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Homework 3, MA 511, Spring 2008

Due on Wednesday, February 6, 2008

Only problems with a * will be graded

* 1. Linear algebra I: determinants

1. Consider a 2× 2 matrix  a b

c d

 , (1)

and consider the linear transformation on R2 defined by x

y

 7→

 a b

c d

 x

y

 . (2)

Draw two pictures: one of the unit square [0, 1]× [0, 1] and one of its image under the linear

transformation in (2). (Assume that ad−bc 6= 0; what happens if this is zero?) Then calculate

the area of the image.

2. Consult your favorite linear algebra text and review the following properties of the determi-

nant function:

(a) The determinant is defined for square matrices.

(b) Let A1, . . . , An denote columns of an n× n-matrix A, i.e.

A =
[
A1

∣∣ · · · ∣∣ An

]
;

then the determinant function, considered as a function of these columns, is linear in

each column:

det
[
A1

∣∣ · · · ∣∣ Ak−1

∣∣ αAk + βBk

∣∣ Ak+1

∣∣ · · · ∣∣ An

]
= α det

[
A1

∣∣ · · · ∣∣ Ak−1

∣∣ Ak

∣∣ Ak+1

∣∣ · · · ∣∣ An

]
+ β det

[
A1

∣∣ · · · ∣∣ Ak−1

∣∣ Bk

∣∣ Ak+1

∣∣ · · · ∣∣ An

]



(c) Permuting two columns changes the sign of the determinant:

det
[
A1

∣∣ · · · ∣∣ Ak−1

∣∣ Ak

∣∣ · · · ∣∣ An

]
= −det

[
A1

∣∣ · · · ∣∣ Ak

∣∣ Ak−1

∣∣ · · · ∣∣ An

]
(d) det I = 1, where I denotes the n× n unit matrix.

The determinant is thought of as a “oriented volume”: up to a ± sign det
[
A1

∣∣ · · · ∣∣ An

]
is

the volume of the multi-dimensional paralleliped spanned by the vectors A1, . . . An.

3. Do part 1. in three dimensions.

* 2. Derivative of a determinant 1

Let Φ(t) be an n×n matrix whose entries are differentiable functions of t. The determinant detΦ(t)

is a polynomial in the entries of Φ(t) and is thus also differentiable. We will find a compact formula

for its derivative.

Recall that the determinant is a multilinear function of its columns. I.e. if c1, . . . , cn are the

columns of an n× n matrix, then det satisfies

det(c1, . . . , ci + di, . . . , cn) = det(c1, . . . , ci, . . . , cn) + det(c1, . . . , di, . . . , cn).

1. Denote by ϕ1(t), . . . , ϕn(t) the columns of Φ(t). Use multilinearity to show that

d

dt
det Φ(t) = det(ϕ̇1(t), ϕ2(t), . . . , ϕn(t)) + · · ·+ det(ϕ1(t), ϕ2(t), . . . , ϕ̇n(t)).

(Hint: use the definition of the derivative. You may use n = 3 for simplicity.)

2. The formula above can be used to give a much more compact expression for the same deriva-

tive. To see how, assume for the moment that Φ(t) happens to be the identity matrix at time

t = t̄, i.e. Φ(t̄) = I. Use the expression above to conclude that2

d

dt

[
det Φ(t)

]∣∣∣
t=t̄

= tr Φ̇( t̄ ) , when Φ( t̄ ) = I.

3. This may seem like a special case of little interest. However, if A is a constant, invertible

matrix and we apply the above formula to AΦ(t) we get

d

dt

[
det(AΦ(t))

]∣∣∣
t=t̄

= tr
d

dt

[
AΦ(t)

]∣∣∣
t=t̄

, provided AΦ( t̄ ) = I.

Conclude (using standard properties of the determinant) that

(detA)
d

dt

[
det Φ(t)

]∣∣∣
t=t̄

= tr
[
AΦ̇(t̄)

]
, provided AΦ( t̄ ) = I.

1After a note by H. Hanche-Olsen, NTNU, Trondheim, Norway.
2Here trM denotes the trace of a matrix M , i.e. the sum of its diagonal elements.
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4. Make a clever choice of A to conclude that if Φ(t) is invertible, then

d

dt

[
det Φ(t)

]
= detΦ(t) tr

[
Φ(t)−1Φ̇(t)

]
for any t.

Observe that this may be written as,

d

dt

(
ln(det Φ(t))

)
= tr (Φ(t)−1Φ̇(t)).

5. Finally, comment on the fact that the function t 7→ det Φ(t) is differentiable whenever the

map t 7→ Φ(t) is differentiable. I.e., whether or not Φ(t) is invertible is irrelevant. Reconcile

this with the formula above.

3. Linear algebra II: Cyclic subspaces & direct sums

Let V 6= {0} be a finite dimensional vector space over C. Given λ ∈ C and x ∈ V we say that the

linear subspace

W = W (A, λ, x) := span
{
x, (A− λ)x, . . . , (A− λ)m−1x

}
(3)

is A-cyclic of order m provided

(i) (A− λ)m−1x 6= 0, and

(ii) (A− λ)mx = 0.

1. Show that if W = W (A, λ, x) is A-cyclic, then it is invariant under the action of A, i.e.

AW ⊂ W .

2. Show that if W = W (A, λ, x) is A-cyclic, then the set
{
x, (A − λ)x, . . . , (A − λ)m−1x

}
is a

basis for W . (Hint: argue by contradiction). In particular, M has dimension m.

3. Consult some source of information about linear algebra and figure out what is meant by

saying that V is the direct sum of two subspaces U and W of V . This is usually written as

V = U ⊕W .

4. Do the same thing for direct sum of two matrices.
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*4. An application of continuous dependence on initial data3

For this problem we’ll work in 3-space with coordinates (x, y, z). Consider the autonomous ODE

ẇ = F (w) , w(t0) = w0 ∈ R3 . (4)

Solving (4) amounts to finding a curve that passes through w0 and which is everywhere tangent to

the vector field F .4

Now suppose we ask the corresponding question for surfaces: given two (linearly independent)

vector fields F, G, and a point w0 ∈ R3; find a 2-dimensional surface through w0 whose tangent

plane is everywhere spanned by F and G. For simplicity let these be F = (1, 0, f(x, y, z)) and

G = (0, 1, g(x, y, z)) and formulate the following problem. Find u : U ⊂ R2 → R such that

ux = f(x, y, u(x, y)) (5)

uy = g(x, y, u(x, y)) (6)

u(x0, y0) = z0 , (7)

where (x0, y0, z0) is a given point with (x0, y0) ∈ U (U being some given open subset of R2).

1. Convince yourself that this is a proper formulation of the issue. I.e., u solves (5)-(6) if and

only if its graph { (x, y, u(x, y)) | (x, y) ∈ U } is everywhere tangent to both F and G.

2. Show that if u is a smooth (C2) solution of (5)-(6), then it must be the case that

fy + fug = gx + guf , (8)

where each function is evaluated at (x, y, u(x, y)). (Hint: consider mixed partials).

3. Thus, if (8) holds as an identity for all relevant (x, y, z) ∈ U × R, then we can hope to find

a solution to (5)-(7) for any z0. We shall see that this is indeed the case. The following is a

natural way to try and build a solution by solving two sets of ODEs.

• First solve the ODE

dα(x)
dx

= f(x, y0, α(x)) (9)

α(x0) = z0 . (10)

Here x0, y0, z0 are the coordinates of the given point thorough which we want to find a

solution.
3This problem deals with a simple instance of the Frobenius Theorem.
4Of course, (4) also requires that the curve is traversed with the speed |F |, but this is not relevant here.
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• Then, for each fixed x (sufficiently close to x0) solve the ODE

dβx(y)
dy

= g(x, y, βx(y)) (11)

βx(y0) = α(x) . (12)

• Finally, define u(x, y) := βx(y).

Assume that f and g are C2 smooth in (x, y, u), and use what you know from class about

continuous dependence on data and parameters to prove, rigorously5, the following:

Claim 0.1. The function u(x, y) constructed in this way is C2 smooth and satisfies (5)-(6)-(7)

provided (8) holds as an identity in U × R.

[Hint 1: draw a picture of what’s going on in the construction procedure. Hint 2: (6) is

satisfied by construction. Hint 3: Use what you know about mixed partials of C2 maps to

show that the function z(x, y) := ux(x, y) − f(x, y, u(x, y)) satisfies the following ODE with

respect to the y-variable: zy = gu(x, y, u(x, y))z. What is z(x, y0)? Then apply what you

know about existence and uniqueness of solutions of ODEs.]

5Well, more or less. What you should argue for is the joint C2 smoothness of the map (x, y) 7→ u(x, y), and how

uniqueness of solutions is used in the final step.
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5. Cauchy’s version of local existence and uniqueness for analytic ODEs6

Consider the issue of constructing a local solution to the initial value problems for an ODE. For

convenience we consider a single autonomous equation and require that the solution pass through

the origin at time zero:

ẋ = f(x) , x(0) = 0 . (13)

Assuming Lipscitz continuity of f we know that there exists a local, unique solution. Now, if f is a

(real) analytic function of x one can show that the solution x(t) must be analytic in t. It is natural

to try and show this directly, i.e. at the level of power series. For this suppose that f(x) has the

following power series expansion in x

f(x) =
∞∑

n=0

anxn , (14)

and that the radius of convergence is R > 0. Next, we assume that x(t) is an analytic solution of

(13) with a power series expansion in t of the form

x(t) =
∞∑

n=1

bntn . (15)

The idea now is that x(t) is uniquely determined by the coefficients bn, and if if it solves (13) then

these ought to be determined uniquely in terms of the known coefficients an. The issues are to sort

out the relationship between the an and the bn, and then to argue that the resulting sum in (15)

has a strictly positive radius of convergence. If so it will follow by term-by-term differentiation that

it is a solution of (13). The details are as follows:

1. Substitute (14) on the right hand side of (13), and then subsitute (15) for x on both sides.

This gives the relation

b1 + 2b2t + · · ·+ (n + 1)bn+1t
n + . . . = a0 + a1

(
b1t + b2t

2 + . . .
)

+a2

(
b1t + b2t

2 + . . .
)2 + · · ·

· · ·+ an

(
b1t + b2t

2 + . . .
)n + · · ·

2. Determine b1, b2, b3 explicitly in terms of a0, a1, and a3. (Answer: b1 = a0, b2 = a0a1/2,

b3 = a0a
2
1/6 + a2

0a2/3).

6This is one of the ways in which Cauchy proved general theorems about local solvability of initial value problems

for ODEs. See M. Kline, “Mathematical thought from ancient to modern times”, Vol. 2, pp. 717–721 for more details.

The proof is essentially the same in the (notationally) more involved case of non-characteristic initial value problems

for PDEs (the Cauchy-Kowalevskaya Theorem).
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3. Argue that, in general, bn is of the form

bn = Pn(a0, . . . , an−1) , (16)

where Pn is a polynomial in its arguments and with non-negative coefficients. Thus if the x

in (15) solves (13), then its coefficients must be given by (16). Note that the polynomials Pn,

by themselves, are “universal”, i.e. they do not depend on f(x) or x(t).

To conclude the proof we need to show that the series (15) with bn determined by (16) really defines

an analytic function. To this end we seek a majorant X(t) for which we can show two things. First,

X(t) is analytic in a neighborhood of t = 0 with a power series expansion

X(t) =
∞∑

n=1

Bntn , (17)

say, with a non-zero radius of convergence r > 0. Second, the Bn satisfy Bn ≥ |bn|. From this it

follows that the power series for x(t) with coefficients bn given by (16) has a radius of convergence

at least equal to r, and thus represents an analytic function around t = 0. The following is an

elegant way of achieving this. First, recall that (since f is analytic) we have

|an| ≤
M

Rn
, where M := max|x|≤R |f(x)|. (18)

4. Next we define

An :=
M

Rn
, n = 0, 1, 2, . . . ,

and

Bn := Pn(A0, . . . , An−1) . (19)

Argue that this implies Bn ≥ |bn|.

5. It remains to argue that these Bn are such that (17) defines an analytic function. Now, if we

define F (X) by

F (X) :=
∞∑

n=0

AnXn =
∞∑

n=0

M

Rn
Xn , for |X| < R, (20)

then F is analytic on |X| < R. It follows from the argument above that the solution of

Ẋ = F (X) , X(0) = 0 , (21)

when represented by a power series, must be given by (17) where the Bn are given by (19).

Now calculate that

F (X) =
MR

R−X
.

Then solve, explicitly, the equation (21), and show that it defines X(t) as an analytic function

near t = 0.
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