
3s6 Chapter 6. The Laplace Transform

PROBLEMS In each of problems 1 through 13:-
(a )  F tno  rhe  so tu t ron  o f  the  g iven jn i t ia l  va lue  prob lem.
(b)  Drawthegraphsof theso lu t ionandof the forc ing func t ion ;exp la inhowtheyarere la tec l

a Q  1 , y " + y : f ( t ) :  1 , ( 0 ) : 0 ,  y , ( 0 ) : 1 ;  f , , l :  l l .  
0 < r  ' < 3 r

"  
1 0 .  3 z < r c o o

2.  y"  +2y '  - t2y:  hf t ) ;  _y(0)  = 0,  r l , (0)  :  1 .

3.  t "  + 4_y :  s in l  -  uu( t )  s in(r  -  2 : r ) ;  _y(0)  :0 ,
4.  y"  *  4-y:  s in t  + u, ( t )s in(r  -  r r ) ;  y(01 :  O,

-5. )," + 31,' a 2y = f (t); _v(0) : 0, I,(0) : 0;

6. ,r," + 3y' + 2v : uze), /(0) : 0. .v,(0) : t
7 .  y "  + , v :  r r : r ( r ) ,  ) , ( 0 ) :  l ,  _v , (0 )  : 0
8 .  . v " + I ' +  J " v : t  - u , i e ) e - n l 2 ) . ,  y ( 0 ) : 0 .

9 y"  + _y :  g(r ) ;  _y(0)  :  0 ,  -v , (0)  :  1 ;  g(r )

v(0) : I, y'(0) : tt;

-v'(0) : 0

_ l , t r , 0 < r < 6-  
l : '  r > 6

, , , , - J t ' n ' '  l l ' I < n

" " ' -  
l t t '  I > n
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n , , , : [ l '  
t < r < 2 r

1 0 .  0 < r < z  a n d  r > 2 t

_v'(0) = 0

-y'(0) : 0

r , , , _  1 1 ' o < r < 1 0" " - lo .  r> ro

y" + 4), :  u,(t)  -  rrq- (r),  f  (0) :  O. _r,,(0) :  rr

) ' t '  - - 1 , :  r r r ( / )  -  & : ( r ) ;  _ v ( 0 )  : 0 .  f , ( 0 )  : 0 ,  _ y , , ( 0 )  : 0 ,  - v , , , ( 0 )  : 0
-t,(r) +-5_y" * 4_v : 1 - tL.(r).  y(0) :  0. _y,(0) :  0, _y,,(0) :  0, ), , , ,(0) :  0
Find an expression involving rr,  ( /)  tbr a function.f that ramps up fr.m zero at1 - () to thev a l u e f t a t / : 1 { ) + k .

Find an expression invorving rr, .( t)  for a function g that ranrps up from zero at 1 :  I ' to thcvalue /r at /  :  /o * k and then ramps back down to ,". , ,  at t  :  1u L" 21l '  .
A certain spring-mass system satisf ies the init ial  value problem

u"  - t  
!u '  +  u  :  kg t t ) ,  r r (0 )  :0 ,  r , , (0 )  :0 ,

where g(t) :  u1/2Q)- usl '( t)  and k > 0 is a parameter.
(a) Sketch the graph of g(r).  observe that i t  is a pulse of unit  magnitucle extending overone t ime unit.

(b) Solve the init ial  value problem.
( c )  P l o t t h e s o l u t i o n t b r f r =  1 / 2 , k : 1 , a n d k : 2 .  D e s c r i b e r h e p r i n c i p a l f e a t u r e s o f  t h csolut ion and how they depend on k.
(d) Find, to two decimal places, the smallest value of k for which the solut ion rr( l)  reachesthe  va lue  2 .

(e )  Suppose k  :  2 .  F ind  the  r ime r  a f te rwh ich  i r r ( r ) l  <  0 .1  fo ra l l l  >  r .

5Q; l l  Modify the problem in Example 2 of this section by replacing the given forcing function
s(/)  by

f ( r )  :  [ r5(r ) ( /  -  5)  -  t r5*pe)Q -  5 -  b)  lk .
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(a) Sketch the graph of.f( t)  and describe how it  depends on k. For what value ofk is f( t)
iden t ica l  to  g ( I )  in  the  example?

(b) Solve the init ial  value problem

r," * 4_r'  :  /( t) .  -r ' (0) :  0. 1, '(Q) = 0.

(c) 
-I 'hc 

solut ion in part (b) dcpends on /r.  but for suff iciently large t the solut ion is always

a s imp lc  harmon ic  osc i l la t ion  about  I  :114.  Try  to  dec ide  how the  ampl i tude o f  th is

evcntual osci l lat ion depends on k. Then confirm vour conclusion by plott ing the solut ion

for a ferv dif ferent values of k.

/ . ' ' .a l ,S. Consider thc init ial  value problern

f "  + lv  a 4,1 '  :  l1( r ) .  r r (0)  :  0 .  - r " (0)  :  0 .

wherc

l 1 ) k . 4  k  t . - l - t A

0 .  0 - : t < , 1  - k  a n d  t > 4 * k

a n d 0 < k < ; 1 .

(a )  Sketch  thc  e raph 01 '  / r  ( t t .  Observc  tha t  thc  a rea  under  the  graph is  independent  o f  k .

l l  l i ( l )  rcprcsents  a  fo rce . th is  mcans tha t  the  produc t  o f  thc  magn i tude o l  the  fo rce  and

thc  t ime in te lva l  c lu r ing  wh ich  i t  l c ts  does  no t  depend on  A.

(b )  Wr i tc  / ^ ( r )  in  te rms o f  the  un i t  s tep  func t ion  anc l  thcn  so lve  the  g ivcn  in i t ia l  va luc

prob le r r .

(c )  P lo t  the  so lu t ion  to r  k  :2 .  k  -  l .  and  k  :  ] .  Descr ibc  how the  so lu t ion  c lcpends
o n  k .

Rcsonancc and Beats. ln Scction 3. lJ we obscrvecl that an undamped harmonic osci l lator
(such as a spring rnass svstcm) u' i th a sinusoidal forcing term expcrienccs resonance i f

the frcquencv ol thc l 'orcing term is the sanre as thc natural frequency. I f  the forcing

lrcquencv is sl ightl .v dif fercnt from the natural lrequcncy. then the systern exhibits a beat.

In Problems l9 through 23 rvc explore the cf l 'ect of sorne nonsinusoidal pcriodic forcing

lunc t ions .

19 .  Cons ide l  thc  in i t ia l  va lue  prob le rn

r " ' 1  1  : / ( t ) .  r , ( 0 )  : 0 .  . r , ' ( 0 )  : 0 .

wherc

, "  t ( '/ r t r  :  r r ( I )  r  f  f r  
- l t t t t l - t t t .

(a )  Draw the  graph o f  l ( t )  on  an  in te rva l  such as0 <  t  <  6 r .

(b) Find the solut ion of the init ial  value problem.

(c) Let l  :  1.5 and plot thc graph of thc solul ion for 0 < I < 60. Describe thc solut ion

and explain whv i t  behaves as i t  docs.

(d) Investigate how the solut ior.t  changes as I increases. What happens i is n * oc' l

20 .  Cons ider  thc  in i t ia l  va lue  prob lem

" v " f 0 . l r " + . y : l ( r ) .

where / ( t )  is  thc same as in  Problern i9 .

1,(0) : 0, .v'(0) : 0,
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(a) Plot the graph of the solution. Use a large enough value of n and a long enouglr
l- interval so that the transient part of the solut ion has become negligible and tIe steadr
state is clearly shown.
(b) Estimate the ampli tude and frequency of the steady state part of the solut ion.
(c) Compare the results of part (b) with those from Section 3.8 for a sinusoidal ly forcetl
oscillator.

52 Zt. Consider the init ial  value problem

where

y  * y : g ( t ) .  . y ( 0 ) : 0 .  ; y ' ' ( 0 ) : 0 ,

n

gQ) :  uoQ) + f  { -1 )kr r r "  ( r ) .
( : t

(a) Draw the graph of g(/) on an interval such as 0 < r < 6n
tha t  o f / ( / )  in  Prob lem 19(a) .
(b) Find the solut ion of the init ial  value problem.
(c) Let n :  15 and plot the graph of the solut ion for 0 < I < 60. Describe the solut io'
and explain why i t  behaves as i t  does. Compare i t  with the solut ion of problem 19.
(d) Investigate how the solut ion changes as n increases. what happens as f l  ,)  oo?

6L ZZ Consider the inir ial  value problem

v " * 0 . 1 , v ' * v : g ( l ) , )(0) : 6, v'(0) : 0.

where g(r) is the same as in problem 21 .
(a) Plot the graph of the solut ion. Use a large enough value of n and a long enouglr
/- interval so that the transient part of the solut ion has become negligible and the steai lv
state is clearly shown.

(b) Estimate the ampli tude and frequency of the steady state part of the solut ion.
(c) Compare the results of part (b) with those from Problem 20 and from Section 3.g ior
a sinusoidal ly forced osci l lator.

€C ZZ Consider the init ial  value problem

Y ' + Y : h ( t ) , 1'(0; : i), y'(0) : 0,

where

I t t t :  t t n 1 1 1 +  Z  f  r -  l ] r r r 1 1 1  a r r ) .
k : l

observe that this problem is identical to problem 19 except that the frequency of thc
forcing term has been increased somewhat.
(a) Find the solurion of this ini t ial  value problem.
(b) Let r > 33 and plot the solut ion for 0 < r < 90 or longer. your plot should show ir
clearly recognizable beat.
(c) 

. .From 
the graph in part (b) est imate the "slow period" and the .. fast period',  for this

oscillator.

(d) For a sinusoidal ly forced osci l lator, i t  was shown in Section 3.8 that the ,,slow fre-
quency" is given by l., - onl/2,where &..r0 is the naturar frequency of the system and o is

Compare the graph with
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6.5 Impulse Functions

the forcing frequency. Similarly, the "fast frequency" is kt I r'to) 12. Use these expressions
to calculate the "fast period" and the "slow pcriod" for the oscil lator in this problem. How
well do the results compare with your estimates from part (c)?

( 1 )

r and is otherwise zcro.

ln some applications it is necessary to deal with phenomena of an impulsive nature-
for example. voltages or forces of large magnitudc that act over very short t ime
intcrvals. Such problems oftcn lead to differential equations of the form

oY" + bV' -i- c,v : g(l),

whcrc g(1) is large durrng a short interval t0 - r < / < (r +
The integra l  l (z) .  del incd by

f  I t \+ t

l t t  t  - -  
|  g t n  , t t .

J t t  r

or.  s incc g(1)  :  0  outs idc of  the in terval  ( /o  -  r , lo  *  r ) .

I ( r ) :  
J  _rota, .  (3)

is i i  measure o[ thc strength of the forcing function. In a mechanical svstem, whcrc
g( / )  is  a forcc.  1(r )  is  the lo ta l  impulse o1 thc l 'orce g( t )  over  the t ime interval
( I r i  -  r . /o  *  z) .  S imi lar ly .  i f  _y is  the current  in  an e lect r ic  c i rcu i t  and g( t )  is  the t ime
der ivat ive of  the vol tage.  then 1(r )  represents the tota l  vo l tagc imprcssed on the

ci rcui t  dur ing the in tcrval  ( lo  -  r ,  /o  *  r ) .
ln particular. let us suppose that r11 is zero and that g(t) is given by

.  1 l l 2 r ,  - r ' t < - r .
g ( l )  :  r i , ( I )  -  

1 , ,r t , .  I  <  . T  o r  1 >  r .

whcre r  is  a smal l  posi t ive constant  (see Figure 6.5.1) .  According to Eq.  (2)  or  (3) ,

i t  fo l lows immediate ly  that  in  th is  case I ( t ) :1  independcnt  of  the value of  r .  as
long as r I 0. Now let us idealize the forcing function d. by prescribing it to act
over shorter and shorter t ime intcrvals: that is, we rcquire that r -+ 0, as indicatcd in
Figure 6.5.2. As a rcsult of this l imiting operation. we obtain

l i m . 1 . ( r ) : 0 .  t + 0 .
r  ' 0

(2 )

( 4 )

(s)

FIGURE 6.5.1 Graph of y : r1. (r).


