows. In Rn we deÞne

1
" :=

1
" 1,...,ndx1 ááádxn for any

volume" = " 1,...,ndx1 - ááá- dxn. For orientation-preservingdiffeomorphisms
f we get

1
f$" =

1
" . Thuswe candeÞne

1
" for a manifold M by taking a

partitionof unity { Ui, ψi} subordinateto a coveringby charts(Vi, hi) anddeÞne1
" :=

&
i

1
(hi)$(ψi") , andthis deÞnitionvia chartsis coordinateindependent.

10.4. Exterior calculusand deRham differ ential

Next we want to studythecalculusof exterior forms,alsocalledexterior cal-
culus.

DEFINITION 10.4.1. Theexteriorderivatived : !(
/ k T $M ) ! !(

/ k+1 T $M )
(for any k) is deÞnedby the following axioms (which uniquely determined):
df = Df for functions,d is R-linear andd(ω - η) = dω - η + (&1)kω - dη,
d " d = 0, andd is locally deÞned,that is, if two formscoincideon anopensetO
thentheir derivativescoincideonO aswell.

By inductionon dimensiononeseesthat this is well deÞned.Namely, if ω =
ϕdψ1 - ááá- dψk thennecessarilydω = dϕ - dψ1 - ááá- dψk. Thelastpropertyis
alsosatisÞedinductively sinceit holdsfor functions:ddϕ =

& n
i,j=1 (DDϕ)ijdxi-

dxj =
∂2ϕ

∂xi∂xj
dxi - dxj = 0. Furthermored commuteswith pullbackandtheLie

derivative: f$dω = d(f$ω) (andf$dω = d(f$ω) if f is a diffeomorphism)and
£ v(ω1 - ááá- ωk) = £ vω1 - ááá- ωk + ááá+ ω1 - ááá- £ vωk, whenced£ v = £ vd.

We occasionallyusethe convenientnotationof the contraction of ω with a
vectorv deÞnedby v!ω := ω(v, á, . . . , á). This is R-linearandC" (M )-linearin v.
Furthermorev!(ω - η) = (v!ω) - η + (&1)kω - (v!η) andv!df = £ vf and

(10.4.1) £ vω = v!dω + d(v!ω).

Finally f$v!f$ω = f$(v!ω) andf$v!f$ω = f$(v!ω) for any diffeomorphismf .

10.5. DeRham cohomology

Associatedwith formsis acohomologytheorywhichis basedonthefollowing
notionandtheorem:

DEFINITION 10.5.1. ω # !(
/ k T $M ) is saidto beclosedif dω = 0 andexact

if ω = dη for someη # !(
/ k! 1 T $M ).

Sinced2 = 0 everyexactform is closed.Locally theconverseholds:

THEOREM 10.5.2(Poincar«e Lemma). If ω is closedthenfor all p # M there
is a neighborhoodU of p onwhich ω is exact.

PROOF. We usethe homotopy trick (see??, ??): Assumep = 0 # Rn and
let vt(x) = x/t. vt generatesthe ßow ϕt(x) = tx for t > 0, sod/dt(ϕt)$ω =
(ϕt)$£ vtω = (ϕt)$(d(vt!ω)) = d((ϕt)$(vt!ω)) sincedω = 0, andω& (ϕt0)$ω =


