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9. Given a number α, 0 ≤ α < 1 consider the transformation Tα of the unit interval
[0, 1) onto itself:

Tα(x) = x + α if 0 ≤ x < 1 − α, and x + α − 1 if 1 − α ≤ x < 1.

Assume that A is a set such that T i
αA ∩ T j

αA = ∅ for any integers i 6= j and⋃
n∈Z

Tn
α A = [0, 1).

Prove that A is not Lebesgue measurable.

10. Consider any closed subset A of the unit interval [0, 1].
Prove that there exists a sequence fn of continuous functions which is fundamen-

tal in L1 (i.e.
∫

1

0
|fn(x) − fm(x)|dx → 0 as n, m → ∞) which converges point-wise

to the characteristic function χA.

11. Consider a σ-algebra M with a measure µ and let Mµ be the collection of all
sets of the form B = A∪N1 \N2 where a ∈ M and N1, N2 are subsets of null-sets.
Define µ̃(B) = µ(A).

Prove that Mµ is a σ-algebra, µ̃ a measure, and Mµ is saturated with respect
to µ̃.

12. Consider the collection Z of all subsets of Z which are finite union of arithmetic
progressions.

Prove that Z is an algebra and that there is a measure δ on Z which is equal to
d−1 on any progression with difference d. Prove that δ cannot be extended to a
σ-additive measure on the σ-algebra B(Z) of all subsets of Z.


