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AN OVERVIEW

1. Basic topology
a. Topological spaces.

DEFINITION 1.1. A fopological space (X, T) is a set X endowed with a collection
T C P(X) of subsets of X, called the topology of X, such that
() 2,XeT,
(2) if {Oa}taca C T thenJ, 4 On € 7 forany set A,
(3) if {0}, c Tthen N, 0, € T,
that is, 7 contains X and & and is closed under union and finite intersection.

We will usually omit 7 in the notation and will simply speak about “topological space
X assuming the that topology has been described.

1. Basic notions. The sets O € T are called open sets, and their complements are
called closed sets.

If x € X then an open set containing z is called a (open) neighborhood of x.

The closure A of a set A C X is the smallest closed set containing A, that is, A=
({C | A C CandC closed}. A set A C X is called dense (or everywhere dense) if
A= X.Aset AC X is called nowhere dense if X \ A is everywhere dense.

A point z is said to be an accumulation point of A C X if every neighborhood of x
contains infinitely many points of A.

A point x € A is called an interior point of A if A contains an open neighborhood of
x. The set of interior points of A is called the interior of A and is denoted by Int A. Thus
a set is open if and only if all of its points are interior points or, equivalently A = Int A.

A point z is called a boundary point of A if it is neither an interior point of A nor
an interior point of X \ A. The set of boundary points is called the boundary of A and is
denoted by OA. Obviously A = A U JA. Thus a set is closed if and only if it contains its
boundary.

A sequence {x;};en C X is said to converge to x € X if for every open set O
containing x there exists N € N such that {z;};~ny C O. Any such point x is called a
limit of the sequence.

More generally one speaks about convergence of {z; };c C X where F is an ordered
set, for example, R. See Bredon, Section 1.6 for a detailed discussion in great generality.

Let (X, T) be a topological space. A set D C X is said to be dense in X if D = X.

The space X is said to be separable if it has a finite or countable dense subset.

A point z € X is called isolated if the one—point set {«} is open.
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2. Base of a topology.

DEFINITION 1.2. A base for the topology 7 is a subcollection 3 C 7 such that for
every O € T and z € O there exists B € S suchthatxz € B C O.

Most topological spaces considered in analysis and geometry (but not in algebraic
geometry) have countable base. Such topological spaces are often called second countable.

A base of the neigbourhoods of a point x is a collection B of open neighbourhoods of
x such that any neighbourhood of x contain an element of B. If any point of a topological
space has a countable base of neighborhoods the space (or the topology) is called first
countable.

EXAMPLE 1.3. Eucleidean space R™ with the usual open and closed sets is a familiar
example. The open balls (open balls with rational radius, open balls with rational center
and radius) form a base. The latter is a countable base.

PROPOSITION 1.4. Every topological space with a countable space is separable.

PROOF. Pick a point in each element of a countable base. The resulting set is at most
countable. It is dense since otherwise the complement to its closure would contain an
element of the base. |

EXAMPLE 1.5. Consider Zariski topology on the real line R: nonempty open sets are
complements to finite sets. It is separable since it is weaker that the usual topology in R
(see below) but it does not have a countable base since any countable collection of open
sets have nonemply intersection and thus the complement to any point in that intersection
does not contain any element from this countable collection.

3. Comparison of topologies. A topology S is said to be finer or stronger than 7T if
T C S, coarser or weakerif S C T.

There are two extreme topologies on any set: the coarsest or weakest trivial topology
with only the whole space and the empty set being open and the strongest or finest discrete
topology where all sets are open (and hence closed).

EXAMPLE 1.6. An uncountable set with discrete topology is an example of a first
countable but not second countable topological space.

For any set X and any collection C of subsets of X there exists the unique weakest
topology for which all sets from C are open.

Any topology weaker than a separable topology is also separable since any dense set
in a stronger topology is also dense in a weaker one.

b. Basic constructions.

1. Induced topology. If Y C X then Y can be made into a topological space in a
natural way by taking the induced topology Ty :=={ONY | O € T}.
EXAMPLE 1.7. The topology induced from R"*! on the subset
n+1

{(x1,. -y Tn, Tpg1) : fo =1}
i=1

produces the (standard, or unit) n—sphere S™. For n = 1 it is called the (unit) circle which
is sometimes also denoted by T.



1. BASIC TOPOLOGY 3

2. Product topology. 1f (X4, 7,), a € A are topological spaces and A is any set, then
the product topology on [ [, 4 X is the topology generated by the base {J], On | Oa €
Ta, Oo # X, for only finitely many a}.

EXAMPLE 1.8. The standard topology in R™ coincides with the product topology on
the product of n copies of the real line R.

EXAMPLE 1.9. The product of n copies of the circle is called the n— torus and is
usually denoted by T™. The n— torus can be naturally identified with the following subset
of R?":

{(x1,...00n) 25 +a3, =1, i=1,...,n}
with induced topology.

EXAMPLE 1.10. The product of countably many copies of the two—point space, each
with discrete topology is one of the representations of the Cantor set (see Section 1g for a
detailed discussion).

EXAMPLE 1.11. The product of countably many copies of the unit interval is called
the Hilbert cube. 1t is the first interesting example of a Hausdorff space (Section 1d) “too
big” to sit inside (that is, to be homeomorphic to a subset of) any Euclidean space R".

3. Factor topology. Consider a topological space (X,7) and suppose there is an
equivalence relation ~ defined on X. Then there is a natural projection 7 to the set X
of equivalence classes. The identification space or factor space X/~ := (X,S) is the
topological space obtained by calling a set O C X open if 71(0) is open, that is, taking
on X the finest topology with which 7 is continuous.

EXAMPLE 1.12. Consider the closed unit interval and equivalence relation which
identifies the endpoints. Other equivalence classes are single points in the interior. The
corresponding factor space is another representation of the circle.

The product of n copies of this factor space gives another representation of the n—
torus.

EXERCISE 0.1. Describe the representation of the n—torus from the above example
explicitly as the identification space of the unit n—cube I™:

{(x1,...,zp) ER":0<2; <1, i=1,...n}

EXAMPLE 1.13. Consider the following equivalence relation in R"*1\ {0} :
(1, Tnt1) ~ (Y1, -, Yns1) ifand only if y; = Ax; foralli = 1,...,n + 1 with the
same real number A. The corresponding identification space is called the real projective
n—space and is denoted by RP(n).

A similar procedure where A has to be positive gives another representation of the
n—sphere S™.

EXAMPLE 1.14. Consider the following equivalence relation in C**1\ {0} :
(1, s Tnt1) ~ (Y1, -, Yns1) if and only if y; = Ax; foralléi = 1,...,n+ 1 with
the same complex number \. The corresponding identification space is called the complex
projective n—space and is detoted by CP(n).
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A cone over a space X is the space obtained from identifying all points of the form
(z,1)in (X x [0, 1], product topology).

REMARK 1.15. The notion of a “representation” of a topological space mentioned in
this subsection several times has not been rigorously defined. What it means is an existence
of a homeomorphism (Definition 1.16) between the topological spaces in question. A “nat-
ural representation” means that such a homeomorphism may be chosen in a particularly
simple and natural way.

c. Continuous maps and homeomorphisms.

DEFINITION 1.16. Let (X, T) and (Y, S) be topological spaces.

Amap f: X — Y is said to be continuous if O € S implies f~1(0) € T:

fis an open map if O € T implies f(O) € S;

f is @ homeomorphism if it is continuous and bijective with continuous inverse.

f is continuous at the point x if for any neigborhood A of f(z) in Y th the preimage
f~Y(A) contains a neigborhood of .

A map f from a topological space to R is said to be upper semicontinuousif f ~*(—oco,c) €
T forall c € R:

lower semicontinuous if f~1(c,00) € T for c € R.

EXERCISE 0.2. Proof that a map is continuous if and only if it is continuous at every
point.

If there is a homeomorphism X — Y then X and Y are said to be homeomorphic.

We denote by C°(X,Y") the space of continuous maps from X to Y and write C°(X)
for C°(X,R).

A property of a topological space that is the same for any two homeomorphic spaces
is said to be a fopological invariant.

EXAMPLE 1.17. The map E : [0,1] — S, E(x) = exp 2mix establishes a homeo-
morphism between the interval with identified endpoints (Example 1.12) and the unit circle
defined in Example 1.7.

EXERCISE 0.3. Describe a homeomorphism between the torus T™ (Example 1.9) and
the factor space described in Example 1.12 and the subsequentt exercise.

EXERCISE 0.4. Describe a homeomorphism between the sphere S™ (Example 1.7)
and the second factor space of Example 1.13.

EXERCISE 0.5. Prove that the real projective space RP(n) is homeomorphic to the
factor space of the sphere S™ with respect to the equivalence relation which identifies the
pairs of opposite points: z and —x.

EXERCISE 0.6. Consider the equivalence relation on the closed unit ball D" in R":
{(CCl,...,In) : fo < 1}
i=1

which identifies all points of 9D" = S™~! and does nothing to interior points. Prove
that the identification space is homeomorphic to S™.

EXERCISE 0.7. Show that CP(1) is homeomorphic to S2.
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Let Y be a topological space. For any collection F of maps from a set X to Y there
exists unique weakest topology on X which makes all maps from F continuous; this is
exactly the weakest topology with respect to which preimages of all open sets in Y under
the maps from F are open.

EXAMPLE 1.18. Zariski topology in R™ or S™ is the weakest topology for which
polynomials (corr. homogeneous polynomials) are continuous functions.

The notion of a topological space is very general. It is very useful as an “umbrella”
concept which allows to use certain elements of geometric language and the way of think-
ing in the broad variety of vastly different situations. However because of such generality
and elasticity of the concept very little can be said about topological spaces in full gener-
ality. Now we proceed to the discussion of various properties (and corresponding special
classes) of topological spaces which reflect different aspects of the familiar examples. All
properties introduced it the rest of this section are topological invariants.

In discussing these properties among other things we will look look how they behave
under continuous maps and under the three basic constructions: inducing, products and
factors.

d. Separation properties. These properties give one of several natural ways of mea-
suring measure how fine is a given topology.

DEFINITION 1.19. Let (X, 7) be a topological space.

(1) (X,7)is called a (T1) space if any point is a closed set. Egivalently for any pair
of points z1,x2 € X ther exists a neighborhood of x; which does not contain
ZIo.

(2) (X, T) is called a (T2) or Hausdorff space if for any two x1, x5 € X there exist
01,04 € T suchthat z; € O; and O1 N O = @.

(3) (X, 7) is called a (T4) or normal space if for any two closed X7, Xo C X there
exist 01,02 € 7 such that X; C O; and O1 N 09 = @.

It follows immediately from the definition of the induced topology that any of the
above separation properties is inherited by the induced topology on any subset.

EXERCISE 0.8. Prove that in a (T1) space any sequence has no more than one limit.

EXERCISE 0.9. Prove that the product of two (T1) (corr. Hausdorff) spaces is a (T1)
(corr. Hausdorff) space.

REMARK 1.20. We will see later (Section 1i) that even very naturally defined equiv-
alence relations in nice spaces may produce factor spaces with widely varying separation
properties.

A useful consequence of normality is the following extension result:

THEOREM 1.21. (Bredon, Theorem 10.4) If X is a normal topological space, Y C X
closed, and f:'Y — R continuous, then there is a continuous extension of f to X.

Most natural topological spaces which appear in analysis and geometry (but not in
various branches of algebra) are normal.
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EXAMPLE 1.22. Zariski topology on the real line (Example 1.5) is obviously (T1)
(the complement to any point is open) but not Hausdorff (any two nonempty open sets
have nonempty intersection).

An equivalent way to define this topology is to say that closed sets are sets of zeroes
of polynomials. This is the simplest example of a Zariski topology. Other simple examples
are defined in Euclidean space R™ where similarly closed sets are sets of zeroes of polyno-
mials or on the unit sphere S™ C R™*! where closed sets are defined as sets of zeroes of
homogeneous polynomials in 7 4 1 variables. One can also define Zariski topologies on
the real and complex projective spaces RP(n) and CP(n) (Example 1.13, Example 1.14)
via zero sets of homogeneous polynomials in n 4 1 real and complex variables correspond-
ingly.

Zariski topologies play an important role in algebraic geometry and the theory of al-
gebraic groups.

e. Compactness. {On}aca C 7T is called an open cover of X if X = (J,c 4 Oa.
and a finite open cover if A is finite.

DEFINITION 1.23. The space (X, 7') is called compact if every open cover has a finite
subcover;

(X, T) locally compact if every point has a neighborhood with compact closure;

(X, T) sequentially compact if every sequence has a convergent subsequence.

X is called o-compact if it is a countable union of compact sets.

EXERCISE 0.10. Prove that Zariski topology on R is compact but not sequentially
compact.

PROPOSITION 1.24. A closed subset of a compact set is compact.

PROOF. If K is compact, C C K is closed, and T is an open cover for C' then I' U
{K ~ C} is an open cover for K, hence has a finite subcover I' U {K ~ C}, so I is a
finite subcover (of I') for C. O

PROPOSITION 1.25. A compact subset of a Hausdorff space is closed.

PROOF. If X is Hausdorff and C' C X compact fix v € X \ C and foreachy € C
take neighborhoods Uy, of y and V,, of z such that Uy NV, = @. The cover |, U, D C
has a finite subcover {U,, | 0 < i < n} and hence N, :=(;_, V,, is a neighborhood of
x disjoint from C. Thus X \ C' = U,y N is open and C'is closed. O

PROPOSITION 1.26. A compact Hausdorff space is normal.

PROOF. First we show that a closed set K and a pointp ¢ K can be separated by open
sets. For x € K there are open sets O, U, such thatx € O,,p € U, and O, N U, = &.
Since K is compact there is a finite subcover O := |J_; O,, D K, and U := (/_, Uy,
is an open set containing p disjoint from O. Now suppose K, L are closed sets and for
p € L consider open disjoint sets O, D K, U, > p. By compactness of L there is a finite
subcover U:=J;_, Uy, D Land O:=(;_, Op, D K is an open set disjoint from U. [J

A collection of sets is said to have the finite intersection property if every finite sub-
collection has nonempty intersection.
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PROPOSITION 1.27. A collection of compact sets with the finite intersection property
has nonempty intersection.

PROOF. Itsuffices to show that in a compact space every collection of closed sets with
the finite intersection property has nonempty intersection. To that end consider a collection
of closed sets with empty intersection. Their complements form an open cover. Since it
has a finite subcover the finite intersection property does not hold. ]

DEFINITION 1.28. The one-point compactification of a noncompact Hausdorff space
(X,7T)is X := (X U{o0},S), where S :=T7 U {(X U{oo})\ K | K C X compact}.

EXERCISE 0.11. Show that the one-point compactification of a Hausdorff space X is
a compact Hausdorff space with X as a dense subset.

THEOREM 1.29 (Tychonoff Theorem). (Bredon, Theorem 8.9) The product of com-
pact spaces is compact.

This result is useful in many situations because often a useful topology can be viewed
as a product topology or is induced by a product topology. An obvious example is the
topology of pointwise convergence.

We will proof a particular case of Tychonoff Theorem for the product of two (and
hence finitely many spaces.

PROOF. Consider an open cover C of the product of two compact topological spaces
X and Y. Without loss of generality we can assume that every element of C is the product
of open subsets in X and Y. Since for each € X the subset {x} x Y with induced
topology is homeomorphic to Y and hence compact, one can find a finite subcollection
C, C C which covers {z} x Y.

Let for z,y) € X x Y, m(z,y) = x. Let Uy = (Ngep, m1(C); this is an open
neighborhood of x and since elements of O, are products, O, covers U, x Y. The sets
U, € X form an open cover of X. By compactness of X there is a finite subcover,
say {Uyg,,--., Uy, }. Then the union of collections Oy, , ..., O, form an open cover of
X xY. (]

PROPOSITION 1.30. The image of a compact set under a continuous map is compact.

PROOF. If C' is compact and f: C' — Y continuous and surjective then any open
cover I' of Y induces an open cover f.I':={f~(0) | O € I'} of C which by compactness
has a finite subcover {f~1(0;) | i = 1,...,n}. By surjectivity {O;}™_, is a cover for
Y. ]

A useful application of the notions of continuity, compactness, and separation is the
following result, sometimes referred to as invariance of domain:

PROPOSITION 1.31. A continuous bijection from a compact space to a Hausdorff
space is a homeomorphism.

PROOF. Suppose X is compact, Y Hausdorff, f: X — Y bijective and continuous,
and O C X open. Then C := X ~\ O is closed, hence compact, and f(C) is compact,
hence closed, so f(O) =Y ~ f(C) (by bijectivity) is open. O
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f. Connectedness and path connectedness.

DEFINITION 1.32. A topological space (X, 7) is said to be connected if no two dis-
joint open sets cover X ;

(X, T) is said to be path connected if for any two points xg, 1 € X there exists a
continuous curve ¢: [0, 1] — X with ¢(i) = x;, i = {0,1}.

1. Products and factors.
THEOREM 1.33. The product of two connected topological spaces is connected.

PROOF. Suppose X, Y are connected and assume that X x Y = AU B where A and
B are open and A N B = @. Then either A = X; x Y for some open X; C X or there
existsx € X suchthat {z} x YN A# @ and {2} xY N B # .

The former case is impossible since then B = (X \ X;) x Y and hence X = X; U
(X \ X1) is not connected.

In the latter case Y = ma({a} x Y N A) Um({z} x Y N B), thatis, Y is the union
of two disjoint open sets, hence not connected. Here for (z,y) € X x Y, ma(z,y) = y.
Obviously 7o restricted to {} x Y is a homeomorphism.

(]

EXERCISE 0.12. Prove that the product of two path connected spaces is path con-
nected.

The following property follows immediately from the definition of the factor topology
PROPOSITION 1.34. Any factor space of a connected topological space is connected.
2. Invariance under continuous maps.

THEOREM 1.35. A continuous image of a connected space X is connected.

PROOF. If the image is decomposed into the union of two disjoint open sets, the
preimages of theses sets which are open by continuity would give a similar decomposi-
tion for X. O

EXERCISE 0.13. Prove that a path-connected space is connected.

REMARK 1.36. The converse is false as is shown by the union of the graph of sin 1/x
and {0} x [—1,1] in R2.

3. Connected subsets and connected components. A subset of a topological space is
connected (path connected) if it is a connected (path connected) space in induced topology.

A connected component of a topological space X is a maximal connected subset of
X;

A path connected component of X is a maximal path connected subset of X;

PROPOSITION 1.37. Closure of a connected subset Y C X is connected.

PROOF. If Y = Y; UY, where Y3, Y5 are open and Y7 N Yy = @ then since the set
Y isdenseinits closure Y = (Y NY7) U (Y NYs) withboth Y NY; and Y N'Y7 open in
induced topology and nonempty. O

COROLLARY 1.38. Connected components are closed.
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PROPOSITION 1.39. Union of two connected subsets Y1,Ys C X such that Y1 Y5 #
@, is connected.

PROOF. We will argue by contradiction. Assume that Y N Y5 is the disjoint union of
of open sets Z; and Zs. If Z; D Y; then Yo = Z5 U (Z1 N Y3) and hence not connected.
Similarly it is impossible that Zo D Y;. Thus Y1 N Z; # &, i = 1,2 and hence Y7 =
(Y1 N Z1) U (Y1 N Z2) and hence not connected. O

4. Decomposition into connected and path connected components. For any topologi-
cal space there is a unique decomposition into connected components and a unique decom-
position into path connected components elements of these decompositions are equivalence
classes of the following two equivalence relations correspondingly:

(i) x is equivalent to y if there exists a connected subset Y C X which contains x
and y. In order to show that the equivalence classes are indeed connected components
one needs to prove that they are connected. For, if A is an equivalence class, assume that
A = Aj; U Ay where A; and A are disjoint and open. Pick 1 € A; and z9 € Ay and
find a closed connected set A3 which contains both points. But then A C (A; U A3) U Ay
which is connected by Proposition 1.39. Hence A = (A; U A3) U Az) and A is connected.

(ii) « is equivalent to y if there exists a continuous curve c¢: [0,1] — X with ¢(0) =
z, c(l) =y

Notice that the closure of a path connected subset may not be path connected.

g. Totally disconnected spaces and Cantor sets. On the opposite end from con-
nected spaces lie those spaces which do not have connected nontrivial connected subsets
at all. A topological space (X, 7T) is said to be fotally disconnected if every point is a
connected component. In other words, only connected subsets of X are single points.

Discrete topologies (all points are open) give trivial examples of totally disconnected
topological spaces. Another example is the set {0,1,1/2,1/3,...,} with topology in-
duced from the real line. More complicated examples of compact totally disconnected
space where isolated points are dense can be easily constructed.

Two very different examples are the set of rational numbers Q@ C R with induced
topology which is not locally compact, and the (standard, middle—third) Cantor set C".

o Ti ,
eR:x= —, z; €{0,2}, 1 =1,2,...}.
{z T ; 3 x; € {0,2}, @ }
The Cantor set is compact Hausdorff with countable base (it is a closed subset of
[0, 1]), and perfect (no isolated points). As it turns out it is a universal model for totally
disconnected spaces with such properties.

THEOREM 1.40. Any compact Hausdorff perfect topological space with countable
base which is totally disconnected is homeomorphic to the Cantor set C.

This theorem will be proven later using machinery of metric spaces (See Theorem 2.24).
For now we restrict ourselves to certain examples and particular cases which will be used
in the general proof.

EXAMPLE 1.41. The countable product of two point spaces with discrete topology is
homeomorphic to the Cantor set. To see that identify each factor in the product with {0, 2}
and consider the map (x1,x2,...) — > ., & where ,z; € {0,2}, i = 1,2,.... This
map is a homeomorphism between the product and the Cantor set.
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EXAMPLE 1.42. The product of two (and hence of any finite number) of Cantor sets
is homeomorphic to the Cantor set. This follows immediately since the product of two
countable products of two point spaces can be presented as such a product by mixing
coordinates.

EXERCISE 0.14. Show that the product of countably many copies of the Cantor set is
homeomorphic to the Cantor set.

PROPOSITION 1.43. Any compact perfect totally disconnected subset A of the real
line is homeomorphic to the Cantor set.

PROOF. The set A is bounded by compactness and nowhere dense (does not contain
any interval) since it is totally disconnected. Let m = inf A and M = sup A. We will
outline a construction of a strictly monotone function F' : [0,1] — [m, M] such that
F(C) = A. The set [m, M|\ A is the union of countably many disjoint intervals without
common ends (since A is perfect). Take of the intervals whose length is maximal (there are
finitely many of them); denote it by I. Define F' on the interval I as the increasing linear
map whose image is the interval [1/3,2/3]. Consider longest intervals I; and I to the
right and to the left to . Map them linearly onto [1/9.2/9] and [7/9, 8 /9] correspondingly.
the complement [m, M]\ (I; UI U I3) consists of four intervals which are mapped linearly
onto the middle third intervals of [0, 1] \ ([1/9.2/9] U [1/3,2/3] U[7/9,8/9] and so on by
induction Eventually one obtains a strictly monotone bijective map [m, M|\ A — [0,1]\C
which by continuity is extended to the desired homeomorphism. ]

EXERCISE 0.15. Prove that the product of countably many finite sets with discrete
topology is homeomorphic to the Cantor set.

h. Topological manifolds. At the other end of the scale from totally disconnested
spaces are the most important opbjects of algebraic and differential topology: the spaces
which locally look as a Euclidean space.

DEFINITION 1.44. A topological manifold is a Hausdorff space X with a countable
base for the topology such that every point is contained in an open set homeomorphic to a
ball in R™. A pair (U, h) of such a neighborhood and a homeomorphism h: U — B C R"
is called a chart or a system of local coordinates.

A topological manifold with boundary is a Hausdorff space X with a countable base
for the topology such that every point is contained in an open set homeomorphic to an open
setin R"~! x [0, 00).

An open subset of a topological manifold is a topological manifold.

If X is connected then n is constant. In this case it is called the dimension of the
topological manifold. Invariance of the dimension (in other words, the fact that R™ or
open sets in those for different n are not homeomorphic) is one of the basic and not trivial
facts of topology.

Path connectedness and connectedness are equivalent for topological manifolds.

EXAMPLE 1.45. The n—sphere S™, the n—torus T™ and the real projective n—space
RP(n) are examples of n dimensional connected topological manifolds; the complex pro-
jective n—space CP(n) is a topological manifold of dimension 2n.
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EXAMPLE 1.46. Let F' : R™ — R be a continuously differentiable function and let
c be a noncritical value of F, that is, there are no critical points at which the value of F’
is equal to c. Then F~!(c) (if nonempty) is a topological manifold of dimension n — 1.
Similarly F~((—o0, c]) is an n—dimensional topological manifold with boundary.

i. Orbit spaces for group actions. An important class of factor spaces appears when
the equivalence relation is given by an action of a group X by homeomorphisms of a
topological space X . Equivalence classes are orbits of such a group.

The identification space in this case is denoted by X/G and called the guotient of X
by G.

The main issue here is that in general the identification space even for a nice looking
group of homeomorphisms of a good (for example, locally compact normal with countable
base) topological space may not have good separation properties. (T1) property foor the
identification space is easy to decide: every orbit of the action must be closed. On the
other hand, there does not seem to be a natural necessary and sufficient condition for the
factor space to be Hausdorff. Some useful sufficient conditions will appear in the context
of metric spaces.

Still, lots of important spaces appear naturally as such identification spaces.

EXAMPLE 1.47. Consider the natural action of the integer lattice Z" by translations in
R™. The orbits are translates of the integer lattice Z". The factor space is homeomorphic
to the torus T".

An even simpler situation produces a very interesting example.

EXAMPLE 1.48. Consider the action of the cyclic group of two elements on the sphere
S™ generated by the central symmetry: Ix = —z. The factor space is naturally identified
with the real projective space RP(n).

EXERCISE 0.16. Consider the cyclic group of order ¢ generated by the rotation of the
circle by the angle 27 /q. Prove that the identification space is homeomorphic to the circle.

EXERCISE 0.17. Consider the cyclic group of order ¢ generated by the rotation of
the plane R? around the origin by the angle 27/q. Prove that the identification space is
homeomorphic to R2.

EXERCISE 0.18. [Hopf fibration] Consider the unit sphere in C?:
{(z1,22) : |21 + |2 = 1
and the action H of the circle on it by the scalar multiplication: For A € S et Hy, (21,22) =

()\21, /\2’2)
Prove that the identification space is homeomorphic to S2.

Now we procced to show some examples where the identification spaces are not so
nice.

EXAMPLE 1.49. Consider the following action A of R on R?: fort € Rlet A;(x,y) =
(z + y,y). The orbit space can be identified with the union of two coordinate axis: every
point on the x-axis is fixed and every orbit away from it intersects the y-axis at a single
point. However the factor topology is weaker than the topology induced from R? would
be. Neighborhoods of the points on the y-axis are ordinary but any neighborhood of a point
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on the z-axis includes a small open interval of the y-axis around the origin. Thus points on
the z-axis cannot be separated by open neighborhoods and the space is (T1) (since orbits
are closed) but not Hausdorff.

An even weaker but still nontrivial separation property appears in the following exam-
ple.

EXAMPLE 1.50. Consider the action of Z on R generated by the map x — 2x. The
factor space can be identified with the union of the circle and an extra point p. Induced
topology on the circle is standard. However, the only open set which contains p is the
whole space!

Finally let us point out that if all orbits of an action are dense then the factor topology
is obviously trivial: no invariant open sets other than & and the whole space. Here is a
concrete example.

EXAMPLE 1.51. Consider the action 7" of QQ, the additive group of rational number on
R by translations: for » € Q and = € R let T.(x) = = + r. The orbits are translations of
@, hence dense. Thus the factor topology is trivial.
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2. Metric spaces

a. Uniform structures. The general notion of topology does not allow to compare
neighborhoods of different points. Such a comparison is quite natural in various geometric
contexts. The most general setting for such a comparison is that of a uniform structure. The
most common and natural way for a uniform structure to appear is via a metric, although
there are other important situations such as topological groups. Also as in turns out a
Hausdorff compact space carries a natural uniform structure which in the separable case
can be recovered from any metric generating the topology.

b. Definition and basic constructions.
1. Definition of a metric space.

DEFINITION 2.1. If X isasetthend: X x X — R is called a metric if

() d(x,y) = d(y, z) (symmetry),

(2) d(z,y) =0 & x = y (positivity),

3) d(z,y) + d(y, z) > d(z, z) (the triangle inequality).
If d is a metric then (X, d) is called a metric space. The set B(z,r):={y € X | d(z,y) <
r} is called the (open) r-ball around x. The set B.(z,7) = {y € X | d(z,y) < r}is
called the closed r-ball around z.

2. Metric topology. O C X is called open if for every x € O there exists r > 0
such that B(x,r) C O. It follows immediately from the definition that open sets satisfy
Definition 1.1. Topology thus defined is sometimes called the metric topology or topology,
generated by the metric d. Naturally different metrics may define the same topology.

Notice that the closed ball B.(x,r) contains the closure of the open ball B(x,r) but
may not coincide with it (Just consider the integers with the the standard metric: d(m,n) =
|m — nl.)

Open balls as well as balls or rational radius or balls of radius r,, n = 1,2, ... where
ry, congerges to zero form a base of the metric topology. Thus metric topology is always
first countable. It is second countable if the space is separable since balls of the any of the
above form centered at the points of a dense set also form a basis of the topology.

Thus the closure of A C X hasthe form A = {z € X |Vr >0 B(x,r)NA# @}.
For any closed set A and any point x € X the distance from x to A,

d(z, 4) = inf d(z.y)

is defined. It is positive if and only if z € X \ A.

Let ¢ : [0,00] — R be a nondecreasing, continuous, concave function such that
¢ 1({0}) = {0}. If (X,d) is a metric space than ¢ o d is another metric on d which
generates the same topology.

It is interesting to notice what happens if a function d as in Definition 2.1 does not
satisfy symmetry or positivity. In the former case it can be symmetrized producing a metric
ds(x,y):=max(d(z,y),d(y, x)). In the latter by the symmetry and triangle inequality the
condition d(z,y) = 0 defines an equivalence relation and a genuine metric is defined in
the space of equivalence classes. Note that some of the most impotrant notions in analysis
such as spaces LP of functions on a measure space are actually such factor spaces.

For metric spaces the converse to Proposition 1.4 is also true.
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PROPOSITION 2.2. Every separable metric space has countable base.

PROOF. By the triangle inequality every open ball contains an open ball around a
point of a dense set. Thus for a separable spaces balls of rational radius around points of a
countable dense set form a base of the metric topology. (]

3. Induced metric. Any subset A of a metric space X is a metric space with an in-
duced metric d 4, the restriction of d to A x A. Diameter of a set in a metric space is the
supremum of distances between its points; it is often denoted by diam A. The set A is
called bounded if it has finite diameter.

4. Metrics in product spaces. For the product of finitely many metric spaces there
are various natural ways to introduce a metric. Let ¢ : ([0,00])™ — R be a continuous
concave function nondecreasing in each variable and such that o ~1({0}) = {(0,...,0)}

Given metric spaces (X;,d;), i =1,...,nlet

d?:=@(dy,...,dn) : (X1 x ... X)) x (X1 x...X,) = R

EXERCISE 0.1. Prove that d¥ defines a metric on X; X ... X,, which generates the
product topology.

Here are examples which appear most often:
The maximum metric corresponds to

O(t1, ... tn) = max(ty,...,tn).

The [P metric for 1 < p < oo corresponds to
P(t1, .o tn) = (5 4+ 12)1/P,

Two particularly important cases of the latter are t = 1 and ¢ = 2; the latter produces
Euclidean metric in R™ from the standard (absolute value) metrics on n copies of R.

For the countable product of metric spaces various metrics generating the product
topology can also be introduced. One class of such metrics can be produced as follows.
Let ¢ : [0,00] — R be as above and let a1, ag, . .. be a suquence of positive numbers such
that the series Y-, a, converges. Given metric spaces (X1, d1), (X2,d2) ... consider
the metric d on [~ , defined as

d((‘rlv:r?v s )7 (y17y27 s )) = Z an(/)(dn(xnv yn))
n=1

EXERCISE 0.2. Prove that d is really a metric and that the corresponding metric topol-
ogy coincides with the product topology.

c. Maps between metric spaces. Let (X, d), (Y,dist) be metric spaces. A map
f+ X — Y is said to be uniformly continuous if for all ¢ > 0 there is a § > 0 such
that for all z,y € X with d(z,y) < § we have dist(f(z), f(y)) < €. A uniformly contin-
uous bijection with uniformly continuous inverse is called a uniform homeomorphism. It is
not hard to show that a uniformly continuous map from a subset of a metric space uniquely
extends to the closure.

A family F of maps X — Y is said to be equicontinuous if for every z € X and
e > 0 there is a § > 0 such that d(z,y) < ¢ implies dist(f(z), f(y)) < eforally € X
and f € F.
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A map f: X — Y is said to be Holder continuous with exponent «, or a-Holder, if
there exist C, € > 0 such that d(x,y) < e implies d(f(z), f(y)) < C(d(x,y))®, Lipschitz
continuous if it is 1-Holder, and biLipschitz if it is Lipschitz and has a Lipschitz inverse.

It is called an isometry if d(f(z), f(y)) = d(x,y) forall z,y € X.

Two metric spaces are uniformly equivalent if there exists a homeomorphism between
the spaces which is uniformly continuous together with its inverse.

EXAMPLE 2.3. The open interval and the real line are homeomorphic but not uni-
formly equivalent.

Metric spaces are Holder equivalent if there there exists a homeomorphism between
the spaces which is Holder together with its inverse.

Metric spaces are Lipschitz equivalent if there exists a biLipschitz homeomorphism
between the spaces.

EXAMPLE 2.4. Consider the standard middle—third Cantor set C' and the subset C of
[0, 1] obtained by a similar procedure but with taking away at every step the open interval in
the middle of one half of the length. These two sets are Hélder equvalent but not Lipschitz
equivalent.

EXERCISE 0.3. Find a H6lder homeomorphism with Hélder inverse in the previous
example.

EXERCISE 0.4. Prove that the identity map of the product space is biLIpschitz home-
omorphism between the space provided with the maximal metric and with any [P metric.

Metric spaces are isometric if there exists a homeomorphism between the spaces
which is an isometry (in this case the inverse is obviously an isometry too.)

EXAMPLE 2.5. The unit square (open or closed) is Lipschitz equivalent to the unit
disc (corr. open or closed) dut not isometric to it.

EXERCISE 0.5. Consider the unit circle with the metric induced from the R? and
the unit circle with the angular metric. Prove that these two metric spaces are Lipschitz
equivalent but not isometric.

d. Cauchy sequences and completeness.

1. Definition and basic properties.

DEFINITION 2.6. A sequence {x;};en is called a Cauchy sequence if for all € > 0
there exists an NV € N such that d(z;, x;) < € whenever 4, j > N; X is said to be complete
if every Cauchy sequence converges.

PROPOSITION 2.7. Any metric space unifromly equivalent to a complete space is
complete.

PROOF. A uniformly continuous map obviously takes Cauchy sequence into Cauchy
sequences. (]

EXERCISE 0.6. Prove that an open interval, an open half-line and the whole line are
mutually not unifromly equivalent.
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PROPOSITION 2.8. A subset A of a complete metric space X is a complete metric
space with respect to induced metric if and only if it is closed.

PROOF. For a closed A € X the limit of any Cauchy sequence in A belong to A. If
A is not closed take a sequence in A converging to a pointin A \ A. It is Cauchy but does
not converge in A. |

The following basic property of complete spaces is used in the next two theorems.

PROPOSITION 2.9. Let Ay D Az D ... be a nested sequence of closed sets in a
complete metric space, such that diam A,, — 0 asn — oco. Then (., A, is a single
point.

PROOF. Since diam A,, — 0 the intersection cannot contain more than one point.
Take a sequence x,, € A,,. Itis Cauchy since diam A,, — 0. Its limit = belongs to A,, for
any n. By closeness of the sets x € A,, for any n. O

2. Tha Baire category theorem.

THEOREM 2.10 (Baire Category Theorem). In a complete metric space a countable
intersection of open dense sets is dense. The same holds for a locally compact Hausdorff
space.

PROOF. If {O;};en are open and dense in X and & # By C X is open then induc-
tively choose a ball B; 1 of radius at most €/ such that Bi“ C Oj+1 N B;. The centers
converge by completeness, so @ # [, B; C Byn (; O;. For locally compact Hausdorff
spaces take B; open with compact closure and use the finite intersection property. |

Baire Theorem motivates the following definition. If we want to mesure massivenes
of sets in a topological or in particular metric space we may assume that nowhere dense are
small and their complements are massive. the next step is to consider countable unions of
nowhere dense sets; such sets are called sets of first (Baire) category; The Baire category
theorem asserts that at least for complete metric spaces such sets still can be viewed as
small since they cannot fill any open set.

3. Minimality of the Cantor set.

THEOREM 2.11. Any uncountable separable complete metric space X contains a
closed subset homeomorphic to the Cantor set.

PROOF. First consider the following subset
Xy := {2 € X|any neigbourhood of 2 contains uncountably many points}
Notice that the set X is perfect ,that is, it is closed and contains no isolated points.
LEMMA 2.12. The set X \ X is countable.

PROOF. (of the lemma) For each point x € X \ X, find a nighborhood from a
countable base which contains at most countably many points (Proposition 2.2). Thus
X\ X is covered by at most countably many sets each containing at most countably many
points. O

Thus the theorem would follow form the following fact.
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PROPOSITION 2.13. Any perfect complete metric space X contains a closed subset
homeomorphic to the Cantor set.

PROOF. (of the proposition) Pick two points 2o # x1 in X and let dg := d(zq, x1).
Let X; := B(l‘i, (1/4)d0), i=0,1and Cy := Xo U X;.

Then pick two different points z; o, x;,1 € Int X;, ¢ = 0, 1. Such choices are possible
because any open set in X contains infinitely many points. Notice that d(x; 0, 2,1) <
(1/2)d0 Let Yvil)iz = B(l‘il’iz, (1/4)d(3§‘i1)0, xil’l))7 ’il, ig = 07 1, Xil,iz = Y;hiz n Cl
and Cy = X070 U XO,l U X170 U Xl,l- Notice that diam(Xihiz) < d0/2

Proceed by induction. Having constructed

C, = U X in

ilv“nine{oxl}

with diam X;, ;. < do/2" pick two differentpoints x;, .. ;, oandx;, . ; 1inInt X, ;.

in,o-,zil,m,in,l)/zl"

and let Y;17~~~,in,in+1 = B(mi1,---7in7in+1,d(ﬂﬁi1
Xily»»»,in-,in+1 = }/il-,- N Cyp and

seees

--7in=in+1
Cn"l‘l = U 'Xilx~~~;7;n;7;n+1'
i1 5eensin,int1€{0,1}

Since diam X;, . ;. < dy/2", each infinite intersection

m Xi17~~~;i71;~~~

1,000, -€{0,1}

is a single point byProposition 2.9. The set C' := ﬂff:l C,, is homeomorphic to the count-
able product of the two point sets {0, 1} via the map

ﬂ Xil,...,in,... — (Zl,,ln)

i1 ey, €{0,1}

By Example 1.41 C' is homeomorphic to the Cantor set. (]
The theorem is thus proved. 0

e. Completion. Completeness is an important property since it allows us to perform
limit operations which arise frequently in our constructions. Notice that it is not possible
to define a notion of Cauchy sequences in an arbitrary topological space since one lacks
the possibility of comparing neighborhoods at different points. Here the uniform structure
provides the most general natural setting. A metric space can be made complete in the
following way:

DEFINITION 2.14. If X is a metric space and there is an isometry from X onto a
dense subset of a complete metric space X then X is called the completion of X.

THEOREM 2.15. For any metric space X there exists a completion unique up to an
isometry which commutes with the embeddings of X into a completion.

PROOF. The process mimics the well-known from basic real analysis construction of
real numbers as the comletion of rationals. Namely the elements of the completion are
equivalence classes of Cauchy sequences by identifying two sequences if the distance be-
tween corresponding elements converges to zero. The distance between two (equivalence
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classes of) sequences is defined as the limit of the distance between corresponding ele-
ments. The isometric embedding of X into the completion is given by identifying element
of X with constant sequences. Uniqueness is obvious by definition since by uniform con-
tinuity the isometric embedding of X to any completion extends to an isometric bijection
of the standard completion. 0

f. p-adic completions of integers and rationals. This is an example which rivals the
construction of real numbers in its importance for various areas of mathematics, especially
to the number theoery and algebraic geometry. Unlike the construction of the reals it gives
infinitely many differnt nonisometric completions of the rationals.

Let p be a positive prime number. Any rational number r can be represented as pm§
where m is an integer and k and [ are integers realtively prime with p. Define the p-adic
norm |||, := p~™ and the distance d,,(r1,72) := ||r1 — r2||p-

EXERCISE 0.7. Show that p-adic norm is multiplicative: ||r1 - r2||, = ||71|pll72]|p-
PROPOSITION 2.16. Forri,re,13 € Q, dp(ri,73) < max(dp(ri,72),dp(r2, r3))

REMARK 2.17. A metric satisfying this property (which is stronger than the triangle
inequality) is called an ultrametric.

PROOF. Since ||7||,= || — ||, the statement follows from the property of p-norms:
71+ 72llp < I71llp + lIr2lp-

To see this write r; = p;”%, 1 = 1,2 with k; and [; relatively prime with p and assume
without loss of generality that my > m;. We have
kilo +p™2™ ™ kaly
1+ 712 =py’
l1ls
The numerator k1ly + p™2~ "1 ksl; is an integer and if mo > m; it is relatively prime with
p. In any event we have ||r1 + 2|, < p~™ = ||r1]|, = max(||r1|p, |72llp)- O

Proposition 2.16 and the multiplicativity prorerty of the p-adic norm allow to extend
correspondingly the addition and the multiplication from Q to the completion. This is done
in exacly the same way as in the real analysis for real numbers. Existence of the opposite
and inverse (the latter for a nonzero element) follow. Thus the completion becomes a field
which is called the field of p-adic numbers and is usually denoted by Q,,. Restricting the
procedure to the integers which always have norm < 1 one obtains the subring of QQ,, which
is called the ring of p-adic integers and is usually denoted by Z,,.

The topology of p—adic numbers is once again indicates the importance of the Cantor
set.

PROPOSITION 2.18. The space Z, is homeomorphic to the Cantor set; Zy, is the unit
ball (both closed and open) in Q.
The space Q,, is homeomorphic to the disjoint countable union of Cantor sets.

PROOF. We begin with the integers. For any sequencea = {a, } € [],—,{0,1...,p—
1} the sequence of integers

kn(a) = Z anp’
i=1
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is Cauchys; for different {a,, } these sequences are non equivalent and any Cauchy sequence
is equivalent to one of these. Thus the correspondence [[>” {0,1...,p—1} — Z,, given
by

{an} — the equivalence class of k,,(a)

is a homeomorphism. The space [[ - ,{0,1...,p— 1} can be mapped homeomorphically
to a nowhere dense perfect subset of the interval by the map

{antnz: — Z an(2p — 1)_i
n=1

. Thus the statement about Z,, follows from Proposition 1.43.

Since Z is the unit ball (open and closed) around 0 in the matric d,, and any other point
is at a distance atleast 1 from it, the same holds for the completions.

Finally any rational number can be uniquely relresented as k + > | a;p~* where k
is an integer and a; € {0,...,p — 1}, i = 1,...,n. If the corresponging finite sequences
a; have different length or do not coinside the p-adic distance between the rationals is at
least 1. Passing to the completion we see that any x € Q, is uniquely represented as
k+ 3" a;p~* with k € Z,. with pairwise distances for different a;’s at least one. [

g. Separation properties.
PROPOSITION 2.19. Any metric space is normal as a topological space.

PROOF. For two disjointclosed sets A, B € X let O4:={z € X | d(z, A) < d(z, B)
and Op :={z € X | d(z, B) < d(z, A). this sets are open disjoint and contain A and B
correspondingly. ]

A topological space is said to be metrizable if there exists a metric on it that gener-
ates the given topology. The following Urysohn Metrization Theorem gives nesessary and
sufficient conditions for metrizability for second countable topological spaces. It follows
from Proposition 1.26 and Theorem 9.10 from Bredon.

THEOREM 2.20. A normal space with a countable base for the topology, hence any
compact Hausdorff space with a countable base, is metrizable.

h. Compact metric spaces.
1. Sequential compactness.
PROPOSITION 2.21. Any compact metric space is complete.

PROOF. Suppose the opposite, that is, X is a compact metric space and a Cauchy
sequence x,, n = 1,2,... does not converge. By taking a subsebuence if necessary we
may assume that all points z,, are different. The union of the elemnts of the sequence is
closed since the sequence does not converge. Let

On= X\ U {an)

These sets form an open cover of X but since they are increasing there is no finite
subcover. O
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For metric spaces there is a familiar characterization of compactness.

PROPOSITION 2.22. A metric space is compact if and only if every sequence has a
congerving subsequence.

PROOF. Suppose f is compact. By Proposition 2.21 it is sufficient to show that every
sequence has a Cauchy subsequence. Take a sequence z,,, n = 1,2,... and consider
the cover by all balls of radius 1. Since it has a finite subsover there is a ball of radius 1
which contains infinitely many elements of the sequence. Consider only these elements
as a subsequence. Take cover by all balls of radius 1/2, choose a finite subcover and a
subsequence which lies in a single ball of radius 1/2. Continuing by induction we find
nested subsequences of the original sequence which lie in balls of radius 1/2™. Using the
standard diagonal process we construct a Cauchy subsequence.

To prove the reverse implication let us first show that the space must be separable.
This implies that any cover contains a countable subcover since the space has countable
base. If the space is not separable than there exists an € > 0 such that for any countable
(and hence finite) collection of points there is a point at the distance greater than e from
all of them. This allows to construct by induction a sequence of points which are pairwise
more than e apart. Such a sequence obviously does not contain a converging subsequence.

Now assume there is an open countable cover {01, Os, ... } without a finite subcover.
Take the union of the first n elements of the cover and a point z,, outside of the union. The

sequence T, n = 1,2,... thus defined has a converging subsequence z,, — z. Butx
belong to a certain element of the cover, say O . Then for a sufficinetly large k, ni > N
hence z,, ¢ O, a contradiction to convergence. O

2. Lebesgue number.

PROPOSITION 2.23. For an open cover of a compact metric space there exists a num-
ber § such that every 6-ball is contained in an element of the cover.

PROOF. Suppose the opposite. Then there exists a cover and a sequence of points
Z, such that the ball B(x,,,1/2") does not belong to any element of the cover. Take a
converging subsequence x,, — x. Since the point x is covered by an open set, aball of
radius r > 0 around z belongs to that element. But for k large enough d(z, x,, ) < r/2
and hence by the triangle inequality the ball B(zy,, ,7/2) lies in the same element of the
cover. ]

The largest such number is called the Lebesgue number of the cover.
3. Characterization of Cantor sets.

THEOREM 2.24. Any perfect compact totally disconnected metric space is homeo-
morphic to the Cantor set.

PROOF. In a totally disconnected metric space any point is contained inside a set of
arbitrally small diameter which is both closed and open. (see the next exercise) So consider
a cover of the space by such sets of diameter < 1. Take a finite subcover. Since any finite
intersection of such sets is still both closed an open by taking all possible intersection
we obtain a partition of the space into finitely many closed and open sets of diameter
< 1. Since the space is perfect no element of this partition is a point so a further division
is possible. Repeating this procedure for each set in the cover by covering it by sets of
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diameter < 1/2 we obtain a finer partition into closed and open sets of of diameter < 1/2.
Proceeding by induction we obtain a nested sequence of finite partitions into closed and
open sets of positive diameter < 1/2" n = 0,1,2,.... Proceeding as in the proof of
Proposition 1.43, that is, mapping elements of each partition inside a nested sequence of
contracting intervals, we constuct a homeomorphism of the space onto a nowhere dense
perfect subset of [0, 1] and hence by Proposition 1.43 our space is homeomorphic to the
Cantor set. ]

EXERCISE 0.8. Prove that in a totally disconnected metric space any point is contained
inside a set of arbitrally small diameter which is both closed and open.

4. Universality of the Hilbert cube.

THEOREM 2.25. Any compact separable metric space X is homeomorphic to a closed
subset of the Hilbert cube H.

PROOF. First by multiplying the metric by a constant if nesessary we may assume
that the diameter of X is less that 1. Pick a dense sequence of points 1,22 ... in X. Let
F: X — H be defined by

F(z) = (d(z,r1),dx, x2),...).

This map is injective since for any two distict points x and 2’ one can find n such that
d(z,z,) < (1/2)d(z’,x,) so that by the triangle inequality d(z,z,) < d(z’,z,) and
hence F'(x) # F(z'). By Proposition 1.30 F/(X) C H is compact and by Proposition 1.31
F is a homeomorphism between X and F(X). O

EXERCISE 0.9. Proof the infinite-dimensioanl torus T°°, the product of the countably
many copies of the unit circle, has the same universality property as the Hilbert cube, that
is, any compact separable metric space X is homeomorphic to a closed subset of T,

i. Spaces of continuous maps. If X is a compact metrizable topological space (for
example, a compact manifold), then the space C' (X, X)) of continuous maps of X into itself
possesses the C or uniform topology. It arises by fixing a metric p in X and defining the
distance d between f, g € C(X, X) by

d(f,g) = ggp(f(x)?g(w))-

The subset Hom(X) of C'(X, X) of homeomorphisms of X is neither open nor closed
in the C? topology. It possesses, however, a natural topology as a complete metric space
induced by the metric

-1 -1
du(f,g) :=max(d(f,9),d(f~",97"))-
If X is o-compact we introduce the compact—open topologies for maps and homeomor-
phisms, that is, the topologies of uniform convergence on compact sets.
We sometimes use the fact that equicontinuity gives some compactness of a family of
continuous functions in the uniform topology.

THEOREM 2.26 (Arzelda—Ascoli Theorem). Let X, Y be metric spaces, X separable,
and F an equicontinuous family of maps. If {fi}tien C F such that {f;(x)}ien has
compact closure for every x € X then there is a subsequence converging uniformly on
compact sets to a function f.
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Thus in particular a closed bounded equicontinuous family of maps on a compact
space is compact in the uniform topology (induced by the maximum norm).

Let us sketch the proof. First use the fact that {f;(z)};en has compact closure for
every point  of a countable dense subset .S of X. A diagonal argument shows that there
is a subsequence f;, which converges at every point of S. Now equicontinuity can be
used to show that for every point z € X the sequence f;, (z) is Cauchy, hence conver-
gent (since { f;(z) };cn has compact, hence complete, closure). Using equicontinuity again
yields continuity of the pointwise limit. Finally a pointwise convergent equicontinuous
sequence converges uniformly on compact sets.
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3. Elementary homotopy theory
a. Homotopy and homotopy equivalence.

DEFINITION 3.1. Two continuous maps hg, h;: X — Y between topological spaces
are said to be homotopic if there exists a continuous map h: [0,1] x X — Y (the homo-
topy) such that h(i,) = h; fori = 0,1. If ho(xz) = hy1(z) = p for some x € X then
ho,h1: X — Y are called homotopic rel p if h can be chosen such that h(-,z) = p. If
X = [0,1], ho(0) = h1(0), and ho(1) = hq(1) then we say that hg, hy are homotopic
rel endpoints if h(-,0) and h(-, 1) can be taken constant. h is called null-homotopic if it is
homotopic to a constant map. If hy, ho are homeomorphisms they are called isotopic if h
can be taken such that every h(t, -) is a homeomorphism.

Topological spaces X and Y are called homotopically equivalent if there exist maps
g: X =Y and h: Y — X such that g o h and h o g are homotopic to the identity.

A property of a topological space which is the same for any homotopically equivalent
space is called a homotopy invariant.

Obviously homeomorphic spaces are homotopically equivalent. Thus homotopy in-
variants represent a class of topological invariants some of which are amenable to more or
less straightforward calculations.

b. Contractible spaces.

DEFINITION 3.2. A topological space X is called contractible if it is homotopically
equivalent to a point.

Equivalently a space is contractible if the identity map is null-homotopic.
Contractible spaces are the simplest from the point of view of homotopy invariance.

PROPOSITION 3.3. Any contractible space is path connected.

PROOF. Let 21,22 € X where X is contractible. Take a homotopy h between the
identity and a constant map, to, say xo. Let

() = {h(z,2t) whent < 1,
"~ | A(y,2t—1) whent > 1.
Thus f is a continuous map of [0, 1] to X with f(0) =z and f(1) = y. O
PROPOSITION 3.4. Any convex subset of R™ is contractible.
PROOF. Let C be a convex set in R™ ant let g € C. define
h(z,t) = 20 + (1 — t)(x — zg).

By convexity for any ¢ € [0, 1] we obtain a map of C into itself. This is a homotopy
between the identity and the constant map to zg O

PROPOSITION 3.5. If X is contractible then for any topological space Y the product
X x 'Y is homotopically equivalent to X.

PROOF. If h : Y x [0,1] — Y is a homotopy between the identity and a constant
map of Y,that is, h(y,0) = y and h(y, 1) = yo Then for the map H := Idx xh one has
H(z,y,0) = (z,y) and H(z,y,1) = (x,yo) Thus the projection 7; : (z,y) — « and the
embedding i,, : © — (x,yo) provide a homotopy equivalence. O
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EXAMPLE 3.6. The circle S! and the cylinder S* x R are homotopically equivalent
but not homeomorphic.

c. Degree of a circle map. Contractible spaces are trivial from the homotopy equiv-
alence point of view. Now we will discuss the simplest nontrivial case where homotppy
invariants can be calculated. Recall the relation between the circle S = R/Z and the line
R. There is a projection 7: R — S!, z +— [z], where [z] is the equivalence class of x in
R/Z. Recall that [-] denotes an equivalence class, whereas the integer part of a number is
written |-|. We use {-} for the fractional part.

PROPOSITION 3.7. If f: St — S is continuous then there exists a continuous
F: R — R, called alift of f to R, such that

3.1 fom=mokF,

that is, f([z]) = [F(z)]. Such a lift is unique up to an additive integer constant and
deg(f) := F(x + 1) — F(x) is an integer independent of = € R and the lift F'. It is called
the degree of f. If f is a homeomorphism then | deg(f)| = 1.

PROOF. Existence: Pick a point p € S'. Then p = [z] for some 2y € R and
f(p) = [yo] for some yo € R. From these choices of xg and yg define F': R — R by
requiring that F'(zo) = yo, F is continuous, and f([z]) = [F'(z)] for all z € R. One can
construct such an F' by varying the initial point p continuously, which causes f(p) to vary
continuously. Then there is no ambiguity of how to vary = and y continuously and thus
F(x) = y defines a continuous map.

To elaborate, take § > 0 such that d([z], [z']) < § implies d(f([z]), f([z])) < 1/2.
Then we can define F on [z¢ — 9, 2 +0] as follows: If |x — x| < 6 then d(f([z]), q) < 1/2
and there is a unique y € (yo — 1/2,yo + 1/2) such that [y] = f([z]). Define F(z) = y.
Analogous steps extend the domain by another § at a time, until F' is defined on an interval
of unit length. (One needs to check some consistency.) Then f([z]) = [F'(z)] defines F on
R.

Uniqueness: Suppose F is another lift. Then [F(z)] = f([z]) = [F(z)] for all z,
meaning F—Fis always an integer. Because it is continuous it must be constant.

Degree: F(x + 1) — F(x) is an integer (now evidently independent of the choice of
lift) because [F(x + 1)] = f([z + 1]) = f([z]) = [F(x)]. By continuity F'(z + 1) —
F(z) =: deg(f) must be a constant.

Invertibility: If deg(f) = 0 then F(x + 1) = F(x) and thus F' is not monotone.
Then f is noninvertible because it cannot be monotone. If |deg(f)| > 1 then |F(x +
1) — F(x)| > 1 and by the Intermediate Value Theorem there exists ay € (z,z + 1) with
|F(y) — F(z)| = 1,hence f([y]) = f([z]), and [y] # [z], so f is noninvertible. O

PROPOSITION 3.8. Dergee is a homotopy invariant.

PROOF. The lift construction can be simultaneously applied to a continuous family of
circle maps to produce a continuous family of lifts. Hence degree have to change continu-
ously under homotopy. Since it is an integer it is in fact constant. (]

COROLLARY 3.9. The circle is not contractible.

PROOF. Degrees of any constant map is equal to zero and for the identity map it is
equal to one. |
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THEOREM 3.10. Degree is a complete homotopy invariant of circle self-maps: for
any m € Z any map of degree m is homotopic to the map

En:=x+— mz ( mod1).

PROOF. Obviouisluy the map E,, lifts to the linear map x — ma of R. On the other
hand every lift F’ of a degree m map f has the form F(x) = ma + H(x), where H is a
periodic function with period one. Thus the family of maps

Fi(x):=mx+ (1 —t)H(x)

are lifts of a continuous family of maps of S' which provide a homotopy between f and
E,,. O

EXERCISE 0.1. Any continuous map f : S* — S! has at least |deg f — 1| fixed
points.

d. Brouwer fixed point theorem. While degree theory for circle maps is quite el-
ementary it provides the tools for proving one of the most celebrated classical results in
topology.

THEOREM 3.11 (Brower fixed-point theorem in dimension two). Any continuous map
of a closed disc into itself (and hence of any space homeomorphic to the disc) has a fixed
point.

PROOF. We consider the standard closed disc
D? :={(z,y) € R? : 2® +y? < 1}.

Suppose f : D? — D? is a continuous map without fixed points. For p € D? consider the
open halfline beginning at F'(p) and passing through the point p. This halfline intersects
the unit circle S', which is the boundary of the disc D2, at a single point which we will
denote by h(p). Notice that for p € dD?, h(p) = p The map h : D?* — 9D? thus defined
is continuous by construction and is homotopic to the identity map Idp2 via the straight-
line homotopy H (p,t) = (1 — t)p + th(p). Now identify dD? with the unit circle S!;
Taking the composition of & with this identification we obtain a map D? — S which we
will denote by g. Let i : S — DD? be the standard embedding. We have

goi:S' — 8! =1Idg1, i0g=h ishomotopicto Idp: .

Thus the pair (i, g) gives a homotopy equivalence between §* and D?. But this is impossi-
ble since the disc is contractible and the circle is not (Corollary 3.9). Hence such a map h
cannot be constucted; this implies that F' has a fixed point at which the halfline in question
cannot be uniquely defined. g

EXERCISE 0.2. Any continuous map f : S? — S? has a fixed point or a point which
is mapped to the diamentriaclly opposite point

EXERCISE 0.3. Any continuous map f : RP(2) — RP(2) of the projective plane
into itself has a fixed point.

EXERCISE 0.4. Deduce the general form of the Brouwer fixed—point theorem:
Any continuous map of a closed n-disc into itself has a fixed point,
from the fact that the identity map on the sphere of any dimension is not null-homotopic.
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e. The fundamental group. Let M be a topological space p € M, and consider the
collection of curves c: [0,1] — M with ¢(0) = ¢(1) = p. If ¢1 and ¢o are such curves
then let c; - co be the curve given by

L Cl(2t) ift
a-elt)= {c2(2t —1) ift

PROPOSITION 3.12. Classes of curves as above homotopic rel endpoints form a group
with respect to the operation induced by -

PROOF. First notice that the operation is indeed defined on the homotopy classes. For,
if the paths ¢; are homotopic to é;, i = 1,2 via the maps h; : [0,1] x [0, 1] — M then the
map h, defined by

e s
ha(2t —1,5) ift > 5.

Obviously the role of the unit is played by the homotopy class of the constant map
¢o(t) = p. Then the inverse to ¢ will be the homotopy class of of the map ¢'(¢) :=c¢(1 —t).
What remains is to check thew associative law: (c1 - ¢2) - ¢3 is homotopic rel p to ¢; -
(c2) - ¢3) and to show that ¢ - ¢’ is homotopic to ¢g. In both cases the homotpy is done by
reparametrization in the preimage, that is, on the square [0, 1] x [0, 1].

For the associativity consider the following continuous map (“reparametrization”) of
the square into itself

: 1

(t(1+s),s) if0 <t <7,

R(t,s) =4 (t+2,s) if 1 <t<3,
(1- 5+ 15,8 if3<t<1.

Then the map ¢; - (¢c2 - ¢3) o R : [0,1] x [0,1] — M provides a homotopy rel p between
the curves ¢1 - (c2 - ¢3) and (¢1 - ¢2) - ¢3.

Similarly, a homotopy between c-¢’ and ¢g is given by ¢-¢’ oI where the reparametriza-
tion I : [0,1] x [0,1] — [0,1] x [0, 1] is defined as

: 1—s 1+s
I, ):{(t7s) if0<t<ize orlds <<,

(L52s) ifl5 <r< i,
Notice that while the reparametrization I is discontinuous along the wedge t = (1 £ s)/2

the map (¢ - ¢’) o I is continuous by the definition of ¢’. O

DEFINITION 3.13. The group described in Proposition 3.12 is called the fundamental
group 71 (M, p) of M at p.

PROPOSITION 3.14. If p and q belong to the same path connected component of M
then the groups w1 (M, p) and 71 (M, q) are isomorphic.

PROOF. Letp : [0,1] — M be a path connecting points p and g. It is natural to denote
the path p o S where S(t) = 1 — t by p~ 1. Itis also natural to extend the ” - ” operation
to path with different endpoints if they match properly. With thess convetions established
we associate to a path c: [0, 1] — M with ¢(0) = ¢(1) = p the path ¢/ := p~1 - ¢ - p with
¢ (0) = ¢/(1) = q. In order to finish the proof one needs to show that this correspondence
takes paths homotopic rel p to paths homotopic relg, respects the group operation and
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is bijective up to homotopy. These staments are proved using appropriate rather natural
reparametrizations similarly to the proof of Proposition 3.12. (]

Furthermore, it follows from the construction that different choices of the connecting
path p will produce isomorphisms between 71 (M, p) and 71 (M, ¢) which differ by an
inner automorphism of either group.

If in particular the space M is path connected (in the manifold case connectedness is
sufficient) then fundamental groups at all of its points are isomorphic and one talks simple
about the fundamenbtal group of M which is sometime denoted by 71 (M).

A path connected space with trivial fundamental group is said to be simply connected,
or sometimes 1-connected.

Since the fundamental group is defined modulo homotopy, it is the same for homo-
topically equivalent spaces, that is, it is a homotopy invariant. The free homotopy classes
of curves (that is, with no fixed base point) correspond exactly to the conjugacy classes of
curves modulo changing base point, so there is a natural bijection between the classes of
freely homotopic closed curves and conjugacy classes in the fundamental group.

Fundamental group behaves nicely with respect to some basic constructions.

PROPOSITION 3.15. If X and Y are path connected spaces then
7T1(X X Y) = 7T1(X) X 7T1(Y).
f. Covering spaces.

DEFINITION 3.16. If M, M’ are topological manifolds and w: M’ — M is a con-
tinuous map such that card 7 ~!(y) is independent of y € M and every € 7 !(y) has
a neighborhood on which 7 is a homeomorphism to a neighborhood of y € M then 7 is
called a coverinig map and M’ (or (M’, )) is called a covering (space) or cover of M. If
n = card 7~ 1(y) is finite then (M’ 7) is said to be an n-fold covering. If f: N — M
is continuous and F': N — M’ is such that f = 7 o F then F is said to be a lift of f. If
f: M — M is continuous and F': M’ — M’ is continuous such that f om = 7o F then F’
is said to be a /ift of f as well. A simply connected covering is called the universal cover.
A homeomorphism of a covering M’ of M is called a deck transformation if it is a lift of
the identity on M.

EXAMPLE 3.17. (R, exp(2mi(-))) is a covering of the unit circle. Geometrically one
can view this as the helix (> z) covering the unit circle under projection. The map
defined by taking the fractional part likewise defines a covering of the circle R/Z by R.

PROPOSITION 3.18. If w: M' — M and p: N' — N are covering maps then w x
p: M’ x N' — M x N. is a covering map

EXAMPLE 3.19. The torus T? = S* x S! is covered by the cylinder S x R which is
in turn covered by R2. Notice that the fundamental group Z of the cylinder is a subgroup
of that of the torus (Z2) and R? is a simply connected cover of both.

EXAMPLE 3.20. The maps E,,, |m| > 2 of the circle define coverings of the circle
by itself.

See Bredon, Chapter 3, in particular, Section 3.8 for a detailed discussion. For the
time being we give just a short summary.
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As it turns out the structure of all covering spaces of a given connected manifold M
can be completely described algebraically through the fundamental group There is a nat-
ural bijection between conjugacy classes of subgroups of 71 (M) and classes of covering
spaces modulo homeomorphisms commuting with deck transformations. In particular the
universal cover is unique. This bijection can be described as follows. Suppose (M’, )
is a covering of M and zo,z1 € 7 '(y). Since M’ is path connected there are curves
c: [0,1] — M’ with ¢(i) = «; for i = 1,2. Under 7 these project to loops on M. Any
continuous map induces a homomorphism between the fundamental groups. Any continu-
ous map possesses a lift, so a homotopy of the loop 7 o ¢ rel y can be lifted to a homotopy
of the curve c and since by hypothesis 7~ (y) is discrete, this homotopy is a homotopy rel
endpoints. In particular homotopic curves project to homotopic curves and, by consider-
ing the case x1 = x2, the fundamental group of M’ injects into the fundamental group of
M as a subgroup. This is the subgroup corresponding to the covering. Furthermore this
subgroup is a proper subgroup whenever 7 is not a homeomorphism, that is, the cover is
a nontrivial covering. Thus a simply connected space has no proper coverings. One can
also see that any two coverings M, and M} of M have a common covering M", so the
universal cover is unique. Any topological manifold has a universal cover.
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4. Real and complex differentiable manifolds; A first introduction
a. Real differentiable manifolds.

DEFINITION 4.1. A n-dimensional topological manifold M is called an n-dimensional
differentiable manifold if it is covered by a family 2 = {(U;, h;)}; of charts such that for
any two charts (Uy, h1) and (Us, ho) in A with h;: U; — B; C R"™ the coordinate change
hso o hfl is differentiable on hy (U3 N Uz2) C Bj. Here differentiable can be taken to mean
C" for any » € N U oo, or analytic. A collection of such charts covering M is called an
atlas of M. Any atlas defines a unique maximal atlas by taking all charts compatible with
the present ones. A maximal atlas is called a differentiable structure.

One should note that the differentiable structure is obtained in a different way from
the topological structure: The latter is given a priori, whereas a differentiable structure is
obtained from R"” via a compatibility condition on charts.

1. Examples.

EXAMPLE 4.2. R" is a smooth manifold with the identity as a chart, as are its open
subsets.

An interesting example of this kind is obtained by viewing the linear space of n x n
matrices as R"". The condition det A # 0 then defines an open set, hence a manifold,
which is familiar as the general linear group GL(n,R) of invertible n x n matrices.

Simple smooth curves and surfaces in R™ are manifolds: Any local piece of the pa-
rameterization gives a chart (its inverse).

EXAMPLE 4.3. The standard sphere S? C R? is a manifold (as charts one can take the
six parallel projections of hemispheres to coordinate planes or the stereographic projections
of the sphere minus a pole).

EXAMPLE 4.4. The embedded torus (doughnut) is a manifold via any pieces of the
parameterization.

Note that also nonsmooth curves can be viewed as smooth manifolds, for example, a
simple curve with a corner (like “.”) is homeomorphic to R, so this single global chart
defines a differentiable structure. Of course this structure is incompatible with the ambient

one so this example is not a smooth submanifold of R".

2. Manifolds defined by equations. Joint level sets of smooth functions into R or R™
corresponding to regular values, are an interesting general class of manifolds. Charts are
provided by the implicit function theorem. Examples are the sphere in R™ and the special
linear group SL(n,R) of n X n matrices with unit determinant. Viewing the space of n x n
matrices as R"* we obtain S L(n,R) as the manifold defined by the equation det A = 1.
One can check that 1 is a regular value for the determinant. Thus this is a manifold defined
by one equation. Examples of manifolds defined by several equations are the symplectic
0 Id

group of matrices A satisfying AJA! = J, where J = (_ d 0

), and the orthogonal

group of matrices A satisfying AA? = Id.
Let us quickly look how this notion behaves with respect to the basic constructions.
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3. Submanifolds.

DEFINITION 4.5. A submanifold V' of M (of dimension k& < n) is a differentiable
manifold that is a subset of M such that the maximal atlas for M contains charts {(U, h)}
for which the induced maps h Fray On U NV mapto R*¥ x {0} € R™ and define charts
for V' compatible with the differentiable structure of V.

EXAMPLE 4.6. An open subset of a differentiable manifold M with the induced atlas
is a submanifold of dimension n.

A function f: M — R is said to be differentiable if f o h=! is differentiable on
B C R™ for any chart (U, h). We denote by C" (M) the functions that are C" in this sense.

Manifolds defined by equations are by construction examples of submanifolds. Con-
versely every smooth manifold can be viewed as a submanifold of R™ in a way described
after Definition 4.8.

4. Direct products.

5. Factor-spaces. lIdentification spaces can also be smooth manifolds, for example,
the unit circle viewed as R/Z, the torus R™/Z"™, or compact factors of the hyperbolic
plane. In either case the obvious charts that give these spaces the structure of a topological
manifold are smoothly compatible. Conversely a smooth structure on a manifold always
lifts to a smooth structure on any cover.

b. Partition of unity and paracompactness. An important result for analysis on
manifolds is the fact that (using our assumption of second countability, that is, that there is
a countable base for the topology) every smooth manifold admits a partition of unity, which
is defined as follows and will be used later to define the volume element of a manifold:

DEFINITION 4.7. A partition of unity is a collection {(U;, 1;)}ic1, where {U;} is a
locally finite open cover and ©; € C°°(M) is nonnegative and has compact support in
U;, such that ), ¢; = 1. It is said to be subordinate to a cover {O;};c if every U is
contained in some O;.

c. Derivatives and the tangent bundle. The derivative of functions can be calculated
in coordinates, of course. But there is an invariant way of defining it using a local linear
structure, that is, tangent vectors. This is obtained exactly by differentiating:

DEFINITION 4.8. Let M be a C'™ manifold and p € M. Consider curves c: (a,b) —
M, where a < 0 < b, ¢(0) = p, such that h o ¢ is differentiable at 0 for one (hence any)
chart (U, h) with p € U. Each such curve acts on C*° (M) by the derivation (that is, an
operator satisfying the product rule) f — 7o f o c. Many different curves will induce the

same derivation and we identify two such curves. The space of these equivalence classes
(at p) obtained in this way, which is also the space of derivations at p, has a linear structure
(since each derivation is a real-valued function) and turns out to have dimension n. It is
called the fangent space at p of M and denoted T},M. We denote the derivation, that is,

d
tangent vector, induced by ¢: (a,b) — M by ¢(0) or e Given a specific chart (U, h)
we define the standard basis of T}, M by taking the canonical basis {e1, ..., e,} of R™ and
0
letting i ¢;(0), where ¢;(t) = h™Y(h(p) + te;). We define the tangent bundle of
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M to be the disjoint union T M := Upem T, M of the tangent spaces with the canonical
projection w: TM — M such that 7(T, M) = {p}. Any chart (U, h) of M then induces a
chart (U x U, TpU, H) by taking H (p, v) := (h(p), (vl,...,v")) € R™ x R™, where

the v’ are the coefficients of v € T}, M with respect to the basis { FrSERRE ('“);j'" } of T),M.
In this way 7'M is a differentiable manifold itself. A vector fieldisamap X: M — T'M
such that m o X = Idjy, that is, X assigns to each p a tangent vector at p. We denote
by I'(M) the space of smooth vector fields on M. Thus vector fields act on functions as
derivations. We write this as v f or v(f). We shall see later that £,w :=[v, w] := vw — wv
is a derivation, that is, a vector field, and we call [v, w] the Lie bracket of v and w and £,

the Lie derivative.

d. Differentiable maps and diffeomorphisms. We can now define the morphisms
of the differentiable structure:

DEFINITION 4.9. Let M and N be differentiable manifolds. A map f: M — N is
said to be differentiable if for any charts (U, h) of M and (V, g) of N themap go foh™!
is differentiable on h(U N f~*(V)). A differentiable map f acts on derivations by sending
curves ¢: (a,b) — M to f oc: (a,b) — N. Differentiability means that curves inducing
the same derivation have images inducing the same derivation. Thus we define the differ-
ential of f to be the map Df: TM — TN, %|OC
derivative) D, f = D f b at p to be the restriction to T}, M. A diffeomorphism is a differen-
tiable map with differentiable inverse. Two manifolds M, N are said to be diffeomorphic
or diffeomorphically equivalent if and only if there is a diffeomorphism M — N. An
embedding of a manifold M in a manifold N is a diffeomorphism f: M — V of M onto
a submanifold V' of V. We often abuse terminology and refer to an embedding of an open
subset of M into M as a (local) diffeomorphism as well. An immersion of a manifold M
into a manifold N is a differentiable map f: M — V onto a subset of N whose differential
is injective everywhere.

d
= 2o f o c and the differential (or

Clearly diffeomorphic manifolds are homeomorphic. The converse is, however, not
true. There are “exotic” spheres and other manifolds whose differentiable structure is not
diffeomorphic to the usual differentiable structure. Notice that an immersion need not
be injective, for example, the unit circle in R? is an immersed line. But even injectively
immersed manifolds may fail to be topological submanifolds. For example, nontrivial
orbits of a flow are immersed lines, but the immersion topology of a nontrivially recurrent
orbit (such as an orbit of a linear flow on T? with irrational slope) is not the same as the
topology induced from the ambient space. Nevertheless we will refer to such objects as
immersed submanifolds.

It turns out that any smooth manifold can be smoothly embedded into a Euclidean
space, so every smooth manifold is, in fact, diffeomorphic to a submanifold of R™.

e. Complex manifolds. Complex manifolds are defined in a way very similar to the
real ones by considering charts with values in C™ instead of R™ and requiring the coordi-
nate changes between charts to be holomorphic. Since holomorphic maps are much more
rigid that differentiable the resulting theory has many differernt aspects. For example the
one—dimensional complex manifolds (Riemann surfaces) is a much richer subject than one-
and even two-dimensional differentiable manifolds.
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EXAMPLE 4.10. The Riemann sphere, C U {oc} which is homeomorphic to S? be-
comes a one—dimensional complex manifold by considerig an atlas of two charts (C, Id)

L jfzeC

and (CU {oo} \ {0}, 1), where I(z) = {Z

0 ifz=0c0

EXAMPLE 4.11. Identify R? with C and consider the torus T? as the factor space
C/z2.
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5. Topology and geometry of surfaces

Compact (and some noncompact) sufaces are a favorite showecase for various branches
of topology and geometry. They are two-dimensional topological manifolds with a variety
of naturally defined differentiable structures, all diffeomorphic to each other. Complete
topological classification is obtained via simple invariants which allow a variety of inter-
pretations: combinatorial, analytical and geometrical.

Surfaces are also one-dimensional complex manifolds; but surprisingly the complex
stuctures are not all equivalent (except for the case of the sphere), although they can be
classified. This classification if the first result in a rather deep area at the juction of anally-
sis, geometry and algebraic geometry known as Teichmiler theory.

In this section we review the classification of compact surfaces (2-dimensional mani-
folds) from various points of view. We start with a fundanetal preparatoty result which we
will prove using tools from analysis.

a. The Jordan Curve Theorem.

DEFINITION 5.1. A simple closed curve on a manifold M is a homeomorphic image
of the circle S* in M, or equivalently the image of S! under a continuous injection S* —
M.

LEMMA 5.2. Any simple closed curve in nowhere dense in S*

THEOREM 5.3. [Jordan Curve Theorem] A simple closed curve C on the sphere S?
separates the sphere into two connected components, each homeomorphic to the disk, that
is, S%2 ~. C' = Dy U D5 with Dy and D> homeomorphic to a disk.

Since the plane R? is homeomorphic to the sphere with one point removed then by
Lemma 5.2 it is sufficent to prove the assrtion of the Jordan Curve Theorem for the plane.

b. Euler Theorem and genus. Every orientable compact surface is homeomorphic
to a space obtained from the sphere by attaching handles. Attaching a handle means delet-
ing two disjoint disks and identifying the resulting two boundary circles with the boundary
circles of a cylinder. The number g of attached handles is called the genus of the surface
and is a topological invariant. As differentiable manifolds, surfaces are, in fact, determined
up to diffeomorphism by their genus. The genus is related to the Euler characteristic x of a
surface via x = 2—2g. The Euler characteristic can be described in various different ways.
First consider a triangulation of the surface (see Definition 6.1), that is, a representation as
a polyhedron with triangular faces, and let f be the number of faces, e the number of edges,
and v the number of vertices. Then x = f — e 4+ v independently of the triangulation. (In
fact x = B2 — 51 + By, where the 3; are the Betti numbers of Definition 6.6. For the surface
of genus g we have 3y = 3o = 1 and 31 = 2¢, so we do get x = 2 — 2g.)

c. Gauss—-Bonnet theorem. Second, we can consider a vector field v with finitely
many fixed points. Then by the Poincaré—Hopf Index Formula (??) the sum of the indices
of the fixed points of v is x. Finally let (-, ) be a Riemannian metric on the surface and
denote by K () the Gaussian curvature at the point z. Then we have

THEOREM 5.4 (Gauss—Bonnet Theorem). x = (1/2w) [ K (x) dvol, where vol is the
volume induced by the Riemannian metric.
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d. The fundamental group. The fundamental group of a surface can be represented
in various ways. From the process of attaching handles one obtains generators a;, b; fori =
1,..., g, where each pair corresponds to a handle and alblal_lbl_l e agbgaglbgl = Id.
This representation also corresponds to the identifications made on the 4g-gon to obtain the
surface as an identification space. (For genus 1,the torus, this is the description as R? /Z?;
for genus 2, the double torus, this is similar to the description via the octagon given in
Sections 5.4e and 14.4b, although the identifications are different.)

The universal cover of any orientable surface other than the sphere is R2.

More generally, the genus of a surface can be defined as the maximal number of dis-
joint closed curves such that the complement of their union is connected. This is easily
visualized in terms of the description of genus by adding handles to a sphere.

e. Intersection index. For any two oriented closed curves on an orientable surface
that have only transverse intersections we can define their intersection index by counting
41 according to whether their tangent vectors at an intersection point form a positively or
negatively oriented pair. This index actually depends only on the homology classes of the
curves and defines a nondegenerate skew-symmetric (symplectic) 2-form on H; (M, R) x
Hy,(M,R).

f. Complex structure on surfaces. We can also view surfaces as one-dimensional
complex manifolds: The sphere is the Riemann sphere CU{o0}, the torus is the factor of C
by a lattice, and surfaces of higher genus are obtained from the upper half-plane H:={z €
C | Imz > 0} or the unit disk D in C as the factor of a group of Mdbius transformations
as described in ??. The Riemann sphere, R?, and the Poincaré disk each admit a metric
of constant Gaussian curvature (positive, zero, and negative, correspondingly) and these
descend to compact factors, so all compact surfaces admit a Riemannian metric of constant
curvature.

g. Nonorientable surfaces and surfaces with boundary. Nonorientable surfaces
are classified in a similar way. It is useful to begin with the best-known example, the
Mébius strip, which is the nonorientable surface with boundary obtained by identifying
two opposite sides of the unit square [0, 1] x [0, 1] via (0,¢) ~ (1,1 —¢). Its boundary is a
circle.

Any compact nonorientable surface is obtained from the sphere by attaching several
Moébius caps, that is, deleting a disk and identifying the resulting boundary circle with the
boundary of a Mdbius strip. Attaching m Mobius caps yields a surface of genus 2 — m.
Alternatively one can replace any pair of Mdbius caps by a handle, so long as at least one
Mobius cap remains, that is, one may start from a sphere and attach one or two Mobius
caps and then any number of handles.

All compact surfaces with boundary are obtained by deleting several disks from a
closed surface. In general then a sphere with h handles, m Mobius strips, and d deleted
disks has Euler characteristic y = 2 — 2h — m — d. In particular there is a finite list of
surfaces with nonnegative Euler characteristic:



5. TOPOLOGY AND GEOMETRY OF SURFACES

Surface h | m | d| x | Orientable?
Sphere 0]0(0]2 yes
Projectiveplane | 0 | 1 |0 | 1 no
Disk 010 (1]1 yes
Torus 110(0]0 yes
Klein bottle 0[{2]0]0 no
Mobius strip oOj1(1]0 no
Cylinder 0]0(2]0 yes
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6. Simplicial homology theory
a. Simplicial complexes.

DEFINITION 6.1. For k, N € N, vg,...,vx € RY such that {v; — vo}%_, is lin-
early independent, the convex hull o of {vy, ..., v} is called the (k-dimensional) simplex
spanned by {vo, ..., vy} and the v; are called the vertices of the simplex. The simplices
spanned by a subset of {vg, ..., vy} are called the faces of

Identifying two orderings of the set {vy, ..., vx} of vertices of a simplex in M if they
differ by an even permutation, we call a simplex with a choice of ordering of the vertices
(modulo even permutations) an oriented simplex. The chosen orientation is then called the
positive orientation, the other one the negative orientation If o is an oriented simplex then
denote by —o the same simplex with the negative orientation. o. Note that an orientation
of a simplex induces an orientation on each face since the vertices of a face form a subset
of the vertices of the simplex.

A (finite) simplicial complex S is a finite collection of simplices such that any two
simplices intersect in a common face. The union of the simplices of S is denoted by |S|.

Any simplcial complex possess the natural topology of the factor space.
More generally, one considers infinite but lolcally finite simplicial complexes where
any vertex belongs to finitely many simplices.

DEFINITION 6.2. A friangulation of a topological space M is a pair (S, h) consisting
of a simplicial complex S and a homeomorphism h: .S — M from the simplicial complex
S to M. The images of simplices, faces, and vertices under & are also called simplices,
faces, and vertices.

A topological space togehter a triangulation is called a simplicial polyhedron

The following fact provides a crucial link between combinatorial and differential
topology.

THEOREM 6.3. Any compact differentiable manifold allows a triangulation.

Now fix a triangulation (S, h) of M and consider formal sums »_ n;o;, where o; are
oriented k-simplices and n; € Z. For n; < 0 we define n;o; := (—n;)(—0;). The set
of such formal sums with the obvious additive structure is the free group generated by the
k-simplices and subject to the relations ¢ + (—o) = 0 and 0; + 0; = 0; + 0, that is, a
finitely generated free abelian group.

DEFINITION 6.4. A formal sum ) n;0; of oriented k-simplices is called a k-chain.
Denote by C, the set of k-chains. The boundary operator 0: Cy, — Cj_1 is defined by
setting

k
Jo = Z o;
i=0

for an oriented k-simplex o, where the o; are the (k — 1)-dimensional faces of o with
induced orientation, and extending linearly to C. For a triangulation S let
dim M
X = Z (=1)*card{o | o is a k-dimensional simplex in S}
k=0
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It turns out that the number Y is the same for different triangulations of a given man-
ifold M and thus provides a topological invariant x (M) called the Euler characteristic of
M.

An important combinatorial fact is that the boundary of a boundary is zero:
THEOREM 6.5 (Poincaré Lemma). 9% = 0.

Since 0: C — Cy_1 is by definition a homomorphism with respect to the additive
structure, the Poincaré Lemma shows that the set By, := 9(Cj41) C Cj of k-dimensional
boundaries is a subgroup of the group Zj, :=ker 0 = {c € C}, | C = 0} of k-dimensional
cycles. Since CY, is abelian, By, is normal in C.

DEFINITION 6.6. Hy(M,Z):= Hy := Zy/ By, is called the kth homology group of M
over the integers. Hj, as a finitely generated abelian group, can be written as Z% @ F,
where F is a finite abelian group. Z”* is then called the free part of Hy, and (3 is called
the kth Betti number.

The zeroth homology group of a manifold always is Z", where n is the number of
connected components.

If we define the commutator subgroup [1 (M, p), m1 (M, p)] := {aba= b~ | a,b €
w1 (M)} then we have

THEOREM 6.7 (Hurewicz). The first homology group H1(M,Z) of a connected sim-
plicial polyhedron M is isomorphic to the abelianization

m1(M, p)/[m1 (M, p), m1 (M, p)]

of the fundamental group 71 (M, p) of M at any point p. The isomorphism is called the
Hurewicz isomorphism.

Z if M is orientable,
0 if M is not orientable,

PROPOSITION 6.8. H,,(M,Z) ~ { where n = dim M.

PROOF. Note that B,, = 0 and thus H,, = Z,,. Suppose a simplex o occurs ¢ times
in an n-cycle c. Since the boundary is zero, the (n — 1)-faces of o have to be canceled by
other terms in dc. Thus each neighboring simplex has to appear i times with appropriate
orientation. Thus c is the i-fold sum of all n-simplices of the triangulation, all oriented
compatibly. In the nonorientable case the simplices cannot be ordered compatibly so that
there is no n-cycle and H,, = Z,, = 0. In the orientable case there is exactly one such
chain foreachi € Z,so H,, = Z,, = 7. ([l

REMARK 6.9. All homology groups are homotopy invariants.

PROPOSITION 6.10 (Euler—Poincaré Formula). S 0™ ™ (—1)%3, = (M), where
X (M) is the Euler characteristic of M.

EXAMPLE 6.11. For S™ the Betti numbers are Gy = (,, = 1 and 5 = 0 for
0<k<m.

EXAMPLE 6.12. Since the fundamental group Z? of T? = R?/Z? is abelian, it coin-
cides with the first homology group, that is, 51 = 2. The other Betti numbers are 5y = 1
(number of connected components) and 32 = 1 (since T? is orientable). For T™ one has

B = ():
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EXAMPLE 6.13. For the ball the only nonzero Betti number is 5y = 1 since it is
homotopic to a point.

In order to understand the behavior of a map f with respect to the homology we need
to adapt f to a given triangulation.

Suppose S and T are two simplicial complexes triangulating M. A map s: T' — S
that maps simplices of 7 linearly onto simplices of S is then called a simplicial map. T is
called a refinement of S if every simplex of S is triangulated by simplices of T'. As subsets
of R™, S and T are then naturally identified and we will assume that they triangulate M
via a common homeomorphism h.

THEOREM 6.14. For any map f: M — M and any triangulation S of M there exists
a refinement S’ of S and a simplicial map s: S’ — S homotopicto h™" o f o h.

Such a map S is called a simplicial approximation of f. Via it f acts on homology:
Note that a k-chain ¢, = > a,;0; on S induces a k-chain ¢j, on S’ by replacing every
simplex o; by a k-chain in S’ triangulating it. The simplicial map s sends ¢}, to a k-chain
s.¢}, on S again. It can be shown that this induces an action on the kth homology which
is independent of the choice of simplicial approximation. Thus, in particular in the case
of an orientable manifold M when H,,(M,Z) = Z, a map f induces a homomorphism
fsr Z — 7.

More generally the construction of the homology groups can be carried out over any
commutative ring R instead of Z to give homology groups Hy (M, R) which are modules
over R. One starts with formal sums of simplices with coefficients from R and proceeds
as before. In particular, if K is a field then Hy(M,K) is isomorphic to KP* and is thus
determined by the free part of the homology group over Z. As will be seen nnSection 7 the
kth de Rham cohomology group is naturally isomorphic via integration over cycles to the
dual of Hi(M,R).
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7. Differentiable manifolds

We return to the general discussion of differentiable manifolds started in Section 4

a. Vector fields, flows and differential operators. By the theorems of existence,
uniqueness, and smooth dependence for solutions of ordinary differential equations a C'!
vector field on M induces alocal flow, thatis, for every p € M thereis acurvec, p: (—e,€)

d
M such that ¢, ,(0) = p and ¢, ,(t) == Ecmp(t) = v(cy,p(t)). Here € can be chosen to

depend continuously on p. Where defined the map ¢, : (p,t) — ¢'(p) := cyp(t) is as
smooth as v. By continuity of ¢ it is bounded on any compact manifold and hence by the
group property ¢, ,(t + 8) = Cu(c, ., (1)),c0.,(¢) () (Which follows from uniqueness) every
vector field on a compact manifold induces a complete flow, that is, wi is defined for all
times. If ! and ¢S are the flows for vector fields v and w, respectively, then usually
the diffeomorphisms ¢! and ¢!, do not commute, that is, ¢! o 3 # ¢35 ol If they
do, the vector fields v and w are said to commute. The extent to which two vector fields
v, w fail to commute is measured by their Lie bracket [v, w] which can be computed as
[v, w](p) = limy—o (w — dplw) (), (p)) /1.

Let us now show briefly how these invariant notions appear in local coordinates. If
(U, h) is a chart then we say that we have coordinates (z!,...,2™) on U. For p €
U the canonical basis of T, M is the set of derivations 9/dx" induced by the curves
ci(t) == h=1(h(p) + te;), where e; is the ith standard basis vector in R™. A tangent
vector v € T,M can then be written as v = Y ., v'90/0x" and if f: M — R is
smooth then vf = Y"1 | v'd(f o h™')/dz*. Thus the induced coordinates of 7'M are
(... 2" vl ..., v™), where the v are the components we just defined. Likewise
a vector field is locally given by a representation v(p) = Y., v*(p)d/0z" and it is
smooth if and only if the v* are. To see that the Lie bracket of two vector fields v, w
defines a derivation, that is, a vector field, we calculate in local coordinates. Namely, write
v=> 1 vd/0z", w= > wd/0z" and for convenience write f for f o h. Then
using the theorem of H. A. Schwarz that second partial derivatives commute we obtain

(vw—wv)f—v;w 5t W2V g

i=1

" ow' Of o 92f " ot of D 0%f
_ i W oyl _ J Q7
Z v 0z Oxt + Z v 0zt 0xI Z v OxJ Ozt + Z v 0z Ozt

i,j=1 ij=1 ij=1 ij=1
- zn: (vjawi W 8vi) of
£ O’ Oxi /) dxt’
1,7=1
. L ) Ow’ Ovd )
that is, [v,w] is indeed a vector field given locally by v’ 9 wZT. In particular
) . T Tt
[0/0x*,0/0x’] = 0. There are several important properties of Lie brackets that are not
hard to check in local coordinates. By definition we obviously have [v,w] = —[w,v]

and [-, -] is R-bilinear, that is, [av + fw,z] = a[v,z] + Blw, 2] for o, 8 € R. Next
observe that for functions as coefficients we get [fv, gw] = fg[v, w] + f(vg)w — g(wf)v
by a coordinate calculation similar to the preceding one. This means in particular (for
f = 1) that the Lie derivative is a derivation, that is, satisfies the product rule .£,(gw) =
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g£,w + £,9w. Furthermore there is the fundamental Jacobi identity
(7.1 [v, [w, z]] + [w, [z, ]] + [z, [v,w] = 0.

This is straightforward in coordinates. Namely, we know that only first-order derivatives
occur, so we may simplify the calculation by discarding all higher-order derivatives. The
symmetry then makes the remaining terms cancel. Alternatively write [v, w] = vw — wv
and expand (7.1) accordingly to see that all terms cancel.

Differentiating differentiable maps between manifolds is also straightforward calculus
on local coordinates: If f: M — N and (U, h), (V, k) are local charts around p € M and
f(p) € N, respectively, then the differential of f at p is represented by the matrix of partial
derivatives of the map k o f o h~! in Euclidean space with respect to the standard bases.

b. Tensor bundles. The tangent bundle is an example of the following:

DEFINITION 7.1. A differentiable vector bundle with structure group G, a subgroup
of GL(m,R), over M (the base space) is a manifold P, called the total space or bun-
dle space, such that the projection 7: P — M is differentiable and furthermore locally
P = M x R™, that is, every x € M has a neighborhood U such that there is a diffeo-
morphism h: 77 1(U) — U x R™, u +— (m(u), ¢(u)) and such that for any point z in
the intersection U; N Us of two such neighborhoods the trivialization differs by an element
of G. A subbundle or distribution is a bundle whose fibers are contained in those of P.
For two distributions F, F' we define the Whitney sum E + F' to be the distribution with
(E+F), = E, + F,. We use “®” if the sum is (pointwise) direct, that is, F, N F), = {0}
forall p € M. A section of Pisamap v: M — P such that wov = Idy.

EXAMPLE 7.2. The tangent bundle 7'M of M is of this form: Here m is the dimension
of M and G = GL(m,R) acts by the linear coordinate changes in the tangent fibers
induced by coordinate change in the base. The sections are the vector fields. If there is a
nonvanishing vector field on M then the one-dimensional subspaces it spans at every point
define a one-dimensional distribution.

Note that the differentiable manifold 7'M has in turn a tangent bundle TT'M. This
is an important object. On one hand it allows us to differentiate vector fields. On the
other hand classical mechanics involves second-order differential equations and the natural
setting for second derivatives is the second (or double) tangent bundle 777" M .

The second tangent bundle 77" M is obviously a vector bundle over 7'M, but it is, in
fact, a vector bundle over M as well. To that end notice that coordinate changes in M
change coordinates in 77" M by a coordinate change determined again by the linear part of
the coordinate change in M. We will return to this in the setting of Riemannian manifolds.

From the linear structure in the tangent spaces arise linear objects other than vectors
and linear maps (for example, differentials). Namely, it is often important to consider
multilinear maps. The easiest examples, and a building block, are I-forms.

DEFINITION 7.3. We denote by T* M the cotangent bundle consisting of the spaces
TyM = (T,M)* of linear maps (covectors) T,M — R. A section of Ty M is called
a I-form. A multilinear map Ty,M & --- @ T,M®T,M ®---©T,M — R (that is,

k times [ times
linear in each entry independently) is called a (k,l)-tensor. A section of the bundle

TM®- - @TMRT*M ®---@T*M = (TM)®*&(T*M)®" is a (k,1)-tensor field (or
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tensor). A tensor is called smooth if its values on smooth vector and covector fields define
a smooth function. (Alternatively, if its coefficients in local coordinates are smooth.)

Thus a vectoris a (1, 0)-tensor, a 1-form s a (0, 1)-tensor, and the Riemannian metrics
defined in ?? are (0,2)-tensors. A basis for the space of 1-forms on T, M is given by
the forms dz* which are given by the derivatives of the coordinate functions 2, that is,
0 ifi+# 7,
1 ifi=j.
of =31 0f/0x;dx’. If Tis a (k,1)-tensor then T' = Tiﬂj:;%’“@/@xﬁ ®- - ®0/027k @
de® @ -+ @ dz't with T) 7% = T(da,... da?*,0/0x™,...,8/0x™). Thereis a
natural way to extend the Lie derivative to tensors. Namely, note first that for (1, 0)-tensors
(vector fields) it is already defined and that for (0,0)-tensors (functions) we can define
£,f :=vf. Now extend to (0, 1)-tensors & by setting £, (£(w)) = £,(&)(w) + &(£,w).
Likewise one can extend £, to any tensor field by postulating the productrule £,(£®n) =
£+ L£,nRE fwisa (0,1)-tensoron N and f: M — N differentiable then we
can define the pullback f*w of w on M by f*w(v) :=w(D fv). This, of course, works for
(0, k)-tensors just as well. Likewise one can send vectors from M to N via D f, but this
can be expected to send vector fields to vector fields only if f is injective (if f(p) = f(q)
and v is a vector field such that D fv(p) # D fv(q) then there is no well-defined vector
field “f.v” on f(M)). If f is a diffeomorphism then this is no problem, however. Using
pullbacks the Lie derivative of a (0, k)-tensor can be computed by using the flow ? defined
by the vector field v to write

£ = Tm(1/)((¢")"w — w)

The Lie derivative of any (k, [)-tensor can be computed similarly.
An important special class of tensors is that of alternating ones:

dz'(0/0x7) = 0} = The derivative of a function f is a 1-form D f(v) :=

DEFINITION 7.4. A (0, k)-tensor w on a linear space is said to be an alternating tensor
or an (exterior) form if w(v1,...,vr) = 0 whenever v; = v, for some i # j. A (0,k)-
tensor field is said to be alternating if it is alternating at every point. Alternating (0, k)-
tensor fields are called k-forms, and the space of k-forms is denoted by I'( /\k T*M). In
analogy to the asymmetric part of a matrix the alternating part .An of a (0, k)-tensor 7 is
defined by An = 1/k!>° g sgnmnom, where 7 permutes the entries and sgn 7 is its
sign, that is, —1 if 7 is odd, 1 otherwise. Thus A is a projection of (T*M)®* to /\k T*M.
We define the wedge product or exterior product of w € /\k T*M andn € /\l T*M by
(k+1)!

k!l

Nonzero elements of ['(A\" T*M) are called volume elements and two volume elements
0, Q) are said to be equivalent if ' = fQ for some f € C°°(M), f > 0. An equivalence

class of volume forms is called an orientation of M and M is called orientable if there
exists an orientation on M.

wAn=

Awen e N M.

With these definitions one gets the following standard facts: w A 7 is R-bilinear in w
and n, n Aw = (—1)*w A7 (hence w Aw = 0 forodd k), f*(wAn) = (f*w) A(f*n), and
WAMAN) = (WAD)AA=:wARAA. Abasis for \" T M is given by {da" A+ - -Adz™ | 1 <
i; < n}, where {dz* | 1 < i < n} is the dual basis for {9/9z° | 1 < i < n}. Thus
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dim A" TyM = (). Infact, B* A--- A% # 0if and only if {5*,..., 8%} € Ty M is
linearly independent.

A manifold is orientable if and only if I'(\" T* M) is one-dimensional over C*° (M ).
(Namely, there exists a volume, hence the dimension is at least one, and for two volumes
Q and ' the function ¢ := ' /Q is well defined, since I'(\" T}y M) is one-dimensional,
and smooth as well.) One can also check that orientability is equivalent to the existence
of an oriented atlas, that is, an atlas where h o h’ preserves the orientation of R™ for any
two charts h, h'. On a compact manifold a volume form can be integrated to give the total
volume. This is done via charts as follows. InR"™ we define [ Q:=[Q; ,dz'---da™ for
any volume ) = Ql,,,,mdxl A---Adz"™. For orientation-preserving diffeomorphisms f we
get [ f*Q = [ Q. Thus we can define |  for a manifold M by taking a partition of unity
{Ui, 1} subordinate to a covering by charts (V;, h;) and define [ :=>". [(h;)«(1:€2),
and this definition via charts is coordinate independent.

c. Exterior calculus. Next we want to study the calculus of exterior forms, also
called exterior calculus.

DEFINITION 7.5. The exterior derivative d: F(/\k T*M) — I‘(/\k+1 T*M) (for
any k) is defined by the following axioms (which uniquely determine d): df = D f for
functions, d is R-linear and d(w A n) = dw An + (—=1)*w A dn, dod = 0, and d is locally
defined, that is, if two forms coincide on an open set O then their derivatives coincide on
O as well.

By induction on dimension one sees that this is well defined. Namely, if w = opdi)! A

-+~ A dip* then necessarily dw = dp A dipt A --- A dip. The last property is also satisfied
N Y _
inductively since it holds for functions: ddp = 3 ;. (DDy);jdz' Ndz’ = 3 (;p 7.dzl/\
) ). O
dx? = 0. Furthermore d commutes with pullback and the Lie derivative: f*dw = d(f*w)
(and f.dw = d(f.w) if f is a diffeomorphism) and £, (w! A -+ AwF) = L, A2 A
w4 WA A £,wF, whence £, = £4d.

We occasionally use the convenient notation of the contraction of w with a vector v

defined by v_w := w(v,,...,-). This is R-linear and C°°(M)-linear in v. Furthermore
vi(wAn) = (vaw) An+ (=1)kw A (van) and vadf = £, f and
(7.2) £ow = vadw + d(vow).

Finally f*v.if*w = f*(vow) and f.vlfiw = fi(vow) for any diffeomorphism f.
Associated with forms is a cohomology theory which is based on the following notion
and theorem:

DEFINITION 7.6. w € F(/\lC T*M) is said to be closed if dw = 0 and exact if w = dn
for some n € (A"~ T*M).
Since d? = 0 every exact form is closed. Locally the converse holds:

THEOREM 7.7 (Poincaré Lemma). If w is closed then for all p € M there is a neigh-
borhood U of p on which w is exact.

PROOF. We use the homotopy trick (see ??, 2?): Assume p = 0 € R" and let
vi(z) = x/t. v generates the flow ¢ (x) = ta fort > 0, so d/dt(p")*w = (p')* £,w =
() * (d(viaw)) = d((p")* (veaw)) since dw = 0, and w—(p'°)*w = dftt ©!)* (vpaw)dt p—

0—}
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dfol(npt)*thwdt =: dn. The limit exists since (¢')*(v;ow)y (W) = wie(x/t,tw,) =
Wi (T, Wy ). O

The advertised cohomology theory for compact manifolds is the de Rham cohomology:
The kth cohomology group is the factor of the space of closed k-forms by the space of
exact k-forms. This is a finite-dimensional vector space by virtue of the Poincaré Lemma.
It is naturally dual to the kth homology group with real coefficients (see Section 6 of the
manifold. It also possesses a natural multiplicative structure induced by the wedge product.

To obtain this duality we need to define integrals of forms. To that end notice first that
the integral of a k-form over an immersed k-simplex can be defined as the integral of the
pullback by the immersion. By the change of variables formula this depends only on the
image of the immersion. A useful result for integration of forms is the theorem of Stokes:

THEOREM 7.8. If M is an n-manifold, possibly with boundary, and w an (n—1)-form
on M then fM dw = faM w.

In particular an exact form on any boundaryless manifold integrates to zero. Now any
immersed k-dimensional submanifold can be partitioned (up to overlapping boundaries)
into immersed k-simplices (triangulation), so the integral of a k-form over immersed k-
dimensional submanifolds is well defined (again, this is independent of the triangulation).
In particular k-forms can be integrated over embedded k-cycles (see Section 6 It is con-
venient to think of cycles as embedded boundaryless manifolds, and indeed by the Stokes
Theorem these integrals depend only on the cohomology class of the form. On the other
hand for a given form these integrals depend only on the homology class (with real coeffi-
cients) of the cycle because two homologous manifolds form the boundary of a manifold.
This gives the duality between the de Rham cohomology of forms and the simplicial ho-
mology of the manifold.

We shall have occasion to invoke a result related to the preceding ones:

LEMMA 7.9. On an n-manifold an n-form with zero integral is exact.

d. Transversality. On a smooth manifold we have a natural notion of “measure
zero” because if the image of a set in one chart has measure zero then the same holds
for any chart. If f: M — N is a differentiable map then =z € N is called a regular
value if for all y € f~1({z}) the differential D f,, has maximal rank, that is, its rank is
min(dim M, dim N). Otherwise z is called a singular value.

THEOREM 7.10 (Sard Theorem). If f € C'°°(M, N) then the set of singular values of
f has Lebesgue measure zero.

One implication is that by the Implicit Function Theorem almost any value of a smooth
f has a manifold as a level set. This theorem is local because we can take M to be a
neighborhood of a point in some manifold. Sard’s Theorem is the central background
result for transversality theory.

DEFINITION 7.11. Let M be a smooth manifold and K, N C M smooth submani-
folds. K and N are said to be transverse atx € M ifx ¢ KNNorT,K+T,N =T,M.
We write K h, N. In particular, if dim K + dim N = dim M and z € K N M the latter
condition is equivalent to T,, K N T, N = {0}.

We say that K and N are transverse (to each other), written K th N, if K M, N for
allz € KN N. If K and M are manifolds with boundary (see Definition 1.44) then they
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are said to be transverse if the (boundaryless) manifolds 0K, K ~ 0K, OM, M ~ OM are
pairwise transverse in the previous sense.

Transversality is a C'*-open condition:

PROPOSITION 7.12. Transverse intersections are stable in the C'* topology.

Let us first observe that transverse intersections can be brought into a “normal form”:

LEMMA 7.13 (Adapted coordinates). If K m, N in M, x € KNN, and k =
dim K, n = dim N, m = dim M then there is a neighborhood U of x and coordinates

(x1,...,2m) on U such that in these coordinates
KnU={(z1,...,2m) | k41 ="+ =y =0}
and
NNU={(x1,...,xm) | 11 ="+ = Typ—n, = 0}.

PROOF. By extending a basis for 7, K N T, N to a basis for T, K and a basis for
T, N one obtains local coordinates v: U — R™ on a neighborhood U of z in which
DTy K ={veR™ | vpy1 = =vym =0}and Dy TN ={v e R™ | vy =+ =
Um_n = 0}. Thus, after possibly shrinking U, there exists ¢: R¥ — R™~* such that
Y(KNU) = graph. Then ¢: (1,...,Zm) — (T1,.. ., Zm)—(0,...,0,0(z1,...,2k))
has the effect that ¢ o 1) represents K as required. “Straightening out” N similarly yields
the claim. (]

PROOF. ofthe proposition We will use the Implicit Function Theorem. Since the prob-
lem is a local one we pass to adapted coordinates and note that C''-perturbations K’, N’
of K and N are graphs of maps £: R¥ x {0} — R™ % and : {0} x R® — R™™",
respectively. The space of pairs of C'' maps of this kind is a Banach space E. So is the
space F' = R™™" x {0} x R™~*. Consider the map

[rExXF—F, ((&n)(z,0y))— (z,0,{x,0,0)) — (1(0,0,y),0,y).

It vanishes at 0, and the derivative at 0 in the F'-direction is nonsingular by transversality.
The Implicit Function Theorem yields x ¢ ;) and y ¢ ,,) such that f((&, ), (z(¢.,),0, Y(e,n)))
0or (2,0, (x(£,),0,0)) = (1(0,0,y(¢,n)):0, Y(e,n))- Therefore K’ and N’ do intersect.
Transversality of the intersection follows because in local coordinates the tangent spaces
to K’ and N’ are small perturbations of those of K and N and the spanning condition is
open. O

Here is an immediate consequence of Lemma 7.13:

COROLLARY 7.14. If K and M are compact transverse manifolds (possibly with
boundary) then any sufficiently small C'*-perturbations K and M are transverse.

DEFINITION 7.15. Let 0 < r < oo and M a C" manifold. Two submanifolds K
and K5 of M are said to be C"-close if there exist a C" manifold Ky and C" embeddings
fi: Ko — K, such that f; and f5 are C"-close.

THEOREM 7.16 (Transversality Theorem). Let M be a C'*° manifold of dimension m,
and N C M a submanifold of dimension n. Then among the k-dimensional submanifolds
K C M, those transverse to N are C'*°-dense.
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PROOF. Consider a coordinate neighborhood U such that
NNU={(z1,...,zn) | 21 =+ = Tppy—pp = 0}

and let T be the natural transversal

T:={(z1,...,Tm) | Tm-nt1 ="+ =Ty = 0}
For s = (s1, ..., Sm—n) let furthermore
NS .= {($17'.-7xm) | X1 =81,y Lm—n = Sm—n}

and let 7 be the projection of U onto T along N° = N N U, that is,
(X1, Tm) = (X1, o, Tin—n, 0,...,0).
Now let K be represented as the image of the C'>° embedding ¢: Kg — M and let
Ky = ¢ (K NU). Consider the C*° map 7 o ¢: Ky — T. Whenever the point
{(s1,-++y8m-n,0...,0)} =T N N*® is aregular value of m o ¢ then (K NU) i N*. By
the Sard Theorem the set of regular values has full Lebesgue measure in 7', whence there
are regular values arbitrarily close to 0. Thus arbitrarily close to N NU there are manifolds
transverse to K.
To extract a global result from these considerations we first take a slightly smaller
neighborhood U’ C U and pick a nonnegative C'°° bump function p that is 1 on U’ and
vanishes outside U. Then for any s € R " one constructs a C'> vector field given by

m—n a . . .

Py iy sla— in U and 0 outside U. Let T be the time-one map for the flow generated
€Ly

by this vector field. For any » € N the diffeomorphism 7T’ is C"-close to the identity as

long as ||s|| is sufficiently small. For such s

N?:=(Ts0p)(N)
is C"-close to N. Obviously N*NU = N*,soif sisa regular value of 7 o ¢ then N*¥ is
transverse to K N U. Now cover M by coordinate neighborhoods U; (¢ € N) in a locally
finite way, that is, such that every compact set intersects only finitely many U;. Furthermore
take U] C U, such that U] C U, and the U/ still cover M. Then the foregoing procedure
can be used inductively to produce vectors s° and corresponding diffeomorphisms TSZ for
i € N such that N := (--- o Tk o .-~ o TL)N (locally this is a finite composition) is
transverse to K and C"-close to V. (]
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8. Locally compact groups and Lie groups

In this section we introduce groups which carry a topology invariant under the group
operations. A fopological group is a group endowed with a topology with respect to which
all left translations Ly, : g — gog and right translations R, : g — ggo as wellas g — g~!
are homeomorphisms. Familiar examples are R™ with the additive structure as well as
the circle or, more generally, the n-torus, where translations are clearly diffeomorphisms,
as is ¢ — —z. Important other examples are matrix groups, for example, GL(n,R),
SL(n,R), and so forth, as described after Definition 4.1. A topological group is said to
be locally compact if every point (or equivalently, the identity) has a neighborhood with
compact closure. Such a group possesses a locally finite Borel measure invariant with
respect to all right translations, which is unique up to a scalar multiple and called the right
Haar measure. Similarly, the left Haar measure is, up to a scalar multiple, the unique
measure invariant with respect to all left translations. These measures are finite if and
only if the group is compact. In most interesting cases right invariant Haar measures are
also left invariant, for example, when the group is abelian, compact, or, most importantly,
a unimodular linear group, that is, a closed subgroup of the group SL(n,R) of all n x
n matrices with determinant one. In general, groups for which the left and right Haar
measures coincide (and naturally are simply called Haar measures) are called unimodular
and we will restrict our discussion to such groups.

A subgroup I' of a group G is called discrete if it is closed and all of its points are
isolated in the induced topology. In this case the homogeneous space G/T" (corr. I'\G) of
orbits of R, (corr. L), g € T, is called the right (corr. left) quotient of G by I'. (Unless
T" is a normal subgroup these quotients are not groups.) If either quotient (hence both)
is compact in the quotient—topology then I is said to be a uniform or cocompact lattice.
It is not difficult to see that for a uniform lattice I' any right (corr. left) Haar measure on
G projects to a finite Borel measure on the homogeneous space G/T (corr. '\ G). More
generally, a discrete subgroup I' is called a lattice in G if a right Haar measure projects to
a finite measure on G/T.

A non—uniform lattice is a lattice whose homogeneous space is not compact but still
has finite Haar measure. The simplest example, but an extremely important one, especially
in number theory, is the subgroup SL(2,Z) of all matrices with integer elements in the
group SL(2,R) of all 2 x 2 matrices with determinant one; this generalizes to SL(n, Z)
being a non—uniform lattice in SL(n, R).

DEFINITION 8.1. A Lie group is a differentiable manifold with a group structure such
that all left and right translations as well as g — g~ are diffeomorphisms. A Lie subgroup
is a subgroup that is a submanifold as well.

Examples of Lie subgroups of R™ are linear subspaces as well as integer or rational
multiples of a fixed vector and products of these. Z™ is a discrete subgroup of R"™ and
SL(n,Z) (integer matrices with unit determinant) is a discrete subgroup of SL(n,R).
Note that GL(n, Z) is not a subgroup of GL(n,R).

DEFINITION 8.2. A Lie algebra is a linear space g with an antisymmetric bilinear
operation [+, -]: gx g — g satisfying the Jacobi identity [v, [w, z]|+|w, [z, v]]+ [z, [v, w]] =
0. An ideal is a subalgebra a C g such that [g, a] C a.
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If a, b are ideals of ¢ then so is [a, b] and thus we have the derived series g D g’ :=
lg,9] 29" :=1[g9',g'] D - ofideals. g is said to be abelian if ¢’ = 0 and solvable if the
derived series ends at O after finitely many steps. A Lie algebra is said to be semisimple if
0 is the only solvable ideal, and simple if in addition there are no ideals other than g and 0.
The descending central series of g is the sequence g': =g D ¢?:=[g,¢'] D ¢°:=[g,9%] D

- of ideals. g is said to be nilpotent if this series terminates at 0.

The vector fields on any differentiable manifold form an infinite-dimensional Lie al-
gebra with the Lie bracket defined in Definition 4.8. Since left translations are diffeo-
morphisms they act on vector fields. The Lie bracket is defined on the space £(G) of
left-invariant vector fields (that is, vector fields invariant under all left translations), so
this linear space becomes a Lie algebra called the Lie algebra of G. £(G) is naturally
isomorphic to the tangent space of G at the identity. Thus its dimension is finite and it
coincides with the dimension of G. Conversely every Lie algebra is the Lie algebra of
a unique simply connected Lie group. Important examples of Lie groups are the matrix
group GL(n,R) (nonsingular matrices) and its closed subgroups, such as SL(n,R) (ma-
trices with unit determinant, the special linear group), O(R) (orthogonal matrices, the
orthogonal group), and SO(n,R) (orthogonal matrices with determinant one, the special
orthogonal group). Here the Lie bracket is given by the commutator [4, B] = AB — BA.

The exponential map exp(A) :=e? = 3> — defines a map from the tangent space
n

at the identity, that is, the Lie algebra, to the matrix group. This is, in fact, the explicit
representation of the abstract exponential map (??) in differential geometry. (This is how
the name “exponential” map came about.) On any Lie group a choice of inner product
on T14G produces a left-invariant Riemannian metric by left translations. The geodesics
through Id for such a Riemannian metric are exactly the one-parameter subgroups of G.
Then G is a complete differentiable manifold with respect to this metric structure, and the
exponential map is always defined on 714G For matrix groups geodesics through Id are of
the form ¢ — €' because these are exactly the one-parameter subgroups. Note that there-
fore £(G) is canonically given as the linear space of matrices obtained from entrywise
differentiation of one-parameter subgroups of the matrix group G. This helps to identify
the Lie algebras corresponding to these matrix groups. They are £(GL(n,R)) = gl(n,R),
the space of all n x n matrices; £(SL(n,R)) = sl(n,R), the space of traceless matrices
(because det et = e 4); £(SO(n,R)) = £(O(n,R)) = o(n,R), the space of skew-
symmetric matrices. The symplectic group Sp(n,R) C GL(2n,R) of matrices A such that
AtJA = J, where J = _OI q I(;l ), with Id the identity in GL(n,R), has Lie algebra
sp(n,R) = {A € gl(2n,R) | JA+ A'J =0 = A"+ A}. The group SO(p, ¢, R) of matri-

ces Asuchthat A'I, ;A = I, ,, where I, ;, = <I((1)p 13 ) , with Idy, the £ x k identity, has
q
oo . A B\ . .
as its Lie algebra the space so(p, ¢, R) of matrices B C with A, C skew-symmetric

of size p, g, respectively. An automorphism (that is, diffeomorphic group isomorphism) of
a connected Lie group G is uniquely determined by its differential at the identity. Since
a basis in T1qG defines a field of bases on G via left translations there is a left-invariant
volume defining the Haar measure. Abelian, compact, discrete, semisimple, and connected
nilpotent Lie groups (that is, Lie groups whose Lie algebras are semisimple and nilpotent,
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correspondingly) are unimodular. The existence of lattices is not always clear, but R™ has
plenty, all isomorphic to Z* for some k < n. Lattices in the Heisenberg group came up
in 22. The action of the group G by left translations on a right quotient defines important
examples of dynamical systems, where “time’; of course, may be multidimensional. For
example, the action of R on S = R/Z is the unit-speed flow around the circle.



