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Abstract. We consider two new classes of examples of sup-norm blowup in nite time
for strictly hyperbolic systems of conservation laws. The e xplosive growth in amplitude
is caused either by a gradient catastrophe or by a singularit y in the ux function. The
examples show that solutions of uniformly strictly hyperbo lic systems can remain as
smooth as the initial data until the time of blowup. Conseque ntly, blowup in amplitude
is not necessarily strictly preceded by shock formation.
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1. Introduction

Consider the Cauchy problem for a one-dimensional system dfyperbolic conserva-
tion laws of the form

W; + F(W)x =0; X2R; t 0 (1.2)

where W(x;t) 2 R". It is well known that solutions to these equations become
discontinuous and form shock waves in nite time, regardles of the smoothness of
the initial data, so there are no C* global solutions for general data. It is also known
that weak solutions to some systems blow up irL.! in nite time.

The aim of this paper is to give two classes of examples of sdlans of systems
of conservation laws having the property that there is a timet 2 (0;1 ) such that
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the map x 7! W(x;t) is as smooth as the initial data Wy for each time
t<t ;
limey KW(;t)ky =+ 1 :

We will refer to this as smooth L' blowup In particular, these include the rst
examples of blowup of classical solutions to (1.1).

It seems reasonable to conjecture that this type of behaviofs nongeneric. More
precisely, one may expect that nite time blowup in L! is generically strictly pre-
ceded by blowup of the gradient. While our examples are depeatent on certain
symmetries in the data, and hence not generic, they do show tit shock formation
need not occur before the amplitude reaches in nity. Moreoer, the large number
of choices available suggests that such blowups are not nes=arily rare events. Our
examples serve as a starting point for addressing the intesting question of typical
behavior for \large" solutions.

We use the following conventions for the conservation law (11). We call the
system hyperbolic in some neighborhood R" provided the Jacobian DF (also
called the ux matrix) has a full set (basis) of real eigenvedors for eachW 2
The system is strictly hyperbolic if the eigenvalues are real and distinct, in which
case we label them so that

W) < < (W)

for eachW 2 . Finally, the system is uniformly strictly hyperbolic in a set K,
provided the eigenvalues are strictly separated: i.e., thee are disjoint intervals
li; i=1;:::n;suchthat ;{(K) |I; foreachi =1;:::;n. Also, each characteristic
eld will be either genuinely nonlinear or linearly degenerate,

rir i>0 or ri r ; O

respectively, see [6]. Throughout, we will assume that theriitial data Wy(x) are
CKk-smooth for somek 0.

To motivate the rst class of examples we recall recent work & the authors
[8,5,1,9] where it has been shown that solutions of (1.1) (vth three or more equa-
tions) may blow up in nite time. However, in these examples the solutions were
always discontinuous, containing either shocks or contactliscontinuities in the ini-
tial data. The solutions were constructed by letting one conponent solve a decoupled
scalar equation with two approaching shocks forming a wedgén the (x;t)-plane.
The solution of this equation then served as a source that fared the remaining
two variables to blow up in amplitude. Using a similar technique, but using a cen-
tered compression wave instead of two approaching shocks,eawill give examples
of smooth blowup inL* .

This type of example of singular behavior may be called \gradent driven
blowup", where the well known phenomenon of gradient catastophe in one of the
components causes another component to explode. We remarkat the solution
blows up (albeit at di erent times) for any xed X, so there is no possibility of
extending the solution beyond the blowup time.
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The second class of examples, again for systems of three or reoequations,
concerns the case where the ux+ has a singularity in . We give a simple example
of blowup where the solution remains as smooth as the data foall times t<t . It
will be clear from the construction that a large number of similar examples can be
built. While not surprising, this class of example highlights the fact that there is no
general mechanism that prevents a solution of (1.1) from appaching the boundary
of the domain of de nition of the ux F.

We also stress the fact that the solutions we consider remaimniformly strictly
hyperbolic. We include a 2 2 example of a solution which blows up, but in so
doing loses hyperbolicity. Although arbitrarily large growth can be achieved in a
strictly hyperbolic region, the two eigenvalues (and eigemectors) coalesce as blowup
is approached. We reproduce an example of this phenomenoroim the recent mono-
graph of Sever [7]. It is noteworthy that this \loss of hyperbolicity blowup" may
occur for systems with a strictly convex entropy; see [7] fora detailed discussion
and for further references. Also, it is interesting to obseve that this same example
appears as a special case of the Born-Infeld system discudsia [2].

Finally, in all of the examples we consider the data are depetient on the par-
ticular uxes F; onceF is chosen, the dataWy(x) is carefully selected to produce
blowup. In particular, the total variation of the initial da ta exceeds the critical value
determined by the ux, and these examples do not contradict imm's theorem [4]
on time-global existence of weak solutions when the data havsu ciently small to-
tal variation. See [10] for an example of blowup with initial data having arbitrarily
small total variation. This again does not violate Glimm's t heorem because there
is no connectedneighborhood U of the range of the initial data throughout which
the system is strictly hyperbolic.

The paper is organized as follows. In Section 2 we brie y corider the role of
hyperbolicity for 2 2 systems. In Section 3 we turn to blowup for 3 3 systems.
We rst construct a class of examples where a continuous wealentropy solution
blows up. We then extend this to arbitrarily smooth pro les. Finally, in Section 4
we consider the case where the ux has a singularity along a hyersurface inW -
space. The main results are recorded in Theorem 1 in Section &1d in Theorem 2
in Section 4.

2. Preliminary discussion

A basic feature of nonlinear hyperbolic equations isgradient blowup In searching
for ways in which a solution of a nonlinear hyperbolic systemmight become large, it
is natural to consider the possibility of gradient blowup driving sup-norm blowup.

We reproduce an example of this phenomenon for a 22 system, taken from the
recent monograph [7], and which may also be obtained in a ondimensional model
problem for the Born-Infeld equations [2].
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Example 1. Consider the system

=0 2.1)

<|c
x

u
vt =0; 2.2)

with v > 0. Introducing the \Lagrangian" coordinate y by dy = dx=v (u=v)dt, we
obtain the linear wave equation

vi uy=0 (2.3)
uo vy =0: (2.4)

One can clearly give data foru and v such that v! 0 in nite time for the system
(2.3)-(2.4), and this corresponds to a nite time blowup of amplitude in (2.1)-(2.2).
Notice however that the eigenvalues for (2.1)-(2.2) arau v, which coalesce exactly
atv=0.

We have not been able to construct an example of a pair of equains exhibit-
ing blowup of amplitude and where at the same time the system emains strictly
hyperbolic. To highlight the issue, consider the followingexample where it is seen
how hyperbolicity quanti es the degree of blowup.

Example 2. Consider the triangular 2  2-system,

Ui+ uuy =0 (2.5)
Vi + Uy =0: (2.6)
We give initial data of the form
8
<1 forx< 0O;
u(x)= 1 x for0 x 1;
"0 forx> 1;

and vo(x) 0. The characteristic speeds are; 0 and , = u, and we see that
hyperbolicity fails at u = 0. For any time t 2 [0;1) we have,

8
<1 forx <t;

upxt)y= 1% fort x 1 (2.7)
"0 forx > 1:

Substituting into (2.6) shows that,
8
<0 forx< 0; and forx> 1
vix;t)=_  In(1 x) for0 x f (2.8)

In1 t) fort x 1
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Thus, v( ;t) blows up in L! attime t = 1. Observe that if we change the initial
data of u to be 8
< forx < 0;

X for0 x 1 ; (2.9)

forx>1 ;

1
Uo(x)= . 1
then the largest value jvj now takes is In . We can regard in this case as a
measure of the (strict) hyperbolicity of the system, and we e that less hyperbolicity
allows for larger values in the solution.

The behavior exhibited here seems to be generic for 22 systems: suppose that
gradient steepening of the rst family drives growth of the second. Then it appears
that if the second family actually becomes in nite when the rst family shocks, the
eigenvalues, together with their associated eigenvectoranust coincide along one
characteristic entering the shock, so that hyperbolicity fails there.

We proceed by considering systems of three (or more) equatis in which case
we can ensure uniform strict hyperbolicity along solutionsthat explode.

3. Gradient driven blowup

A strictly hyperbolic 3 3 system Our goal next is to constructa 3 3 system
with an entropy solution that is continuous and which blows up in sup-norm. The
idea is to replace the shocks of earlier constructions [8,5,9] with a single large
compression. We start with a Burgers' compression focusingt the point (0;t ).
That is, with W = (u;v;z) we let the middle component solve

2

v+ L~ =0; 3.1)

2 X
with decreasing datavp(x) which we choose to be antisymmetric about the origin,
i.e.vo( X) = Vvo(X).

Following [8] we augment equation (3.1) with a system of two onservation laws
whose coe cients depend on the solutionv. The two new elds will be the ones
which blow up and, for simplicity, we will take these to be linearly degenerate.
Because we want the system in conservation form, we take theato equations to be

+ AW ; =0; (3.2)
t X

where the smooth matrix function

a1 (v) ai2(v)
az1(Vv) az(v)

is to be chosen later. Asv is explicitly given, (3.2) is a linear 2 2 system whose
variable coe cients are as smooth as thev-solution. Hence if the data ug; zg and
also the solutionv are Ck-smooth, then it follows that the u- and z-solutions will
be Ck-smooth as well, see Theorem 3.6 p. 58 in [3].

A(v) =
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The resulting 3 3 system thus has ux

0 0 1
u ai(V)u + aiz(v)z
F(WW)= FQvA =@ v2=2 ;
z a1 (V)u + ax(v)z

whose Jacobian has eigenvalues;, 3 equal to those ofA(v), together with , = v.

Our solution will consist of the xed compression (2-wave) which is focusing at
(0;t ), plus 1- and 3-waves (carrying changes iru and z) which are blowing up.
They do this as follows: forward 3-waves interact with 2-waes and re ect 1-waves.
These 1-waves in turn interact with 2-waves and re ect 3-wawes, etc. Because the
compression converges at (@ ), these interactions happen more and more quickly.
We choose the data so that the 1- and 3-wave strengths contirally increase, even-
tually resulting in blowup.

Note that these interactions are taking place inside the foasing compression. It
will therefore be simpler to study the solutions by working with the natural rescaled
equations.

Rescaled system Since the gradient ofv blows up like (1 t) ! it is natural to
apply the coordinate transformation
X

y= 11 and = log(1 t): (3.3)
De ning
0 1 0 1
U(y; ) u(x;t)
@v(y; YA = @Qy(x;t)A;
Z(y; ) z(x;t)
the 2 2 system (3.2) takes the form
U U U .
~ +y - + A(V) - =0; (3.4
y y
while (3.1) becomes
V +(y+ V)V =0: (3.5)

The idea is now to generate blowup of (;z) by nding solutions ( U;Z) of (3.4)
whose sup-norm tend tol as ! +1 . As this system is linear we look for time-
exponential solutions.

3.1. Continuous blowup in a wedge
Consider the case where we give the following continuous datfor v,

8
<V X Vo;

Vo(X)=, x Vo X Vo (3.6)
' Vo Vo X;
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whereVy > 0 will be speci ed later. In this caset = 1 and the solution of (3.1)-(3.6)
is given explicitly, for times t 2 [0; 1), by

8 X
% Vo T Vo;
v(x;t) = g 5 Vo 5 Vo (3.7)
T Ve Voo A
0 0 1t

The transformed system (3.4) takes the following form in thethree regionsy Vo,
Vo Yy Vo, andVp v, respectively.

; +(yI+A(Vo));J =0; fory Vo (3.8)
y
U U U
2 Y 5 y+ ACY) 5 y=0 for Vo y W (3.9)
U
+(y!l +A( W) 7 =0 for Vp v: (3.10)

y

Boundary conditions. The solution U := (U; Z)" of (3.8)-(3.10) can be decom-
posed into backward (left-moving) and forward (right-moving) waves. We will keep
the problem as simple as possible by insisting that there be mforward waves present
in the left region 'y Vo, and no backward waves present in the right region/ .
That is, there should be only outgoing waves from the centrakegion Vo vy V.
Since we insist that our solution be continuous, these consaints provide boundary
conditions for (3.9). To formulate these we introduce the fdlowing notation. Let

(V) < 0< 4 (V) denote the eigenvalues oA(V) and let © (V) (r (V)), "+ (V)
(r+ (V)) denote the corresponding left (right) row (column) eigervectors. We thus
have that

0

A=(r ry) 0 . .

We assume the normalizationsj” j=1and = r 1, and we decompose the
solution U = (U; Z)" along the basis of right eigenvectors
U=Ur +U'ry;
by setting
u =" U
The no-wave requirements described above thus take the form

Ut =", ; 0 fory Vo; (3.11)
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and

. U
u = 0
Z

jenssen_young

fory Vo: (3.12)

The appropriate boundary conditions for (3.9) follow from (3.11)-(3.12), and the
requirement that the solution should be continuous. That is, for the solution U of
(3.9), we should have the boundary conditions

"+ (M) U( W) =0; " (

Explicit solution.
U
;7 T ACY+yD)

and substitute the ansatz

U(y; )
Z(y; )

This yields the trivial system
(AC )+ yl)

with solution
0]

The constants and

, “[ACY)+yIl?

Rewrite (3.9) in conservation form as

Vo) U(Vo) =0: (313)
U U
z = S (3.14)
a(y)
2(y)
a A
2, =0;
(3.15)

need to be chosen so that the boundary conditions (3.13)

are satis ed. Because the eigenvectors of + y |) ! are those ofA, we can choose
such constants and provided that the vectors © ( V) and "+ (Vp) are linearly

dependent.

We proceed to choose such left eigenvectors for the 2 2 matrix A(v). Since

* (v) must rotate relative to

"+ (Vo), itis convenient to let © (v) rotate as v varies,

so that after v changes enough, the projected eigenvectors are linearly pendent.

We thus let
T (v)=(

cosv; sinv);

Again, to simplify, we choose constant eigenvalues

"+ (v) = (sin v;cosv):

for the matrix A(v). That is,

= , where we must have >V g to ensure strict hyperbolicity of the resulting
3 3 system. Thus our choice of the matrixA(v) is

N 1
AY) = 0

ChoosingVp = =4, we get

. _ 1
( Vo)= #5P3

cos & sin2v

sin2v cos (3.16)

= . (VO);



June 6, 2004 13:59 WSPC/INSTRUCTION FILE jenssen_young

Blowup of Smooth Solutions 9

and we can take = = 1 in (3.15). An easy calculation now shows that the
solution of (3.9) and (3.13) is explicitly given by

uy: ) _ _e [sinzy cosy] y 3.17)
Z(y; ) 2 y? y [sin2y+cosz] ' '
for =4 'y = 4. Transforming back to the original coordinates we get that

(u; 2)" is given explicitly by

uxt) _ o Uy )
z(x; 1) Z(y; )
0 h , ) i 1
in -2x 2
_ 1 @ @a v smhl : Cos 7 iXA; (3.18)
A% X2 x (@ t) sin & +cos 2

in the central wedgejxj=(1 t) =4,t2 [0;1). As a check we compute that
uo;t) _ 1 1

20) @ o 1 °
which shows that the solution blows up inL! norm at time t =1.
To nish, we describe the solution outside the central wedgein the original
variables. On the right of the wedge, we havev(x;t) =4, and from (3.10), the
system becomes

From the boundary condition (3.13) we haveu + z = 0 in this region, and the
state from the boundary xo = (1  tg) =4 simply propagates forward along the

characteristic linesx xo= (t tp), i.e. from (3.18),
1 1
)= )= t) = o ——
ust) = 2(6t) = ulxoite) = T— — -7
and where
_ =4 (x t) .
to = max +—=4. 0 ;

which yields initial data that is compactly supported.

Similarly, on the left of the wedge, v(x;t) =4, the system is
uo 0 u 0:
z 0 z
t X

and the solution is given by

1 1
zZ(x;t) = u(x;t) = z(Xo;to) = T g + =4
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where
=4+(x+ t) ]
+ =4
This concludes the description of a continuous C°) solution that blows up in am-
plitude in nite time.

to = max

3.2. C* blowup in a wedge

We now modify the construction above to obtain an example whee the data are
Ck-smooth, k 1, and where the solution remainsC*-smooth for each time prior
to blowup time. We begin with a Burgers equation (3.1) which we augment with
the \linear" system (3.2). Applying the change of coordinates (3.3) we again obtain
the system (3.4)-(3.5).

In regions in which A(V) is described as a function ofy only, we observe that
(U; Z) solves a linear nonconstant coe cient system. We will choseV and A(V)
so that this is in fact the case, and then look for a solution of(3.4) which has the
required blowup property. We must do these things in such a wa that the solutions
remain CK in x.

We rst choose V and the matrix A(V) in such a way that A(V) can be regarded
as a function ofy. To do so, we takeA(V) to be of classCk and with constant values
forV>1andV < 1:

A(V) A@) for V>1, and
AV) A( 1) for V< 1L (3.19)

Now choose non-increasing initial dataVy 2 C*(R) which are constant for largejyj,
and such that Vo(y) =y forjyj 1, and Vy) 1 for all y.

As a consequence of our choice &fy, the v-wave breaks exactly at timet = 1
as before. We can then solve (3.5) fok (y;t) for t< 1, to get

V(y;t)= 'y for 1y 1

while jV (y;t)j > 1 for all jyj > 1.

With this choice of V, and with A chosen to satisfy (3.19), we indeed have that
A(V (y;t)) is a function of y alone for all t < 1. Denoting the resulting matrix by
A(y), the transformation (3.3) thus yields the linear 2 2 system

U U u
> Y 5 v AW =0 (3.20)

y y
which is valid for all values ofy 2 R.

It follows that if we can nd a CK solution (U; Z) of (3.20) which is unbounded
as !1 ,then we will have C* blowup in nite time for the original system.

It is convenient to choose the matrix A(V) similar to our previous choice, but
now of classCX. Therefore, let

cos2 (V) sin2 (V)

A= (V) sin2 (V) cos2 (V) ;

(3.21)
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where we need to choose th€¥ functions (V) and (V). Since A(V) has eigen-
values (V) we ensure strict hyperbolicity of the resulting 3 3 system by taking
(V) as any constant larger than supjVpj. Also, we take = (V) to be any
monotone C¥ function satisfying
(V)= 2 for Vv 1, and (V)= 2 for V 1 (3.22)
Clearly, this guarantees that (3.19) is satis ed so that (3.20) holds with

cos2( y)sin2 (y)

Aly) = sin2 (y) cos2( vy)

As in (3.15), equation (3.20) has a particular solution of the form

U

; =e [Ay)+ yI] ! : (3.23)

where and are constants. In contrast to the above construction of a cotinuous

solution, the expression (3.23) now gives a solution forall y 2 R. By choosing
= =1 we ensure that the solution satis es

U(y;t) 0
Z(y;t)

That is, there are only forward (linear) waves on the right and backward waves on
the left of the central regionjyj 1. With these substitutions, the solution becomes

Uly; ) _ _ e [sin2 ( y)+cos2 ( y)+y .
Z(y; ) y2 2 [ecos2(y) sin2(y)] y

where the function is chosen as above. Notice that the solution(; Z) remains Ck
aty= due to the particular properties of the function (V).

Transforming back to the original variables (x;t), we now have a solution (i;v; z)
which is CK for times t < 1, and such that u and z blow up in sup-norm at time
t = 1, as does the derivativevy . This solution has initial data given by vp(x) = Vo(X)
as described above, and

T (y) fory? 1

(3.24)

Uo(X) _ 1 [sin2 ( x)+cos2 ( X)]+ x (3.25)
Zo(X) xz2 2 [cos2( x) sin2( x)] x '’ '
which is bounded for allx 2 R.

Using nite speed of propagation, we may choose our data to hee compact
support by smoothly \cutting o " the data far enough away fro m the origin. The
truncated u and z elds result only in outgoing waves, and we cut o the middle
eld vy far enough out that the rarefactions so obtained lie outsidethe support of
u(x;t) and z(x;t).

We collect these results in the following theorem.

Theorem 1. For any k = 0;1;2;::: there exist one-dimensional hyperbolic systems
of conservation laws with three (or more) equations for whib there are solutions
with the following properties:
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(i) the system is uniformly strictly hyperbolic on the range of the solution;
(i) the supremum-norm of the solution approaches in nity at a nite time t ;
(iii) the data are bounded, compactly supported and of clas€*, and the solution
remains of classCX at any time strictly preceding't .

All of our solutions are weak solutions, and since they are attinuous they are
therefore also entropy solutions. Moreover, recalling thewell-known fact that C*
weak solutions are also strong solutions, we observe that #se are classical solutions
fork 1.

4. Smooth blowup for systems with singular ux

In this section we consider the possibility of blowup when tre ux F in (1.1) has a
singularity at some point. The following type of example is notivated by the fact
that for systems of three or more equations one can let two of the componentsy
and z say, satisfy decoupled equations, while the evolution of tk third component
depends on a quantity (de ned in terms of u and z) which blows up in nite time.
Consider again a system of conservation laws (1.1) which weaw write out as

ur + f(uv;2)x = 0; (4.1)
Vi + g(u;v;2)x =0; (4.2)
zi + h(u;v;2)x =0: (4.3)

As an example let two initial proles ug(x) and zo(x) for the rst and last
components be given as in Figure 1. For simplicity let these b CX-smooth with
k 1, monotone increasing and decreasing, respectively, andle constant values 0
and 1 outside the interval ( 1;1). Also let f (u;v;z)= u and h(u;v;z)= z. That
is, the solutions of the rst and third equations are simply these initial pro les

shifted to the left and right with constant speeds ; land 3 +1. An easy
Y4 u
1 . -
0 T | T
-1 0 +1 X
Figure 1

way to construct blowup in v is to let the ux in the second equation be of the form
u z
(u+z)’

for a constant > 0 to be determined. Note that sinceg depends only onu and z,

the second eigenvalue of the Jacobian df = (f;g;h)" is , 0. The Jacobian of

g(u;v;z) = g(u;z) =
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F thus has eigenvalues 0 and 1, which shows that the system is strictly hyperbolic
and linearly degenerate in all three elds.
With this choice for g the second equation takes the form
(2z Jux + ( 2u)zy |
( (u+2)? '

Assume for simplicity that zo(x) =1  ug(x), so that

(4.4)

Vi =

u(x;t) = up(x +t); and z(x;t)= zo(x t)=1 up(x t):
Also, let the initial value of v be some positive constant,
v(x;0) Co> 0:

To simplify further we assume that up(x)+ ug( x) 1 (in particular up(0) =1 =2),
and we also letud{x) < 0 for x 2 (0;1). Note that the function (u + z)(x;t) has
rst derivative ud(x +t) ud(x t), whose only zero in ( 1;1) is at x = 0 (when
t > 0). The second derivative of (1 + z)(x;t) at x = 0 is 2ud{t) which is negative
for t 2 (0;1). This shows that (u + z)(x;t) attains its unigue maximum value at
x =0 when t > 0. Also, this maximum value is strictly less than for smallt> 0
provided 2 (1;2). As the numerator of the right-hand side of (4.4) is a bounced
function, it follows that if v blows up in sup-norm, then this will rst happen at
x =0.
With these choices, equation (4.4) takes the form

v = 2 200(x ) lug(x+1t) [ 2ug(x+ t)luf(x 1)

t [ 1 ug(x+ t)+ up(x t))? ; (4.5)

Setting V (t) := v(0;1) it follows that

ug(t)
\/(t) = 07:
®) =2 up(t)
We now x 2 (1;2), and de ne x to be the unique number in (G 1) for which
Uop(X ) = = 2. Sinceug is convex down on (Q 1) the graph of ug lies above the chord
joining the points (0;1=2) and (x ; = 2), see Figure 2.
Thus
0< > uo(t) < > 1(x t) and ud(t)>ud(x) fort2 (0;x):

It follows that

C

whereC =2x u$(x )=(  1). Thus,

t
V(t)<Cp+Cin 1 x_ ;
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which shows thatv(x;t) blows up in sup-norm at some nite time t X . It follows
by integrating (4.5) in time that v(x;t) has the same degree of smoothness (jointly
in (x;t))in R (0; 1) asu$(x) has. This provides an example of (arbitrarily) smooth
blowup in L1 for strictly hyperbolic systems of three conservation laws It is clear
from the construction that one can construct many similar examples of the same
type. However, some care must be taken in choosing the singad component of the
ux. For example, at rst sight it may seem simpler to use the f unction

1

o(u;v; z) = W:

However, the choice of the second ux functiong(u;v; z) is really dictated by the
form of ug and zg. So, if u8 is to be symmetric aboutx =0 and zo=1 ug, then
u + z takes its maximum at x = 0, and \(t) = v(0;t) would be zero with this
choice of ux. The factor u z is needed to \break the symmetry" in this case.

We nally note that due to nite speed of propagation we could just as well let
the data ug and zo have compact support. We record these ndings in the followng
theorem.

Theorem 2. For any k = 1;2;::: there exist one-dimensional hyperbolic systems
of conservation laws of the form (1.1) where the uxF is smooth except on a
smooth hypersurfaceS where it has an algebraic singularity, and for which there
are solutions with the following properties:

(i) the system is uniformly strictly hyperbolic along the sdution,

(i) the supremum-norm of the solution approaches in nity at a nite time t ,
(iii) the data are bounded, uniformly bounded away fromS, and of classCk,
(iv) at any time strictly preceding t the solution is of classC* 1.

We also note that the system considered in this last sections linearly degenerate
in all three characteristic elds. Theorem 2 thus highlight s the fact that such systems
do allow gradient blowup, albeit as a consequence of a singaiity in the ux.
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Remark. In both types of blowup we have considered the blowup rst ocars at
a single point. However, this is not necessarily the case for sup-norm blowp in
general. See [9] for an example where the solution blows up @&ach point in a full
spatial interval at a xed time.
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