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Preview

Proposition. If t: A — Cis atrace on an algebra A
then the formula

= > T(Pu),

where P is an idempotent matrix over A, determines
a homomorphism

Ty KO(A) — C.
Proof. Suppose UV =P and VU = Q. Then
= Z T(Pii)
T Z T(ul] 12\/1211 )

_ Z T(vlzl] ul]lz)



Proposition (Connes). If ¢ is a 3-linear functional
on A and if

N b(ala’. a2, a3) — db(al, a'a?, a3)
+ ¢ (a® d', a?a®) — b(a®d® d', a?) =0,

then the formula

= Z ¢ (Piii,y Pisis, Pisiy)

i1,12,13
determines a homomorphism
d)*: Ko(A) — C.

Proof. Exercise! []

Example. A = C*(X) and

d)(fo,f]’fz) — J ]cOd]d d]cZ
)2



Characteristic Numbers

Let M be a smooth manifold, V C M an oriented,
closed submanifold. Let P: M — Mk(C) be a
smooth, projection-valued function. Define

cv(P) = J Trace(PdPdP---dPdP).
Y

Proposition. Fixing V, the scalar cy(P) only
depends on the class [P] € K°(M).

Proof. First, Trace(PdPdP---dPdP) is a closed
form. Second, given a projection-valued function
P: I x M — M,(C), one has (by Stokes’ Theorem)

J Trace(PdPdP- .- dPdP)
olxM

— J Trace(dPdPdP---dPdP) = 0.
IXxM

[]

Remark. If dim(V) is odd then cy(P) = 0 (in fact the
differential form Trace(PdPdP---dP) = 0).



Noncommutative Generalization
A = any algebra, and P € Mg(A), P> = P.

Question. If cy(P) = [, Trace(PdPdP---dPdP)
then ... Whatis V? Whatis [? What is d?

Definition (Connes). An n-cycle over an algebra A
is a pair (Q, [), where

(a) Q is adifferential graded algebra, equipped with
an algebra map from A into Q°, and

(b) [: Q™ — Cis a closed, graded trace on Q*:

(i) [ wiwy = (—1)delwndeglwr] [y,
(i) [dw =0.

Remark. It is not necesarily true that d1 = 0, nor
that 1- w = w, nor that wiw; = tw,w;.

Proposition. If (Q,[) is an n-cycle then the
characteristic number

c(P) = JTrace(PdeP- .- dPdP)

depends only on [P] € Ky(A). O]



Cyclic Cocycles

Proposition. Let (Q, [) be an n-cycle for A. The
formula

o(ad, ..., aY :Jcloda1 oo da”

defines a multlinear functional on A with the
following properties:

L (p(aoa(I])' ")an) — (_‘I)Tl(p(a1,.. '>an>a0)
e bo(d’ ..., a™") =0, where
be(a, ..., a™) = e(ad,..., a™")
—op(a® a'd? ... o™
+ ...
u (_1)n+1(p(an—|—1 (10, e an).

Definition. Let A be an algebra. A cyclic n-cocycle
on A is an (n+1)-multilinear functional on A with the

above two properties (cyclicity, coboundary zero).



Proof of the Proposition. Cyclicity is proved
follows. First,

r

d(a’...,a") = | a®dd'...da"

r

—|dd'...da™. &°.

Next
da™- a’ = —a™da® + d(a"a?),
and so (elaborating on this observation)

as

da'...da™ a® = (—=1)"a'da’...da® + exact form

Finally, to prove b¢ = 0 use Leibniz’s rule:

(a®a")da?. .. da™"!
—a’d(a'a?)da’...da™"

+(=1)™" (@ a%da'...da™

= (—1)"(a""a%a'...da" — a°dad’...da™-

n—|—1)



Examples of Cyclic Cocycles
Example. Let G be a group and let c: G™' — C be
a group cocycle. Thus:

do

{C(ggo,--.ggn) = ¢(go, - -+ gn) %91

Z(_”jc(go”">é\i»'-->9n+1):O g2

The following is a cyclic n-cocycle for C[G]:

c(1,91,9192,...) ifgo---gn=1
©c(90,---,9n) =

B 0 if go- - gn # 1

Example. Suppose a Lie algebra g acts on A by
derivations and that T is an invariant trace on A:
T(X(a)) = 0, VX € g. Letc € A"g C ®"g be
a (Chevalley-Eilenberg) Lie algebra cycle. If we
define

cl)Xl/\.../\Xn(aO, ooah) =1(aX (ah). . XM a™)

then ¢ is a cyclic n-cocycle on A.



Remark. By ‘cycle’ we mean a cycle in the
Chevalley-Eilenberg complex which computes the
homology of g with trivial coefficients C. The
boundary operator in the complex is

b(X'A- - AXY)
_Z JHIXE, XTAXTA- - AXIAL XA AXT

i<j

We embed the exterior powers A™g into ®™g by total
antisymmetrization.

Example. If 5' and 5% are commuting derivations on

an algebra A, and if T is an invariant trace, then the
formula

d(a’,d adt) =1 (ao (61(a1)62(a2) — 62(a1)6](a1)))

IS a cyclic 2-cocycle.



Cyclic Cohomology

Proposition. Cyclic n-cocyles are precisely the
functionals associated to n-cycles (Quiv, f ) on the
universal differential graded algebra over A.

Lemma. Let ¢ be a cyclic n-linear functional. Then
e by is acyclic (n+ 1)-linear functional, and
e b’ =0. []

Definition. Let A be an algebra. The nth cyclic
cohomology group of A is

HC™(A) = {

cyclic n-cocyles
modulo cyclic coboundaries.

Proposition. The formula

(d,P) =2 &(Pigiy, Pisiy, - - - Piniy)

defines a pairing HC?"(A) ® Ky(A) — C. ]



Cyclic Cohomology and Manifolds

For V™ C MY, oriented, we define

where d is the de Rham differential. We obtain
maps

eometric '
g _, Closed de Rham __ cyclic n-cocyles
n-cycles currents

In fact Connes identified HC*(C*°(M)) with de
Rham homology (details later). Note however that:

e b(n-current) = (n — 1)-current
e b(cyclic n-cochain) = cyclic (n + 1)-cocycle

e de Rham currents (not closed) do not determine
cyclic cocycles.

So the situation is not altogether straightforward.



Godbillon-Vey Class

Let A = C°°(S1). X T, where I' C Diffeo™ (S'). Define,
forad =3 -dlgl €A,

0 1 2 o .1 .2
(I)((l ya ,a ) — Z JS] agoag]ang(g], gZ))
909192=1

where

c(g1, 92) =log(gy)dlog(g) — log(gy)dlog(g;).

This is Connes’ Godbillon-Vey cocycle, a cyclic 2-
cocycle on A.

Suppose now that I' = 7;(W). Form the manifold

M = S' xr W and denote by TywM the codimension
1 bundle of tangent vectors to M which are tangent
to W. According to Connes, the cocycle ¢
corresponds to the Godbillon-Vey 3-form

w =/ d«, kernel(a) = TwM

on M.



Let J,(S") = S! x Rt x R. This is the bundle of 2-
jets of orientation-preserving diffeomorphisms. The
group Diffeo™ (S') acts on J,(S') by

2
g: (t,a,b) — (g(t),g’(t)a,g’(t)b + g”(t)%).

(The formula comes from the computation

g(t + sa + s%b)

—glt) + s9'(t)a+ s (9/(1)b + 9"(15 ) + ol

which proves that we get an action.)
Lemma. The differential 3-form ¢ = —Ldtdadb on

a’

J,(S') is Diffeo™ (S')-invariant. ]

Lemma. Suppose that ' C Diffeo"(S') and that
m(W) =T. If o = a« A da is the Godbillon-Vey

class on S' xr W then the pullback of w along the
map

]z(s]) XFW EE— 31 XFW

IS cohomologous to o. []



Hochschild Cohomology
Definition. The Hochschild conomology of A is the
cohomology HH™(A) of the complex

Hom(A, C) LR Hom(A ® A, C) LIN )

where, as before,

bo(d’,...,a""") = ¢(a®, ..., a

0 1.2 ]
—@(a’,a'a,...,a™")

4+ (=" o(a™d, ... .aM),

Example. If A = C®(M¢Y) then the Hochschild
cohomology HH™(A) is isomorphic to Q,(M), the
de Rham currents.! Note that if V € Q,,(M) is an
n-current then

d)v(fo,f‘,...,f“)zj fodf' ... df"
\4

Is a Hochschild n-cocycle.

7o be accurate, here HH* should be defined using the continuous
multilinear forms on A.




Proposition. The de Rham differential on Q,(M)
corresponds to the following operator:

Bd)(aoa Tt an) — Z(_])njd)(]aa]) aj—H) Tt aj_1)

j=0

—1—Z(—1)“(j_1)c|)(aj,aj+],...,aj_1,1). (]
j=0

To be somewhat more accurate, Boyn = n - dgyn.

It is therefore reasonable to expect that B will play
some role in the description of cyclic cohomology.
This expectation is reinforced by the following
formula: B = NB,, where

Bocp(ao,...,a“) = (p(],ao,...,a“)



Further important properties of B

The image of B is comprised of cyclic cochains.
B vanishes on cyclic cochains.
B? = 0.
Bb + bB = 0.
B defines a morphism
HHMA) 2 HCY ' (A)

and the composition

HC™(A) & HHMA) & HCY ' (A)

is zero. In fact this sequence is exact.



Cycles, Again

Definition. An n-cycle X = (Qx, [, ) bounds if there
exists a pair W = (Qu, ], ), and a surjection
r: Ow — Qx, such that

X wW

Lemma. If X = (Qx, J,) bounds then cx(P) = 0, for
all projections P. []

Remark. This gives a natural context for showing
that [P] — [ Trace(PdPdP---dPdP) is well defined
(depends only on [P] € Ky(A)).

Theorem. A cycle (Q,[) bounds iff its cyclic
cohomology class is in the image of the map
B: HH™t'(A) — HC™(A). (]



The S-Operator

Proposition. The natural product operation on
cycles

(QAPIA 'O'APIA QA1®O—A2>IA ®IA2
iInduces
HC™M(A;)@HC™(A;) — HC“]‘HLZ(A]@AZ) []

Example. HC*(C) is a polynomial algebra with
degree two generator ¢(1,1,1) = 1.

Definition. Denote by
S: HC*(A) — HC*™(A)
the map obtained from the product operation
HC*(C) ® HC*(A) — HC*(A)

and the generator of HC?(C).

Proposition. (¢, x) = (S@,x) , Vx € Ko(A). O



More Remarks on Cycles

Theorem. A cycle bounds iff its cyclic class is in the
kernel of S: HC™(A) — HC™?(A) .

But if a cycle bounds it is in the image of
B: HH™'(A) — HC™A). In fact there is an exact
sequence

L HHYYA) B HCYA) S HCMP(A) S -

Example. For A = C®(M) Connes showed? that

HH"(A) = Q,(M)
HCn(A) — ZQn(M) D Hn—Z(M) D Hn—4(M) D...

with the obvious maps in the above sequence.

Problem. Obtain a description of HC™(A) in which

B, S, the exact sequence, are as transparent as
possible.

2As before, one works with continuous multilinear maps.



(D “v)woH
% q
(D “v)woH (D ‘v ® v)woH
H q % q
(D “v)woy (DY ® Y)woy DV ® VY ® v)woy
H Q H q % q

Y )WoH . (DY ® Y)woH . D'V ® VY ® y)woy . DVYRVYQ®YVYQ® vy)woy

a a a 3

xa|dwoaig-(g‘q) ayl




The (b,B)-Bicomplex, Continued

The first column, a quotient of the totalized (b, B)
bicomplex, is the Hochschild complex.

The second and higher columns give a
subcomplex and a copy of the (b, B)-bicomplex.

We get the Hochschild-Cyclic long exact sequence
from this short exact sequence of complexes.

The cyclic complex is a subcomplex of the
totalized (b, B)-complex, concentrated in the first
column.

Theorem. The inclusion is a quasi-isomorphism.



The (b,B)-Bicomplex, Continued

A 2n-cocycle for the (b, B)-bicomplex is a family
O = ((I)Oa (D2> (D4> ceey (DZTL)

such that b®,;_, + Bd,; = 0 for all j.

It is conventional to include cyclic cocycles into the
(b, B)-bicomplex as follows:

( 3
{bd)Zk_O } < (0,...,0,Dy,0,...)

Abo = b \ Oy = (1 )k(z]i)!d)&j
Theorem. The formula
= k! ]
(D,e) = kZ_O(—Uk(Zk)!CDZk(e — 568, e)

defines a pairing HC?™(A) ® Ky(A) — C compatible
with the previoussly defined pairing between Ky(A)
and cyclic cocycles. []



Periodic Cyclic Theory

It is often convenient to periodize HC, as follows.
Definition. The periodic cyclic conomology groups
of A are

HP/(A) = 1_n;HCJ+2k(A)

Theorem. Let A be an algebra over C with a
multiplicative unit. The periodic cyclic cohomology
of A, denoted HP*(A) is the cohomology of the
(direct sum) totalization of the bicomplex

S

B
+ — Hom(AR AR A,C) — Hom(A® A,C) — Hom(A, C)
o | b |
B B
Hom(A ® A, C) Hom(A, C)
b |
B
Hom(A, C)

Note. Even cocycles are families (®g, @,,...) with
b®y;_, + Bd,; = 0 and with ®,; = 0 forj > 0.



Construction of Cyclic Cocycles, |

Definition. Fix an algebra L over C. Forn > 0
denote by Hom™ (A, L) the vector space of n-linear
maps from A to L. Let Hom™ (A, L) be the direct
product

Hom™ (A,L) = H Hom™(A,L).

n=0

Definition. If § € Hom™™(A,L), Y € Hom™ (A, L),
define

(l)\/ll)((l],...,(ln)

Lemma (Quillen). The space Hom™(A,L), so
equipped, is a Z/2-graded differential algebra. [



Definition. Suppose that on L there is a trace
7: L — C. For € Hom™* (A, L) define

Proposition. The homogeneous parts of t(¢) (as
above) are cyclic:

T(d)(a’ ..., a") = (—1)"(d)(d', ..., a" a).
Moreover
b(t(d)) =7 (b'(¢)) and ([P, ¥]-)=0. O
Corollary. If § € Hom" "' (A, L) and if
b’¢p =0 modulo commutators in Hom**(A, L),

then t%(¢) is a cyclic n-cocycle. ]

Example. If 6 € Hom' (A, L) is any element and if
K=">'0+ 6°

then ©#(K™) is a cyclic (2n — 1)-cocycle.



To see this, note that
b'’K =b’(b’60+6%) =b’(0%) = b'0VO—06VDb'0 = [K, 0],
and since both b’ and adg are derivations,

b’(K™) = [K", 6],

so that b’(KP) is a commutator, as required.
Example. If 6: A — B is a linear map between
algebras, if o is multiplicative modulo an ideal ] of
B, and if J™ maps to L, we can form t%(K™) (slightly
stretching the above analysis). We get

K(a' a?) =0(a'a?) — 0(a")0(a?)

and a cyclic cocycle

0 1 2
—(1)((1 >a>"'>an)

=1(K(a', a®)K(a’,a*) ... K(a®™ "a*™)

— 1(K(a®™, a®)K(a', a?) ... K(a® 2™ ).

This is the cyclic cocycle Connes associates to an
extension of algebras.



Preview of Next Lecture

Among other things, we shall discuss a method
(also due to Quillen) for constructing cocycles in the
(b, B)-bicomplex. This is similar to the method just
reviewed, but more complicated.

We shall look at the JLO cocycle

Zn) L

O, (a, ... a

J Trace (aaoe_tOA[D, a'le A, e_t1A[D, a’™ e_tZ“A) dt
ZZn

of a spectral triple (A, H, D) from this perspective.
After that we shall turn to the residue cocycle

O (a’,...,a"") =
=Y comxt(eaoD, a'l™ ... [D, a® k] A=n1)
k>0

of Connes and Moscovici.



