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Putting Everything Together

The program for today ...

e Construct a class of ‘noncommutative spaces’
modelled on, but much broader than, the class
of smooth manifolds (included in the new class
are orbit spaces and leaf spaces of foliations).

e Develop pseudodifferential operator theory, the
residue trace, index theory, etc., for these new
spaces.

e Partially compute the class of the residue
cocycle in cyclic cohomology.

e For manifolds the computation will show that
the residue cocycle attached to the signature
operator of M¢ is a universal polynomial in the
Pontrjagin classes.

e Compare this with the Patodi, Gilkey, et al
approach to the Atiyah-Singer index theorem.



M = Smooth Manifold

{Uy,...,Ux} cover of M by open sets.

The algebra C*(M) may be assembled from the
algebras C(U), as follows. Define

A= { (] € MN(CZ(M)) | Supp(fy;) € Ui N U }

Lemma. The algebras C = CX(M) and A are
Morita equivalent.

Proof. Let B € My41(C) be associated, as above,
to the cover {M, U;,...,U,}. There are inclusions
A C B and C C B, and commuting diagrams

A—B —~MyB) and C —B —— My(B)

_ | = _ =

A M (A) C M (C),

where the maps . are the standard inclusions. [



It is convenient now to assume the U; are

coordinate charts, and identify them with disjoint
open sets in RY, Retain the transition functions

between them:
@0 @7

@i[U; N U] @;[U; N W]

We obtain a smooth (étale) groupoid:
e Object space = Open set in R¢.

e Source, range maps are local difeomorphisms.

Generalization. If I" acts on M by diffeomorphisms
then we obtain a groupoid with the same object

space but with more morphisms:

—1
P;0Y0@;

Wy » q € U.




Summary, In Pictures

Manifold

Charts

Groupoid



Groupoid Algebras

Let G be a smooth, étale groupoid.

The groupoid algebra of G is the linear space
A =C®(G)

(smooth, compactly supported functions on the
space of all morphisms, which is a manifold), with
the convolution multiplication

fixfv)= > fily)falya).

Y10Y2=Y

Example. If G is the transformation groupoid M x T’
for a smooth action of a group I' on M then CX(G)
IS the crossed product algebra:

Remark. The groupoid algebra constructed from an
action an a system of charts (as on previous page)
Is Morita equivalent to the crossed product algebra
Ce(M)xT.



Second Generalization

Definition. A codimension d foliation of a smooth
manifold V is a rank d sub-bundle F of the tangent
bundle TV which is locally the kernel of submersions
to R¢.

Lemma. If F is a codimension d foliation of V and
If p € V then there Is a unique, maximal connected
d-dimensional submanifold L — V which is tangent
to F and which contains p. []

The submanifolds L are the leaves of F. They
partition V, onion-like. They need not be closed.

The leaves of the Kronecker Foliation.



Holonomy

Let v be a curve between points p and g in V,
contained within a leaf L.

Let ¢, and ¢, be submersions from V to RY,
defined near p and q.

Definition. The holonomy of vy, relative to ¢,
and ¢, is the germ of the diffeomorphism
Holonomy () g,,¢, = ®qp: R — R? defined by the

following picture.

Op = O Pn = QPq
R —> RS —— ——R
P21 3,2 Pnn-—1

©qp = germ of (<Pn,n—1 ©--+0@320 (P2,1)

This depends only on ¢,, ¢, and the leafwise
homotopy class of vy.



If T;,...Tn IS a complete set of transversals for
(V,F), each identified with an open set in R¢ by
some locally defined submersion from V to R¢, then

we obtain a groupoid:

e Object space = Disjoint union of the transversals
in RY.

e Morphisms are holonomies:

Holonomy(y) 95,0;

Tiop >q€Tj.

o\ e Y
Holonomy () ¢, ¢; _.]1@

This is a smooth, étale groupoid, as before.! The
groupoid algebra is independent of the choice of

{T;}, up to Morita equivalence.

1Warning: the groupoid may fail to be Hausdorff.



Foliation

Transversals
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Differential Operator Theory
For simplicity we’ll consider groupoids
G=RYxT

We want to develop differential operator theory with
‘scalar functions’ A = C.(G).

We require a ‘Laplace operator’ A (on something
like H = L?(R%)) so that

‘Order’ (Aa — aA) < ‘Order’(A),

among other things (see Lecture 2 for details).

Unfortunately no such A presents itself, unless for
example I" preserves a Riemannian structure on R¢.

To solve this problem we are going to modify the
algebra A a bit ...
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Definition. Denote by
P¢=P(R?)

the bundle over RY whose fiber at x € R¢ is the
space of all inner products on T,R¢.

Remark. Thus
P(RY) = R4 x GL(n,R)/O(n).

A section of P is a Riemannian metric on R¢.

Remark. The action of T on R¢ lifts canonically to
an action of I on P(RY).

Definition. An upper triangular structure on a
manifold M is a sub-bundle E C TM, together with
metrics on E and TM/E.

Proposition. The space P has an upper triangular
structure (with E the vertical tangent bundle) which
is preserved by the action of Diffeo(R¢). (]
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From now on we shall work with
Anew = C?(P(Rd)) > T

(One can similarly form A, = C(G).) We shall
assume that the action of T' is free on P(RY), i.e.
that the action on R¢ has no nondegenerate fixed
points.

Define B = C(P(R%)) and

D(B) = Compactly supported diff. ops on P
DA)=D(B) =T
These act on, for example the vector space

of smooth, compactly supported functions (or
differential forms) on P.

Filter D(A) by

orderp(a) =0 ifae A
orderp(Y) <1 if Yis a vertical vector field
orderp(X) < 2 if X is a non-vertical vector field

13



Define an operator (on forms) by splitting TP(R¢)
into vertical and horizontal spaces, and forming

D= dhoriz + dﬁoriz T Y(d;kertdvert — dvert d;kert)
(v is a grading-type operator). One has, roughly

speaking,
DZ — Ahoriz + AVerta

where:

o Ao, is elliptic of (usual) order 2 in the horizontal
direction, and

o Ay IS elliptic of (usual) order 4 in the vertical
direction.

D is an (odd-graded) square root of a positive,
nypoelliptic operator. It is a signature-type operator.
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Theorem. The pair (D(A), A) satisfies the axioms
required to define a pseudodifferential operator
algebra.?

Proof. The key point is that if g € I" then
g-D-g~' =D + lower D-order operator,

Everything else is done by copying the proofs of the
usual elliptic estimates. ]

Theorem. The zeta functions
((s) = Trace(T(I+ A)™®)

are defined for Re(s) > 0, and extend to
meromorphic functions, with only simple poles.

Proof. Guillemin’s lemma is applicable. ]

Remark. The horizontal directions count double, so
the ‘analytic’ dimension of P(R¢) is 2d + d(d2+”.
%In the terminology of Lecture 2, A is of Laplace type for D(A).
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Computation of Residues

We want to (partially) compute the terms which
appear in the residue index formula.

We shall consider the dimension d = 1.3
First Case. a°,...,a™ € C®(P) (noT).
e P identifies with the ‘ax + b group’ G; of

orientation preserving affine diffeomorphisms of
R'.

e D belongs to the enveloping algebra JH(g;)
(acting as left-invariant differential operators).

Computing the commutators we get

T<£aO[D, allk) ... D, a"] (k“)A_%j

— sum of terms t(a’h! (a') ... W (a™TA™"T),

3In higher dimensions, one must distinguish between the bundle P and
the bundle of oriented frames ] (one divides J by SO(d) to get P).
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where h!, ... h™ € H(g;) (this Hopf algebra acts on
A by differentiation) and T € H(g).
Lemma. The functional

n+2k

a— T(aTA_T)

on C¥(P) is a multiple of a — [, a(g)dg (left-
Invariant Haar measure).

Proof. The functional is continuous and left
translation invariant. []

Now, denote by Tr: C°(P) — C the Haar integral.
It is a trace, of course, but not invariant for H(g;).
However

Tr(h({a)) = 6(h) Tr(a),
where &: g; — R is the modular character.

Proposition. On B = C°(P) the residue cocycle is
In the image of the character map

Tr': HPZ(H(g1)) — HP*(B). ]
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Second Case. Assume that there is a Hopf algebra
H which contains H(g;) (as a subalgebra*) and
assume that the action of H(g;) on B = C(P)
extends to an action of H on A = C°(P) xx T.

Denote by Tr: A — C the trace

T (3 folol) = | felp)ap.

Assume that this is é-invariant, for some extension
of the modular character to K.

Arguing as above, we get:

Proposition. The residue cocycle on the algebra
A = C(P) = T is in the image of the character
map

Tr': HP:(H(g1)) — HP*(A). ]

“The comultiplication A can differ.
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Construction of a Hopf Algebra

We shall continue to consider only d = 1.°> Write
G = Diffeo™ (R) = G; - G,

where G; is the ax + b group of affine
diffeomorphisms as before, and

G; = { Diffeomorphisms ¢ s.t. ¢(0) =0 and ¢’(0) = 1}.

One has
P=G; =G/G,,

so G acts on G; (this gives the action of Diffeo™ (RR)
on P). Similarly
GZ = G]\G)

so G, and in particular G4, acts on G, (on the right).

Summary. Each of G, G, acts on the other.

SFor the same reason as before.
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Define

H(G;y) = {Polynomial functions of $”(0), ¢""(0), etc.}.

This is a Hopf algebra of functions on G,.

The Lie algebra g; acts by derivations on H(G,),
and so we can form the twisted product,

H = H(gr) > H(G2).

This is an algebra (not yet a Hopf algebra).
There is an algebra representation of H as C-linear
operators on E = C°(G;) > G,

H—— End@ (E)

(think of G, as discrete here).

Theorem. There is a Hopf algebra structure on H
for which this i1s an action, and Tr IS a &-invariant
trace. [ ]
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Toy Model

Consider the case
G = GGy, G finite.
Construct the algebras

H= G] > gj(GZ)a
E Z?(Gz) 1 Go.

One has an algebra representation

H — Endc(E).

Here again, there is a Hopf algebra structure for
which this is an action.

The dual of H identifies with E, and the coproduct
on X identifies with the product on E.

This is the matched pair construction (discovered
by G.l. Kac).
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Hic alycouviada Juv — Jijyl) YN JLial) aulo Uil UIc
linear space E = C(G;) < G,.

There is a canonical Hopf algbra structure on H
(dual to the algebra structure of E) for which this
action is a Hopf algebra action.

The action of H on A extends to the larger
algebra E/ = C®(G;) > G and restricts to any
E" = C?(G]) > I,

There is a character map
Tr': HPZ(H) — HP*(E").

But this is not quite what we want, since we'’re
interested in A = C.(P)xT", not E” = C(Gy).

Note that P = G;/SO(d) and A = [E”]50(d),
There is a character map

Tr': HP}(H,SO(d)) — HP*(A).

On the left side is the SO(d) invariant part of
HP3(H) (the cohomology of the SO(d)-invariant
subcomplex).
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Explicit Structure of the Hopf Algebra

1Y, X] = X.
Define 6,, € F(G,) by

Then JH is generated (as an algebra) by X, Y and
dn, subject to the relations

Y, X] =X (00, &ml =0
1Y, 0n] =1y (X, 0n] = dni1

Moreover one has

AY=YRT+1QY
AX=XRT14+1X+1 QY
Ad1 =611+ 1R &
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M = Smooth Manifold
(Oriented)

Jx+M = {k-jets of diffeomorphisms}

A point in the fiber over p € M is an equivalence
class of diffeomorphisms from a neighbourhood of
p to a neighbourhood of 0 € R¢ (taking p to 0).

Two diffeomorphisms are equivalent if their derivatives,
up to order k, agree at p.

Example. J;M is the bundle of frames of TM.

The group of (germs of) diffeomorphisms of R¢
fixing 0 acts on J,(M) on the left, Diffeo(M) acts
on the right.

There are principal fibrations
M =11 (M) = T2(M) = J3(M) = -

All but the last is a homotopy equivalence.

If we replace Ji,(M) by Jx(M)/SO(d), then all the
maps are homotopy equivalences.
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Gelfand-Fuks Theory
Definition. Denote by Q* (JM) the complex of

Diffeo(M )-invariant forms on JM (take a direct limit
over k).

Problem. Compute the cohomology of O(d)-
invariant forms in Q7 (JM). This cohomology is
independent of M and maps to H*(M).

Solution, Part One. Denote by A (R%) the complex
which computes the continuous cohomology of the
Lie algebra of formal vector fields on R%. There is
an isomorphism

~

Ai(RY) = QF

nat

(JM).
Solution, Part Two The DGA

WO(d) :R[C1>C2>---] ®/\*[h1>h’5>h'9>”-]
deg(ci) =21, deg(hy) =j, dei=0, dhaip1 = caip

maps to A%(R4). After truncation, the map is a
guasi-isomorphism to the O(d)-invariant complex.
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Example

In dimension 1 we get
WO(1) = (cy,hy|cf = 0,hf = 0),
with dh; = ¢y and dc¢; = 0. We get

R ifp=0,3
0 else

HP(WO(1)) ={

Now ]

»(S") = ST xR* xR. The group Diffeo(S') acts
on J»(S

(S
") by

a

2
g: (t,a,b) — <9(t), g'(t)a,g’(t)b + g”(‘c);)-

Lemma. The differential 3-form o = i%dtdadb on
J,(S") is O(1) and Diffeo(S')-invariant. ]

This is the Godbillon-Vey form.
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Theorem (Connes and Moscovici). There are
Isomorphisms

HP;(.{J‘C(d)) ~ Hev/odd(A(ﬂ;(Rd))
HPZ(3((d), SO(d)) = HY*(AF(R?), SO(d)).

Roughly speaking, the theorem can be understood
as follows. (We’ll ignore SO(n)-invariance.)

o If H(g) is the enveloping algebra of a Lie algebra
g then HP,.(H) = H,(g,C) (direct sum of
even/odd homology groups).

e Twisted version: If 6: g — C is a character then
HP3(H(g)) = H.(g, Cs).

e Poincaré duality. For 6: g — APg we get

e Hence for this 6, HP(H(g)) = H*(g, C).

At this point, we have accounted for ‘half’ of JH(d)
and its cyclic theory.
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e Let U be a unipotent group and let u be its
Lie algebra. Let H(U) be the Hopf algebra of
polynomial functions on U. One has

H(U) — H(u)*

by the pairing (f, D) = (Df)(e) (thinking of H(u)
as differential operators on U).

e The above is a Hopf algebra isomorphism onto
the continuous dual of H(u), denoted H(u)*

cont*

e HP*(H(u) ) = H*(u,C) (Lie algebra cohomology).

cont

e By a spectral sequence argument, HP3(3(d)) is
assembled from HP;(JH(g1)) and HP*(H(G2)).

e Thus HP*(H(d)) is assembled from H*(g;,C)
and Hiont(gb C)

e Infact HP}(H(d)) = H}, (g1 + g2, C).

Thus HP(J(d)) is identified with the continuous
cohomology of the Lie algebra of formal vector
fields, as required.
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Final Comments

We have constructed (quite indirectly) a characteristic
homomorphism®

Tr': H*(WSO(d)) —— HP*(A)

for which the residue cocycle is the image of a
distinguished Hopf cocycle (depending only on the
dimension d).

Problem. What is this class?

Partial Solution. In low degrees it is the
L-polynomial (up to powers of 2). This is
because H*(WSO(d)) is a polynomial algebra in the
Pontrjagin classes in low degrees, so we can appeal
to the Atiyah-Singer theorem.

Full Solution? This appears to require a new
approach, probably organized around a new view
of the characteristic map.

SH*(WSO(d)) is a small variation on H*(WO(d).
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