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Abstract

We introduce a notion of super-potential (canonical function) associ-
ated to positive closed (p, p)-currents on compact Kéhler manifolds and we
develop a calculus on such currents. One of the key points in our study
is the use of deformations in the space of currents. As an application,
we obtain several results on the dynamics of holomorphic automorphisms:
regularity and uniqueness of the Green currents. We also get the regu-
larity, the entropy, the ergodicity and the hyperbolicity of the equilibrium
measures.
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1 Introduction

Let (X,w) be a compact Kéhler manifold of dimension k. Our purpose in this
paper is to develop a calculus on positive closed currents of bidegree (p,p) on X.
We will also apply this calculus to prove some surprising uniqueness results for
dynamical currents in their cohomology classes.

When S is a positive closed (1, 1)-current on X, it is possible to introduce its
potential u satisfying the following equation with a normalization condition

ddu =S5 —a and /uwkzo,
X

where « is a smooth representative of the cohomology class of S. The function
u is quasi-p.s.h.; it is defined everywhere and satisfies dd“u > —cw for some
constant ¢ > 0. This is the unique solution of the above equation and calculus
problems on S can be transfered to computation on the potential w.

We have developed in [25] a theory of super-potentials associated to positive
closed currents S of bidegree (p,p) in P¥ (our approach can be easily extended
to homogeneous manifolds). Let wpg denote the Fubini-Study form on P* nor-
malized by fﬂ:uk wky = 1. Assume for simplicity that S is of mass 1, that is, S is
cohomologous to why. One can always solve the equation

dd°Us = S —why and (Ug,wig”™) = 0. (1.1)

But when p > 1, the current Ug is not unique and it is difficult to give Ug a
value at every point, in order for example, to consider expressions like the wedge-
product Us A [V] where [V] is a current associated to an analytic set V. In [25],
we have introduced for S a super-potential Ug which is a function defined on the
space of positive closed currents R of bidegree (k —p+ 1,k —p+ 1) and of mass
1. More precisely, we have shown that it is possible to define!

uS(‘R) = <US7 R> i= lim Sup<U57 Rl)

with R’ smooth positive closed converging to R. The above formula is symmetric
in R and S, that is, Ug(R) = Ur(S). So, we also have Ug(R) = (S5, Ug) where

Lin [25] we call Ug the super-potential of mean 0 of S.



Ug is a normalized solution of the equation dd°Ug = R — wggp *1In particular,

Ug(R) does not depend on the choice of Ug and Ug.

The super-potentials appear as quasi-p.s.h. functions on an infinite dimen-
sional space and the value —oo is admissible. The calculus we have obtained is
satisfactory and permits to solve non trivial dynamical questions for holomorphic
endomorphisms of P* and polynomial automorphisms of C*. It also permits to
give a useful intersection theory of positive closed currents in P*.

It will be important to extend such a calculus to arbitrary compact Kahler
manifolds. There are however some important difficulties. First, according to
Bost-Gillet-Soulé [5], if p > 1, it is not always possible to solve the equation
(1.1) with Ug bounded from above. In some sense, using the potentials one may
loose the positivity or the boundedness from below. Second, the approximation
of arbitrary positive closed currents by smooth ones is only possible when a loss
in positivity is allowed, see Theorem 2.4.4 below. The loss of positivity is under
control but it is still a source of several technical difficulties. In general, the
deformation of currents on non-homogeneous manifolds is a delicate problem.

In the present paper, we introduce the super-potentials of S as acting on the
real vector space of closed currents R which are smooth and cohomologous to 0.
Then Ug is defined as

Us(R) := (S, Ur),

where Upg is a smooth solution of dd°Ur = R satisfying some normalization
conditions. This permits to develop the first steps of a theory of super-potential
on an arbitrary compact Kahler manifold. In particular, we can define with some
regularity assumption, the wedge-product S; A So where S; are positive closed
(pj, p;)-currents.

We then apply these notions to the dynamical study of automorphisms of a
compact Kahler manifold. Let f be a holomorphic automorphism of X. The
dynamical degree of order s of f is defined as the spectral radius of the pull-
back operator f* on the cohomology group H**(X,R). It follows from a result
by Khovanskii-Teissier-Gromov [33] that the function s — logds is concave. In
particular, we can assume that

1:d0<d1<”'<dp:"':dp’>"'>dk71>dk:1‘

We have constructed in [20] for 1 < ¢ < p, Green (g, ¢)-currents T;,. In our
context, they are the positive closed currents of bidegree (g, ¢) such that f*(7},) =
d,T,, see Section 4.2 for the precise definition. Under the hypothesis that the
dynamical degrees are distinct (i.e. p = p’), we also constructed and studied
an ergodic invariant measure p for f. The case of surfaces (k = 2) was studied
by Cantat in [7]. Dynamically interesting automorphisms of surfaces are also
constructed in Bedford-Kim [1] and McMullen [41].

Here, we propose a new approach using super-potentials to deal with conver-
gence problems. We will show that the Green currents have Holder continuous



super-potentials. The following uniqueness result is quite surprising and can be
applied to all ¢ smaller than or equal to p. We refer to [29, 27, 26, 24, 25, 16]
and the references therein for analogous results in other settings.

Theorem. Let f be a holomorphic automorphism of a compact Kdhler manifold
X and dg the dynamical degrees of f. Suppose V is a subspace of HT1(X,R)
invariant under f*. Assume that all the (real and complex) eigenvalues of the
restriction of f* to V are of modulus strictly larger that d,—1. Then each class in
V' contains at most one positive closed (q, q)-current.

As a consequence, we deduce that given a positive closed (g, g)-current S, the
convergence of the classes (f")*[S], properly normalized, implies the convergence
of the currents (f)*(S), properly normalized. Here, f" := fo---o f (n times)
is the iterate of order n of f. The result applied to the current of integration on
a subvariety Y of X gives a description of the asymptotic behavior of the inverse
image of Y by f™ when n — oo. We also deduce that the Green currents are the
unique positive closed currents in their cohomology classes without restricting to
invariant currents.

Assume that the dynamical degrees of f are distinct, i.e. p = p’ (for surfaces
this just means d; > 1). Assume also that the action of f* on HPP(X R) satisfies
the following condition which is always true for surfaces. Let H be the invariant
subspace of HPP(X,R) corresponding to eigenvalues of maximal modulus. Sup-
pose that f* restricted to H is diagonalizable over C. This condition means that
the Jordan form of f* restricted to H ®g C is a diagonal matrix. Let T be
a Green (p,p)-current of f and T~ a Green (k — p, k — p)-current associated to
f~'. The hypothesis on fl’}{ is a necessary and sufficient condition in order to
have T AT~ # 0 for a suitable choice of T", T~ see Proposition 4.4.1. These
measures T AT~ generate a real space N of finite dimension. We will show that
the convex cone NT of positive measures in N is closed, with a simplicial basis
and that the measures p on the extremal rays are ergodic. When the eigenvalues
of f‘*}l are all real positive, i.e. equal to d,, ;1 is mixing.

We will show that any such measure 1 is of maximal entropy logd,. Then,
using a recent result of de Thélin [13] we deduce that p is hyperbolic with precise
estimates on the positive and the negative Lyapounov exponents. The Holder
continuity of the super-potentials of the Green currents implies that p is moder-
ate: if u belongs to a compact family of quasi-p.s.h. functions and dd‘u > —w
then (y, ey < ¢ for some positive constants A and c. As far as we know, this
property is the strongest regularity property satisfied by the equilibrium mea-
sures in a quite general setting. It implies that any quasi-p.s.h. function is in
LP(p) for all 1 < p < co. Moreover, p has no mass on proper analytic subsets
of X. A result due to Katok [38, p.694] implies that the set of saddle periodic
points is Zariski dense in X since its closure contains the support of .

We have tried to make the paper readable for non experts. In Section 2 we give
background on positive closed currents and we introduce transforms on currents
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in a quite general context. We show how to regularize positive closed currents
and how to solve the dd®-equation in an arbitrary compact Kahler manifold. In
Section 3 we construct an explicit structural variety for a given current R which
is a difference of positive closed currents. So, R appears as the slice by {0} x X
of a closed current R in P! x X. This is the main technical tool, which permits
to use the powerful estimates on subharmonic functions in order to prove the
convergence theorems. We also define here the intersection of currents. In the
last section, we give the applications to the dynamics of automorphisms.

Main notations and conventions. Throughout the paper, except for some
definitions in Section 2.2, (X,w) is a compact Kdhler manifold of dimension k.
The notation [V] or [S] means the current of integration on an analytic set V' or
the class of a dd~closed (p, p)-current S in HP?(X,C) or HP?(X,R). Denote by

7 X x X — X x X the blow-up along the diagonal A and A= 71 (A) the

exceptional hypersurface in X x X. The canonical projections of X x X on its
factors are denoted by m; and we define II; := m; o 7w for ¢ = 1,2. We also fix
a Kihler form & on X x X. Let C, denote the convex cone of positive closed
(p, p)-currents on X, D, the real space generated by €, and Dg the subspace of
currents in D, which belong to the class 0 in HP?(X,R). We consider on these
spaces the norms |||/ e, ||+ ||« and the *-topology defined in Section 2.2. On €, or
on *-bounded (i.e. bounded with respect to || - ||) subsets of D,, the *-topology
coincides with the weak topology on currents. The current O, its deformations
Oy with # € P!, the associated transforms Ly, £y and the transform Ly are
defined in Section 2.4. The deformations Sy := Ly(S) of a current S and the
associated structural line (Sp)gepr are introduced in Sections 2.4 and 3.1. The
super-potential of a current S in D,,, normalized by a fixed family o of closed
(p, p)-forms, is denoted by Ug. If S belongs to Dg, then Ugs does not depend on
the choice of «, see Section 3.2. Finally, most of the constants depend only on
(X,w). The notations 2, < mean inequalities up to a multiplicative constant
and we will write ~ when both inequalities are satisfied.

2 Background on positive closed currents

In this section, we recall some basic facts on Hodge theory for compact Kéhler
manifolds, some properties of positive closed currents and plurisubharmonic func-
tions. We refer to [10, 11, 28, 37, 40, 46] for more detailed expositions on these
subjects.

2.1 Compact Kahler manifolds

e Hodge cohomology groups. Consider a compact Kahler manifold X of di-
mension k. Let H"(X,R) and H" (X, C) denote the de Rham cohomology groups



of real and complex smooth r-forms. Let H?4(X,C), p+ q = r, be the subspace
of H"(X,C) generated by the classes of closed (p,q)-forms. The Hodge theory
asserts that

H'(X,C)= @ H"(X,C) and H™(X,C)=H(X,C).

ptg=r

For p = ¢, define
HPP(X,R) := H?P(X,C) N H*(X,R),

then
HPP(X,C) = HP?(X,R) ®g C.

The cup-product — on HPP(X,R) x H*P*=P(X R) is defined by

(18], 187) — 18] — 18] = /X BAG

where ( and ' are smooth closed forms. The last integral depends only on the
classes of 3 and (3'. The bilinear form — is non-degenerate and induces a duality
(Poincaré duality) between HP?(X,R) and H*~P*~P(X R). In the definition of —
one can take 3’ smooth and § a current in the sense of de Rham. So, H??(X,R)
can be defined as the quotient of the space of real closed (p,p)-currents by the
subspace of d-exact currents. Recall that a (p,p)-current 3 is real if 3 = f3.
When £ is a real (p,p)-current such that dds = 0, by the dd-lemma [10, 46],
the integral [, G A (' is also independent of the choice of # smooth and closed
in a fixed cohomology class. So, using the duality, one can associate to § a class
in HPP(X R).

e Blow-up along the diagonal. The integration on the diagonal A of X x X
defines a real closed (k, k)-current [A] which is positive, see Section 2.2 for the
notion of positivity. By Kiinneth formula, we have a canonical isomorphism

HY" (X x X,C)~ > H"™"(X,C)e H* " (X,C).

0<r<k

Hence, [A] is cohomologous to a smooth real closed (k,k)-form aa which is a
finite combination of forms of type B(x) A #'(y). Here, 8 and 3" are closed forms
on X of bidegree (r,k — r) and (k — r,r) respectively, and (x,y) denotes the
coordinates of X x X. In other words, if m; denote the projections of X x X
on its factors, then aa is a combination of 7}(5) A 75(5’). So, aa satisfies
dyan = dyan = 0. Replacing aa(z,y) by saa(z,y) + taa(y, z) allows to assume
that aa is symmetric, i.e. invariant by the involution (z,y) — (v, z).

Let 7: X x X — X x X be the blow-up of X x X along A and A := 7~1(A)

the exceptional hypersurface. By a theorem of Blanchard [4], X x Xisa compact
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Kihler manifold. We fix a Kihler form & on X x X. According to Gillet-Soulé
[32, 1.3.6], there is a real smooth closed (k— 1,k — 1)-form 1 on X x X such that

7 (cva) is cohomologous to [A] An, where [A] is the positive closed (1, 1)-current
of integration on A. Hence, m,([A] A1) is cohomologous to aa and to [A]. On

~

the other hand, 7, ([A] An) is supported on A and is equal to a product of [A] by

~

a function. We deduce that 7.([A] A n) = [A]. The map (x,y) — (y,x) induces

an involution on X x X. We can also choose 1 symmetric with respect to this
involution. - R

Let v be a real closed (1,1)-form on X x X, cohomologous to [A]. We can
choose 7 symmetric. We will see later that there is a quasi-p.s.h. function ¢
on X x X such that dd°p = [A] —~. This function is necessarily symmetric.
Subtracting from ¢ a constant allows to assume that p < —2.

e Local coordinates near A and A. Consider a local coordinate system
x = (x1,...,2x) on a chart of X. For simplicity assume that the ball W of center
0 and of radius 1 is strictly contained in this chart. For the neighbourhood W x W
of (0,0) in X x X, we will use the coordinates (z,y) = (1,..., Tk, Y1, -+, Yk)-
The diagonal A contains the point (0,0) and is given by the equation x = .
Define 2’ := x — y. Then (2/,y) is also a coordinate system of W x W and A is
given by 2’ = 0. Consider the submanifold M of C*¥ x C*¥ x P*~! defined by

M = {(z',y,[v]) €CF x C* x P*', 2’ € [v]},

where [v] = [v; : -+ : v;] denotes the homogeneous coordinates of P*~!. Recall
that 2’ belongs to [v] if and only if 2’ and v are proportional. The submanifold
M is the blow-up of C* x C*¥ along 2’ = 0. So, we identify 7=1(W x W) with an
open set in M defined by ||z’ + y|| = ||z]| < 1 and ||y|| < 1.

Consider a point (a, b, [u]) in A. We have necessarily a = 0. For simplicity,
assume that the first coordinate of u is the largest one. Therefore, we can write

[u] = [1:ug -+ : ) with |u;| < 1. In a neighbourhood of (0, b, [u]), the first
coordinate of v does not vanish and we can write [v] = [1 : vy : --- : vy] with
lv;| < 2. Write v' := (vq,...,vg). Then, (z,y,v’) is a local coordinate system for

a neighbourhood of (0, b, [u]). Here, A is given by the equation x| = 0. We also
have

m(x],y,v') = (2 y) = (21, 270", y) and Iy(al,y,0v") =y.

We see that Il and its restriction to A are submersions. In the same way, we
prove that II; and its restriction to A are also submersions.

2.2 Positive currents and plurisubharmonic functions

e Positive closed currents. A smooth (p,p)-form ¢ on a general complex
manifold of dimension k is positive if it can be written in local charts as a finite



combination with positive coefficients of forms of type
(tog ANay) AL A (g, A @)

where «; are (1,0)-forms. The positivity is a pointwise property and does not
depend on local coordinates. A (p,p)-current S is weakly positive if S A ¢ is a
positive measure for every smooth positive (k — p, k — p)-form ¢. The current
S is positive if S A ¢ is a positive measure for every smooth weakly positive
(k — p,k — p)-form ¢. The notions of positivity and weak positivity coincide
for p = 0,1,k — 1 and k. We say that S is negative if —S is positive and we
write S > 5, S < S when S — 5’ is positive. Note that positive and negative
currents are real. If S, S” are positive and S’ is smooth then S A S’ is positive.
Let V be an analytic subset of pure codimension p. Then, the integration on the
regular part of V' defines a positive closed (p, p)-current that we denote by [V].
A (p,p)-current S is said to be strictly positive if in local coordinates x, we have
S > e(dd®||x||?)P for some € > 0.

Let (X,w) be a compact Kéhler manifold of dimension k. If S is a positive
or negative (p, p)-current on X, define the mass® of S by

IS]] = (S, w"77)].

Let C, denote the cone of positive closed (p, p)-currents on X, D, the real space
generated by €, and D) the space of currents S € D, such that [S] = 0 in
HP?(X,R). The duality between the cohomology groups implies that if S is a
current in C,, its mass depends only on the class [S] in HPP(X,R). Define the
norm || - || on D, by

IS = min 15" + 1571

where the minimum is taken over ST, S~ in €, such that S = ST —S~. A
subset in D, is *-bounded if it is bounded with respect to the || - ||.-norm. We will
consider on D, and ‘Dg the following *-topology. We say that S, converge to S
in D, if S,, — S weakly and if ||5,||. is bounded by a constant independent of n.
Note that the *-topology restricted to €, or to a *-bounded subset of D,, coincides
with the weak topology. We will see in Theorem 2.4.4 below that smooth forms
are dense in D,, and D) for the *-topology.

Consider some natural norms and distances on D,. For I > 0, let [I] denote
the integer part of [. Let GJIM be the space of (p, ¢)-forms whose coefficients admit
all derivatives of order < [I] and these derivatives are (I — [I])-Hdlder continuous.
We use here the sum of C-norms of the coefficients for a fixed atlas. If S and S’
are currents in D,,, define?

ISlle == sup [(S,®)] and dist(S, ") = S — S'fle-

[@ller<1

%in this case, this quantity is equivalent to the mass norm for currents of order 0, see [28].
3the definition is meaningful for any current S of order 0 and || - ||e-o is equivalent to the
mass norm in the usual sense, see [28].



where @ is a test smooth (k — p, k — p)-form on X. Observe that || - |[e-t S || - ||«
for every [ > 0. The following result is proved as in [25] using the theory of
interpolation between Banach spaces.

Proposition 2.2.1. Let [ and I be real strictly positive numbers with [ < ['.
Then on any *-bounded subset of D,, the topology induced by dist; or by disty
coincides with the weak topology. Moreover, on any x-bounded subset of D,,, there
is a constant ¢,y > 0 such that

disty < dist; < ¢ [diStl/]l/l/'

In particular, a function on a x-bounded subset of D, is Holder continuous with
respect to dist; if and only if it is Holder continuous with respect to disty.

e Plurisubharmonic functions. Consider a general (connected) complex man-
ifold X. An upper semi-continuous function v : X — R U {—o00}, not identically
—00, is plurisubharmonic (p.s.h. for short) if its restriction to each holomorphic
disc in X is subharmonic or identically equal to —oo. If u is a p.s.h. function
then u belongs to L} for 1 < p < oo, and ddu is a positive closed (1, 1)-current
on X. Conversely, if S is a positive closed (1, 1)-current, it can be locally writ-
ten as S = dd°u with u p.s.h. A subset of X is locally pluripolar if it is locally
contained in the pole set {u = —oo} of a p.s.h. function. P.s.h. functions satisfy
a maximum principle. In particular, on a compact manifold, p.s.h. functions are
constant. A function v on X is quasi-p.s.h. if it is locally a difference of a p.s.h.
function and a smooth function.

Assume now that X is a compact Kéahler manifold of dimension & and w is
a Kahler form on X. If u is a quasi-p.s.h. function on X then dd‘u + cw is a
positive closed (1, 1)-current for ¢ > 0 large enough. Conversely, if S is a positive
closed (1, 1)-current and « is a real closed smooth (1, 1)-form cohomologous to S,
then there is a quasi-p.s.h. function u such that dd“u = S — a. The function u is
unique up to an additive constant. A subset of X is pluripolar if it is contained
in the pole set {u = —o0} of a quasi-p.s.h. function w.

A function is called d.s.h. if it is equal outside a pluripolar set to a difference
of two quasi-p.s.h. functions. We identify two d.s.h. functions if they are equal
out of a pluripolar set. If u is d.s.h. then dd‘u is a difference of two positive closed
(1, 1)-currents which are cohomologous. Conversely, if ST and S~ are positive
closed (1, 1)-currents in the same cohomology class then S*— S~ = dd®u for some
d.s.h. function u. The function u is unique up to an additive constant. There
are several equivalent norms on the space of d.s.h. functions. We consider the
following one, see [21]

[ullpsn = llullzr + [|ddw]..

We have the following proposition [21].



Proposition 2.2.2. Let u be a d.s.h. function on X. Then there exist two
quasi-p.s.h. functions u*, u~ such that

u=u"—u", |uF|p <clulpsu, and ddu® > —c|upsuw,

where ¢ > 0 is a constant independent of u.

We deduce from this proposition and the fundamental exponential estimate
for p.s.h. functions [37] the following result, see also [17].

Proposition 2.2.3. There are constants X > 0 and ¢ > 0 such that if u is a
d.s.h. function with ||u||psg < 1 then

/ Aulk < e,
X

We will need the following version of the exponential estimate for d.s.h. func-
tions on P! and for wpg the Fubini-Study form on P*.

Lemma 2.2.4. Let u be a d.s.h. function on P! = CU {oo}. Assume that u
vanishes outside the unit disc of C and that dd“u is a measure of mass at most
equal to 1. Then there are constants A > 0 and ¢ > 0 independent of u such that

Mlwps < e,
]Pl

In particular, if B is a disc of radius v, 0 < r < 1/2, then infp |u| < —clog |r|
for some constant ¢ > 0 independent of u, B and r.

Proof. Write dd“u = v+ — v~ where v* are probability measures with support in
the unit disc. Define for z € C

uE(z) = / log |z — £[di*(€).

Observe that [[u*| 11 1) are bounded by a constant independent of v*. We also
have

lim u*(2) —log|z|] =0 and ddu™ = v* — i

where ., is the Dirac mass at co. It follows that

lim ut(z) —u(2) =0 and dd°(u" —u)=v" — v~ = dd.

zZ—00

So, ut —u~ and u differe by a constant. The fact that u is supported in the unit
disc implies that u = u™ — u~. We deduce that ||u]/z1 is bounded by a constant
independent of u, and then ||u|psy is bounded by a constant independent of w.
Proposition 2.2.3 implies the result. [
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e Slicing of positive closed current. Let V be a complex manifold of dimen-
sion [. We are interested in families of currents parametrized by V' which are
slices of some closed current R in V' x X. Let my and mx denote the canonical
projections from V' x X on its factors. We have the following proposition where
currents on {#} x X are identified with currents on X, see also [22].

Proposition 2.2.5. Let R be a positive closed (s, s)-current in V x X with s < k.
Then there is a locally pluripolar subset E of V' such that the slice (R, my,0) exists
for 0 € V\ E. Moreover, (R, my,0) is a positive closed (s, s)-current on {6} x X
and its class in H**(X,R) does not depend on 6.

Recall that slicing is the generalization of restriction of forms to level sets of
holomorphic maps. It can be viewed as a version of Fubini’s theorem or Sard’s
theorem for currents. The operation is well-defined for currents R of order 0 and
of bidegree < (k, k) such that OR and OR are of order 0. When R is a smooth
form, (R, my, 0) is simply the restriction of R to {6} x X. When R is the current
of integration on an analytic subset Y of V x X, (R, my,0) is the current of
integration on the analytic set Y N {A} x X for 6 generic.

In general, if ¢ is a smooth form on V' x X then (RA¢, 7y, 0) = (R, 7wy, 0) A .
Slicing commutes with the operations @ and 9. So, in our situation, since R is
closed, (R, 7y, #) is also closed. The following description shows that (R, 7wy, )
is positive.

Let z denote the coordinates in a chart of V and Ay the standard volume
form. Let 1 (z) be a positive smooth function with compact support such that
[ YAy = 1. Define ¢(2) := e 2p(e7'2) and ¢ (z) := ¥(z — ). The measures
1y Ay approximate the Dirac mass at 6. For every smooth test form W of bidegree
(k—s,k—s)onV x X one has

<R7 v, 0>(\P) = 115)%<R N Wik/ (wa,e/\‘/)7 \Ij> (2]‘)

when (R, 7wy, 0) exists. This property holds for all choice of 1. Conversely, when
the previous limit exists and is independent of 1, it defines the current (R, my, 6)
and one says that (R, my,0) is well-defined. The following formula holds for
smooth forms ) of maximal degree with compact support in V:

/0€V<fR,7TV,9>(\I/)Q(9) = (RATHQ), D). (2.2)

Proof of Proposition 2.2.5. Since the problem is local on V', we can assume
that V is a ball in C' and z are the standard coordinates. It is enough to consider
real test forms WU with compact suppport. Define ¢ := (m).(R A V). This is a
current of bidegree (0,0) on V. Observe that dd°¥ can be written as a difference
of positive closed forms on V' x X, not necessarily with compact support. It
follows that dd‘¢ = (my).(R A dd°V) is a difference of positive closed currents.
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Therefore, ¢ can be considered as a d.s.h. function. We have

<R N WT/(,[?ZJG,G)\V)’ ‘;[;> = /qu,lvbe,e)\\/-

Classical properties of p.s.h. functions imply that for 6 outside a pluripolar set
(because ¢ is only d.s.h.) the last integral converges to ¢(6) when ¢ — 0. So, for
such a 6, the limit in (2.1) exists and does not depend on .

Choose a pluripolar set £ C V' such that the previous convergence holds for
0 outside FE and for a countable family JF of test forms ¥. We choose a family
JF which is dense for the €°-topology. The density implies that we have the
convergence for a test form W strictly positive near {#} x X. This, the density
of F together with the positivity of R imply the convergence for every W. Hence,
(R, 7y, 0) is well-defined for § ¢ E and is a positive closed current on {6} x X.

We have (R, my,0)(¥) = ¢(f). Consider a closed (k — s,k — s)-form & on
X and U := 7% (®P). If ¢ is defined as above, we have d¢ = 0. Therefore, ¢
is a constant function and (R, 7y, 0)(¥) does not depend on 6. If (R, my,0) is
identified with a current on X, then (R, 7wy, 60)(®) is independent of §. This,
together with Poincaré’s duality, implies that the class of (R, my, 0) in H**(X,R)
does not depend on 6. O

Remark 2.2.6. Assume that (R, my,0) is defined for 6 outside a set of zero
measure and that 6 — (R, 7y, 0) can be extended to a continuous map with
values in the space of currents of order 0. Then, by definition of slicing, (2.1) and
(2.2), (R, 1y, 0) is defined for every # and coincides with the continuous extension
of 0 — (R, my,0). If R, are positive closed currents converging to R, we can prove
that there is a subsequence R,,, with (R,,, my,0) — (R, 7y, 0) for almost every
0. Indeed, for a bounded sequence of d.s.h. functions on V we can extract a
subsequence which converges almost everywhere.

2.3 Transforms on currents

e General transforms on currents. We recall here a general idea how to
construct linear operators on currents which are useful in geometrical questions.
Let Xy, X5 and Z be Riemannian manifolds and 71, 7 smooth maps from Z to
X; and X,. Let © be a fixed current on Z. Define for a current S on X; another
current Lg(5) on Xs by

Lo(8) = (12). (11 (S) A O)

when the last expression is meaningful. The current 77 (S) is well-defined if S is
a bounded form or if 7 is a submersion. The operator (7). is well-defined if 7
is proper, in particular, when Z is compact. Assume that Z is compact. Then,
Le is well-defined on smooth currents S. Let ©’ denote the push-forward of ©
to X; X Xo by the map (71,72). Then, ©" defines a transform Lo where Z is
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replaced by X; x X5 . The transform Lg/ is equal to Lg on smooth forms S and
this useful property may be extended to larger spaces of currents.

In this paper, we consider the following situation used in Gillet-Soulé [32] and
[5, 19, 20, 45], see also [3, 36, 42, 21]. We use the notations introduced in Section
2.1. Consider a current © of bidegree (r,s) on X x X. If S is a current on X :
define the transform Lg(.S) of S by

Lo(S) = (). (T1}(5) A ©).

This definition makes sense if the last wedge-product is well-defined, in particular
when © or S is smooth.

If S is of bidegree (p, q) then Lg(5) is of bidegree (p +r — k,q+ s — k). So,
we say that the transform Lg is of bidegree (r — k,s — k). The bidegree may be
negative. In what follows, we will be interested in the cases where r = s = k or
r=s=k—1,and S is a current in D,. The current © will be real and smooth
or smooth outside A. If © is positive or negative, we say that the transform Lg
is positive or negative respectively.

~

Example 2.3.1. Consider 6 := [A] A where 7 is the smooth real closed form
of bidegree (k — 1,k — 1) chosen in Section 2.1, and define £, := Lg,. Since II;
and its restriction to A are submersions, £, can be extended continuously to any
current S. We have m,(0g) = [A]. So, if S is a smooth form, then

£o(8) = (m).(w}(S) A [A]) = 5.

By continuity, £y is equal to the identity on all currents S. If S is in D,, using
the theory of intersection with positive closed (1,1)-currents [8, 9, 31] and that

~

[A] = dd°p + v, we obtain for S in D, that if S" := II}(.5)
S = Lo(S) = (M), (dd*(pS" Am) +~ NS An),

see also [19]. We will construct some deformations Ly of Ly, i.e. transforms
associated to some deformations ©y of ©y.

e Regular and semi-regular transforms. Consider now a situation used in
[19, 20]. Let © be a form which is smooth outside A and such that

-~ ~

18] < —logdist(-,A) and |VO| < dist(-,A)~*

near A. Here, the estimate on VO means an estimate on the gradients of the
coefficients of © for a fixed atlas. Transforms associated to such forms © are called
semi-regular (when © is smooth, we say that Lg is regular). The form ©' := 7,(©)
is smooth outside A. Using the local coordinates described in Section 2.1, one
proves that

10| < —logdist(-, A)dist(-, A)2~%*
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and
IVO'| < dist(-, A)' =%

near A, see [19]. In particular, the coefficients of ©' restricted to X x {y} are in
L'k for every y € X. R

Recall that Lg is defined for S smooth. Since II7(S) A © has no mass on A,
we have

Lo(5) = (m2). (71 (S) A O).

The wedge-product 7}(S) A ©" has no mass on A. So, one has to integrate only
outside A. Then, using the estimates on |©’[, |VO'| and the Holder inequality,
we obtain the following result, see [19, 20].

Proposition 2.3.2. Any semi-reqular transform can be extended to a linear con-
tinuous operator from the space of currents of order 0 to the space of L**'/* forms.
It defines a linear continuous operator from the space of L1 forms, ¢ > 1, to the
space of LY forms where ¢ is given by ¢ ' +1=q¢ +[1+1/k]"V ifqg < k+1
and ¢ = oo if ¢ > k+ 1. It also defines a linear continuous operator from the
space of L> forms to the space of €' forms.

The following result is a direct consequence of Proposition 2.3.2.

Corollary 2.3.3. Let Ly, ..., L2 be semi-regular transforms of bidegree (0,0).
If S is a current of order 0, then S’ := Ly 90 ---0 Ly(S) is a form of class C'.
Moreover, we have ||S'||er < ¢||S||, where ¢ > 0 is a constant independent of S.

We will need the following lemma.

Lemma 2.3.4. Assume that © is a smooth positive closed (k,k)-form. Then Lo
defines a linear map from D, to itself which preserves Cp, @2 and is continu-
ous with respect to the x-topology. Moreover, if S is in D,, then ||Lo(9)]« <
cllO||lIS]l« for some constant ¢ > 0 independent of © and S.

Proof. Since I1I; is a submersion, by definition, Lg is a linear continuous map on
currents. It is clear that Lg preserves C,, D, and Dg. We only have to prove
the estimate on [|[Lg(S)||«. We can assume that S is positive. Since II; is a
submersion, we have [[II§(S)|| < ||S||. Recall that the mass of a positive closed
current can be computed cohomologically. Therefore,

ITIE(S) A OIS OIS < OS]
The continuity of (Ily), implies the result. O

e Symmetric transforms. The map (z,y) — (y,z) on X x X induces an

involution on X x X. In order to simplify notations, we will only consider the
transforms Lg associated to forms © which are invariant by this involution. We
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say that Lg is symmetric. Let ¥ be a smooth test form on X of the apropriate
bidegree. If S is smooth then we deduce from the symmetry of Lg that

(Lo(5), V) = /A I7(S) A © ATI5(W) = (S, (Th).(I5(¥) A ©)) = (S, Lo(V)).

XxX

When S is closed and @ is a smooth test form of the apropriate bidegree, we have
(Lo(S), dd°®) — /A IT(S) A dd° A TI(®) = (Lageo (S), D).
XxX

Observe that the smoothness of S is superflous when © is smooth. The previous
identities may be extended to some cases where S and © are not smooth using a
regularization on S.

2.4 Regularization and Green potential

e Deformation of the identity transform. We introduce in this section
a family of regular transforms Ly, 6 € P!\ {0}, of bidegree (0,0) which is a
continuous deformation of the identity transform L, considered in Example 2.3.1.

We use the notations of Section 2.1. Consider the following regularization
of the function ¢. Recall that ¢ < —2. Let x be a smooth convex increasing
function on R U {—oo} such that x(t) =t for t > 0, x(t) = —1 for ¢ < —2 and
0 < x’ < 1. Define

Xo(t) == x(t —log|0]) +1og |0 and g := xa(p).

When |6| decreases to 0, xy decreases to xo = id and ¢y decreases to . The
following lemma gives some properties of s where the coordinates (2, y,v’) are
introduced in Section 2.1.

Lemma 2.4.1. There is a constant ¢ > 0 such that for 8 € C* small enough,
dd‘pg + v vanishes on {|x1| > ¢|0|}. Moreover, we can write

dd®pg +v = Adxy Ndz, + B

where A is a smooth function such that ||Al|s < ¢|0]72 and B is a smooth form
such that || Blls < c|0]7!.

Proof. Since A is given by ;1 = 0 and dd‘p = [ﬁ] — 7, the function v :=
¢ — log|z1] is smooth. By definition, ¢y = ¢ on {p > log|f|} which contains
{lz1| > ¢||} for some constant ¢ > 0 large enough. So, we have for |z,| > ¢|6|

ddpg + v = dd°p +~v = 0.

This proves the first assertion of the lemma.
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For the second assertion, observe that ¢y is constant on {|z1| < |6|} for
some constant ¢ > 0. Therefore, it is enough to consider the problem on the
domain {|0] < |z1]| < ¢|f|} where we have dd“¢ = . Observe that |[¢|ler <
|27, [|@lle2 < |o1|7? and that the derivatives of xy are bounded by a constant
independent of 6. We have

ddpg = ddxe(p) = xy(@)de N d°p + xp(@)dde.

The last term is bounded. For the first term, we have since 1) is smooth
7
de N\ dp = d(log |z1| + ) A d°(log |z1] + ) = ;]a:1|’2dx1 Adzy + O(|z1| ™).

This implies the result. [

Lemma 2.4.2. The function (0,z) — pg(2) can be extended to a quasi-p.s.h.
function on C x X X X which is continuous outside {0} x A and d.s.h. on
P! x X x X. We have wo(z) = p(2) and ddpy(z) > —Ao(z) on C x X x X
for some constant X > 0. Moreover, dd°pg(z) can be written as a difference of
positive closed currents on P! x X x X which are smooth on C* x X x X.

Proof. If ¥(0, z) :== ¢(z) — log |0, then we have on C* x X x X

ddpe(z) = [X'()]d A dY + X" (1p)ddY
> X"(¢)dd = X" (¢p)dd°p(2).

Hence, dd°pp(z) > —A&(2), A > 0, on C* x X x X because X" is positive bounded
and ¢ is quasi-p.s.h. On the other hand, by definition, pg(z) = log |#| — 1 when
0] > 1 and @g(z) is bounded from above when || < 1. By classical properties
of p.s.h. functions, py(z) can be extended to a quasi-p.s.h. function and the

estimate dd®py(z) > —AW(z) holds on C x X x X.
Since py(z) =log |0 — 1 for |0] > 1, py(z) is d.s.h. on P! x X x X. We have
for the dd® operator on P! x X x X

dd°py(z) > —[{o0} x X x X] — AB(2).
So, we can write ddpy(z) as the following difference of two positive closed currents

(ddc%(z) + [{oo} x X x X] + A@(z)) - ([{oo} x X x X] + A@@)).

These currents are smooth on C* x X x X since ©g(z) is smooth there.

It remains to study @g(z) when § = 0 or §# — 0. For a ¢ A, we have
©o(z) — ¢(a) when (6, z) — (0,a). Therefore, py(z) is continuous out of {0} x A
and @o(z) = o(2) outside A. Finally, since ¢y < max(¢p,log|d|), we have that
909(2):\—00 when (0,z) tends to {0} x A. Since @y(z) is quasi-p.s.h. on

C x X x X, we deduce that ¢g(z) = —o0 = ¢(z) on A. O
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Define for # € C* the current ©y on X x X by

~

Op := (dd°pp +7v) An and ©g:=[A] A7,

see Example 2.3.1. Observe that Oy = v A n for |0] > 1 since in this case @y is
constant. So, define also ©,, := v A n. Since v and 71 are smooth, they can be
written as differences of smooth positive closed forms. By Lemma 2.4.2; for each
0 # 0, dd°py can be written as a difference of smooth positive closed forms on X
with masses bounded by a constant independent of #. Therefore, we can write
Oy := O — O, where @ei are smooth positive closed with mass bounded by a
constant independent of . We see that the family (Op)yepr is continuous with
respect to the x-topology. Define

LFi=Lor and Ly:=Lo,=Lf —L;.

Note that Ly is symmetric.

¢ Regularization of currents. Regularization of positive closed currents on
complex manifolds was developed by Demailly in the case of bidegree (1,1) [10].
The case of bidegree (p, p) was studied in [19]. Define Sy := L4(S) for all currents
S in D,,.

Lemma 2.4.3. The current Sy depends continuously on (0,S) for the x-topology
on S, Syg. In particular, we have ||Sy||. < ¢||S||« for some constant ¢ > 0 in-
dependent of S and 0. Moreover, we have disty(Sy,S) < ¢||||S]l« with ¢ > 0
independent of S and 6.

Proof. The estimate ||Syl|. < ¢||S]|« is clear for # = 0 since £y = id, see Example
2.3.1. The case # # 0 is a consequence of Lemma 2.3.4 applied to E;t. When
0 tends to a € C*, then ¢y converges in the C>*-topology to ¢,. Therefore, Sy
depends continuously on (6, .S) for § € C*.

It remains to prove the estimate on diste(Sp, S) for |§] < 1. This and the
triangle inequality imply the continuity of Sy at 8 = 0, see also Proposition 2.2.1.
We can assume that S is positive and that ||S|| < 1. Let ® be a test form such
that ||®[|ez < 1. We have using the description of £y in Example 2.3.1

(Sg— S, @) = (dd°(¢g — @) A NI{(S), II5(P))
= ((¢o — @)n NI;(S), II5(dd“®))
= (S, (). ((po — ) A TI5(dd°®)) ).

We have to bound the last integral by c|f| for some constant ¢ > 0.

Since ||S]| < 1, it is enough to show that the form (IIy). [(¢g — @) AL (dd°®)]
has a || - ||oe-norm bounded by ¢|f|. The map II; is a submersion. So, the
coefficients of the considered form are equal to some integrals of coefficients of
(ps — ©)n A II5(dd°®) on fibers of II;. The || - ||« estimate is not difficult to
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obtain. Indeed, n A II5(dd°®) is a smooth form with bounded || - ||-norm, the
function ¢y — ¢ has support in a neighbourhood of A of size < |f] and satisfies
los — | < —logdist(:, A) near A. O

We deduce the following result obtained in [19], see also Propositions 3.1.2
and 3.2.8 below.

Theorem 2.4.4. Smooth forms are dense in D, and in Dg for the x-topology.
Moreover, there is a constant ¢ > 0 such that for every current S € D,, we can
write S = ST — S~ with S* € €, ||SE|| < ¢[|S|l« and S* approzimable by smooth
forms in C,.

Proof. We prove the first assertion. If S is in D,, we can add to S a smooth
form in order to obtain a current in Dg. So, it is enough to approximate currents
S in @2 by smooth forms in Dg. Observe that the problem is easy when S is
a form of class C'. Indeed, we can write S = dd°U with U of class €2 and
approximate S uniformly by S, := dd°U, where U, is smooth and U, — U in the
€ topology. It remains to approximate S by €' forms in D). Consider non-zero
complex numbers 61, ..., 0;12. The currents Oy, are smooth, then the associated
transforms Ly, are regular. By Lemma 2.4.3, we can choose ; converging to 0
such that Ly, ,, o --- 0 Ly, () converges to S. By Corollary 2.3.3 and Lemma
2.3.4, Lg,,0---0Ly (S) is a €' form in D). This completes the proof of the first
assertion.

For the second assertion, we can assume that S is positive. Recall that when
6 #0, Ly =L, — L, where Egt are associated to smooth positive forms @;t with
mass bounded by a constant. Therefore, Lg,,, o --- 0 Ly, (S) is a difference of
C! positive closed forms of bounded mass. We obtain the result by extracting
subsequences of forms converging to some currents S*. O

Corollary 2.4.5. Let S be a current in D,, and S a current in D,, with p+p" < k.
Assume that S restricted to an open set W is a continuous form. Then S NS’ is
defined on W and its mass on W satisfies

1S A S l[w < cll SIS
for some constant ¢ > 0 independent of S and S'.

Proof. 1t is clear that SA S’ is well-defined on W and depends continuously on S’
for the x-topology on S’. Therefore, by Theorem 2.4.4, we can assume that S’ is
positive and smooth. Now S A S’ is defined on X for every S smooth or not. We
can assume that S is positive but we may loose the continuity of S. The current
S A S is positive on X. Its mass can be computed cohomologically. Therefore,
we have

IS A S lw < IS A S < el SIS
This implies the result. [
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Lemma 2.4.6. Let S and Sy be as above. Assume that S is smooth. Then Sy is
smooth for every 6 and

156 = Slleo < clB][|S][er
where ¢ > 0 is a constant independent of S and 6.

Proof. The current Sy is equal to S. Hence, Sj is smooth. For 6 # 0, Ly is a
regular transform. Using the fact that Il is a submersion, we deduce easily that
Sop = Ly(S) is smooth. It remains to prove the estimate in the lemma.

Assume that ||S]|ex < 1. Observe that (1I5).(0y) is a closed current of bidegree
(0,0) on X. So, it is defined by a constant function. On the other hand, since
Oy is cohomologous to Oy, (I12).(6Oy) is cohomologous to

(I2)+(O0) = (m2):me(O0) = (m2)[A] = [X].
Hence, (I12).(0y) is equal to 1. We deduce that S = (Il2).(I5(S) A ©y) and then
Sp — S = (Iy).(7*(S") A ©y), where S :=x7(S)—m(S).

Observe that ||S’||e is bounded and the restriction of S’ to A vanishes. If " :=
7(5’), then ||S”||e: is bounded and S” restricted to A vanishes. Therefore, in
the local coordinates near A as in Section 2.1, we have

S"(x1,y,v") = |21|A + Bdxy + CdTy

where A, B, C are bounded forms.

The coefficients of Sy — S at a point 3/° is computed by some integrals involving
the coefficients of S”AOy = S”A(dd®pg+7)An on {y = y°}. The above description
of S” together with Lemma 2.4.1, implies that these coefficients are < |f|. The
result follows. [

e Green potential and dd°-equation. Consider a current S in @2 with p > 1.
Then, since [S] = 0, by dd®lemma [10, 46|, there is a real current Ug of bidegree

(p — 1,p — 1) such that dd“Us = S. We call Us a potential of S. In order to
construct an explicit potential and to estimate its norm, we use a transform of

bidegree (—1, —1). Choose a real smooth (k—1, k—1)-form 3 on X x X such that
dd°8 = —yAn+7*(aa) where aa, v and i are introduced in Section 2.1. We can
choose 3 symmetric. Consider the symmetric transform Lx with K := ¢n — (.
The following result was obtained in [20, Proposition 2.1], see also [32].

Proposition 2.4.7. Let S be a current in DY) with p > 1. Then Ug := Lk(S) is
a potential of S. Moreover, we have

1Usl s < €llS]s

for some constant ¢ > 0 independent of S.
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Proof. By Proposition 2.3.2, S — L(S) is continuous with respect to the x-
topology on S € DY and the estimate on ||Usg||pi+1/x is clear. We show that
dd°Us = S. By Theorem 2.4.4, it is enough to consider S smooth. Define
K':=m,(K). This is a form smooth outside A. We have seen in Section 2.3 that

|K'| < —logdist(-, A)dist(-, A)*2
near A. We also have
dd°K" = m,(dd°K) = m, ([A] A — 7*(aa)) = [A] — aa.

So, K' is a kernel for solving the dd®-equation on X. Since S is smooth, we have
Us = (m2)«(m(S) A K') and

ddUs = (m2).(m1(S) A[A]) = (m2)s (75 (S) A cva)
= S — (m).(m(S) ANan) =S,

where the last identity is obtained using that [S] = 0 and that aa is a combination

of forms of type B(x) A 5'(y) with 8 and 5’ closed. O

Definition 2.4.8. We call Lx(S) the Green potential of S.
Note that the Green potential depends on the choice of K.

Remark 2.4.9. The transform associated to %8[( solves the d-equation on X
and L7,(0K) is a kernel which solves the d-equation.

3 Structural varieties and super-potentials

In this section, we define for each positive closed (p, p)-current a super-potential
which is a function on the space of smooth forms in @27]0 41~ In this space,
we construct some special structural lines parametrized by the projective line
P!. The restriction of the super-potential to such a structural line is a d.s.h.
function. This is a key point in our study. We will also consider currents with
regular super-potentials and their intersection.

3.1 Structural varieties in the space of currents

Consider a current R on V' x X which is a difference of two positive closed (s, s)-
currents. We will use in next sections the case where s = k—p-+1. By Proposition
2.2.5, for 6 in V outside a locally pluripolar set, the slice Ry := (R, my, 0) is well-
defined and is a current in D,. Its cohomology class does not depend on 6.
Assume that Ry is in DY i.e. [Ry] = 0. So, we obtain a map 7: V — DY given

by 6 — Ry which is defined out of a locally pluripolar set.
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Definition 3.1.1. We say that 7 or the family (Ry)gey defines a structural variety
of D% When Ry is defined for every 6 and depends continuously on 6 for the
x-topology, we say that the structural variety is continuous.

In what follows, we use some structural lines, i.e. structural varieties parametrized
by the projective line P* = C U {oo}. Let Ly := Lg, be transforms defined in
Section 2.4. For a given current R in DY and for § € C U {oo}, consider the
current Ry := Ly(R). Recall that Ly, Oy, Ry do not depend on ¢ when |0] > 1
and that £0 = ld, RO = R.

Proposition 3.1.2. The family of currents (Rg)gepr defines a continuous struc-
tural line in DY which depends linearly on R. Moreover, there is a constant ¢ > 0
independent of R such that ||Ry||. < c||R||. for every 6.

Definition 3.1.3. We call (Rp)gepr the special structural line associated to R.

Proof of Proposition 3.1.2. The linear dependence on R is clear. The con-
tinuity of (Rg)gepr and the estimate on || Ry||. are proved in Lemma 2.4.3. Let
7o denote the projection of P! x X x X on P! and 7 the projection on X x X.
Consider @y(z) as a function on C x X x X. Define a current R on C* x X x X
by
R(6,2) := (ddpo(2) +7° (7)) AT"(n) AT (IT(R)).

In this wedge-product, each current is a difference of positive closed currents with
bounded mass in P! x X x X. We can apply Corollary 2.4.5 to the current f/]\Q,
which is well-defined on C* x X x X , and Skoda’s theorem [44] on the extension
of positive closed currents. Hence, the trivial extension of R is a difference of

o~

positive closed currents on P! x X x X with bounded mass. Denote also by R
this extension. R

On C* x X x X, in the definition of R, all currents except R, are smooth. We
deduce easily from the slicing theory that

(R, 70,0) = (ddSpg +~) A ATTL(R)

where we identify {6} x X x X with X x X. Let 7 = (70,11 o 7) denote the

projection of P!x X x X onto the product of P! with the second factor X. Define
R := (12)«(R). Tt is deduced from the slicing theory that

(R, 71, 0) = (I15), (R, 70, 0) = Ry,

for § € C*. Recall that Ry depends continuously on 6 € P'. By Remark 2.2.6,
the identity (R, mp1,6) = Ry holds for any 6§ € P!'. So, (Ry)sep is a structural
line. U

Remark 3.1.4. We can prove that § — L} (R) defines a continuous structural
line. In this case, for § # 0, £it?(R) is a €' form.
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3.2 Super-potentials of currents

Consider a current S in D,. The super-potentials of S are defined (at least) on
the smooth forms in ﬂgfp +1- They are unique under apropriate normalization.
Let o = {ay,...,ap} with h := dim H??(X,R) be a fixed family of real

smooth closed (p,p)-forms such that the family of classes [a] = {[a1],...,[ax]}
is a basis of HPP(X,R). We can find a family o = {o, ..., )} of real smooth
closed (k — p, k — p)-forms such that [a"] = {[a]],...,[a)]} is the dual basis of

[a] with respect to the cup-product —. Let R be a current in Dgfpﬂ and Uy a
potential of R. Adding to Ug a suitable combination of ¢ allows to assume that
(Ug, ;) =0 fori=1,..., h. We say that Ug is a-normalized.

Lemma 3.2.1. Assume that S is smooth or that R, Ugr are smooth. Then (S, Ug)
does not depend on the choice of Ug. Assume that [S] = 0. Let Ug be a potential
of S, smooth if S is smooth. Let Uy be another potential of R, smooth when R
is smooth. Then (S,Up) = (S,Ug) = (Us, R). In particular, (S,Ug) does not
depend on o and oV .

Proof. Let Uy, be another a-normalized potential of R. We have dd“(Ug—Up) =0
and [oy] — [Ugr—Up] = 0 for every i. Since [a] is a basis of H??(X,R), we deduce
that [S] — [Ur—Upg] = 0. Hence, (S, Ug) = (S,Uy). So, (S,Ug) does not depend
on the choice of Ug. If [S] = 0, we have

(S,Ug) = (dd°Us, Ug) = (Us, dd"Ug) = (Us, R).

These identities hold for all Uy not necessarily normalized, in particular for Ug.
Note that the smoothness of S, Ug or R, Ug, Uy implies that the considered
integrals are meaningful. O]

Definition 3.2.2. The a-normalized super-potential Ug of S, is the following
function defined on smooth forms R in DY_, ., by

Ug(R) := (S, Ug), (3.1)

where Ug is an a-normalized smooth potential of R. We say that S has a con-
tinuous super-potential' if Ug can be extended to a function on D)_ ., which
is continuous with respect to the x-topology. In this case, the extension is also
denoted by Ug and is also called super-potential of S.

Note that the a-normalized super-potential of «; is identically zero. By
Lemma 3.2.1, when [S] = 0, the super-potential Ugs does not depend on the
choice of . When S is smooth then S has a continuous super-potential and the
formula (3.1) holds for all R in D}_,,,. In this case, if [S] = 0 and if Us is a
smooth potential of S, we also have Ug(R) = (Us, R).

4this is equivalent to the notion of PC current introduced in [20].
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Proposition 3.2.3. Let S and S’ be two currents in D, such that [S] = [S']. If
they have the same a-normalized super-potential then they are equal.

Proof. The a-normalized super-potential Ug» of S” := S — 5’ vanishes identically.
If U is a real smooth (k — p, k — p)-form, then U is a potential of dd°U which is
a form in D)_ .. Since [S”] = 0, it follows from Lemma 3.2.1, that (S",U) =
Ugr(dd°U) = 0. Hence, S” = 0. O

Here is one of the fundamental properties of super-potential. It can be ex-
tended to more general structural varieties but, for simplicity we restrict ourselves
to this particular case.

Proposition 3.2.4. Let (Ry)gepr be the special structural line associated to a
smooth form R € DY_ . . Let S be a current in Dy. Then 6 — Us(Ry) is a
continuous d.s.h. function on P which is constant on {|0| > 1}. Moreover, we
have

lddgUs (o)l < cl[S[I&]

where ¢ > 0 is a constant independent of R and S.

Proof. By Lemma 2.4.6 applied to Ry, the function H(6) := Ug(Ry) is continuous
on P!. It remains to bound the mass of dd°H. Since this function depends
continuously on S, by Theorem 2.4.4, we can assume that S is smooth. Recall that
the a-normalized super-potential of «; is zero. Subtracting from S a combination
of a; allows to assume that [S] = 0. So, we can use the last assertion of Lemma
3.2.1: if U is a smooth potential of S, then H(0) = (U, Ry).

It is enough to estimate the mass of dd°H on C*. Indeed, the continuity of
H implies that dd°H has no mass on finite sets. Consider in P! x X x X the
currents

Ry =RA T I5(U) and Rs =R A T 1I5(.S).
These currents are smooth on C* x X x X. A direct computation gives H =

(Tg)*(ﬂAQU) and dd°H = (To)*(f/]\%g) on C*. So, it is enough to estimate the mass of

—

Rs on C* x X x X. By Corollary 2.4.5, since S and R are smooth, this mass is
bounded by a constant times

R[N T (S) e S (7 TR TS [ S RS-
where the last inequality follows from the fact that 7, II;, I, are submersions. [

Lemma 3.2.5. Let Ug, be the a-normalized super-potential of Sp. If [S] = 0,
then Ug, (R) = Us(Ry) for R smooth.

Proof. Since Sy = L4(S), the Green potential of Sy is equal to LxLy(.S). Using
the symmetry of £y and Ly, we have by Lemma 3.2.1

Us, (R) = (LxLo(S), R) = (S, LoLrc(R)).
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On the other hand,
dd°LoL(R) = Lo(dd°Li(R)) = Ly(R) = Ry.
It follows that Ug,(R) = Us(Ry). ]

The following result is an analogue of the estimate in Proposition 2.2.3 for
super-potentials of currents.

Theorem 3.2.6. Let S be a current in D, and Us the a-normalized super-

potential of S. Then we have for R smooth in D)_, ., with ||R|. <1

Us(R)| < c[[S]«(1 +log™ [ Rller),
where log" := max(log,0) and ¢ > 0 is a constant independent of S, R.

Proof. Subtracting from S a combination of a; allows to assume that [S] = 0.
We can also assume that ||S||. = 1. Let Us be the Green potential of S. By
Lemma 3.2.1, Ug(R) = (Ug, R). We have to show that

_ WsR)
" 1+ logt ||R]|ex

Ms g

is bounded when ||R||. < 1. The proof uses Proposition 2.3.2, Lemma 2.2.4 and
special structural lines in D}_ . Consider the numbers ¢, > 1 given by the
induction identity ¢;' = ¢, 'y — 1+ (1 + 1/k)~! for n < k + 1 with go = 1. We

have g1 = o0.

Claim. For every 0 < n < k41 and M > 0, there is a constant ¢ > 0
independent of S, R such that Msr < cif |R|« <1 and ||R| pm < M.

For n = 0, the claim implies the theorem, i.e. Mg is bounded when ||R||. <
1. Indeed, we have ||R|.: < ||R]| < ||R|l« and then the hypothesis ||R][z0 < M
is satisfied. We prove now the claim using a decreasing induction on n. For
n =k + 1, by Proposition 2.3.2, ||Us||z: is bounded uniformly on S. If || R||« is
bounded, it is clear that (Ug, R) is bounded. So, the claim is true for n = k + 1.
Assume now that the claim is true for n 4+ 1. We check it for n and we only have
to consider the case where || R||e: is large.

Let Ry be as above and define Hg (f) := Ug(Rp). By Proposition 3.2.4,
Hg g is a continuous d.s.h. function on P!. It is equal to some constant cs,r ON
{10 > 1}. We have cg p = (Us, Rs). Moreover, ||dd°Hg g|| is bounded uniformly
on S, R. On the other hand, by Propositions 2.3.2 and 3.1.2, R, is a smooth
formin D}_ ., with bounded L%+!-norm and bounded ||-||,-norms. Since (U, R)
depends linearly on R, we can apply the claim to R, and deduce that

csr S 1+1og" [[Ruller S 1+1log" || Rl|er
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Because (Ug, R) = Hg r(0), it is enough to show that
[Hs,r(0) — csr| S 1+log" ||R]er.

Since ||dd°Hg g|| is uniformly bounded, by Lemma 2.2.4 applied to Hg g — cs g,
there is a 6 with || < ||R||s such that

|Hs,r(0) — cs.p| $1+log™ ||Rller.
On the other hand, Lemma 2.4.6 implies that
IR = Rolloc S O Rfler < 1.
Therefore, using that ||Us||r: is bounded, we obtain

|Hs r(0) —csr| < |Hsr(0) — Hsr(0)| + |Hsr(0) — cs gl
= |(Us, R — Ry)| + |Hs,r(0) — cs,r|
< 1+log" [|R|e-

This completes the proof. O

We will use the following notion of convergence.

Definition 3.2.7. Let (S,) be a sequence of currents converging in D, to a
current S. Let Ug, Ug, be the a-normalized super-potentials of S, S,. We
say that the convergence is SP-uniform if Ug, converge to Ug uniformly on any
*-bounded set of smooth forms in D)__, ;.

By linearity, it is enough to check the SP-uniform convergence on the unit ball
of Dg_pﬂ. This notion does not depend on «a. Indeed, by Lemma 3.2.1, the case
where [S,] = [S] = 0 is clear. Since [S,] converge to [S], we obtain the general
case by adding to S,, and S suitable combinations of «;. Moreover, if 5, and S
have continuous super-potentials, then since smooth forms are dense in @271) 1
the extensions of Ug, converge to the extension of Ug uniformly on *-bounded

subsets of D) ..

Proposition 3.2.8. Let S be a current in D, with continuous super-potentials.
Then Sy has continuous super-potentials and Sy converges SP-uniformly to S
when 0 — 0. In particular, S can be approrimated SP-uniformly by smooth
forms in D,,.

Proof. Observe that the second assertion is deduced from the first one as in the
proof of Theorem 2.4.4. We prove now the first assertion. When S is smooth, by
Proposition 2.3.2, Sy converges to S in the @'-topology and the result is clear.
Adding to S a combination of «; allows to assume that [S] = 0. Then, we also
have [Sg] = 0 for every . We only have to consider |§| < 1 since Sy does not
depend on 6 when [f] > 1. Let R be a current in DY_ | with [|R[. < 1. Let Ug,
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denote the super-potential of Sy. By Lemma 3.2.5, when R is smooth, we have
Us, (R) = Ug(Ry). Since Ry depends continuously on R, Ug, admits a continuous
extension to Dy _ ., and the last identity holds for all R.

It remains to check that Ug, converges SP-uniformly to Ug. Recall that since
Ug is continuous, if | R« is bounded, we have Ug(R) — 0 when ||R|e-2 — 0.
We also have Ug,(R) — Us(R) = Us(Ry — R). When 6 — 0 and ||R]. <
| Ry — R||« is bounded and by Lemma 2.4.3, || Ry — R||e-2 tends to 0 uniformly on
R. Therefore, Ug(Ry — R) tends to 0 uniformly on R with ||R||. < 1. The result
follows. O

3.3 Intersection of currents

We will define the intersection of two currents such that at least one of them
has a continuous super-potential. The theory of intersection is far from being
complete but we will see that the following properties suffice in order to study
the dynamics of automorphisms. We refer the reader to [8, 9, 31] for the theory
of intersection with currents of bidegree (1, 1) and [22, 25] for the case of bidegree
(p,p) on local setting or on homogeneous manifolds, see also [5, 32].

Let S be a current in D, and S" a current in D, with p 4+ p’ < k. Assume
that S has a continuous super-potential. We will define the intersection S A S’
as a current in D,,,,. This wedge-product satisfies some continuity properties.
Let Ug be the a-normalized super-potential of S and let (ay,...,a;) denote the
coordinates of [S] in the basis [a]. Define for any test smooth real form & of
bidegree (k —p—p',k—p—17'):

(SAS, @) :=Us(ddPAS)+ > aifa;, ®AS).
1<i<h

Lemma 3.3.1. Assume that S or S’ is smooth. Then S NS’ coincides with the
usual wedge-product of S and S’.

Proof. Assume that S’ is smooth. Observe that (ID A S is a potential of dd“® A S".
Define m; := (a;, ® A S"). Then ® A S" — > m;a) is an a-normalized potential of
dd“® A S’. Therefore,

Us(dd@AS)+> am; = (SSOAS)=> mi(S,a))+ > am

= (S,PNS).
This implies that S AS’ coincides with the usual wedge-product of S and S’. The
computation still holds when S is smooth but S’ is singular. O

Theorem 3.3.2. Let S be a current in D, and S" a current in D,y with p+p" < k.
Assume that S has continuous super-potentials. Then S AN S’, defined as above,
is a current in Dy, which depends linearly on S, S'. Moreover, we have

[SAST=[S] =[5 and [[SAS. <c|[S]]S]s
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for some constant ¢ > 0 independent of S, S'. Let S, be currents in D,, with con-
tinuous super-potentials converging SP-uniformly to S and S!, be currents con-
verging in Dy to S’. Then, S, N\ S,, converge in D,y to SNS".

Proof. 1t is clear that (S A S’, ®) depends continuously on the smooth test form
®. Hence, S A S’ is a current. Clearly, this current depends linearly on S and
S’. By definition, since Ug is continuous, S A S’ depends continuously on S’. We
deduce using Theorem 2.4.4 that [S A S'] = [S] — [9'] since this identity holds
for S’ smooth. In order to estimate ||S A S]], it is enough to assume that S’
is smooth positive. Writing S as a difference of positive closed current, we see
that [|[S A S|« < [|S]]«]]S"]]«. We use here that the mass of a positive closed
current depends only on its cohomology class. The last assertion of the theorem
is deduced directly from the definition of S A S n

Proposition 3.3.3. Assume that S, S', S,, S), have continuous super-potentials
and that S, S), converge SP-uniformly to S, S respectively. Then S N S" and
Sn N\S! have also continuous super-potentials and S, A S), converge SP-uniformly
to SNS'.

Proof. The proposition is clear when S, S,, are linear combinations of a;. Sub-
tracting from S and S,, suitable combinations of «; allows to assume that [S] =
[Sn] = 0. So, if ® is a smooth test form we have by definition (S A 5", ®) =
Us(S'Add°®). We deduce that if R is smooth then Ugpg(R) = Us(S’AR). Since
S and S’ have continuous super-potentials, Ug(S” A R) can be extended contin-
uously to R in ‘Dg_p_p, +1- S0, S A'S" has a continuous super-potential and the
identity Ugas/(R) = Ug(S' A R) holds for all Rin D}_ .. In the same way, we
prove that S, AS), has a continuous super-potential and Ug, s/ (R) = Us, (S;,AR).
It is now clear that S,, A S], converge SP-uniformly to S A 5. O]

The following result shows that the wedge-product is commutative and asso-
ciative. The first property allows to define S’AS := SA S’ when S has continuous
super-potentials and S’ is singular.

Proposition 3.3.4. Let S;, ¢ = 1,2,3, be currents in D, . Assume that Sy and
Sy have continuous super-potentials, then

Sl/\SQZSQ/\Sl and (Sl/\SQ)/\SgZSl/\(SQ/\S:g).

Proof. The proposition is clear when S; and Sy are smooth. The general case
is deduced from this particular case using Propositions 3.2.8, 3.3.3 and Theorem
3.3.2. =

Remark 3.3.5. Assume that S and S’ are positive currents. By Theorem 3.3.2,
if S is SP-uniformly approximable by smooth positive closed (p,p)-forms, then
S A S’ is positive. This is also the case when S’ can be approximated by positive
smooth forms. In general, we don’t know if S A S is always positive when S or
S’ has continuous super-potentials.
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3.4 Holder super-potentials and moderate currents

Consider a current S in D, with continuous super-potentials. Its super-potentials
are defined on Dy_ ;.

Definition 3.4.1. We say that S has a Hélder continuous super-potential if it
admits a super-potential which is Hélder continuous on *-bounded subsets of
Dy_,1 with respect to dist; for some real number [ > 0.

In order to prove that Ug is Holder continuous, it is enough to show that
Us(R)| < [|R||3-: for ||R]l. < 1 and for some constant A > 0. By Proposition
2.2.1, the definition does not depend on the choice of [. One checks easily that
the super-potentials of smooth forms are Holder continuous. Hence, if S admits
a Holder continuous super-potential, all the super-potentials of S are Holder
continuous. In other words, this notion does not depend on the normalization of
the super-potential.

Proposition 3.4.2. Let S, S’ be currents in D, and D,, p+p < k, having
Holder continuous super-potentials. Then S AN S" has a Hélder continuous super-
potential.

Proof. We can assume that [S] = 0 and [S'] = 0. Let Ug, Uss and U be the
super-potentials of S, S and S A S respectively. So, for R in ﬂg_p_p, L We
have U(R) = Ug(S" A R). It is enough to prove for R in a *-bounded subset of
Dy _,_p41 that
15" A Rlle-+ S | Rllg-2,

where A > 0 is a constant. Using a regularization, we can assume that R is
smooth. Let U’ be a potential of S” and ¢ a test form with ||®||e: < 1. We have
since Ug is Holder continuous and ||dd°®||ez is bounded

IS'A Rt = supl(S' A R,®)] = sup (U A R, dd°)|
= sép KU, R A dd°®)| i Sup Us/ (R A dd°®)|
< IRAddP|g- S IIRE-.
The result follows. O

Moderate currents and moderate measures were introduced in [17, 18]. With
respect to test d.s.h. functions, moderate measures have the same regularity as
the Lebesgue measure does.

Definition 3.4.3. A positive measure v on X is moderate if there are constants
A >0 and A > 0 such that
(v, M) < A

for every d.s.h. function ¢ on X such that ||¢||psg < 1. A measure is moderate if
it is a difference of moderate positive measures. A positive closed (p, p)-current
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S is moderate if its trace measure S A w* P is moderate and a current in D, is
moderate if it is a difference of moderate positive closed (p, p)-currents.

Proposition 3.4.4. Let S be a positive closed (p, p)-current. Assume that S has
a Holder continuous super-potential. Then S is moderate.

Proof. By Proposition 3.4.2, the trace measure of S has a Holder continuous
super-potential. Replacing S by its trace measure allows to assume that S is a
positive measure, i.e. p = k. Let ¢ be a d.s.h. function with ||¢||psg < 1. Define

v = min(|¢|, M) — min(|¢|, M — 1) for M > 1. Observe that 0 < 9y < 1
and that ¥y, = 0 on {|¢| < M — 1}, also ¢y is larger than or equal to the
characteristic function py; of {|¢| > M}. Moreover, the DSH-norm of ¢, is
bounded by a constant independent of ¢ and M, see e.g. [21]. We want to prove
that (S, eM?l) < A for some positive constants A and A. So, it is enough to check
that (S, par) S e M for some (other) positive constant A. For this purpose, we
will show that (S, ) < e M.

By Proposition 2.2.3, the volume of the support of 1, is < e~ smce it is
contained in {|¢| > M — 1}. Therefore, the estimate (S, 1y, 5 e ™ is clear
when S is a form with bounded || - ||s-norm because 0 < v, < 1. Subtracting
from S a smooth form allows to assume that [S] = 0 but we loose here the
positivity of S. Recall that the super-potential Ug of S is Holder continuous and
that 1, has a bounded DSH-norm. We have for some constant A > 0

(S, ¥ar) = Us(ddPnr) S [|dd a2

On the other hand, if ® is a test form with ||®[/ez < 1 then

ddaglle-s = sup | (dd“as, )| = sup | (s, dd“®)| S ™,

S
)

where the last inequality follows from the above volume estimate of the support
of 5. This completes the proof. ]

Proposition 3.4.5. Let S be a positive closed (p, p)-current with Hélder contin-
uous super-potentials on X. Assume that the manifold X 1is projective. Then the
Hausdorff dimension of S is strictly larger than 2(k—p). More precisely, the trace
measure S A wkP has no mass on sets of finite Hausdorff measure of dimension
2(k — p) + € for e > 0 small enough.

We will need the following lemma where we use that X is projective.

Lemma 3.4.6. Let A > 0 be a constant large enough and ro > 0 a constant small
enough. If B,,, B, are concentric balls of radius ro, v respectively, r < r¢, then
there is a positive smooth form ® of bidegree (k — p,k — p) supported in B,, with
® > Wk P on B, and such that

||(I)|| S Aer—Qp-‘r?, ||ddC(I)||>’< S Aer‘—Qp and ||ddcq)||@71 S A’I“Qk_Qp—H,
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Proof. The case where X is the projective space P* is proved in [25, Lemma
3.3.7]. We will deduce the lemma from this particular case. Since rq is small,
we can choose a finite family of holomorphic maps from X onto P* such that
every ball of radius 37, is sent injectively to P* by at least one of these maps.
Let I : X — P* be such a map corresponding to the ball Bs,, with the same
center as the considered balls B, and B,,. Then, II(B,,) contains a ball B’ in
P* of radius = 1y and II(B,) is contained in a ball B” of radius < r. Let ¥ be
a form satisfying the lemma for P*, B’, B” and for a fixed Kéahler metric on P*.
The choice of II implies that the jacobian of (II, BQTO)*1 is bounded from below
and from above by positive constants. Therefore, the form & := H‘*BTO(\IJ) is
positive with support in B,,. It satisfies ® > w*? on B, and ||®| < r?k-2+2
|dde® ||, < 7r?*=% on X. Multiplying ¥ by a constant allows to get ® > w* P on
B,. Finally, it remains to check the inequality [|dd°®||e-1 < r?*=2PT1. We have
to show that supg, [(dd°®, Q)| < r?*=2P+1 for smooth test form Q with ||Q|ler < 1.
Since @ is supported in B,,, it is enough to consider {2 with support in By,,. In

that case, the desired estimate is deduced from the analogous estimate for ¥ in
Pk O

End of the proof of Proposition 3.4.5. Fix a constant ¢ > 0 small enough.
We only have to prove that [, SAw*™? < r?*72*< for r small, see e.g. [43]. Using
the previous lemma, it suffices to check that (S, ®) < r2*=2P+<. The estimate is
clear when S is smooth. Subtracting from S a smooth form allows to assume
that [S] = 0 but we loose the positivity of S. Let Ug be the super-potential of
S. Since Ug is Holder continuous and ||r??~2*dd°®||, < A, we have

(S,0) = Ug(dd°®) = r?2Ug(r2~2dd°D)

5 7,2k—2p||7,2p—2kdd6q)||%_1 5 T,2k:—2p+e'

This implies the proposition. [l

4 Dynamics of automorphisms

In this section, we study the dynamics of automorphisms on compact Kahler man-
ifolds. The main dynamical objects (Green currents and equilibrium measure)
were constructed by the authors in [20]. In [35], under some extra hypothesis,
Guedj gives another construction of the Green current of some bidegree and of
the equilibrium measure. Here, the theory of super-potentials allows us to obtain
a new construction and to prove some fine properties of these dynamical objects.

4.1 Action on currents and on cohomology groups

We first give some basic properties of linear maps. Their proofs are left to the
reader. Recall that a Jordan block J) ,, is a square complex matrix (a;;)1<ij<m
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such that a;; = Nif i = j, a;; = 1if j =i+ 1 and a;; = 0 otherwise. If A # 0,
the entry of index (1,m) of J,, is equal to (m’il) A=mFh when n > m — 1. This
is the only entry of order n™ | \[", the other ones have order at most equal to

n™2|\|". We have

n

N R [ e

The eigenspace of Jy ,, associated to the unique eigenvalue \ is a complex line.

Consider a linear automorphism L of a real space E ~ R". We assume
there is an open convex cone X in E which is salient, i.e. XN —X = {0}, and
totally invariant by L, i.e. L(X) = K. For a fixed basis of E, L is associated
to an invertible square matrix with real coefficients. One can extend L to an
automorphism of E¢ := E ®g C ~ C". Then, there is a complex basis of E®
such that the associated matrix of L is a Jordan matrix, i.e. a block diagonal
matrix whose blocks are Jordan blocks. In other words, one can decompose E©
into direct sum of complex subspaces Ef which are invariant by L:

E° = @ Ef with dimEF =m; and Zml = h,

1<i<r =1

such that the restriction L; of L to EF is defined by a Jordan block Jy, .

Up to a permutation of the EF, we can assume that the (|\;],m;) are ordered
so that either |\;| > |Ajy1| or |N| = [Nga| and my > myyq forevery 1 <1 <r—1.
We say that Jy, ., is a dominant Jordan block if (| A, m;) = (|A1],m1) and in that
case we say that \; is a dominant eigenvalue of L. Let v be the integer such that
Inymys - -+ Ja,.m, are the dominant Jordan blocks. The positive number A := ||
is the spectral radius of L. The integer m := m; is called the multiplicity of the
spectral radius. Since L preserves the salient open cone X, X\ is a dominant
eigenvalue of L. Moreover, the Perron-Frobenius theorem implies that L admits
an eigenvector in K associated to the dominant eigenvalue A. It is clear that
| L™|| ~ n™~1A". Let EF be the hyperplane generated by the first m; — 1 vectors
of the basis of E associated to the Jordan form. We have ||L™v|| ~ n™ =\ for
any vector v ¢ Ef @ P Ef/c @ ES,, @@ ES, in particular for v € X.

Let FF denote the eigenspace of L; which is a complex line. We say that
FC = FF @ --- ® FF is the dominant eigenspace. Define H® = @FF with
1 <[l <vand )\ = A This is the strictly dominant eigenspace of L. Define
also F:= FCNFE and H := H°N E. One can check that F© = F @ C and
H® = H @5 C. The previous spaces are invariant under L.

For any 1 <! < v, there is aunique 6, € S := R/27Z such that \; = A exp(if,).
We say that 0 := (61,...,0,) € S” is the dominant direction of L. The dominant
direction of L™ is equal to nf. Denote by © the closed subgroup of S” generated
by 6. It is a finite union of real tori. The orbit of each point 8 € © under the
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translation 6’ — 0’ + 0 is dense in ©. If \; = X for every 1 < [ < v, we have
F€=H® 0=0and © = {0}. Define

= _an Lyn’

We have the following proposition, see also [20].

Pr0p051t10n 4.1.1. The sequence (LN) converges to a surjective real linear map
Le:E— H. Let (n;) be an increasing sequence of integers. Then (n; ™A™ an)
converges if and only if (n;0) converges. Moreover, any limit of (n'*="™\""L") is

a surjective real linear map from E to F.

Note that surjective linear maps are open and the image of K by such a map
is an open convex cone.

We will apply the previous result to the action of a holomorphic map on
cohomology groups. Let f be an automorphism on a compact Kahler manifold
(X,w) of dimension k. The pull-back operator f* acts on smooth forms and on
currents. It commutes with 0, 0 and preserves positivity. Therefore, f* acts as a
linear automorphism on H%?(X,R). The operator push-forward f, is defined in
the same way. It coincides with the pull-back (f~')* by f~1.

Recall that the dynamical degree of order q of f is the spectral radius of f*
acting on H%9(X,R). Let us denote by d,(f) (or d, if there is no confusion) this
degree. We have d,(f") = d,(f)" for n > 1 and do(f) = di(f) = 1. An inequality
due to Khovanskii, Teissier and Gromov [33] implies that the function ¢ — logd,
is concave on 0 < ¢ < k, see also [35]. In particular, there are two integers p and
p’ with 0 < p < p’ < k such that

l=dy<---<dp=---=dy>--->d, =1

By Gromov and Yomdin [34, 48], the dynamical degrees are related to the topo-
logical entropy h.(f) of f by the formula h;(f) = max,logd,, see also [19] for a
more general context.

Let K be the convex cone of the classes in H?9(X,R) associated to strictly
positive closed (g, g)-forms. Then X is salient and totally invariant by f*. Hence,
we can apply Proposition 4.1.1 to f* (one can also apply it to the cone of the
classes associated to strictly positive closed (g, g)-currents). Recall that the bi-
linear form — on H%9(X,R) x H*%*=4(X R) given by

(18, 180) — [ / BAG

is non-degenerate. Moreover, we have f*[3] — =[] — [f«[F']. So, if we con-
sider two basis of H#9(X,R) and of H* %k~ q(X, R) which are dual with respect
to —, then f* acting on H%4(X,R) and f, acting on H*%k~9(X R) are given
by the same matrix. Therefore, these operators have the same spectral radius
dy(f) = dy_,(f") with the same multiplicity m.
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Lemma 4.1.2. If S is a current in D, then
(™) Sl < mn™dg 1S

where kK > 0 is a constant independent of S. Moreover, if S is a strictly positive
current, we have ||(f*)*(S)|| ~ n™'dp.

Proof. We can assume that S is positive. The mass of a positive closed current
can be computed cohomologically. Therefore,

ICFm)SIE = (f") 18] = [ S N NIISTE S nm g1 S]I-

This gives the first part of the lemma. For the second one, if S is strictly positive
then [S] is in the interior of the cone of the classes of positive closed currents.
We deduce from the above discussion on the linear operator L that [|(f™)*[S]|| ~
n™'d?. The result follows. O

Note that the previous lemma allows to compute the dynamical degrees using
the following formula

1/n

n—oo n—oo

dy(f) = lim [/X(fn)*wq/\wkq] . = lim [/qu/\ (f™),wh1

4.2 Construction of Green currents

In this section, we give a new construction of the Green currents using the super-
potentials. This approach permits to establish some new properties of the Green
currents. The result can be extended to open non-invertible maps, see [23] for the
pull-back operator on currents by non-invertible maps. We use here the notations
introduced in Section 4.1.

Theorem 4.2.1. Let f be a holomorphic automorphism on a compact Kdhler
manifold (X,w). Let ds be the dynamical degrees of f and q an integer such that
dy—1 < dy. Let F' (resp. H) denote the real dominant (resp. strictly dominant)
subspace associated to the operator f* on HTY(X,R). Then each class ¢ of F
can be represented by a current T, in D, with Hélder continuous super-potentials
which depends linearly on c and satisfies f*(1,) = Tf+(y. In particular, we have
f(T.) = d/I. for c € H. The set of the classes ¢ in F' (resp. in H) with T,
positive is a closed conver cone with non-empty interior.

The cone of positive closed currents T, with ¢ € H is a closed cone of finite
dimension. We say that T, is a Green current of order q of f if T, is a non-
zero positif current (this implies that ¢ # 0). By Proposition 3.4.4, the Green
currents are moderate. We will see that Green currents are the only positive
closed currents in their cohomology classes.

Consider now the action of f* on H#9(X,R) as described in Section 4.1. Let
m denote the multiplicity of its spectral radius d,,.
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Proposition 4.2.2. Let S be a current in ‘D, with a continuous super-potential.
Let (n;) be an increasing sequence of integers. Assume that n;~"d " (f")*[S]
converge to some class ¢ in H*(X,R). Then n;~"™d;"(f")*(S) converge SP-

uniformly to a current T, in D, which depends only on c.

Let @« = {aq,...,a4} be a family of smooth closed real (g, q)-forms such
that [o] = {[a1],...,|an]} is a basis of H?9(X,R) where h is the dimension of
H%9(X,R). In what follows, we consider the super-potentials normalized by «
as in Section 3. Let M denote the h X h matrix whose column of index j is
given by the coordinates of f*[a;] with respect to the basis [a]. Let U; denote
the super-potential of f*(c;) and define U := (Uy,...,U). Let A ="(ay,...,ap)
denote the coordinates of [S] in the basis [a] and Ug, Ug, the super-potentials of
S and of S, := (f™)*S respectively. Denote also by A the operator f, acting on
DLy
Lemma 4.2.3. We have

n—1
Us, = Y (Uo A )M A+ Us o A™.

=0

Proof. The proof is by induction. For n = 0, we have Sy = S and the lemma is
clear. Assume the lemma for n. We show it for n+1. Let R be a smooth form in
’Dgfqﬂ and U a smooth potential of R normalized by «. So, f.(U) is a potential
of A(R) but it is not normalized. Let a¥ = {ay,..., )} be a family of smooth
real closed forms such that [a"] is the basis of H¥~%¥=¢(X R) which is dual to
[a] with respect to —. Define

by = ey, f(U)) = ([*(e), U) = W;(R)

and
b:= t(bl, ooy bm) = tU(R).

Then U’ := f.(U) —a"b is a potential of A(R) normalized by or. We obtain using
the induction hypothesis

Us, 1 (R) = (Snyr, U) = ([7(5n),U) = (Sn, (U))

= {(S,,U") +(S,,a"b) = Us, (A(R)) + (S,, a’D)

= Y UN(R)M™ A+ Us(A™(R)) + (S, VD).

We only have to check that the last integral satisfies

(S, aVb) = U(R)M"A.
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Observe that the integral (S, a"b) can be computed cohomologically. Since S is
cohomologous to aA, by definition of M, S,, = (f™)*S is cohomologous to aM™A.
Hence

(Sp,a’b)y = (aM™ A, a"b)y = "bM"A = U(R)M" A.
This completes the proof. O

End of the proof of Proposition 4.2.2. By Proposition 4.1.1 the limit ¢ of
n;~"d " (f")[S] is a class in F. Write ¢ = (e, . . ., ¢,) with respect to the basis
[a]. Then, n}~™d_ ™M™ A converges to c.
By Lemma 4.2.3, the super-potential Uy, of n;~™d ™ (f™)*(S) is equal to
ni—1

W, = nlmdm [ 3 (Uo AYM™ A 4 U o Am]

i i
=0

Mni—l—lA

n;—1

= D (Wo A)—mm ", U o AT (4.1)
1=0 [ q
Since Ug is continuous, we have
[Us o A™(R)| S IA"(R)[|lx < 6" [|R], (4.2)

where d;,—1 < 0 < d, is a fixed constant. It follows that the last term in (4.1)
tends uniformly to 0 on x-bounded sets of R.
Recall that ||M™| ~ n™'d?. Analogous estimates as in (4.2) for U; imply
that
an—l—lA M'I‘Li—l—lA
s ==
Since leo 5ld;l converges, we can apply the Lebesgue convergence theorem for
the sum in (4.1). We obtain the uniform convergence on *-bounded sets:

‘561;5 and ‘(ujoAl) < dd;t, (4.3)

lim U, = Z(u o AhYM~ e,

1—00
>0

The last series converge because (4.3) implies that [|[M~"'¢|| < d_'. One can also
obtain this inequality using the fact that c is a vector in F' and that the matrix
of f"}, is conjugate to a diagonal matrix whose eigenvalues are of modulus d,,.

Hence, the sequence (n;~"d " (f")*(S)) converges to some current T,. More-
over, the last series defines a super-potential Uy, of 7. and U,,, converge to Uy,
uniformly on *-bounded sets of R. Hence, the convergence of (n; ~"d_ ™ (f")*(S5))
is SP-uniform. Since Uy, depends only on the class ¢, by Proposition 3.2.3, T,

depends only on this class. O

Proposition 4.2.4. Let (n;) be an increasing sequence such that (nil_md;"i(f”i)*)
converges on HP4(X R). Then for any class ¢ € F there is a smooth form S in
D, such that n;~"d " (f")*(S) converge SP-uniformly to T..
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Proof. By Proposition 4.1.1, one can find a smooth form S in D, such that
n;~"d ™ (f)*[S] converge to c. It is enough to apply Proposition 4.2.2. O

Lemma 4.2.5. The current T, in Proposition 4.2.2 has Holder continuous po-
tential.

Proof. We follow the approach in [20] and [25]. Let R be a smooth form in D},
such that || R||, < 1. Since f*(a;) is smooth, its super-potential U, is Lipschitz in
the sense that ||U;(R)|| < k|| R||e-1 with £ > 1 independent of R. By definition
of || - ||e-1, we also have [|[A(R)||e-1 < k||R|le-1 for some constant x > 1.

Let § be a constant as above with d,_1 < 6 < dg. Define p := dd, ", A= 571A,
A := —log p(log k—log p) ! and Ny the integer part of (A—1)log || R]||e-1(log &) .
Then the sequence (/N\l)lzo is bounded with respect to the || - ||.-norm. For ||R||e-1
small enough, we have since [|[M~""'¢c| < d_*

> UoARYM e S Y AU AR+ Y pUoe A (R)|

>0 >Ny
No
S () IR+ Y o
=0 >Ny

S & Rller + o™ S RII6--
Therefore, 3 o(Uo AY)M~""'¢ is A-Holder continuous with respect to dist_;. [

End of the proof of Theorem 4.2.1. By Proposition 4.2.4, T, depends lin-
early on ¢ because it depends linearly on S. By Lemma 4.2.5, T, has Holder
continuous super-potentials. Observe that if n;~™d " (f™)*[S] converge to ¢
then n;~"d_"(f™)*[f*(S)] converge to f*(c). Applying Proposition 4.2.2 to S
and to f*(S) yields

£ = 5 (Jim nd=dy ™ (77)(9) = Jim = (7 (7)) = T
If cis in H, we have f*(c) = dyc. Hence, f*(1,) = d,T..

We deduce easily from the linear dependence of 7. on ¢ that the cone Cg
(resp. Cp) of the classes ¢ in F' (resp. in H) with 7, positive is convex and
closed. It remains to prove that they have non-empty interior. Observe that Cp
contains the classes ¢ associated to S smooth strictly positive and that the cone
K in H?9(X,R) of such forms S is open. By Proposition 4.1.1, any limit L., of
(n'=™d_™(f")*) is an open map from H%Y(X,R) to F. Hence, Cp contains the
cone Ly (XK) which is open in F.

Consider as in Section 4.1 the operators

1
T . E 1—m j—n/ pn\*
LN = _N 2 n dq (’ )
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on H?%(X,R) and L., the limit of this sequence which is an open map from
H?(X,R) to H. Observe that any class in L (X) belongs to the closed convex
cone generated by the L. (X). Hence, Cp contains L., (X). We deduce that Cp,

which is equal to Cr N H, contains the open cone ZOO(UC) of H. This completes
the proof of Theorem 4.2.1. O

Proposition 4.2.6. Let S be a current in D, with continuous super-potentials.
Let Ly be as above and ¢ € H the limit of the sequence (Lx[S]). Then Ly(S)
converge SP-uniformly to the current Tz. Moreover, any current Tz with ¢ € H
can be obtained as the limit of (Lx[S]) for some S smooth in D,.

Proof. Proposition 4.2.2 implies that any limit T of L ~(S) belongs to the space
generated by the T, with ¢ € F. Hence, T is equal to one of the current 7,.. On
the other hand, T is a current in the class ¢. We deduce that ¢ = ¢ and that
Ly (S) converge to T5. The main point here is to show that the convergence is
SP-uniform. We follows the proof of Proposition 4.2.2.

By Lemma 4.2.3 the super-potential Uz ) of LN(S) is equal to

;_n

n—

N
1 S n— n
e S [Z(qul)M 1A 4 U OA}
n=1 =0
N-1 | N
= DU [T DT L+ )M A+ (44)
=0 n=0
1 N
1-m j—n n

Since Ug is continuous, the quantity in (4.5) tends to 0 uniformly on *-bounded
sets. By Proposition 4.1.1, the term in the brackets in (4.4) converges to the
vector of coordinates equal to the coordinates of ¢ in the basis [«]. Denote also
by ¢ this vector. We deduce that the expression in (4.4) converges uniformly on
x-bounded sets to

Ur, ==Y d," " (Uo A,

1>0

which defines a super-potential of Tz, Hence, the convergence of L ~(S) is SP-
uniform.

The last assertion of the proposition is deduced from the surjectivity of the
map L in Proposition 4.1.1. ]

4.3 Uniqueness of Green currents and equidistribution

In this section, we will prove the uniqueness of the Green currents in their coho-
mology classes. We have the following general result.
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Theorem 4.3.1. Let f be a holomorphic automorphism of a compact Kdhler
manifold (X,w) and ds the dynamical degrees of f. Let V be a subspace of
H%(X,R) invariant by f*. Assume that d, > d,—1 and that all the (real and
complex) eigenvalues of the restriction of f* to V are of modulus strictly larger
than dy—1. Then each class in V' contains at most one positive closed (q,q)-
current.

Proof. Let S and S” be positive closed currents in the same class in V. Define
Mo = (D) = 1S S i= A7) and S, == Au(F7).(S).
The currents S,, S/, are of mass 1. We have S = A\ 1(f")*(S,) and S’ =
MA(f™)*(S)). Let 6 > dy > d, 1 be constants such that the eigenvalues of
[} have modulus strictly larger than 6. We deduce that the eigenvalues of fiv
have modulus strictly smaller than 6;*. Therefore, Lemma 4.1.2 applied to f.
implies that A, 2 67. Let Ug, Ug, Usg,, Ug, denote the super-potentials of S,
S’, S, and S! respectively.

Assume that S # S’. Proposition 3.2.3 implies that Ug # Ug. Then, there
is a smooth form R in D__,, such that Us(R) — Ug(R) # 0. If we multiply
R by a constant, we can assume that Ug(R) — Us/(R) = 1. Since S and S’ are
cohomologous, they have the same coordinates A in the basis [o]. By Lemma
4.2.3, we have

Us, ((f")«R) = Us;, (f")R) = Ugpnyes, (B) — Ugnyesr, (R)
= AMUs(R) — A Us (R)
= A\

Define R, := 7, '(f™).(R) where v, is the norm of (f")* acting on H4~1471(X R).
Recall that 7, is also the norm of (f"), acting on H*-4+tbF=a+1( X R). We have
lim,, 771/ " =d, 1 < dy. Moreover, ||R,]|. is bounded by a constant independent

of n. We have for n large enough
uSn (Rn) — uSé (Rn) = )\n’}/gl > 2(5?(5;”

It follows that either |Ug,(R,)| > 670," or |Ugs (Ry)| > 679,". On the other
hand, if x is a fixed constant large enough, we have ||f.(R)||er < k||R||e: since f
is an automorphism, and by induction

[Raller =% M)« (R)ler ST,

for some constant k. Theorem 3.2.6, applied to S,, and .S}, implies that 079, " < n.
This is a contradiction because d; > ds. O

Observe that in Theorem 4.3.1, by linearity, each class of V' contains at most
one current 7' = T* — T~ with T, T~ positive closed and [TF], [T7] in V.
We apply this theorem to V' the maximal subspace of H%9(X,R) where the
eigenvalues of f* are of modulus d,. We obtain the following corollaries.
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Corollary 4.3.2. Let f, ds and q be as in Theorem 4.2.1. Then the Green (q,q)-
currents of f are the unique positive closed currents in their cohomology classes.

They are the only non-zero positive closed (q, q)-currents which are invariant by
d; f*, i.e. satisfying the equation d' f*(T) =T.

Corollary 4.3.3. Let f, ds and q be as in Theorem 4.2.1. Let T be a Green
(q,q)-current of f and Cp the set of positive closed (q,q)-currents S such that
S < T for some constant ¢ > 0. Then Cr is a salient convex closed cone
of finite dimension. Moreover, each current in Cr s the unique positive closed
current in its cohomology class.

Proof. 1t is clear that Cr is a convex cone. It is salient since the cone of of all
positive closed (g, ¢)-currents is salient. Let Et denote the cone of the classes
of currents S in Cr and E the space generated by ET. Then E7 is convex and
salient since it is contained in the cone of the classes of positive closed currents.
Since T' is a Green current, it is invariant by d;l f* and dgf.. If v is a vector
in £, then by definition of E*, [|(f").v| < d;™. Therefore, the eigenvalues
of f, restricted to E are of modulus at most equal to dq_l. We deduce that all
eigenvalues of f* have modulus equal to d,. By Theorem 4.3.1, S is the only
positive closed current in [S]. Moreover, in F+, the current S depends linearly
on its class. We deduce from the correspondence S < [S] and the definition of
E* that B = E*, So, Cr is closed. O

The following results can be applied to the currents of integration on subva-

rieties of pure codimension ¢ of X, and give equidistribution properties of their
images by f7".
Corollary 4.3.4. Let f, ds and q be as in Theorem 4.2.1. Let m denote the
multiplicity of the spectral radius of f* on HT(X,R). Let (S;) be a sequence of
positive closed (q,q)-currents. If (n;) is an increasing sequence of integers such
that n}~"d; " (f™)*[S;] converge in H*(X,R), then ni~"d " (f")*(S;) converge
either to 0 or to a Green (q,q)-current.

Proof. Let ¢ denote the limit of n;~™d;™(f™)*[S;]. Observe that the sequence
of n;~™d ™i(f")*[S;] is bounded. Hence, the currents nj~™d, ™ (f")*(S;) have
mass bounded by a constant independent of i. Then, we can extract convergence
subsequences. All the limit currents are in the same class ¢ of F. By Theorem
4.3.1, they are equal. This implies the result. ]

Corollary 4.3.5. Let f, ds, g and m be as in Corollary 4.3.4. Let S be a positive
closed (q,q)-current on X. Then the sequence

N
1 —-m J—n n\*
& D on T () (S)
n=1
converges either to 0 or to a Green (q,q)-current of f.
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Proof. 1t is enough to apply Theorem 4.3.1 and to observe that by Proposition
4.1.1, the sequence

1 N

converges to a class in H. Note that when all the dominant eigenvalues of f* on
H%(X,R) are equal to d, (i.e. real positive), then n'~"d_"(f")*[S] converges to
a class ¢ in H. Therefore, n'=™d_"(f")*(S) converge to 0 if ¢ = 0 or to a Green
current otherwise. O

4.4 Equilibrium measure, mixing and hyperbolicity

In this section, we assume that f admits a dynamical degree d, strictly larger
than the other ones. We have

l=dy<---<dp,>--->d,=1.

Then, we can construct Green (g, q)-currents of f for 1 < ¢ < p and Green
(g, q)-currents associated to f~! for 1 < ¢ < k —p.

If T* is a Green (p,p)-current of f and T~ is a Green (k — p, k — p)-current
associated to f~!, then as it is noticed in [20], we can define the intersection
T+ AT~ see also Section 3.3. This gives an invariant measure. However, we
cannot prove that this measure does not vanish. We introduced in [20] another
construction which always gives an ergodic probability measure®. This measure is
the intersection of a Green current 7" with (1, 1)-currents with Holder continuous
potentials. The main result in [17] implies that the measure is moderate. Here
is a criterion for the non-vanishing of T AT, see also [35].

Proposition 4.4.1. If f is as above, then the following properties are equivalent

1. There is a Green (p,p)-current Tt of f and a Green (k — p, k — p)-current
T~ of f~! such that T AT~ is a positive non-zero measure.

2. The spectral radius of f* on HPP(X,R) is of multiplicity 1.
3. The spectral radius of f, on HE"P*=P(X | R) is of multiplicity 1.

Proof. To say that the multiplicity of the spectral radius is 1 means that the
Jordan blocks associated to the eigenvalues of maximal modulus are reduced
to these eigenvalues. As it is showed in Section 4.1, if we consider a basis of
HPP(X R) and H*P*P(X R) which are dual with respect to the cup-product
—, then f* acting on HP?(X,R) and f, acting on H*Pk~P(X R) are given by
the same matrix. Therefore, properties 2 and 3 are equivalent.

Sthere is a slip at the end of [20, p.310]; the measure that we constructed is only ergodic,
almost mixing and mixing when the dominant eigenvalues of f* on HP?(X,R) are equal to d,,.
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Assume that properties 2 and 3 hold. Then, by Proposition 4.2.6, the currents

N
T 1 —n( £n\*
S = L§(w") where Lj := N de (f",
n=1
converge SP-uniformly to a positive closed (p,p)-current TF. By Lemma 4.1.2,
the cohomology class of T is non-zero. Therefore, T is a Green (p, p)-current.
In the same way, we prove that

N
~ ~ 1
_ — k— - —n(n
Sy = Ly(w*™P) where Ly := Nzczp (f™)s,
n=1

converge SP-uniformly to a Green (k — p, k — p)-current T~ of f~1.

Since the convergences are SP-uniform, S A Sy converge to THAT~. Observe
that S3 A Sy is a smooth positive measure. In order to prove property 1, we only
have to check that the mass of S, A Sy does not tend to 0. We have

ISEASEl = 55 3 & [T A )

1<n,I<N
1
= 5 2 e Al
1<n,I<N X

= 2 GGy @l

1<n,I<N

By Lemma 4.1.2, the last quantity is bounded from below by a positive constant
independent of N. This implies that the mass of Si A Sy does not tend to 0.
Now assume property 1 and let m denote the multiplicity of the spectral radius
of f* on H??(X,R). By Proposition 4.2.4, there are smooth closed (p, p)-form S+
and (k — p,k — p)-form S, not necessarily positive, and an increasing sequence
(n;) such that
T = lim n; "™ (f")*(ST) and T~ = lim n; ™d; ™ (f™).(S7).

1—00 p 1—00 p

Moreover, the convergences are SP-uniform. We have

ITATN = Bim [l () (S%) Al (7)57)
— leglo Xn?_def”i(fQ”i)*(SJr)/\S_
o : E m-1 Nl—-m j—2n; 2n; \ * + -
_ }E?o<ni> /X(an) 42 () (ST) A S

The last integral can be computed cohomologically. By Lemma 4.1.2, it converges
to a constant when i tends to infinity. Therefore, if |7 AT~ || is strictly positive,
(2/n;)™! does not converge to 0. It follows that m = 1. O
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When p = 1, using Hodge-Riemann theorem one prove easily that the proper-
ties in Proposition 4.4.1 are always satisfied. We don’t know if this is the case in
general. For this question, the reader will find some useful results and techniques
developed in [33, 15, 39]. Here is the main result of this section. The property
that p is of maximal entropy was obtained in collaboration with de Thélin.

Theorem 4.4.2. Let f be a holomorphic automorphism on a compact Kdhler
manifold (X,w) of dimension k and ds the dynamical degrees of f. Assume that
there is a dynamical degree d,, strictly larger than the other ones and that f sat-
1sfies the properties in Proposition 4.4.1. Then f admits an invariant probability
measure p with Holder continuous super-potentials. The measure i is ergodic, hy-
perbolic and of mazimal entropy. If the dominant eigenvalues of f* on HPP(X, C)
are equal to d, then p is mizing.

We will see that the last assertion holds under a weaker hypothesis: d, s
the unique dominant eigenvalue which is a root of a real number. This condition
is always satisfied for some iterates of f. The measure p is called equilibrium
measure of f. By Propositions 3.4.4 and 3.4.5, p is moderate and has positive
Hausdorff dimension when X is projective. Since p is hyperbolic, a theorem by
Katok [38, p.694] says that any point in the support of u can be approximated
by saddle periodic points. Therefore, the saddle periodic points are Zariski dense
in X since moderate measures have no mass on proper analytic subsets of X.

Recall that a positive invariant measure p is mizing if for any test functions
é, ¥ (smooth, continuous, bounded or in L?(1)) we have

(s (@0 f)0) — Nl ™ (s, @), 1))

The invariance of p implies that (u, (¢ o f™)10) = (u, (o f~™)). So, p is mixing
for f if and only if it is mixing for f~!. Mixing is equivalent to the the property
that (¢ o f™)u converge to a constant times p. Indeed, since p is invariant, we
have ((¢o f™")u, 1) = (1, ); hence, the above constant should be ||u||~* (i, ¢). In
fact, mixing is also equivalent to the property that any limit value of (¢ o f™)u is
proportional to pu.

If 1 is mixing then it is ergodic, that is, p is extremal in the cone of positive
invariant measures. This property is equivalent to the convergence

S (60 F) — Nl ), )

or to the property that any limit value of

1 N
N ;(qﬁ o f")u



is proportional to . Note that p is ergodic for f if and only if it is ergodic for f=1.
We refer to [38, 47] for the notions of entropy and of Lyapounov exponent. An
invariant positive measure is hyperbolic if its Lyapounov exponents are non-zero.

We recall and introduce some notations that we will use. Let F' and H be
the dominant and strictly dominant subspaces of HP?(X,R) for the action of
f*. Let F¥ and HY denote the dominant and strictly dominant subspaces of
HE=PF=P(X R) for the action of f,. By Theorem 4.2.1, we can associate to each
class ¢ in F' or in H a current in D, with Hélder continuous super-potentials that
we denote by T.F. We can also apply this result to f~! and associate to each
class ¢V in FV or in H" a current T, in Dj;_, with Holder continuous super-
potentials. By Proposition 3.4.2, the measure T, A T, has Holder continuous
super-potentials.

Denote by M the real space generated by 7. AT, with ¢ € F' and ¢" € F
and N the real space generated by Tt AT, with ¢ € H and ¢V € HY. We have

dimM < (dim F)(dim FY) = (dim F)?
and
dim N < (dim H)(dim H") = (dim H)?.

Let M™, N* be the closed convex cones of positive measures in M and in N. The
measure 4 that we will construct is an extremal element of N*. We first prove
the following lemmas.

Lemma 4.4.3. For allc € F and ¢V € FY, we have
FTSANTL) =TE AT
If cisin H and ¢" is in HY, then T, AT, is an invariant measure.
Proof. Write as in Proposition 4.2.2
T = lim (P (SY) and T = lm dy(F).(57),

with S*, S~ smooth. Observe that d,(f")*[S¥] converge to the class ¢ and
déZl(fZl)*[S*_] converge to ¢”. I;Ievnce, dgnl(fm)*[f*(S*)] converge t? fic and
d " (f™)«[f*(S7)] converge to f*c'. Applying Proposition 4.2.2 to f*(S™) and
to f*(S7) yields

TS ATL) = f(lim d,™ (f™)(ST) Ad,™ (f™).(S7))

71— 00

= i () (ST A () (F5(S7))

1—00

_ Tt —
= TS ATf.

When ¢ is in H and ¢" is in HY, we have f*c = d,c and f*c' = d'c. Therefore,
Ty, = d,T and Ty v = d,'T,. We deduce that f*(T; AT,.) = T, AT, Since
f is an automorphism, this also implies that f.(T." A1) = T." ANT5. Hence,

T;F AT, is invariant. O
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Lemma 4.4.4. The cones M* and N have non-empty interior in M and N
respectively.

Proof. Consider ¢ € F and ¢ € FV. Observe that if T} or T, is approximable
by smooth positive closed currents then T," AT, is positive and belongs to M*.
We have seen that the sets of such classes have non-empty interiors in F' and FV.
Hence, M is generated by such positive measures 7," A T.,. It follows that M+
has non-empty interior. The case of Nt is treated in the same way. O

Definition 4.4.5. Let y be an invariant positive measure of f. We say that u is
almost mizing if there is a finite dimensional space V' of measures such that for
any function ¢ in L?(u) the limit values of (¢ o f™)u, when n — oo, belong to V.

The above notion does not change if we use the continuous functions or the
space L'(u) instead of L?(u) since continuous and L? functions are dense in
L'(u). Note also that mixing corresponds to the case where V' is of dimension 1.
We will see in the following lemma that u is almost mixing if and only if L?(u)
can be decomposed into an invariant orthogonal sum W @ W+ with W+ of finite
dimension such that (¢o f™)u — 0 for ¢ € W. We can deduce that (o f~")u — 0
for ¢ € W and that pu is also almost mixing for f=!. The following lemma is
valid for a general dynamical system.

Lemma 4.4.6. Let pu be a positive measure invariant by f. Assume that p is
almost mixing and that p is ergodic for every f™ with n > 1. Then p is mizing.

Proof. Let V' be the smallest space of measures such that for any real-valued
continuous function ¢ the limit values of (¢ o f™)u, when n — oo, belong to
V. This space is invariant by f* and f,. We have to prove that dimV = 1.
Let W denote the space of functions ¢ € L?*(pu) with complex values such that
(W', ) = 0 for every p/ € V. Let W+ denote the orthogonal of W. The spaces
W, W+ are invariant under f*, f, and we have dim¢ W+ = dim V. Moreover,
continuous functions are dense in W. We show that dim¢ W+ = 1.

Since f* and f, preserve the scalar product in L?*(u), all the eigenvalues of f*
and of f, have modulus equal to 1. So, if ¢ is an eigenvector of f* associated to
an eigenvalue A\, we have |¢| o f = |¢| and then [¢] is constant since p is ergodic.
Therefore, " € L?(u) and 9" o f = A" for every n € Z. We claim that W
does not contain any eigenvector. Otherwise, there is a function ¢ € W\ {0}
such that ¢ o f = Ay with |A| = 1. Since 9 can be approximated by continuous
functions in W, we deduce from the definition of W that for every ¢ € L*(u):

(b, @) = K@ o f7)m, d)| = [{(¢ 0 f" ), )] — 0.

We get that ¢ = 0, hence ¢» = 0. This is a contradiction.
Consider now an eigenvector ¢ of f* in W+ associated to an eigenvalue .
Then, ¢™ is an eigenvector associated to A" for every n € Z. We deduce that "
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is a function in W+. Since W+ is finite dimensional, X is a root of unity. We
have ¥ o f™ =1 for some n > 1. Since u is ergodic for f", 1 is constant. Hence,
A =1 and it follows that dim¢c W+ = 1 because f* is an isometry of W+. [

Consider the automorphism f of X x X given by f(z,y) := (f(z), f~'(y)).
By Kiinneth formula, we have

H'(X x X,C)~ Y H"(X,C)® H"(X,C).
r4+s=I

Moreover, f* ~ (f*, f.) preserves this decomposition. It is shown in [14] that the
spectral radius of f* on H™*(X,C) is bounded by v/d,d,. We deduce that dj(f)
is the maximal dynamical degree of ]7 It is equal to dz, with multiplicity 1 and is
strictly larger than the other ones. So, the results obtained for f can be applied
to f. We will deduce several properties for f.

We use analogous notations N, N*... for f instead of the notations N, NT...
for f. By Theorem 4.2.1 and Corollary 4.3.2 applied to f, together with the
Kiinneth formula, the family of the Green (k, k)-currents of f is a convex cone
with non-empty interior in the real space generated by the currents T." ® T, .
The Green (k, k)-currents of }11 is a convex cone with non-empty interior in the
real space generated by the currents 7., ® T.". Therefore, N is generated by u®
with u, g/ in N and M is generated by p ® p with p, ¢/ in M.

Let S* be a smooth current in D, such that d, ™ (f")*S™ converge SP-
uniformly to 7. for some increasing sequence (n;). Let S~ be a smooth cur-
rent in Dy, such that d " (f").S~ converge SP-uniformly to T,. Then, we
deduce from Proposition 4.2.2 applied to fthat d; 2’“(]7"1')*(5ur ® S7) converge
SP-uniformly to T,"®7T,,. We will use this property in the computations involving
TreT.,.

Lemma 4.4.7. Let ¢ be a continuous real-valued function on X . If u is a measure
in M, then any limit value of (¢ o f™)u is a measure in M. In particular, the
measures in N* are almost mixing. If u is in N, then any limit value of

1 N
N ;(qﬁ o f")u

1s a measure in N.

Proof. Since continuous functions are uniformly approximable by smooth func-
tions, we can assume that ¢ is smooth. We prove the first assertion. By definition
of M, we can assume that g =TT AT~ where T is a (p, p)-current associated
to a class ¢ in F and T~ is a (k — p,k — p)-current associated to a class ¢ in
FV as above. It is enough to show that if a subsequence (¢ o f2")u converge,
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then the limit is a measure in M. Indeed, we obtain the case with odd powers by

replacing ¢ by ¢ o f.
Let ¢ be another test smooth function on X. Define ®(x,y) := o(x)(y).
Since p is invariant, lifting the integrals on X to A we get

((@ofMu) = {u,(¢of")(Wof™)
= (T"AT" (g0 f")(Wo f™)
= (T T )A[A]Po ),

where in order to obtain the last line we use a SP-uniform approximation of
T+ ® T~ by smooth currents as above. We have

(0o M) = (T T )A(F)(AL2)
= ((d(f"). T @ dr(f)T) Ad > (f").[A], @).

Observe that 7 (f").T * belongs to a bounded family of currents constructed in
Theorem 4.2.1. An analogous property holds for dj(f")*T'~. Therefore, the limit
values of

(dp(f")TH @ dy(f")T7) Ad, > (f").[A]

are measures in M. It follows that {(¢o f*™ ), 1) converge to a finite combination
of

(n" @ u~, @) = const{u, )

with gt = in M. We deduce that (¢ o f2")u converge to a combination of y~.
So, the limit values of (¢ o f?*)u are in M. This completes the proof of the first
assertion.

For the last assertion, we follow the same approach with 7T associated to a
class in H and T~ associated to a class in H". In this case, T, T~ are invariant
and any limit value of

(T ST A G (1)

is a measure in N. We deduce as above that the limit values of py are in N. [

Proposition 4.4.8. Let pu be a probability measure in N*. Then p is ergodic if
and only if it is an extremal element of NT. Moreover, the number of extremal
probability measures in N is equal to dim N and the convex cone N7 is generated
by these measures. When d, is the only dominant eigenvalue of f* on HP?(X,C)

which is a root of a real number, then p is mizing if and only if it is an extremal
element of NT.
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Proof. If i ergodic, p is extremal in the cone of invariant positive measures.
Therefore, u is extremal in N*. Assume now that u is extremal in N*. We show
that it is ergodic. Let ¢ be a positive continuous function. The measures puy,
defined as above, are positive and bounded by ||¢||sp. By Lemma 4.4.7, any
limit value of py is a measure in N* and it is bounded by ||@||oopt. Since p is
extremal in N, these limit values are proportional to u. Therefore, p is ergodic.

Recall that N* is a salient convex closed cone in N with non-empty interior.
Moreover, any element v of N is an integral over extremal elements of mass
1. So, we get a decomposition of v into ergodic probability measures. Since
this decomposition is unique [47] and since N is generated by dimN elements,
we deduce that the number of extremal probability measures in N* is equal to
dim N and the convex cone N7 is generated by these measures. So, N* is a cone
with simplicial basis.

Assume that d, is the only dominant eigenvalue of f* on HPP(X,C) which is
a root of a real number. Then the spaces H, H" do not change if we replace f
by f". Therefore, N do not change if we replace f by f". We deduce that u is
ergodic for f". Lemmas 4.4.7 and 4.4.6 imply that p is mixing. This completes
the proof of the proposition. O

End of the proof of Theorem 4.4.2. Let i be a probability measure which
is an extremal element of N*. By Proposition 4.4.8, 1 is ergodic and is mixing if
d, is the only dominant eigenvalue of f* on HPP(X,C) which is a root of a real
number. By definition of N, this measure has Hélder continuous super-potentials.
It remains to prove that u is of maximal entropy. Indeed, by a recent result of de
Thélin [13], the property that p is of entropy log d, together with the fact that d,
is strictly larger than the other dynamical degrees implies that u is hyperbolic,
see also [16]. More precisely, u admits p positive Lyapounov exponents larger
than or equal to %log(dp /d,—1) and k — p negative exponents at most equal to
_% log(dp/dp1).

The variational principle [47] implies that the entropy of an invariant measure
is bounded from above by the topological entropy of f. By Gromov and Yomdin
results [34, 48], the topological entropy of f is equal to logd,. Therefore, if v is a
probability measure in N* then the entropy h(r) of v is at most equal to log d,.
We will prove that h(r) = logd, for every probability measure v in N.

Let ST be a smooth form in D, and S~ a smooth form in Dy_,. If ST and
S~ are strictly positive, by Proposition 4.5.2 in the appendix below, any limit
value v of

= S (ST A .87)

is proportional to an invariant probability measure of maximal entropy log d,,.
By Proposition 4.2.2, the space M generated by these measures v is of finite
dimension. Let Mp denote the convex of probability measures in M. Since the
entropy h(v) is an affine function on v [47, p.183], all the measures in Mp are
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of entropy logd,. It suffices to show that M contains N. Observe that since v,
depends linearly on S*, S, the space M contains also the limit values of v,
when S*, S~ are not necessarily positive. When S* is in a class ¢ € H and S~
is in a class ¢V € HY, by Proposition 4.2.2, v, converge to Tt AT,. We deduce
that M contains N and this implies the result. 0

Remark 4.4.9. The property that the equilibrium measures are of maximal
entropy can be proved using f. More precisely, using Proposition 4.5.3 below
for Y := A, we can construct equilibrium measures of f with maximal entropy
2log d,. This together with the Brin-Katok formula applied to f, f~' and f, see
the appendix below and [47, p.99], implies that the equilibrium measures of f

are of entropy logd,. The use of f may be a good method in order to study the
distribution of periodic points of f by considering the intersection (f")*[A] A[A].

Remark 4.4.10. The Green currents and the equilibrium measures have been
constructed and studied by the authors in [20], for f with a dynamical degree
d, strictly larger than the other ones. Guedj considered in [35] the situation
with the aditional hypothesis that d, is the unique dominant eigenvalue of f*
on HPP(X,C), i.e. dimF = dim H = 1. He claims that when X is projective,
the equilibrium measure is of maximal entropy but he didn’t give the proof.
In this situation, we can find a subvariety Y of dimension p in X such that
d,"(f")«[Y] converge to a Green current 7, see also [21]. Then, using the
SP-uniform convergence d,"(f")*(w?) — T* or properties proved in [20], we
deduce that d,; "' (f")*(w?)A(f').[Y] converge to a constant times the equilibrium
measure which, by Proposition 4.5.3 below, is of maximal entropy.

4.5 Appendix: measures of maximal entropy

This section contains an abstract construction of measures of maximal entropy.

Most of the arguments given here are well-known, see Bedford-Smillie [2] and de

Thélin [12]. For simplicity, assume that f : X — X is an automorphism as above

which satisfies the properties in Proposition 4.4.1. The last hypothesis garantees

that the construction gives non-zero measures. The method is still valid in a

much more general setting, in particular, when f is a non-invertible finite map.
Given € > 0 and n € N, define the Bowen ball B,(a,€) by

Bu(a,e) :=={z € X, dist(f*(z), f'(a)) <e for 0<i<n}.

Let v be a probability measure invariant by f. By Brin-Katok [6], the function
1
h(v,a) :=sup lim ——logv(B,(a,¢€))
>0 n—oo n

is well-defined v-almost everywhere and the entropy of v is equal to
h(v) = / h(v, a)dv(a).
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We have the following Misiurewicz’s lemma which is valid for continuous maps
on compact metric spaces, see [2, 12, 47].

Lemma 4.5.1. Let (n;) be an increasing sequence of integers and vy, probability
measures such that the sequence

converges to a measure v. Assume there are constants € > 0 and c,, > 0 such that
Un,(Bp,(a,€)) < ¢, for all i and all Bowen ball By, (a,€). Then v is an invariant
probability measure and its entropy h(v) satisfies the inequality

1
h(v) > lim sup —— log ¢y, .
1—00 n;
We deduce from this lemma and an estimate due to Yomdin [48] the following
proposition which was obtained in collaboration with de Thélin.

Proposition 4.5.2. Let ST be a bounded positive (p,p)-form and S~ a bounded
positive (k — p,k — p)-form on X, not necessarily closed. Assume there is an
increasing sequence (n;) of integers such that

L3 (ST A G L(5)

n4
t=1

converge to a probability measure v. Then v is an invariant measure of maximal
entropy log d,.

Proof. Denote by v, the positive measure d,™ (f")*(S*) A S™. Define v,, :=
Aty where A, is the mass of 1/, . Then v, are probability measures and we

7

have
n;—1

1

A Do Uwn) = = A (ST A (ST
' =0
which converge to the probability measure v. We deduce that \,, converge to 1.
Therefore, by Lemma 4.5.1, it is enough to prove for any 0 < § < 1 the existence
of positive constants €, A such that v/, (By,(a,€)) < Ad,™e’™ for every a € X.
For this purpose, we can assume for simplicity that S* = w? and S— = W*P.
We have to show that //(B,(a,€)) < Ae™ where v/ := (f")*(wP) A w*~P. This
inequality will be obtained by taking an average on an estimate due to Yomdin.
Let Y C X be a complex manifold of dimension p smooth up to the boundary.

If ) == (f")*(wP)A[Y] then v} (B,(a, €)) is equal to the volume of f*(YNB,(a,¢€))
counted with multiplicity. Yomdin proved in [48] that this volume is bounded by
Ae™ when € is small and A is large enough. The estimate is uniform on a and
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on Y. Now, consider a coordinate system = = (x1,...,2,) on a fixed chart of X
with |z;] < 2. In the unit polydisc D, up to a multiplicative constant, w*~? is
bounded by (dd||z||*)*P which is equal to a combination of

(ZdZ“ VAN dz“) VANPIIAN (z’dzikfp A d?ikfp) with 1 <43 <--- < ik—p < k.

The last form is equal to an average on the currents of integration on the complex
submanifolds of D which are given by

Ty = a1, ..., T, =a, withae €C

So, by Yomdin’s inequality, v, restricted to D satisfies v, ,(Bn(a,€)) < Ae™ for
some constants €, A. Since X can be covered by a finite family of open sets D,
we deduce that v//(B,(a,¢)) < Ae™ with A > 0. This completes the proof. [

One can prove in the same way the following proposition which is essentially
due to Bedford-Smillie [2].

Proposition 4.5.3. Let S be a continuous positive (p,p)-form, Y a complex
manifold of dimension p in X smooth up to the boundary and x a bounded positive
function on'Y. Assume there is an increasing sequence (n;) such that

2 d," (f1) () A (YD)
=1

1
n;

converge to a probability measure v. Then v is an invariant measure of maximal
entropy logd,.

More general situations will be considered by de Thélin and Vigny in a forth-
coming paper.
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