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ABSTRACT. Given lines Lj, j = 1,2, 3,4, in the plane, such that no three of the lines
are parallel or are concurrent, we want to find the locus of centers of ellipses tangent
to the L;j. In the case when the lines form the boundary of a four sided convex
polygon R, let My and Mz be the midpoints of the diagonals of R. Let L be the line
thru M; and Ma, let Z be the open line segment connecting M7 and Mz, let Y be
the closed line segment connecting M7 and Ma, and let X be the open line segment
which is the part of L lying inside R. It is well known that if an ellipse E is inscribed
in R, then the center of E must lie on Z(see [1] and [2]). We prove(Theorem 11)
that every point of Z is the center of some ellipse inscribed in R, which implies that
the locus of centers of ellipses inscribed in R is precisely equal to Z. In addition,
we prove(Theorem 11) that there is a hyperbola tangent to each of the L; and with
center (h,k) € R if and only if (h,k) € X — Y. More generally, any ellipse tangent
to the L;(and not just inscribed ones) must have its center on L.

Introduction
Given finitely lines L;, 7 = 1,2,3,..., N in the plane, such that no three of the
lines are parallel or are concurrent, we want to find the locus of centers of ellipses
tangent to the L;. Our main results concern four given lines (see §3), though we
need results for two or three given tangents (see §1, §2, and §4). Most of the
theorems extend easily to hyperbolas as well. It is useful to make the following
definition.

Definition. Given a finite set of distinct lines Lq, Lo, ..., Ly in the plane, and
an angle o, —5 < a < 7, suppose that there is an ellipse with center (h, k) and
rotation angle o which is tangent to each of the L;. Then we say that (h, k) is «
admissible . If « = 0 we just call (h, k) admissible. We allow the angle of rotation
to vary, and then look at the union, over «, of the o admissible centers, S,. In
the case when the lines form the boundary of a four sided convex polygon R, let
M; and M> be the midpoints of the diagonals of R. Let L be the line thru M;
and M, let Z be the open line segment connecting M7 and M, let X be the open
line segment which is the part of L lying inside R, and let Y equal the closed line
segment connecting M7 and Ms. It is well known that if an ellipse E is inscribed

Key words and phrases. ellipse, hyperbola, tangent, quadrilateral.

Typeset by AMS-TEX



in R, then the center of E must lie on Z(see [1] and [2]). We prove the stronger
result(Theorem 11) that there is an ellipse inscribed in R with center (h, k) if and
only if (h,k) € Z. In addition, we prove(Theorem 11) that there is a hyperbola
tangent to each of the L; and with center (h, k) € R if and only if (h,k) € X — Y.
Remark : Due to a miscommunication the paper ”"Finding an Ellipse Tangent to
finitely many given Lines”[3], which appeared in SWJPM in December of 2000, was
not the final version to be published. Section 2 is a modification and simplification
of results which appeared in [3]. Section 4 contains a simplified and abridged ver-
sion of material which appeared in [3]. It also contains corrections for numerous
errors in the original version. All of our results in Section 3 for four given tangents
are new.

§1. Preliminary Material
Our results are stated and proved first for ellipses with major and minor axes paral-
lel to the z and y axes. Later we indicate how to extend the results easily to rotated

(w=—h?  y-h?_,

ellipses. We use the fact that at any point of the ellipse 5 = ,
a

war- (-£) ()

Lemma 1. Let (h, k) be given. Suppose that L is a non-vertical line with equation
y—k=m(x—h)+ B
(i) If (u,v) is a positive solution of the equation m?u + v = B2, then B # 0, and

@=h? , (y—kp?

L is tangent to the ellipse = e 1 at (r,s), where a? = u, b? = v,
2 b2
r:h—%,ands:k—i—g. i i
—h —k
(ii) If L is tangent to the ellipse E: (@ e ) + € = ) = 1 at (r,s), then
B #0,s # k, and m2a® + b2 = B2.
—h 2 —k 2 2,,2 b2
Proof. Since u,v > O,QB # 0. (r 2 )2 —|2— (SBb; ) ; ¢ mB;_ = 1 and
a“m —a“m” +

— B = _——_— B = Y = = = —_ . Th ]

m(r — h) + m( B )—l— B B s —k us (r,s)
—h —a?
lies on both E and L. Note that s # k, and since B # 0, Tik = sz. Thus
G —
d —b%(r —h
[dy] = 2((7"}{/,)) =m, and L is tangent to E at (r,s), which proves (i).
x a?(s —
T=r,y=s

If B =0, then L passes thru (h, k), which is impossible if L is tangent to an ellipse

b? —h
with center (h, k). If s = k, then L is vertical. Since dy/dx = (—2) (xk> at
a y—
any point of E(y # k), we have

W2r—h
(1) m=- Tk
Also,
(2) s—k=m(r—h)+ B
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Using (1) and substituting (2) gives a?m (m(r — h) + B) + b*(r — h) = 0, which
implies

a’*mB
®) r=he i
By (2) we also have
b’B
) SRt R
2 )2 22132 | 12132
(3), (4), and (r—h) + (s = F) = 1 imply that aom B”+ 0 B = 1, which implies

a? b2
that B2 = a?m? + b%. That proves (ii). B

(a®m? + b?)2

Proposition 1. Suppose that L; and Lo are non-vertical lines which are tangent

(@—h)?  (y—k)
a? b2

to the ellipse =1 at (rj,s;), j = 1,2. Suppose that L; has

equation
(5) y—k=mj(z—h)+b;

j =1,2, with m? # m3. Then

2 2 2,2 2, 2
(6) ol = by — by b2 — bym3; — bymy
T2 _m2’ T T 22
2 1 2 1

2

Proof. By Lemma 1, part (ii), a> = u and b*> = v, where u and v satisfy the

nonsingular linear system
(7) miu +v = b3
miu + v = b’

Substituting back for the unique solution (u,v) yields (6). B
Remark. Throughout the paper we suppress, in our notation, the fact that if
y=L;(z) =mjxz+c; and y — k = m;(x — h) + b, represent the same line, then

(8) ijLj(h)—kijh-‘er—k‘
is really a function of A and k.
Theorem 1. Let h and k be given real numbers, and let L; and Lo be distinct,

non-vertical lines with equations y — k = m;(z — h) +b;, j = 1,2, m3 # m3.
Part 1: If

b2 — b2 b?m3 — b2m?
(0) R WL L R L
msz —my maz —my



then there is a unique ellipse E(non-rotated), with center (h, k), which has L; and

CRI L,

2

L5 as tangents. Furthermore, E has equation = 1, where a

and b? are given by (6).

Part 2: (9) is also a necessary condition for L; and Ly to be tangent to some

ellipse(non-rotated), with center (h, k).

Proof. Part 1: Since (9) holds, (7) has the unique positive solution (u,v) with

u = a? and v = b?, a® and b? defined as in (6). By Lemma 1, part (i), the L;
. . . (w=n)?  (y—k)?

are tangent, at (r;,s;), to the ellipse E with equation 2 + 02

a2m]‘ bZ o 1o s . .
and s; = k + = Now if F is any ellipse with center (h, k)

J j
x —h)? y—k)?
( = I - )
Proposition 1, @ and b are given by (6), which implies that @ = a? and b2 = b2,
That proves uniqueness.
Part 2: Follows immediately from Proposition 1. W
Given L; and Ly, we can now give an equivalent characterization of the set of
admissible centers.

:1’

where r; = h —

and tangent to the L;, then the equation of E is = 1. By

Corollary 1. Let y = Li(z) and y = La(x) be distinct, non—vertical lines with
equations y = L;(x) = k+m,(x —h) +b;,j = 1,2 and |m4| < |mz|. Then there
is an ellipse E(non-rotated) with center (h, k), which has L; and Lo as tangents if
and only if

mi
10 — | [ba| < [b1] < [
(10 2 ol < ] <

or equivalently

my

(11)

ma

Proof. Since |m| < |ma|, (10) is equivalent to (9). Since b; = L;(h) — k, (10) is
equivalent to (11) and the fact that by # 0 < La(h) —k #0. R
Example. I, : y = x4+ 3 and Ly : y = 2x — 3 are given. Then L; and
Lo are tangents to a non-rotated ellipse E with center (h, k) if and only if % <
h+3—k
‘ 2h—3—k
Remark. One can also obtain results similar to Proposition 1 or Theorem 1 if one
of the L;(but not both ) is vertical . If Ly has equation x — h = by, then by = a or
—a, which implies that a? = b?. Since m3a? + b* = b3 still holds, one then solves
to get b2.
We shall have occasion to use the following theorem, which follows immediately
from Lemma 1, Proposition 1, and Theorem 1.

< 1.




Theorem 2. Given N non-vertical lines Ly, ..., Ty with equations y —k = m;(z —
h)+b;, j=1,...,N.

(i) There is an ellipse E(non-rotated), with center (h, k), tangent to each of the L;
if and only if the linear system

(12) miu+ v = b

miu + v = b3

mau+v = bk

has a positive solution (u,v). If m? # m? whenever i # j, then E is unique and
(x—h)?  (y—k)?

+ 12
(ii) If m? # m? whenever ¢ # j and (12) is consistent, then for any i # j, the unique
solution of (12) is

2 =y and b% = v.

has equation =1, where a

b2 —b? bZm? — b2m?
j My — O
(13) u= and v =
p—— -~
J J i

Remark. If m? = m3, then the existence-uniqueness result above fails. We discuss
this for two given lines in the next theorem.

Theorem 3. Let h and k be given real numbers, and let L; and Lo be distinct,

non-vertical lines with equations y — k = m;(x — h) + b;, j = 1,2. Suppose that
2 2

mi = ms5.
(i) If |by] = |b2] # 0O, then Ly and Lo are tangent to any ellipse E € F =
(:U — h)2 (y — k)2 2 2 spe .

5 + 72 =1, , where a* and b” are any positive real numbers satis-
a

fying the equation
(14) a*mi +b* = b7

(ii) If |by| # |b2| or by = 0 = by, then L; and Ly are not tangent to any ellipse(non-
rotated) with center (h, k).
Proof. Since the line with equation m%u + v = b? has a positive v intercept and a
non-positive slope, m2u + v = b? has infinitely many positive solutions in the un-
knowns u and v. If a? = u, b? = v for some positive solution (u,v), then (14) holds.
Also, a®m3 + b? = b3 since m? = m3 and b3 = b3. (i) then follows from Lemma 1,
part (i). To prove (ii), suppose that L; and Lo are tangent to an ellipse E with
2 2
(@ _2h) + (v —k) = 1. By Lemma 1, part (ii), b? = a?>m?2 +b2, j =1,2.
° b2 j J
Lemma 1, part (ii), m? = m3,, and b3 = b3, then imply that b3 # 0 # b3. That
contradicts the assumptions in (ii). H

equation

Rotated Ellipses



For simplicity of exposition, we have only considered non-rotated ellipses. However,
the previous results extend with little effort to ellipses whose axes are rotated clock-

s
wise about (0,0) thru a specified angle «, —5 <a< g Let (4, Yo) denote the
new coordinates, and suppose that we are given (h, k) in 2y coordinates. Assume
throughout that no given line is parallel to the y, axis(i.e., all lines are non—vertical

in the rotated coordinates). It follows easily that the line y — &k = m(x — h) + b
becomes

m + tan a bseca
15 o —ka=—"7T— o= ha) + ———7—
(15) Y <1—mtana>(aj )+1—mtana

where h, = hcosa — ksina, k, = hsina + kcosa and 1 — mtana # 0. We find it
useful to introduce the following notation. For given m; «,bi o, Mj.a,bj.a, and a:

2 2 2 2 2

bja — bia biaMja — bja

(16) Sy =5 — 5 Ty=—""5 >
Mja = Mija Mja =~ Mia

We now state the following generalization of Theorem 1 without proof.

Theorem 4. Let h, and k, be given real numbers, and let L; and Lo be distinct
lines with equations yo — ko = Mj.a(Ta — ha) + b, j = 1,2. Suppose that
30 # 1

Part 1: If

(17) S12 > 0and Ti2 >0

then there is a unique ellipse F, with equation + = 1, which

has L, and L, as tangents, where a? = S15 and b = T}

Part 2: (17) is also a necessary condition for L; and Ly to be tangent to some
ellipse with center (h, k) and rotation angle «.

Remark. As in the non-rotated case, if [my o| < |ma,q|, then (17) is equivalent to

mi,a

(18)

[b2,a] < [b1,a] < [b2,a]

It is also interesting to allow the rotation angle to vary . This leads to the following
Question: Let L; and Lo be two glven nonparallel lines. Is any point (h,k) ¢

L1 U Ly a admissible for some «, —5 <a< 5 ? The following theorem answers

this question in the affirmative.

Theorem 5. Let h and k be given real numbers, and let L; and Lo be distinct,

non-vertical lines with equations y — k = m;(z — h) + b;, j = 1,2. Assume that
my # meo and that (h,k) ¢ L; U Ly. Then there is an angle a,—g <a< g,

such that the ellipse E with center (h,k) and rotation angle o has L; and Lo as
tangents.



Proof. Note that (h,k) ¢ L1 ULy = by # 0 # by. We want to apply (10) of

Corollary 1 in the new coordinates z, and y,. Using (15) , we replace m; by m; o
m; + tan a bj sec a )

and b] by bj,a, where mjao = m and b]7 m Since we are

allowing the angle of rotation to vary, we may rotate the coordinate axes so that

in the new coordinates, m; = 0 < mg. Then |—| |ba| < |b1]. If |b1] < |b2|, then

by the corollary to Theorem 1, there is a non-rotated ellipse tangent to the L;. So

+ ta .
assume now that |ba| < |b1|, and let oy = arctan(l/ms). Note that TR
l—mtano

a strictly increasing function of m, which implies that m; o, < mgy, for any given

b bis b1 s
|61, 1 sec o 18ec ap |bl|m, and |2a|

204‘

a. As a — ag,

tan a tan ag

by sec |b2 |

1
= . Note that tanag = — = mg +
ma

V1+m3
b

if and only if \/12;2 < |b1] /1 4+ m3 if and
+mj

mo + tan « mo + tan o

b2, | 61,0

tanag # 0. Now
|m2,a| ‘ml,al

1

only if |-=| < 1+ m3, which holds since

1
by sec o

<1< 1+mj Also, lim |by,| =
a— Qg

lim

a—ag

————— | = oo, while lim |b; | = lim |bysecal # oco. Thus for a
1 —motanao a—ag a—ag

sufficiently close to «ap, ‘mla‘ |b2,0] < [b1,a] < |b2,a|, and the theorem follows from
m2.a

the remark after Theorem 4. ®

An Aside on Hyperbolas

For hyperbolas rather than ellipses tangent to L; and Lo, one would want a

solution of (7) with wv < 0. In Lemma 1, part (ii), if 7" is tangent to the hyperbola
— h)? —k

H: (xaz S 7 i = +1at (r,s), then B # 0, s # k, and m?a®? —b? = £B%. It

then follows that a necessary and sufﬁment condition to have a hyperbola tangent

b3 — b2 b2 b3
to Ly and Lg is —5 5 1m§ 22711 < 0. A version of Theorem 4 for hyperbolas
my —my My —my
follows immediately.

Theorem 6. Let h, and k., be given real numbers, and let L; and Lo be distinct
lines with equations yo — ko = mj.a(Ta — ha) +bja, j = 1,2. Assume that m3 , #
m3 .

Part 1: If

(19) Slngg <0

then there is a unique hyperbola H, with center (h, k) and rotation angle a, which
has L; and L, as tangents.

Part 2: (19) is also a necessary condition for a hyperbola with center (h,k) and
rotation angle « to exist which has Iy and Ly as tangents.



62 Rotated Versions of Key Theorems from §1
Assume throughout, unless stated otherwise, that no given line is parallel to the y,
axis. The line L; with equation y = m;x + c; becomes

(20) Ya = My ala + Cja
where

m; + tan o c;seca
(21) Mjo = _mj +tana and ¢j o = J

N 1—mjtana 1—mjtana
1 —mjtana # 0. Rewrite L; in the form

(22) Yo — ko = mj,oc(xa - ha) + bj,Ola bj,(x = mj,aha + Cja — kq

In zy coordinates, h, = hcosa — ksina and k, = hsina + k cos a for some real
numbers h and k. Dividing thru by cos o and using the substitution

w = tan«
yields
1 1

which gives

m; 1
24 bjo = ——22=(h — kw) + ¢jo — ———=(hw +k
( ) J> \/m( IU) C]a m(w )

We shall always speak of o admissible centers in zy coordinates. Throughout, given

Ly,...,Ln, R, denotes the set of o admissible centers, i.e., the set of all (h, k) such
—h 2 —k 2

that the ellipse7(xa 5 ) + (o 5 ) = 1, is tangent to each of the L;. If L;

a

and L; are not parallel, we let i(L;, L;) = (21,0, Y1,a), % # | # j denote their point of

intersection(in rotated coordinates). Theorems 14-17(proved in §4) and Theorem 2

are easily extendable to rotated ellipses, which we state here.

Theorem 7. Suppose one is given N lines Lq, ..., Ly with equation given by (22)
and an angle «, —g <a< g Then

(i) There is an ellipse E with center (h, k) and rotation angle o tangent to each of
the L; if and only if the linear system

(25) mi gutv =82,

2 _ 2
msau+v= bz,a

2 2
My U+ v = bN,a

8



has a positive solution (u,v). If m?,u #* m?,a whenever i # j, then F is unique and

(Ia *Qhoz)Q + (ya - ka)2 =1,
a b2

where a® = u and b* = v. (i) If m7 , # m7 , whenever i # j and (25) is consistent,

)

then for any i # j, the unique solution of (25) is (see (16))

the equation of E in the new rotated coordinates is

(26) u = Sij and v = ,117]
Expanding the determinants and the left-hand side of (36) in Theorem 12 yields

Theorem 8. Let L;, j = 1,2,3, be distinct, non-concurrent lines with equations
given by (20), ¢ # j = m?’a + m?)a. Let do = [ (mj,0 — Mia),

j>1
1,0 = M16C1a (M0 — M3 ) —MaaCaa (M3, — M3 ) +M3.0C3.0 (M3, —mi,),
a2, = —Cl,a (mg,a - m%a) + C2,a (m?’:,a - m%,a) — Ca (mg,a - m%a)?

a3, = (C%,a(mg,a - m%,a) - c%7a(m§,a - m%,a) + c%,a(m%,a - m%,a))/2'
Then (25), with N = 3, has a unique solution if and only if (hg,k,) lies on the

curve v with equation

(27) dohaka + al,aha + a2,o¢ka + ag,a = 0

Theorem 9. Let L; and Ly be distinct lines with equations given by (20),
0 # m%a #+ m%a. Let Lz be the line with equation z, = c34. Let v be the
curve with equation

(ha - $3,a)(ka - al,a) = *% (ml,a + m2,a> (CS,a - xS,a)Qv where

3
a1,a = La(csa) + Li(c3,0) — Y3,a- Let g3(ka) = [ (ka — ¥j,a)s
=1

ke
q1(ka) =m3 o (ka—a1,a). Then (h, k) € Ro & (ha,ka) € 7, ha # 3,0 and ZSEk 3 >

1\ v
ZTo — he)?
@a—ha)” |

a

0. For each (h,k) € Ry, there is a unique ellipse E with equation

(ya - ka)g
b2

2 _ q3(ka)
ql(ka) .

§3 Main Results for Four Given Tangents

We now discuss the locus of centers of ellipses tangent to four given lines, where the
angle of rotation is allowed to vary. In particular, using the methods of this paper
we are able to strengthen and extend some known results about ellipses inscribed
in quadrilaterals. Given four lines in the plane, L;, j = 1,2, 3,4, such that no three
of the lines are parallel or are concurrent, we want to find the locus of centers of
ellipses tangent to the lines. In the case when the lines form the boundary of a
four sided convex polygon R, let M; and Ms be the midpoints of the diagonals of
R. Let L be the line thru M; and Ms, let Z be the open line segment connecting
M; and My, let Y be the closed line segment connecting M; and Ms, and let X

= 1 which is tangent to each of the L;, with a? = (ha — c34)% and

b




be the open line segment which is the part of L lying inside R. It is well known
that if an ellipse E is inscribed in R, then the center of E must lie on Z(see [1]
and [2]). The proof of this result actually goes back to Newton. It is stated in [2]
that the locus of centers of ellipses inscribed in R actually equals Z, but Newton
only proved that the center of F must lie on Z, as is noted in [1]. Indeed, it is not
even clear that an ellipse even exists which is inscribed in R, let alone whether
every point of Z is the center of such an ellipse. We prove(Theorem 11) that
every point of Z is the center of some ellipse inscribed in R, which implies that the
locus of centers of ellipses inscribed in R is precisely equal to Z. In addition, we
prove (Theorem 11) that there is a hyperbola tangent to each of the L; and with
center (h,k) € R if and only if (h, k) € X —Y. More generally, any ellipse tangent
to the L;(and not just inscribed ones) must have its center on L.

Theorem 11. Let R be a four sided convex polygon in the xy plane which is not
a parallelogram, and let M; and Ms be the midpoints of the diagonals of R. Let L
be the line thru M; and Mj, and let L;, j = 1,2,3,4 denote the lines which make
up the boundary of R. Let Z be the open line segment connecting M; and Ms, let
X Dbe the open line segment which is the part of L lying inside R, and let Y equal
the closed line segment connecting M; and Ms.

(1) If an ellipse E or hyperbola H is tangent to each of the L;, then the center of
FE or of H must lie on L.

(ii) There is an ellipse F, inscribed in R and with center (h, k), if and only if
(h,k) € Z.

(iii) There is a hyperbola tangent to each of the L; and with center (h,k) € R, if
and only if (h,k) € X — Y.

Remark. If R is a parallelogram, then an ellipse E which is inscribed in R must
have center equal to the center of R. There is no hyperbola tangent to each of the
L; and with center (h,k) € R.

Proof. We shall assume that no two sides of R are parallel. The proof when at
least two sides of R are parallel is similar, but somewhat simpler, than the proof
given here. By using an affine transformation, we may assume that the vertices
of R are (0,0),(1,0), (0,1), and (s,t) for some real numbers s and ¢. Since R is
convex, it follows easily that

s>0,t>0and s+t>1
Since R is four sided and no two sides of R are parallel,

s+t>1land s#1#t

-1
Write Ly : y =0,Lo : 2 =0,L3:y =1+ (> x, Ly iy = 1(1’—1). For
s s —
t—1 t -1
fixed a, (21) gives my,q = w, M3g,o = ﬁ7 My o = %, Cla =
V1 2 V1 2
0, c3.4 = w7 Caoq = —tﬁ. The equation of Ly in z, and y,
’ s—(t—Dw’ s—1—wt
coordinates is given by (20), with ms o = —— and ¢3 o = 0. Writing L; in the form
w

10



Yo = ka = Mja(Ta = ha) + bja yields, by (24), bi,a = —kV1+w?,

by — YW (= DR = (k= D)s)w? + (E = Dh = (k= 1)s

° wo e (s—(w-1HVitw? :

by — BB =) k(s —1)w? + t(h — 1) — k(s —1)
“ (s—1—wi) VItu?

pi,j(w)

. In general,

m3,—mi, = cj(1+w?)

, where the ¢; ; are nonzero constants depending

7,
i j(w)
on s and ¢, and p; ; and g; ; are polynomials depending on s and ¢, with deg p; ; = 2
1—w*
and deg ¢; ; < 4. In particular, m3 , —m3 , = 5—- Now mj, and ¢; o are not
’ ' w
defined, for j > 2, when
s s—1
el ={0,——,——
we R =10 7=3,
Let
Fy ={w:mj, —m;, =0 for some i # j}
and let

F=FRUFG={w: —co<w<oo}—F

We must assume, for now, that w € G, and in particular we want m? , —m7 , # 0
so that we can apply Theorem 8. For s and ¢ given, F is a finite set. By Theorem
8, applied to Ly, Lo, Ly and Ls, L3, L4, respectively, if w € G, then an admissible
center (h, k) must lie on the curves with equations

(28) dahaka + al,ahu + a2,aka + a3 o = 0
and
(29) Dahocka + Al,aha + A2,akoc + AS,a =0

where my o replaces ms o when Theorem 8 is applied to L1, L, and L4, and my o
replaces my o when Theorem 8 is applied to Le, L3, and Ly. In (29) we used capital
letters to better distinguish the two equations. Using (23), we can rewrite (28) and
(29) in the original xy coordinate system to obtain

(30) darlw(h—kw)(hw—i-k)—&-al,aﬁ(h—kw)—&—ag,a\/ﬁ(hw—i—k)—i—a&a =0

and

Note that d,, and D, have the factor my o —ms2 o in common. Thus multiplying (30)

by (m4,oc - m3,a) (mS,a - m2,a)7 mlﬂtlplylng (31) by (m4,a - ml,oc) (mQ,a - ml,a) 3
and subtracting yields

(1+ w2)4 st(t—14s)(w?(s—1)+2wt —w?+1) 22(]:(j ;(?:12)})12(;;(?__1@ ZUE))?’ -
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which implies that 2k(s — 1) — 2h(t — 1) — (s —t) =0, or

_ ls—t4+2n(t 1)
) s—1

(32) k= L(h)

11 1 1
Now M; = 2’3 and My = 25 2t>, so that L(z) from (32) is the line L thru

My and M,. Note that the same equations must be satisfied in order to have a
hyperbola tangent to all four lines. Also, while we have assumed that w € G,
(32) actually holds for any w € (—o0,00). One can prove this directly for w € Fy
using Theorem 9. It also follows easily that for any given w, there is at most one
pair i # j with m?)a - mf)a = 0. One can then choose two sets of three of the L;
so that L; and L; never appear in the same set. (32) can then be derived in the
same way as above. That proves (i). We now attempt to solve (30) with k = L(h).

2
1 1+w?)"t
First, the LHS of (30) factors into — ( )2
dw?(s—1—tw)” (s—1)

P(w, h), where

P(w,h) = A(h)w? + B(h)w — A(h)

(h)=2(s=1)((2t —2)h® + (s+2—t)h—s) and

(h)=(1—2h)(s—1t)((2s —4+2t) h+ s — ). Of course the coefficients of

(w, h) depend on s and ¢ as well, but we suppress that in our notation.

Claim: If k = L(h), then A(h) and B(h) cannot both be 0 for the same value of

Proof of Claim: Suppose that A(hg) = B(hg) = 0 for some hg. Now B(hg) = 0 if
. 1 t—s 1
and (inly 11th =gor ho = §m1 If hg = 3 then (2t — 2) h%—l—(s;— 2—1t)ho—
. t—s s—1
S—§—§S#OSIHCGS7&1. Ifho—gﬁ,thenko—lz(ho)—im—
—hg, which implies that hy and kg cannot both be positive. That proves the claim.

A
B
P

>

By the claim, P has two real roots w = wy and w = —— for each given h, whenever

wo
wo # 0, i.e., whenever (2t —2)h? + (s +2 —t) h — s # O(note that s — 1 # 0). Of
course this just reflects the fact that one can rotate the coordinates axes by «

or by a — g and obtain the same axes of the ellipse. The LHS of (31), with
912
k = L(h), factors into ! s(1+ w2) (s -1+ t)2 P(w, h). Thus (30)
dw? (s —wt+w) (s—1—wt)” (s—1)
and (31) hold simultaneously for the same h, k, and w if and only if P(w, h) = 0 and
k = L(h). Since w € G, mia —mj,, # 0 for i # j. By Theorem 8, (28) and (29)
hold simultaneously for the same hg, kq, and w if and only if (25) has a solution,
with N = 4. Then, by Theorem 7, part (ii), (25) has a solution, with N = 4, if and

only if

(33) Sij = Sim, T;j = Ty for any distinct 4, 7,1, m € {1,2,3,4}

Of course, (28) and (29) are equivalent to (30) and (31) in zy coordinates. Now an
ellipse exists tangent to all four lines if and only if the same ellipse can be found

12



which is tangent to Lq, Ls, and L4, and to Lo, L3, and L4. Thus Theorem 7 and
Theorem 8 imply that an ellipse exists tangent to all four lines if and only if there
are w > 0 and h such that P(w,h) =0, S;; > 0, and T;; > 0 for some i # j, with
k = L(h). It is easiest to work with ¢ = 1, j = 2, which is possible except for w =0
or 1. We want to prove that if (h, k) € Z, with P(w, h) = 0, then S12 and Tjo are
both positive if w ¢ {0,1}. We shall prove that at least one of Si2 and T}y are
positive at M7 and Ms, and that neither can be zero on Z. Let

1 1
I = open interval with endpoints 3 and 25

For each given h € I, we shall always assume that wy denotes the nonnegative
root of P(w,h). Then wyg is a continuous function of h, which we denote by f(h).
Letting w = f(h) and k = L(h), S;; and T;; are then functions of h on I. Sia2(h)
and T12(h) are continuous at any point of I if w = f(h) # 0 or 1. We now show how
to extend Si2 and Tis to be continuous at those points as well. First, (h, k) € Z if

1 1
and only if h = )\5 +(1- )\)55,0 < A< 1and k= L(h). We now break the rest

of the proof up into two cases:

Case 1: s#t

w =1 is a solution of P(w, h) = 0 if and only if B(h) = 0, which holds if and only
1 1 t-—s 1

if h = = =—-——— If h= -, th X —

if h 2orh 555 1=3 h 2,ten (h,k)thand (h,k) ¢ Y (we

shall use the latter fact when proving (iii)). If h = §s+;7i2’ then k = L(h) =

1 s—t

25211 = —h, which implies that A and k£ cannot both be positive. Hence w = 1
s —

cannot occur as a solution of P(w,h) = 0 for (h, k) € ZUX —Y . However, P(0, hy)
can equal 0 for hg € I and certain values of s and ¢. This is not a problem since, for

k2w2 _ h2 h2 2 _ k’2
ﬁ and T12 = W,w ¢ {0, 1} Thus for any

fixed h and k, lim0 S12 = h? and lim0 Tyo = k2. S15 and Tys are then continuous

at ho if we define, with k = L(h), S12(ho) = h3 and Ti2(h) = (L(hg))?. It is also
possible that as h — hg € I, the positive root of P(w, h) approaches co. Since lim

w—00

S12 = k? and lim Typ = h?, defining, with k = L(h), S12(ho) = (L(ho))? and

w—00

general h and k, S5 =

T12(ho) = h3 makes S12 and Th2 continuous at hg in that case.

Case 2: s=1t

In this case the line L is y = x, which contains one of the diagonals. The proof is very
similar, but simpler, than the proof above for s # t. Either (2t — 2) h? +2h—t = 0,

which gives an inscribed circle, or w = +1 and h = k can take on any value between

1 1
5 and Et
Thus we have proven that Sio and 772 are continuous at any point of I. Now

consider the endpoints of I.
1
o If h = 25 then P(w,h) = — (s — 1)* (ws+ 1) (s —tw) = 0 & w = ; # 1 since
1 1
s#£t Ifw= ;, then S12 = 0 and T15 = ZtQ + 152, and thus Si3 and Tis are

. : 1
continuous and nonnegative at 53.
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1
o If h = X then P(w,h) = —2(w® —1)(s —1)> = 0 & w = 1 since s # 1. Siy

1 1
and Tio are undefined when w = 1. However, if w = 1 and h = 2 then Si3 = 3
1
dTi3s=0. B this implies that li h) = = and lim Ti2(h) = 0.
and T13 = 0. By (33), this implies tha h_1>11n/2 Si2(h) 5 an h—lgl/z 12(h) =0
1 1 1
Thus defining S12 (2> =5 and T72 (2> = 0 extends S and TY5 to be continuous

and nonnegative at 3

Thus S12 and T2 are continuous(or can be extended to be continuous) on the clo-
sure of I, and nonnegative at the endpoints of I.

Claim: Si2(h) and Th2(h) cannot equal 0 for h € I.

Proof of Claim: We can assume that w # 1 since we have shown that w = 1
cannot occur as a solution of P(w,h) = 0 for h € I. If P(0,h) = 0, then S12(h)
and Tio(h) cannot equal 0 since h? # 0, L?(h) # 0 on I. So assume also that

k2w? — h?
w # 0. Then Si2 = 21 = 0 if and only if h = kw(h # —kw since
w2 —
1 —t
s —tw

—1
if w 7& tz—717 which lmphes that P(’LU,h,) = —2('11}2 — ].) (S — 1)2 m,

1
which equals 0 if and only if w = ;, which implies that h = 55 ¢ I. If h = kw along

s—1 1s—t+2h(t-1)

Wlthk::L(h)andwzt_l,thenh:2 —

lution since s —t # 0. Tio = 0 if and only if ¥ = wh. If k = wh along

1 —1 t—1
with k = L(h), then h = S i) my Ty if w # Pt This implies that

(s2 —s)w+t—t2

, which has no so-

Pw,h) = —2(w+1)(w—1)*(s—1) = 0 if and only if
(w.h) 1 (w+1) (w0~ 1P >(w(81_1)_(t_1))2 y
t(t —
w= 7D ik tmplies that h = —~—5 . Now h > 0 = ¢ < 1 and
s(s—1) 2t—1
1 1
w20:>s<1.Also,(h,k)6Zifandonlyifh:)\§+(1—)\)§s,0<)\<1and
1 s 1 1 st
k= L(h). Thus —= =A=+(1-AN)=s=2A\=——— Si t>1
(h). Thus =537 = A5 +(1=A)3s (-1 resti=th
t 1-—
t>l—sand1—-t<s= \= 5 > 5 Szl,whichimpliesthat
1—-s1-1t 1—-s s

t—1
h ¢ I. If k = wh, along with k = L(h) and w = T then again there is no
5 —

solution since s — t # 0. That proves the claim.

Since Sy2(h) and Ty2(h) are nonnegative at the endpoints of I, positive at at least
one of the endpoints of I, and nonzero on the interior of I, by the Intermediate Value
Theorem S12(h) > 0 and Ti2(h) > 0 when h € I. Now let H ={h € 1: f(h) € G}.
(—00,00) — G is a finite set and P(w,h) = A(h)(w? + C(h)w — 1),where C'(h) is a

nontrivial rational function. Thus P(wg, ho) = 0if and only if C'(h¢) = — —wyp, and
w

by the definition of f, wg = f(hg). It then follows easily that f~1 {(—o0,00) — G} is
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also a finite set, which implies that I — H is a finite set. We have proven that if h € H
(o — ha)2 (Yo — ka)Q

a? + b2 =1
which is tangent to each of the L;,j = 1,2, 3,4, where a® = S12(h) and b* = T12(h).
Since S12(h) and Th2(h) are both positive on int(I),if hg € I — H, one can obtain an
ellipse with center (ho, L(ho)) by taking a limit of the ellipses obtained for h € H.
That proves that if (h,k) € Z, then there is an ellipse inscribed in R and with
center (h, k).
Rest of the proof of (ii) and (iii)
Note that (h,k) € X = h,k > 0 and that {h : (h,k) € X — Y} consists of two
disjoint open intervals, J; U Jy. The particular endpoints of X depend on whether
s>1,s<1,t> s, etc.
Claim: Si2(h) and Ti2(h) cannot equal 0 for h € J; U Jo.
Proof of Claim: The proof follows exactly as in the proof above that Sia(h)
and Ti2(h) cannot equal 0 for h € I, except for showing that Tia2(h) # 0 when

t—1 1 s

vE T =T
the following two cases.
Case 1: s <t

1
Then L(x) intersects R in the lines Ly and Ly, J; = (O7 28) , and

and k = L(h), then there is an ellipse with equation

,and s,t < 1. We omit the proof when s = ¢ and consider

11 1 1 1 1
Jo = <2, 5s + 2t>. Now 53 + §t < 31 it since s +t > 1, which implies that

1 1 1
= 31 i ; ¢ Jy U Js since 55 + Et is the largest value of h € J; U Js.
Case 2: s>t

1t—s5 1
Then L(z) intersects OR in the lines Ly and Ls, J; = ( > > , and

2t-12°
11 s—2+t¢ 1 s—2+t 1
Jy = (27232_;'_). Again, s + ¢ > 1 implies that 588 t——li_ < §1it’
1 1 s—2+¢
which implies that h = 5% ¢ Jy U Jy since 55% is the largest value of

h € J; U Js. That proves the claim.
1

We want to show that Si2(h) and Tia(h) change sign at h = 5 and at h =

respectively. Recall that w = f(h) < P(w,h) = A(h)w? + B(h)w — A(h) =
and w > 0, where A(h) = 2(s—1) ((2t —2)h* + (s +2—t)h —s) and B(h

(1—-2h)(s—1t)((2s —4+2t)h+ s —t). Thus implicit differentiation gives w’' =
dw _ A(h)w® + B'(hw — A'(h)
dh 2wA(h) + B(h)

I OL\D\H

. Assume throughout that k = L(h). Now sup-

k*w? — h?

pose that Si,5(h) = 0. We shall derive a contradiction. Since S13 = 1
w2 —

(34) (% — E*)ww' + (kk'w? — h)(w? — 1) =0

dk t—1 1
where k' = = L'(h) = P First, if h = 3% then w = ; T
)

82 —2 + t2 —2 s2—2s+t2—2
2(s—1)(s2+12) and (34) becomes w(2(s — t)w (h2 _ k2) +

2(s—1t)
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i t3(s2+t2)(s—1)

1
since s # t. Thus S7,(1s) # 0, which implies that S12(h) changes sign at h = 55

1
Second, if h = 2 then w = 1, and Ty2(h) is undefined when w = 1. However,

(w2 —1)(k(:Ew?—h) = — (s +1)° (s — 1)

= 0, which it cannot

_ (w? — 1)(w2h — kk') + ww'k? . B'(3)
consider T{4(h) = w? — 1) - Now w'(3) = _2A(%) +B()
_2;717 which implies that hﬂll/iglwﬂl(wz _ 1)(11}2]1 — k‘k;’) + ww'k? = Zw/(%) =
1t—s

1
> 1 # 0. Thus T}5(h) has the same sign on either side of h = > which implies
s —

1
that Ty2(h) also changes sign at h = 7 Since 512(%3) = Tlg(%) =0, 5’12(%) > 0,

Ti2(1s) >0, and Si2(h), Ti2(h) > 0 on I, by the claim above and the Intermediate
Value Theorem, S12(h)T12(h) < 0on J U Js. Let J ={h € J1UJs: f(h) € G}.
We have shown that there is a hyperbola with center (h, k) tangent to each of the
L; if h € J. Again one can use a limiting argument, as earlier, if h ¢ J. That
proves that if (h, k) € X — Y, then there is a hyperbola with center (h, k) tangent
to each of the L;. To finish the proof of (ii) and (iii): In the proof of (ii) given
above, look at the non-positive roots w of P(w,h) instead. Everything follows
in the same way. Thus, if h € I, then S;;(h) > 0 and T;;(h) > 0 for either choice
of the root w. Thus there cannot be a hyperbola with center (h,k) € Z which is
tangent to each of the L;. Similarly, in the proof just given that if (h, k) € X -,
then there is a hyperbola with center (h, k) tangent to each of the L;, again look
at the non-positive roots w of P(w, h). If h € Jy U Jy, then S;;(h)T;;(h) < 0, which
implies that if (h,k) € X — Y, then there cannot be an ellipse inscribed in R and
with center (h, k).

Remark. The fact that if (h,k) € X — Y, then there cannot be an ellipse in-
scribed in R and with center (h, k) follows from the result in [1] mentioned earlier.
However, we wanted to give a self contained proof which does not use orthogonal
projections.

It is possible that one is just given the four lines L;, j = 1,2,3,4 and not the
polygon R of which they form the boundary. One still might want to know if there
is some ellipse tangent to the given lines, and to characterize the locus of centers of
ellipses tangent to the given lines. The following proposition gives a partial answer.

Proposition 2. Let Lq, Ly, L3, Ly be four given lines in the xy plane, such that
no three of the L; are concurrent. Suppose also that one of the following holds:
(i) No two of the L; are parallel, or

(ii) Exactly two of the L; are parallel, and the intersection point of the other two
lines does not lie between the two parallel lines.

Then the L; form the boundary of a four sided convex polygon R.

Proof. (i) Pick a line L. The other lines intersect L at three distinct points since
no three lines have a common intersection point. Let M be the line which inter-
sects L between the other two intersection points. The interior of the triangle T’
formed by the three lines not equal to M is cut by M. The two regions into which
M divides T are each convex, since they are the intersections of convex regions(a
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triangle and a half plane). One of these regions is R.

(ii) Suppose that L; and Lo are parallel and let P;; = point of intersection of L;
and Lj, (i,7) # (1,2). Let R be the polygon with vertices Pi3, P14, Pa3, and Pay.
Since P34 does not lie between L, and L, it follows easily that R is a four sided
convex polygon. H

Theorem 11 then gives

Corollary 2. If Ly, Ly, L3, Ly satisfy (i) or (ii) of Proposition 2, then there is an
ellipse, F/, tangent to each of the L;, and the center of £ must lie on the line thru
the midpoints of the diagonals of R.

84. Three Given Tangents
The rest of the paper is a modification and simplification of results which appeared
in [3]. It also contains corrections for several errors in the original version.

Throughout, given Ly, ..., Ly, R denotes the set of admissible centers, i.e., the set
(x—h)?  (y—Fk)?
5 T 2
a b
to each of the L;. For convenience, we use the following notation from (16) for

a = 0. For given my, b;, m;, and b;:

of all (h, k) such that the non-rotated ellipse,

=1, is tangent

2 2 2.2 12 2
6. — by —b; o bymj — bym;
YoomE—m2 Y m? —m?

3 i 3 i

We want to characterize 8 when N = 3 and also give an explicit formula for
E. Several cases must be considered depending upon whether m? = mf and/or
m; = m; for some 7 # j. In each case the admissible centers lie on a hyperbola or
a straight line(a degenerate hyperbola). The precise curve is obtained by finding
conditions on the coefficient matrix of the linear system (12) with N = 3. If L; and
L; are not parallel, we let

Ci — C; m;c; — MmM;C;
(35) m,yn—( j i m )

bl
mi — my mi — my

i # 1 # j, denote their point of intersection.

§4.1 No two of the tangents have slopes equal in absolute value
We first state our results when none of the L; is horizontal or vertical.

Theorem 12. Let L, Lo, L3 be distinct, non-concurrent, and non—vertical lines
with equations y = L;(z) = mjz +¢;, j = 1,2,3. Assume that i # j = m? # m?

m; 1 ¢ 1 m% micy
and let D = [[(m; —m;), M = | ma 1 e |, a1 =|1 md moca|, ag =
J>1 ms 1 c3 1 m% mscs

2
1 mi my

3 a 3
—|1 m5 my|,p3(h) = [[(h—x;),pr(h) = h+ 527 g3(k) = [T (k—y;), aa(k) =
1 m32 ms j=1 j=1
2
k+ %7 C=— ‘2D|2 jl;[i(mj + m;). Let v be the curve with equation
(36) pl(h)(h(k?) =C
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(i) Then

o .P3(h) an q3(k)
(37) %{(h,k)ev.pl(h)>0 dql(k)>0}

—h 2 _ 2
For each (h,k) € R, there is a unique ellipse E : (2 e ) + y bzk)

h k
tangent to each of the L, with a? = Mand b? = a3 (k)

p1(h) (k)
(if) Write equation (36) in the form k& = f(h) or h = g(k).

(a) Suppose that mg # 0, let w; = g(y;), 7 = 1,2, 3, and define the cubic polynomial

= 1 which is

ro(h) = —2. 2% ﬁmj f[lw - w)
Then o
(38) R = {(h,f(h)) : Z’EZ% > 0 and r5(h) > 0}
e s 13(h)
A
(39) %{(h,k)ev:iigg >Oandh7é;(x1+x2)}

with a2 as in (i) and b* = (f(h) — c3)?
(iii) Also, given any 0 < eg < 1, there is an (h, k) € R such that E has eccentricity
€0.

mq 1
Proof. Note that rank(M) > 2. If |M| = 0, then rank(M) = 2 = rank|[ mo 1 |,
ms 1

which would imply that the system of equations m;xz +¢; = y,j = 1,2,3 has a
solution (z,y). Since we assumed that the L; are not concurrent, |M| # 0. This
implies that C' # 0. Since |M| = (my — m;)(m; — m;)(x; — x;) for any distinct
{i.4,1} € {1,2,3},

(40) x; # xj for i # j
It is also useful to note that
(41) |M| = —cams + camy + cymg + cgma — cgmy — cyma # 0

Given (h, k), write L; in the form y — k = m;(x — h) +b;, j = 1,2,3. By Theorem
2 with N = 3, there is an ellipse, with center (h, k), tangent to all three lines if
and only if

(42) miu + v = b?
mau 4 v = b3

miu + v = b;
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m? 1 m?2 1 b
has a positive solution (u,v). Since rank| m3 1 | =2, rank| m3 1 b3 | > 2,
m? 1 m 1 b2
m? 1 b}
and thus (42) has a solution(not necessarily positive) if and only if |m3 1 3| =
m3 1 b3

0, which gives
(43) (m3 —m3)bi — (m3 — mi)b3 + (m3 —mi)b3 =0

By Theorem 2 again, if (43) holds, then the solution of (42) is unique and is given
by

(44) u = S12 = Sa3 = S13
and
(45) v="Tp =T =Ti3

Hence, by Theorem 2, with N = 3,
(46) S12 >0and T2 >0

and (43) are necessary and sufficient conditions for the existence of an ellipse F
m?  (mih+c; —k)? 1
m3  (moh+ca—k)? 1
m3  (mgh+c3—k)? 1
m2  2myih(c; — k) + (c1 — k)?
m3  2moh(ca — k) + (ca — k)?
m3  2mgh(cs — k) + (c3 — k)?
0, which is equivalent to (36). Solving (36) for k and for h, respectively, yields

tangent to all three lines. Using (8), (43) becomes =0.

Multiplying column 1 by —h? and adding to column 2 yields

=Y @
and
C a2

It is easy to show that, for any distinct {i, 7,1} C {1,2,3},

(49) Dz; + as = (m; +my)| M|
and
(50) Dy; + a1 = —m;(m; +my)| M|

19
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By (40),(49), and (50), Dz; + as # 0 and Dy; + a3 # 0 for any . Hence by (47)
and (48), v; = f(z;) and w; = g(y,) are each finite . By (8), S12 = p(h, k), where
p is a polynomial which is monic and quadratic in h, and linear in k. Also by (8),

(51) b; = b; = (Lj(h) = Ty(h)) (L; () + T;(h) — 2k)

Thus h = 23 = La(h) = Li(h) = b3 — b} = 0 = p(as,k) = 0 for any k. Now
1 ; 1
write L; in the form z — h = —(y — k) — —-. Substituting — for m; and
m; mj m;
b
—m—J_ for b; in Sio yields T1o. By interchanging h and k, this easily implies that

T2 = q(h, k), where ¢ is a polynomial which is monic and quadratic in k, and linear
in h. Also, q(h,ys) = 0 for any h. Finally, by (44) and (45), p(z;, k) = q(h,y;) =
0 for any h and k, and for j = 1,2,3. For (h,k) € ~, p(h,k) = p(h, f(h)) =
h
pggh)’ where p3 is a monic polynomial of degree < 3 and pi(h) = h + %, by
Y41
(47). p(z;, f(z;)) = 0 since p(z;,k) = 0 for any k, which implies that ps(h) =
3

jl;[l(h — x;). Similarly, for (h,k) € v, q(h, k) = q(g(k), k) = ng:i’
L by (48). a(g(y;).y;) = 0 since

D’
q(h,y;) = 0 for any h, which implies that ¢3(k) = [[ (k — y;). Since Si2 = ps(h)

j=1 p1(h)
q3(k)

h
)’ that proves (i). Substituting h = g(k), one can write ps(h) =
il
3
1 (9(k) — ) 3

pi(h
jzlg(k)—_'_%z. By (49), jl;[l(ij +az) = |M|3jl;[¢(mj +m;). Using f(z;) = vj,
(Dzj + az)(k — vy) 3 -
Dhra jlel(g(k) - ) =

where g3 is a

monic polynomial of degree < 3 and ¢; (k) = k+

w

and T12 =

~—

it is not hard to show that g(k) —z; = —

3
_Hl(ij—i-cw) , E_(mﬁmi)
j= 3J>1 . .

e [[ (k —v;) = =M~ ———~ [ (k — v;). Finally, it foll

(Dk +a1)® jl;[1( v;) | M| Dkt ar)? jl;[1( v;). Finally, it follows
H(mj + m;)
2 J>1

. a2
ly that g(k) + = = |[M|" o0
easily that g(k) + |M] —2D(Dk + ay)

) Putting this altogether, and using

3

[T (k—wv;)
pa(h) _ o w2 — w3 j=1 100 where
D mg—me pi(h) — “mg—mo (k+ )2 (k+ B
p3(h)

Z2 3 . s .
s3(k) =2——— k —wv;). ——= is positive, on ~, precisely when s3(k) > 0
(k) = 22 [k vy). 7, precisely when ss(k)
since k+ % = 0 cannot yield a point on 7. Substituting & = f(h), (50), and arguing
3

s I —wy)

Jj=1

M _
u = u, one obtains

— T3

k —
as above, one can also show that a3 (k) S R I1m,
q(k m3 —m2 j=1 (h+

@, which is
D
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a
positive, on ~, precisely when r3(h) > 0 since h + 52 = 0 cannot yield a point on

~. Hence
(52) R={(h,k) €y:r3(h) >0 and s3(k) > 0}
Note that & # () since the incenter of T' is admissible. One could also prove directly
h
that R is nonempty. The uniqueness follows from Theorem 1. Since % =
q1

M ollows from at proves (ii)(a
() (38) foll fi (52). That p (ii)(a).

We now prove that there is an (h,k) € R such that E has eccentricity eg,with
ms # 0. Using (35), it follows easily that for any set of distinct 4, 4,1 € {1,2,3},
(my —mq)?(my —my)? (2 — 21)*

1
r3(x;) = <(m; + my)? , which implies that

8 (m; —my)*
(53) r3(z;) > 0 for any 4
as 1 2 2 (m3 +my)?
and 73 (——) = = (m1 +m2)” (x3 — 22)* (M1 + mM3) ————%;, which implies
D 8 (ms — mq
that
as
(54) rs (—5) >0
2 h h
Let 0 < ¢ < 1 be given. 2—2 =c= ]31()(1;;)() = ¢, which holds if and only if
T3
E(h) = p1(h)ps(h)—crs(h) =0, r3(h) # 0. By (53) and (54), E(x;) = —crs(z;) <0
and F (—%) = —cr3 —%) < 0. Let xpmax = max{x1,zo,x3, —az/D}. Then
E(Zmax) < 0, and since hlim E(h) = o0, E(hg) = 0 for some hg > Tmax. Since
h h
p1(ho)ps(ho) > 0 it follows that r3(hg) # 0 and 1)1(7"022350) = ¢ > 0 implies
3(ho

that r3(ho) > 0. Thus (ho, f(ho)) € R by (38), which implies, upon letting a? =
p3(ho) 2 73(ho) : a’ 2

and b* = ————, that the equation 1 — — = ¢5,0 < ¢y < 1 always
pi(Fo) (01 (1) ? e )
has a solution. To prove (ii)(b), if mg = 0 then it still follows that S13 = nghi'

4!
k
However, y1 = y2 = ¢3, and Ty = qggk;’ where g3(k) = (k — ¢3)%(k — y3). Since
q1
a mica2 — MaCy QB(k) 2 %(f(h)) 2
— = 2 =y, =(k—-c3) =T =" = (k—c >0
D meom W g T Ty )
when k # ¢3. Now k # c¢3 if and only if h # g(c3) = ma(c = ¢a) +malcs = 1) =
2m1m2

1
§(x1 + x2). That proves (39). Again, the uniqueness follows from Theorem 1. The

proof that there is an (h, k) € R such that E has eccentricity eg is similar to the
proof above when m3 # 0 and we omit it. l
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84.1 One of the Tangents is Vertical

Theorem 13. Let L; and Ly be distinct, non-concurrent, and non—vertical lines

with equations y = L;(z) = mjz +c¢;, j = 1,2, and assume that 0 # m? # m3. Let

L3 be the vertical line with equation x = c3, and let v be the curve with equation
1

(h—az3)(k—a1) = —3 (my +m2) (c3 — x3)?, where a1 = La(c3) + Li(c3) — y3. Let

as(k) = T1 (k — y). 1 (k) = m3(k — ax). Then

i) R= {(h,k:) € v:h#cgand ZTEZ;

(x—h?  (y—k?

> 0}. For each (h, k) € R, there is a unique

ellipse E : 5 + = = 1 which is tangent to each of the L;, with
a
k)
a?=(h—c 2ande:&.

(ii) Also, given any 0 < eg < 1, there is an (h, k) € R such that E has eccentricity
€0.

Proof. Given C = (h, k), write L; in the form y — k = m;(x — h) + b;, j = 1,2,
and write Lg in the form x — h = b3. Arguing as earlier, a necessary condition
for E to be tangent to L; and Lo is that (7) has the unique positive solution
(a?,b?) which satisfies (6). Also, a necessary condition for E to be tangent to
the line * = c3 is that a+ h = ¢c3 = a®> = (3 h)2 = b2 >0 = h # c3.
Thus S12 = b3 = b3 — b3 — (m3 — m3)(h — c3)®> = 0 = —2(ma — m1)hk —

2(cy — c1)k + 2(maca — mycy + cz3(m3 — m3)h + 3 — & — Z(mi —m?) = 0
€1 — ¢ mace — mycy + c3(m3 —m?) 3—cf—3(m3—mi)
= hk — k— h— =0.
mo — My mo — M1 2(m2 — ml)

MmoCo — M1C1 + Cd(m% — m%)

Now = —myx3+cates(my+ms) = La(es)+Li(cs)—

mo — My

Li(xz3) = a1, and thus we have hk — 23k —a1h —a3 = 0= (h —23)(k —a1) =
o MoCo — M1C1 + 03(m% - m%) C1 — C2 C% — C% — c%(m% — m%)
a1z3 + az =
me —my ) me —my 2(mg — my)

—c1 + ¢ + (mo — my)c 1 . .

f% (mq 4+ ma) (e 2 + (M2 5 1)cs) = —— (my +ma) (c3 — x3)?, which gives
(M2 —ma) 2

b2
the curve 7. a? = b3 = b% = b2 — mia® = b3 —mib3 > 0 = m—lg > b3 = p(h)

1
(mlh +c1 — k‘)z
mi
1 (2c2 —2c1) k — &+ & + c&(m3 —m?) e .
- . Substituting into p(h) yields q(k) =
2 (my — ma) k + maca — mycy + cg(m3 —m?) & p(h)y a(k)

— (h — ¢3)? > 0. Solving S1a — (h — ¢3)? = 0 for h gives h =

0, where g(k) = (c1 + mics — k) (ca — k + macs) (ms = mu) k + macz = macy

m2((ma —mq) k — (macag — mycy + c;,(m% S m?)))’

qs(k) 3 9 mace — mycy + cz(ms — m7)

, where g3(k) = k—y;) and q1 (k) = m3(k— =

o) whereas(6) = 1 (k=) onc s () = m( 1ot ol )

m3(k — (—mizs + co + c3(m1 + ma))) = mi(k — a1). That implies that R C
q3(k) : q3(k)

h,k) € :h c3 and > 0}. Now if h c3 and
{(h,k) € v # 3 o () } # 3 o (k)

Thus ¢(k) =

> 0, then
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letting a® = (h — ¢3)%and b? = qs(k)

k
(- h? (g kP "
2 + 72 = 1 is tangent to each of the L;, j = 1,2, 3. That proves (i).

We omit the proof of (ii). W

and basically reversing the steps above,

§4.2 Two of the tangents have slopes equal in absolute value
In this section we assume that m} = m3 # m3. Given C = (h, k), write L; in the
form y — k= m;(x —h) +b;, j =1,2,3. (42) now becomes
(55) miu+ v = b7
miu +v = b3

miu + v = b3

m? 1 m? 1 b2 m? 1 b3
Sincerank [ m? 1 | =2, rank| m? 1 b3 | >2,and|m? 1 b3
m3 1 m3 1 b3 m3 1 b}

0if and only if b2 = b3, (55) has a solution if and only if b? = b3. The unique solution
is

(56) u = 523 = 513
and
(57) v = T23 = T13

If (56) and (57) are positive, then we let a®> = u and b? = v to obtain the equation of
the required ellipse. The condition b? = b3 implies (m1h+cy—k)? = (moh+co—k)?,
which implies(using m? = m3) that

(58) 2(mg — my)hk + 2(myc1 — maca)h +2(cy — 1)k + ¢ —c3 =0
Our next theorem covers the case when my = —mjy.

Theorem 14. Let Ly, Lo, L3 be distinct, non-concurrent, and non—vertical lines
with equations y = L;j(x) = m;xz+¢;, j = 1,2,3. Assume that mg = —m; # 0 and

that m? # m2. Let Q(h) = (h—x1)(h—w2), L1 (k) = —2

= (m3 —mi) (b3 - 07)

ms 4+ my 2

and P(k) = (k — y1)(k — y2)-

. _ o muamg _ Mm3T3t Y3 —C3
(a) mg # 0: Let Ly(h) = 2m3 e (ys — y2) <h Srts . Then
R = Ry URy, where R; = {(x3,k) : L1(k) > 0 and P(k) > 0} and R2 = {(h,ys3) :
AV
Ly(h) > 0 and Q(h) > 0}. If (h,k) € R, there is a unique ellipse E : M +
a
— k)2 Li(k) if (h,k) e R
% = 1 which is tangent to each of the L;, with a® = { C;Ehi " Eh,k; c %;
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Ly (h)if (h, k) € R
(b) ms = 0: Then R = Ry U Ry,where Ry = {(x3,k) : L1(k) >0 and k # c3}, R =
{(h,y3) : h < min(xy,z2) or max(z1,22) < h}. Again F is unique, with a? as in
2.

(a), and b? = { k=) Tf (1) €

(y3 — ¢3)%if (h, k) € Ry
(c) Also, for (a) or (b) above, given any 0 < ey < 1, there is an (h, k) € R such that
FE has eccentricity eg.

e { P(k)if (h,k) € Ry
aln =

. Cy — C3 c3—C1 mic3 + msca
Proof. Since my = —my, 21 = ————, 39 = ———, Yy = ——— =
mi1 +ms myp — ms ms + mq
mic3 — M3Cy ca—C1 c1+c2
Ypo=——"", T3 = , Y3 = , and (58) reduces to —4dmihk +

my1p —1ms 2m1 2
2my(c1+c2)h+2(co—c1)k+cE—c3 =0= — (2k —c1 —c2) 2mih —ca+¢1) =0 =
(h—xz3)(k—y3) = 0 = k = y3 or h = x3. One can also obtain this equation by letting
mg = —my in (36). Hence the admissible centers must lie on v = {(h,k) : h =

x3 or k = ys}. Note that % = —ys3, 22— —x3, and h = x3 and k = y3 are

just the asymptotes of the hyperbola with equation (36). Since Lz(x2) = L1(z2),
- 1 ,

(Ls(h) — Li(h)) /(mg—m1) = h—x5. Write L; in the form z = L;(y) = m—y—;—]
_ _ _ _ J J

Then Ls(y2) = Li(y2) = (La(k) — L1(k)) / (1/m3 —1/m1) = k — ya. By (51),

S13 = (h — x2) (Ls(h) + L1(h) — 2k) /(m3 + m1). The equation of L; can also be

. 1 b
written as x —h = — (y — k) — ==, m; # 0. Substituting — for m; and —— for
m; m; m; m;

j j J j
bj in Si3 yields Th3. Interchanging h and k then gives Tis = (Lg(k)— L1 (k))(Ls(k)+
Li(k) = 2h)/(1/m3 — 1/m3) = (k — y2)(La(k) + L1(k) — 2h)/ (1/m3 + 1/m1) We
must determine the points on v where S13 and 713 are both positive . We have
two cases to consider.

Case 1: h = z3

Then 513 = (353 - ZL’Q)(Lg((Eg) + L1(£C3) - Zk)/(mg + ml)

= —2(wy — wa) (k — Lelrghtus) =

T3 — T2 ms3x3 + ¢c3 + Y3
59 —2 k — = Li(k
(59) | S — L)

Now L1 (y1)+x1 = 2z3 and L3(y1) = v1 = L3(k)+Ly(k)—2x3 vanishes at k = y; =

Tz = (k —y2) (L3(k) + L1(k) — 2x3) / (1/m3 +1/m1) = (k —y1)(k — y2) = P(k).

Note that if ms = 0, then y; = ya = ¢3 and the above formula for P(k) still holds
~ g3(k)

. . a
3 Tiz = (k — c3)%. Also, P(k) = f Th 12 — = —ys.
since Ty3 = (k — ¢3) so, P(k) o) rom Theorem 12 since — Y3

Case 2: k£ =y;s

It also follows easily that Ls(h) + Lqi(h) — 2ys vanishes at h = z;. Then Si3 =
(h — x2) (L3(h) + L1(h) — 2y3) /(m3 + mq) = (h — x1)(h — 22) = Q(h). Note that
Q(h) = Z)’EZ; from Theorem 12 since % = —x3. Now T13 = (y3 — y2)(L3(y3) +
— 1 —

Li(ys) — 2h)/ (1/ms +1/m1) = (ys — y2)(Ls(ys) + x5 — 2h)/ (1/m3 +1/mq) =
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mims

s e h— La(ys)tasy _
m3+m1(y3 o) ( )

mims

2 Iy ) (-

ms3 +my

s ) 1)

m3
If mz = 0, and h = x3, then S13 = L;(k) as above. Ty = b3 = (L3(z3) — k)?> > 0
if Kk # L3(x3) = ¢3. If mg = 0, and k¥ = ys, then S13 = Q(h) as above.
Tiz = b3 = (Ls(h) — y3)*> = (c3 —y3)® > 0 since if c3 = y3, then Ly(x3) =
Ly(z3) = Ls(x3) = ys, which violates the assumption that the L, are not con-
current. The uniqueness in each case follows from Theorem 1 since m? # m3.

b2 P(k

That proves (a) and (b). To prove (¢): (i) If h = x3, then — = (k) . Since
a2 Ll(k)

mg = —my, by (41) , |M| = —mgca + myca + mscy — 2myc3 + mycy # 0. Some al-

(micy —mgea + c1my + mger — 2macs

)
gebra shows that Ly (y;) = and Li(y2) =
4m?2 (ms3 + my)?

(m162 — msC2 + c1mq + mscy — 2m103)

5 5 , which implies that L1 (y;) >0, j = 1,2.
4m? (my — ms3)

b2 Pk
Let 0 < ¢ < 1 be given. Setting — = ¢ implies that (k) = ¢, which holds if
a? Ly (k)

and only if E(k) = P(k) — cL1(k) = 0, L1(k) # 0. Let ymax = max{yi, y2}. Since
E(y;) = —cL1(y;) < 0, E(Ymax) < 0, and since klim E(k) = oo, E(kg) = 0 for some

P(k
ko > Ymax. Since P(kg) > 0 it follows that Li (ko) # 0 and 7 ((I:))
1(Ko

that Ly(ko) > 0. Thus (x3,ko) € R by (38), and implies, upon letting v*> = P (ko)
2

= ¢ > 0 implies

b
and a® = Ly (ko), that the equation 1 — — = €3,0 < eg < 1, always has a solution.
a

(ii) If & = ys, the proof follows in a similar fashion. H
Our next theorem covers the case when mo = mjy.

Theorem 15. Let L, Lo, L3 be distinct non—vertical lines with equations y =
Li(z) = mjz + ¢, 7 = 1,2,3, and assume that ms = mq, with m} # m3.

1
Let L be the line with equation y = L(z) = miz + —(c1 + ¢2). Let P(h) =

2
ms3 —mq _ _ 7
(W> (h*l’l)(h*’lﬁ) and Q(k’) = <m3+m1> (k yl)(k yQ)
(i) If mq # 0, then ® = {(h, k) : k = L(h) with P(h) > 0 and Q(k) > 0}.

(i) If my = 0, then R = {(h7 %(01 +c¢2)): P(h) > 0} )

mgz — My

—h 2 —k 2

In either case, if (h, k) € R, then there is a unique ellipse F : (@ 5 ) + € 72 ) =1
a

which is tangent to each of the L;, with a? = P(h) and b* = Q(k).

(iii) Finally, given any 0 < eg < 1, there is an (h, k) € R such that E has eccentric-

ity €0.

Proof. Note that ¢; # ¢y since L; and Ly are distinct. Since mg = mq, 21 =

C3 — C9 C3 —C1 mi1Cs — M3Co mic3 —mszcCy
—_— = ——, Y1 = ———————, Yg = ———, and (58) re-
mi —ms mip — ms mip —ms

ml_mS’
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duces to 2hmy(c1 — c2) +2k(ca —c1) + 4 — 3 =0=
(60) 2hmy —2k4+c¢1+c2 =0

Note that by (60), an admissible center must lie on L, and L is parallel to, and lies
1
exactly halfway between, L; and Ls. Solving (60) for k yields k = mih + 5(01 +

¢a). Since Ls(x2) = Ly(z2), and Ls(x2) + Li(x2) — 2myxe — (¢1 + ¢2) = 0, upon
substituting for k it follows that Si3 = (Ls(h) — L1(h))(Ls(h) + L1(h) — 2mih —
(c1 + ¢2)), which vanishes at z7 and x2. Thus

(61) Sy = <m3_m1> (h— 21)(h — 22) = P(h)

ms + mq
Solving (60) for h yields(if m; # 0)

2k —(c1 +c2)

h
2m1

It also follows easily that, upon substituting for h

m3 —1my

(62) Tia = ( ) 6= )k 1) = QM0

ms + my

That proves (i). If m; = 0, then (h,k) lies on the horizontal line with equation

1 1 1
y= i(clJch)' Since y1 = co and ys = ¢1, k = 5(01+02) = Q(k) = 1(01702)2 > 0.

1
Using (61), the set of admissible centers now equals {(h, 5(01 +¢2)) : P(h) > 0},

which proves (ii). The uniqueness follows for each case from Theorem 1 since

o, o . v Qk) _ QULM) Q)
m3i # mj3. To prove (iii): If (h,k) € ~, then 2= Phy - Pl Pllk)

1
and mia® +b% = b = miP(h) + Q(k) = b = (mih + 1 = L(h) = 7 (1 = )’
Letting k = y; yields

1 (1 —e)
(63) Plg(y;)) = 3 R 0
and letting h = z; yields
1 2
(64 QL) = § (er — e2)? >0
Case 1: Ms — M >0
S : ) _ P
a P(h P
Let 0 < ¢ < 1 be given. Setting — = c¢ implies that = = ¢,
¢ & 1 Qk) — Q(L(R)

which holds if and only if E(h) = P(h) — cQ(L(h)) =0, Q(L(h)) # 0. Let Zmax =

26



max{zi,z2}. Since E(z;) = —cQ(L(x;)) < 0 by (64) , E(2max) < 0. Since the
coefficient of h? in P(h) — cQ(L(h)) is ﬂmt _T_ Zi + 622 _T_ Zi m3, hlingo E(h) = .
Thus E(hg) = 0 for some hg > Zmax. Since P(hg) > 0 it follows that Q(L(ho)) # 0

C;L((h;l)))) = ¢ > 0 implies that Q(L(hg)) > 0. Letting ko = L(ho) implies that

0

(ho, ko) € R by (38), which implies, upon letting a®> = P(hg) and b* = Q(L(hy)),
2

and

b
that the equation 1 — — = 3,0 < ep < 1, always has a solution.
a

n consider E = % — Q(k)

similar to case 1. W

and the rest of the proof follows in a fashion

§4.2 All three of the tangents have slopes equal in absolute value
Clearly, if m; = mg = mg, then there is no ellipse tangent to all of the L;. Hence
we can assume, without loss of generality, that m; = ms = —mg. In this case the
set of admissible centers consists of two points. For each such center, there are
infinitely many ellipses tangent to the L;.

Theorem 16. Let L;, j = 1,2,3 be three non-—vertical lines with equations
y = mjz + ¢;, and assume that m; = mg = —mg. Then R = {(z2,y1), (z1,¥2)} =
c3 —Cy €1 +c3 c3—c1 Cy+cs . (v —h)?

CIf (R K R, the ell -
{< Zml’ 2 )7(277117 2 )} (,)E 7 ¢ erpse a? +
(y — k)?

e 1 is tangent to each of the L;, where a? and b* are any positive solutions

1
of a*m? + b? = 1(01 — ¢2)?. Finally, given any 0 < eg < 1 and any (h, k) € R, one
can choose a? and b? such that F has eccentricity eq.
Proof. Given C = (h, k), write L; in the form y —k =m;(z —h) +b;, j =1,2,3.
Since m? = m3 = m3, (42) has a solution if and only if b3 = b3 = b3. The solutions
satisfy the one equation

(65) miu+v = b}

If by # 0, then (65) has infinitely many positive solutions (u,v) and the ellipse

(z—-h)?  (y—k)?
E o + =
b> = v. By (8), b = b3 and b7 = b} imply that 2(m; — mq)hk + 2(micy —
mjci)h +2(c; — c1)k 4 ¢ — ¢ = 0 for j = 2,3, which yields the two simultaneous
equations

2 = 4 and

= 1 is tangent to Li, Lo, and L3, where a

2hmy —2k+c1+c2=0, (2k—c1 —c3) (2mih —cs+c¢1) =0

with solutions (h,k) = (C:;_ 627 “a ;—C?’) = (21,92) and (CBZ_ 017 C2 ;‘ C3> _
1 mi

(z2,91). Note that those points are distinct since ¢; # ca(else Ly = Ls). It is not
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c3 —C2 C1+cC3
2m1 ’ 2

—by, and by = —by, and (h, k) = (C3 —a et C‘"’) if and only if by = ~(c1 — c3)

’ ’ ’ 2my; T 2 2 ’

by = —by, and b3 = b;. For2each choice of (h, k) above, by # 0 with b? = b3 = b3. As

a? varies between 0 and %, one obtains infinitely many positive solutions a2, b? of

1
2

a
the equations in (65), and 7 varies from 0 to co. Thus one can also find an ellipse

1
hard to show that (h, k) = ( ) if and only if by = 5(01 —¢3), by =

with any preassigned eccentricity. H

Remark. For three given tangents(no two of which are parallel) there is a very nice
result about ellipses inscribed in the triangle, T, formed by the tangents. Let Ty,
denote the midpoint triangle, that is the triangle whose vertices are the midpoints
of the sides of T'. Chakerian [1] proved that U_z o<z Ry = int(Th). Chakerian
uses orthogonal projection to prove this result, methods much different than the
ones used in this paper. One can also prove this result using methods similar to
the proofs given for four given lines, though the proof is longer and not as concise.
However, using our methods one can also show that the union, over «, of the «
admissible centers for hyperbolas equals int(T) — {int(Thr) U T}
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